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Abstract

The purpose of this paper is to provide a priori error estimates on the approximation of
contact conditions in the framework of the eXtended Finite-Element Method (XFEM) for
two dimensional elastic bodies. This method allows to perform finite-element computations
on cracked domains by using meshes of the non-cracked domain. We consider a stabilized
Lagrange multiplier method whose particularity is that no discrete inf-sup condition is needed
in the convergence analysis. The contact condition is prescribed on the crack with a discrete
multiplier which is the trace on the crack of a finite-element method on the non-cracked
domain, avoiding the definition of a specific mesh of the crack. Additionally, we present
numerical experiments which confirm the efficiency of the proposed method.

1 Introduction

With the aim of gaining flexibility in the finite-element method, Moés, Dolbow and Belytschko
[33] introduced in 1999 the XFEM (eXtended Finite-Element Method) which allows to perform
finite-element computations on cracked domains by using meshes of the non-cracked domain.
The main feature of this method is the ability to take into account the discontinuity across the
crack and the asymptotic displacement at the crack tip by addition of special functions into the
finite-element space. These special functions include both non-smooth functions representing
the singularities at the reentrant corners (as in the singular enrichment method introduced in
[40]) and also step functions (of Heaviside type) along the crack.

In the original method, the asymptotic displacement is incorporated into the finite-element
space multiplied by the shape function of a background Lagrange finite-element method. In
this paper, we deal with a variant, introduced in [13], where the asymptotic displacement is
multiplied by a cut-off function. After numerous numerical works developed in various contexts
of mechanics, the first a priori error estimate results for XFEM (in linear elasticity) were recently
obtained in [13] and [35]: in the convergence analysis, a difficulty consists in evaluating the local
error in the elements cut by the crack by using appropriate extension operators and specific
estimates. In the latter references, the authors obtained an optimal error estimate of order h (h
being the discretization parameter) for an affine finite-element method under H? regularity of
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the regular part of the solution (keeping in mind that the solution is expected to be at most in
H27% for all £ > 0).

Let us remark that some convergence analysis results have been performed on a posteriori
error estimation for XFEM. A simple derivative recovery technique and its associated a posteriori
error estimator have been proposed in [10, 11, 12, 38]. These recovery based a posteriori error
estimations outperform the super-convergent patch recovery technique (SPR) introduced by
Zienkiewicz and Zhu. In [24], an error estimator of residual type for the elasticity system in two
space dimensions is proposed.

Concerning a priori error estimates for the contact problem of linearly elastic bodies ap-
proximated by a standard affine finite-clement method, a rate of convergence of order h3/4
can be obtained for most methods (see [8, 23, 32] for instance). An optimal order of h (resp.
hy/|log(h) | and hy/|log(h) |) has been obtained in [27] (resp. [8] and [7]) for the direct ap-
proximation of the variational inequality and with the additional assumption that the number
of transition between contact and non contact is finite on the contact boundary. However, for
stabilized Lagrange multiplier methods and with the only assumption that the solution is in
H?(Q), the best a priori error estimates proven is of order h%/* (see [26]). This limitation may
be only due to technical reasons since it has never been found on the numerical experiments. It
affects the a priori error estimates we present in this paper.

Only a few works have been devoted to contact and XFEM, and they mainly use two meth-
ods to formulate contact problems: penalty method and Lagrange multiplier method. In penalty
method, the penetration between two contacting boundaries is introduced and the normal con-
tact force is related to the penetration by a penalty parameter [31]. Khoei et al. [29, 30] give the
formulation with the penalization for plasticity problems. Contrary to penalization techniques,
in the method of Lagrangian multipliers, the stability is improved without compromising the
consistency of the method. Dolbow et al. [15] propose a formulation of the problem of a crack
with frictional contact in 2D with an augmented Lagrangian method. Géniaut et al. [16, 17]
choose an XFEM approach with frictional contact in the three dimensional case. They use a
hybrid and continuous formulation close to the augmented Lagrangian method introduced by
Ben Dhia [9]. Pierres et al. in [36] introduced a method with a three-fields description of the
contact problem, the interface being seen as an autonomous entity with its own discretization.

In all the works cited above, a uniform discrete inf-sup condition is theoretically required
between the finite-element space for the displacement and the one for the multiplier in order to
obtain a good approximation of the solution. However, a uniform inf-sup condition seems to be
very difficult to establish on the crack since it does not coincide with element edges and since it
is even impossible to establish with some pairs of finite element spaces when the crack coincides
with element edges. Consequently, we consider a stabilization method which avoids the need
of such an inf-sup condition. This method, which provides stability of the multiplier by adding
supplementary terms in the weak formulation, has been originally introduced and analyzed by
Barbosa and Hughes in [3, 4]. The great advantage is that the finite-element spaces on the primal
and dual variables can be chosen independently. Note that, in [39], the connection was made
between this method and the former one of Nitsche [39]. The studies in [3, 4] were generalized to
a variational inequality framework in [5] (Signorini-type problems among others). This method
has also been extended to interface problems on non-matching meshes in [6, 19] and more re-
cently for bilateral (linear) contact problems in [22] and for contact problems in elastostatics [26].

None of the previous works treats the error estimates for contact problems approximated
by the XFEM method. The rapid uptake of the XFEM method by industry requires adequate



error estimation tools to be available to the analysts. Our purpose in this paper is to extend the
work done in [26] to the enriched finite-element approximation of contact problems of cracked
elastic bodies.

The paper is organized as follows. In Section 2, we introduce the formulation of the contact
problem on a crack of an elastic structure. In Section 3, we present the elasticity problem
approximated by both the enrichment strategy introduced in [13] and the stabilized Lagrange
multiplier method of Barbosa-Hughes. A subsection is devoted to a priori error estimates fol-
lowing three different discrete contact conditions (the study is restricted to piecewise affine and
constant finite element methods) . Finally, in Section 4, we present some numerical experiments
on a very simple situation. We compare the stabilized and the non-stabilized cases for different
finite-element approximations. Optimal rates of convergence are observed for the stabilized case.
The influence of the stabilization parameter is also investigated.

2 Formulation of the continuous problem

We introduce some useful notations and several functional spaces. In what follows, bold letters
like u, v, indicate vector-valued quantities, while the capital ones (e.g., V, K, ...) represent func-
tional sets involving vector fields. As usual, we denote by (L?(.))¢ and by (H*(.))%, s > 0,d = 1,2
the Lebesgue and Sobolev spaces in d-dimensional space (see [1]). The usual norm of (H*(D))?
is denoted by || - ||s,p and we keep the same notation when d = 1 or d = 2. For shortness, the
(L?(D))%-norm will be denoted by || - ||p when d = 1 or d = 2. In the sequel the symbol | - | will
denote either the Euclidean norm in R?, or the length of a line segment, or the area of a planar
domain.

We consider a cracked elastic body occupying a domain € in R2. The boundary 9 of €,
which is assumed to be polygonal for simplicity, is composed of three non-overlapping parts I'p,
'y and I'c with meas(I'p) > 0 and meas(I'c¢) > 0. A Dirichlet and a Neumann conditions
are prescribed on I'p and T'y, respectively. The boundary part I'c represents also the crack
location which, for the sake of simplicity, is assumed to be a straight line segment. In order to
deal with the contact between the two sides of the crack as a contact between two elastic bodies,
we denote by I'cy and T'c_ each of the two sides of the crack (see Fig. 1). Of course, in the
initial configuration, both I'cy and I'c_ coincide. Let n = n™ = —n~ denote the normal unit
outward vector on I'c.

Figure 1: A cracked domain.

We assume that the body is subjected to volume forces f = (f1, f2) € (L?(£2))? and to surface



loads g = (g1,92) € (L?(T'x))?. Then, under planar small strain assumptions, the problem of
homogeneous isotropic linear elasticity consists in finding the displacement field u : Q — R?
satisfying

(1) dive(u)+f = 0 in Q,
(2) ou) = A tre(u)l+2u, e(u), in Q,
(3) u = 0 on I'p,
(4) own = g on Ty,

where o = (0y5), 1 <,j < 2, stands for the stress tensor field, e(v) = (Vv+Vv')/2 represents
the linearized strain tensor field, A\, > 0, p, > 0 are the Lamé coefficients, and I denotes the
identity tensor. For a displacement field v and a density of surface forces o (v)n defined on 052,
we adopt the following notations:

vi=vyint +oft, v =u,n +ov,t and o(v)n=o0,(v)n+o(v)t,

where t is a unit tangent vector on I'c, v™ (resp. v7) is the trace of displacement on I'c: on the
Fg side (resp. on the I'; side). The conditions describing the frictionless unilateral contact on
I'c are:

(5) [un] = uf +u, <0, on(u) <0, on(u) - [un] =0, oi(u) =0,

where [u,] is the jump of the normal displacement across the crack T'c.

We present now some classical weak formulation of Problem (1)—(5). We introduce the
following Hilbert spaces:

V:{VE(Hl(Q))Q: v:OonFD}, W:{Un’FCIVGV},

and their topological dual spaces V', W', endowed with their usual norms. We also introduce
the following convex cone of multipliers on I'¢:

M- = {u EW': (jh)y,y 20 forallp € W, <0 ae. on FC},

where the notation (-, )y y;, stands for the duality pairing between W’ and W. Finally, for u
and v in V and p in W’ we define the following forms

a(u,v) = /Qa(u) e(v) dQ, b(p,v) = {u, [[U”]DW',W

L(v) = /f‘de—i-/ g-vdl.
Q I'n

The mixed formulation of the unilateral contact problem (1)—(5) consists then in finding
u €V and A € M~ such that

a(u,v) —b(A,v) = L(v), Vvev,
(6)
b(p— A,u) >0, VpueM™.
An equivalent formulation of (6) consists in finding (u,A) € V x M~ satisfying

L(u,p) <L\ < Z(v,\), WeV, VueM,



where Z(+,-) is the classical Lagrangian of the system defined as
1
g("? ,U) = ia(vv V) - L(V) - b(uv V)'

Another classical weak formulation of problem (1)—(5) is given by the following variational
inequality: find u € K such that

(7) a(u,v—u) > L(v —u), Vv e K,

where K denotes the closed convex cone of admissible displacement fields satisfying the non-
interpenetration condition

K={veV: [v,]<0onTl¢}.

The existence and uniqueness of (u, A) solution to (6) has been established in [20]. Moreover, the
first argument u solution to (6) is also the unique solution of problem (7) and one has A = o, (u)
is in W',

3 Discretization with the stabilized Lagrange multiplier method

3.1 The discrete problem

We will denote by V* € V a family of enriched finite-dimensional vector spaces indexed by h
coming from a family 7" of triangulations of the uncracked domain Q (here h = maxpcyh hr
where hr is the diameter of the triangle 7). The family of triangulations is assumed to be
regular, i.e., there exists > 0 such that VT € 7", hr/pr < B where pr denotes the radius of
the inscribed circle in T' (see [14]). We consider the variant, called the cut-off XFEM, introduced
in [13] in which the whole area around the crack tip is enriched by using a cut-off function denoted
by x(+). In this variant, the enriched finite-element space V" is defined as

4
Vh = {Vh € (%(Q))Q : Vh = Z a;p; + Z bthpi +XZC]'}7]‘, ai,bi,cj S R2} Cc V.
iEN, iENH j=1

Here (%(9))? is the space of continuous vector fields over Q, H(-) is the Heaviside-like function
used to represent the discontinuity across the straight crack and defined by

Hix) = {+1 i (x— x): n* >0,
-1 otherwise,

where x* denotes the position of the crack tip. The notation ; represents the scalar-valued
shape functions associated with the classical degree one finite-element method at the node of
index 4, NV}, denotes the set of all node indices, and N, ,fl denotes the set of nodes indices enriched
by the function H (), i.e., nodes indices for which the support of the corresponding shape function
is completely cut by the crack (see Fig. 2). The cut-off function is a € piecewise third order
polynomial on [rg, 1] such that:

x(r)=1 if r <o,
x(r) € (0,1) ifrog<r<umr,
x(r)=0 if r > ry.



The crack tip triangle Non-enriched
(non enriched by H) V f triangles

Triangles totally‘ { Triangles partially
enriched by H enriched by H
@ Heaviside enrichment

Figure 2: A cracked domain.

The functions {F}(x)}1<j<4 are defined in polar coordinates located at the crack tip by

(8) {Fj(x), 1 <j<4} = {\/;sinz,\/?cosg, \/Fsingsinﬁ, \/;cosgsilw} )
These functions allows to generate the asymptotic non-smooth displacement at the crack tip
(see [34] and Lemma A.1).

An important point of the approximation is whether the contact pressure o, is regular or
not at the crack tip. If it were singular, it should be taken into account by the discretization of
the multiplier. Nevertheless, it seems that this is not the case in homogeneous isotropic linear
elasticity. This results has not been proved yet, and seems to be a difficult issue. However, if we
consider the formulation (6) and if we assume that there is a finite number of transition points
between contact and non contact zones near the crack tip, then we are able to prove (see Lemma
A.1in Appendix A) that the contact stress o, is in H/2(T'¢).

Now, concerning the discretization of the multiplier, let xg,...,x5 be given distinct points
lying in T (note that we can choose these nodes to coincide with the intersection between 7"
and I'¢). These nodes form a one-dimensional family of meshes of I'c denoted by TH. We set
H = maxo<i<n-—1 |[Xit1 — X;|. The mesh TH allows us to define a finite-dimensional space WH
approximating W’ and a nonempty closed convex set M7~ c WH approximating M ~:

M- = {/LH ewt . uH satisfy a “nonpositivity condition” on FC} .

Following [26], we consider two possible elementary choices of W :

Wil = {u'" € 1(Tc) - g )€ Poxixi1), V0 <i < N1},

’ X’L 7xz+1

Wil = [ e 4(rc) € Pi(xi,Xis1), VO <i < N — 1},

’(meiﬂ)

where Py (FE) denotes the space of polynomials of degree less or equal to k on E. This allows to
provide the following three elementary definitions of M ~:

9) M= ={p ew :p¥ <0onTe},



(10) M= =L ewf pf <0on T},

(11) M- = {NH ewf ;/ pyptdr > 0,v ¢ e M{f—}.
r

C
Now we divide the domain €2 into €2 and €2y according to the crack and a straight extension of
the crack (see Fig. 3) such that the value of H(-) is (—=1)* on Q, k = 1,2. Now, let R be an

operator from V" onto L?(I'¢) which approaches the normal component of the stress vector on
I'c defined for all T € T with TNT¢ # 0 as

T
Un(V?)a if |TﬁQl|27| 5 ’,
h _
Rh(V )|Tﬁr‘c - | T |
O'n(vg>7 If | TﬂQQ ’ > T,

h

— vh h _ yh
where v = v o and vy =V

|22 -
This allow us to define the following stabilized discrete approximation of Problem (6): find

u" € VP and \¥ € MH~ such that

a(u”,v") — b\ vh) + /v(AH — Rp(u"))Ry,(vM)dTl = L(vh), vvh e v
|Ne]
(12)

b(p — N uh) + /"y(,uH — M)W — Ry, (u))dl > 0, vt e MH-
e

where v is defined to be constant on each element 1" as v = ~yghy where 79 > 0 is a given

constant independent of h and H. Problem (12) represents the optimality conditions for the

Lagrangian

£ ) = (v ") = L) b v) = 5 [ = Ra(vh) P

We note that, without loss of generality, we can assume that I'c is a straight line segment
parallel to the z—axis. Let T € 7" and E = T NT¢. Then, for any v € V* and since o, (v?)

i
is a constant over each element, we have

T
IRLV"loe = llon(vMlo.e, with ¢ such that |T°NQ;| > |2|7
- Hayy(vzh)HO,E,
|E|1/2 X
Wﬂayy(vi Mo, e

1
-3 h
S hy? Hayy(vz‘ )HO,TﬂQw

v 2
- <’Y0) ”Jyy(vzh)HO,Tin-

Here and throughout the paper, we use the notation a < b to signify that there exists a constant
C > 0, independent of the mesh parameters (h, H), the solution and the position of the crack-tip,
such that a < Cb.



By summation over all the edges £ C I'c we get

1 h h h
(13) 172 Ry (v™II5.re S Y0lloyy (V™50 < llv

Hence, when g is small enough, it follows from Korn’s inequality and (13), that there exists
C > 0 such that for any v* € V*

|2
1,0

a(v", V") — /F (Ra(¥")2dT > CIV"2 .
C

The existence of a unique solution to Problem (12) when g is small enough follows from the fact
that V" and M~ are two nonempty closed convex sets, L(-,-) is continuous on Vhx WH,
L,(v".) (resp. L,(-,u™)) is strictly concave (resp. strictly convex) for any v € V" (resp.
for any pf € M*H~) and myhevh yh),, —oo L,(vM ) = +oo for any pff € M~ (resp.
Ny e proi— ) g —so0 L,(v" pf) = —oo for any v € V), see [20, pp. 338-339)].

3.2 Convergence analysis
First, let us define for any v € V and any u € L?(T'¢) the following norms:

vl = a(v,v)"/2,

1/2
sl = (112 + 12l )

In order to study the convergence error, we recall the definition of the XFEM interpolation
operator 11" introduced in [35].

Figure 3: Decomposition of €2 into 1 and €.

We assume that the displacement has the regularity (H?(Q))? except in the vicinity of the
crack-tip where the singular part of the displacement is a linear combination of the functions
{Fj(x)}1<j<a given by (8) (see [18] for a justification). Let us denote by u, the singular part of
u, u, = u — YU, the regular part of u, and u,’f the restriction of u, to Q, k € {1,2}. Then, for
k € {1,2}, there exists an extension u¥ € (H%(Q))? of u¥ to Q such that (see [1])

[l < fhuy

2,01

~2 2

%5 5 02l
Definition 3.1 ([35]). Given a displacement field u satisfying u —us € H%(S)), and two exten-
sions 1. and u? in H*(Q) of ul and u2, respectively, we define I1"u as the element of V" such
that

Ma = > awp + Y biHp + xu,,
i€NR ieNH



where a;, b; are given as follows for y; the finite-element node associated to @;:

ifi € {N \ N} then a; = u,(y;),
ifi € NP and y; € Q for k € {1,2} then forl=3—k:

a; = 5 (wh(y) + ()
k
b= 0 (wh(yo) — i)

(a) A totally enriched triangle (b) A partially enriched triangle (¢c) The triangle containing the
crack tip

Figure 4: The different types of enriched triangles. The enrichment with the heaviside function
are marked with a bullet.

From this definition, we can distinguish three different kinds of triangle enriched with the
Heaviside-like function H. This is illustrated in Fig. 2 and in Fig. 4. A totally enriched
triangle is a triangle whose finite-element shape functions have their supports completely cut
by the crack. A partially enriched triangle is a triangle having one or two shape functions
whose supports are completely cut by the crack. Finally, the triangle containing the crack tip
is a special triangle which is in fact not enriched by the Heaviside-like function. In [35], the
following lemma is proved:

Lemma 3.2. The function IT"u satisfies
(i) I"a = I™a, + xuy over a triangle non-enriched by H,
(ii) Hhu|Tka = I"3* + xuy over a triangle T totally enriched by H,

where I" denotes the classical Lagrange interpolation operator for the associated finite-element
method.

It is also proved in [35] that this XFEM interpolation operator satisfies the following inter-
polation error estimate:

(14) lu — "] S Aflu — xus20,

For a triangle T" cut by the crack, we denote by E%ur the polynomial extension of Hhur|TQQi
on T (i.e. the polynomial HhuT]Tin extended to T). We will need the following result which
gives an interpolation error estimate on the enriched triangles:



Lemma 3.3. Let T' an element such that TNT'¢ # 0, then fori € {1,2} the following estimates
hold:

I - Ewlor < h%(uﬁz; ot | 8= & | s ) )

o0+ | T — u;

I - B, e < hT<|rﬁi Q,B(x*,hﬂ),

where hp is the size of triangle T and B(x*, hr) is the ball centered at the crack tip x* and with
radius hr.

The proof of this lemma can be found in Appendix B. Let us now give an abstract error
estimate for the discrete contact problem (12).

Proposition 3.4. Assume that the solution (u,\) to Problem (6) is such that A € L?>(TI'¢). Let
Yo be small enough. Then, the solution (u", \f) to Problem (12) satisfies the following estimate

vhevh

(- wr =2 < [mf (2= v omtw) ~ Rt [+ 12~ et

+ inf [ (g — M) [u,]dT

HEM™ JT ¢
+ o / (" = N([ur] + 7 (A - Rh<uh>>>dr] .

Proof. (This proof is a straightforward adaptation of the proof in [26]) We have
20 = AR, = [a3%r — 2 [yt + [ r.
T'o T'o I'c
From (6) and (12) we obtain

[ < [owdr + [ (0= Nuadr = [ 31 = Na(wdr, ¥ e M7
e T'c I'c e

Jrompar < [axtutar + [ i - ADRALE — [5( = XD Ry, ¥ i € P,
T'e Fe Pe le

which gives

V2= A G, < /F 7= AT + /F 7 = NAT /F (1= A)lun]dl
- / (= Now(w)dT + / (= X)[uk]dr — / A(utt = XY Ry (u)dT
o I'c |\e]
- / (4 — A [un JdT + / (= N([ul] + 7 (A — Ry (ul)))dr
I'c Te
- / YA = X) (0 () — Ry (u))dl
(15) +/()\H — N ([un] = [ul])dr, Ve M~V e M-
e

10



According to (12) for any v* € V" we have

lu—u"? = a(u—u",u-uh)
= a(u—u"u—v" +a(u—-u,vh—u
= a(u—utu—vh) ¢ /(A (] — [h])dr
e
(16) + /F YO — Ry(uh)) Ry (vh — uh)dr.

From the addition of (15) and (16), we deduce
2
[(=w a2 < aw—utu—vh s /()\ — AH)([o"] = [un])dl + /(M — AH)[u,]dr
To T'e

+ / (= N)([u] + 1A — Ry (uh)))dr
T

C

(17) +/Fv()\ — )\H)(Un(u) — Rh(vh))df + /F'y()\ — Rh(uh))Rh(vh — uh)dF,

C

for all vt € VP, € M~ and u € M. The last term in the previous inequality is estimated
by using (13) and recalling that A = 0,,(u) as follows

/F’y()\ — Ryp(u")) Ry (v — u)dr

72 (e (1) = R (")) lo.x v 1R 72 (Ra(v" = ") lo.re

S I = (172 (0n(@) = Rav"llore + 0" 182 (B (v" = u")) o)
S (llv" = a2+ 920 (w) = Ra™)l r, )

(18) 5 (qollu—wP + qollw = v+ 2o (w) = Ra(v")) 3, )

IN

By combining (17) and (18), and using Young’s inequality we come to the conclusion that if
is sufficiently small then

I awrr=a)f

< [ nt (Il =P+ (o) = Ba) R e + 107 [ua] = RAD B )

C C

+ inf /(,,L — M) [u,]dT +  inf /(,,LH =N ([ul] + v\ - Rh(uh)))dF] :
neM— Jr pHeMH= Jr
and hence the result follows. O

In order to estimate the first infimum of the latter proposition, we first recall the following
Lemma of scaled trace inequality: the following scaled trace inequality (see [21]) for T € T" and
E=TnNT¢:

Lemma 3.5 ([21]). For any T € Th and T the reference element let T, the affine and invertible
mapping in R? such that T = 7, (T ) Suppose that we have:

11



e I'c is a lipschitz continuous crack,
o |V, lloo,r S hr and ||V7' 1HOOT < hil,

then the following scaled trace inequality holds:
(19) lelororr  (hz*I0llor +hi*IVellor) . Vo € HY(T).

These two hypotheses of Lemma 3.5 are satisfied for regular families of meshes provided that
I'c is Lipschitz-continuous.
We can deduce the following estimate :

Y2 ([n] = 0w - mD o < [y 2([u] - [Tu]) o5,
< Iy Y2 = g Yo s + 72 (us — Ty, )
< VA - g llos + V2@ - T o
S by P - Bhulor + by Phy 2|9 - VERw o,

PRIV - B o + A Y2RY2 | VAR — VER,

and by using Lemma 3.3 (see Appendix B) we have:

7] = [T 0Dl S (8 W |20 )

By summation over all the edges we obtain

(20) Iy =12 ([un] — [(") - n])llore < Alu = xugllz0.

It remains then to estimate ||y'/2(o,(u) — Ry (IT"u))|lor,. Still for T € 7" and E = T NT¢,
assuming, without loss of generality, that I'¢ is parallel to the z—axis and by using the trace
inequality (19) we have

1 - T
|on(u) — Ry(IT"0) o = Han( ) — on (T 7r0,) 0.5, with 4 such that |T'NQ;| > ‘2’,
= Jlon(u urITmQ )
1
S (o @ = Brulo + 19 @ - Bl ).

[un

<
= (o (@ - )
(v

T”vayy( i)HO,T> )

A

3 — Bhullur + b2 ||u1||2T)

Then, by summation over all the edges and using again Lemma 3.3 the following estimate holds

(21) IV (o (w) = Ry (")) lore S hlju -

Putting together the previous bounds (14), (20) and (21) we deduce that

it (][ (a = v ontw = RaD) [+ 0] - DI

vhevh
(22) < PPlu — xulf; -

)
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Finally, we have to estimate the error terms in Proposition 3.4 coming from the contact approx-
imation:

(23) Lt N[+~ Ryl )ar
and
(24) ugﬁ_ F(CM — M) [u,]dr.

In order to estimate these terms, we need to distinguish the different contact conditions (i.e.,
we must specify the definition of M ~). We consider hereafter three different standard discrete
contact conditions.

3.2.1 First contact condition: M7~ = Mé{_

We first consider the case of nonpositive discontinuous piecewise constant multipliers where
MH~ is defined by (9). The error estimate is given next.

Theorem 3.6. Let (u, \) be the solution to Problem (6). Assume that u, € (H?(2))2. Let vy be
small enough and let (u", \) be the solution to the discrete problem (12) where M= = M~
Then, for any n > 0 we have

[ (w=w x =AY || S (bl ot R2HY2N o ot B2 (s 0t A2 )

Proof. Choosing p = 0 in (24) yields

inf [ (u— M) [u,]dl < —/AH[[un]]dF <0.
HEM™ Jreo Tc
In (23) we choose uff = wlf\ where m{! denotes the L?(I'¢)-projection onto W . We recall that
the operator m is defined for any v € L?(I'¢) by
v e W, / (v — wflv)pdl =0, Yue W,
Te

and satisfies the following error estimates for any 0 < r <1 (see [8])
(25) H |l = 7ol a0 + lv = 75 vllore S H [[0]lrre-

~

Clearly, I\ € Méq ~ and

it [ V@A 4O - Rutar < [ A Nl
pHeMy Te T'e

(26) +/ (A = (AT = Ry (u"))dr.
Te
The first integral term in (26) is estimated using (25) as follows

/ (d A — N)[ut]dT = / (85 = N)([u] — [un])dT + / (7l = ) [un]dT
I'c o]

o]

- / (A = N)([ul] — [un])dT + / (A — N)([un] — 7 Tun] )T

Pe
176" X = M —1j2.00 ITun] = [undllij2re + 176" X = Mlore I Tun] — 75 [uallloro

<
S HlMujzrela— o[+ H2 7Ny e | [unlli-gre

13



Therefore, for any a > 0 we have

[ - Mdar
o]
@) Sallu—u"2+a BN yr, + o BY TNy + B

For the second integral term in (26), by using the estimates (25), (13), (21), we have
[ A= = Ry ar = [ (A= O -
I'c e
4 / (A — N0 (u) — Ry (IT"w))dr
|Ne]

+/ (X = N)(Rp,(IT"a) — Ry, (u”))dl
|Ne]

A

Yo B2 A = Mlore v 2O = Mllo,re

90/ 2 X = Mo /(0 (w) = Ry (I0"w)
0 B2 A = Allore |72 R (10— u") o
o PR HV2 | g 72O = Mlo.re

0 2R PHY2 N jor Pl — xugl|2.0
+70h1/2H1/2H)\H1/2,FcHuh — 11"

0,l'c

N

Since [[u” — TTMu|| < [Ju — u”|| + hlju — yus|2., for any a > 0 sufficiently small, we deduce

/ (X = N\ = Ry (u"))dl
NG}
(28) < allu—u”2+aly 2O - Mg re + oh?lu— xul3q + Oé_thH)\H%/z,FC‘

~

Then, by using the inequalities (22), (26), (27), (28) and Proposition 3.4 the proof of the theorem
follows. 0
Remark: Note that if we take h = H the rate of convergence proved in Theorem 3.6 is h3/4~7/2

3.2.2 Second contact condition: M7~ = MlH*

Now, we focus on the case of nonpositive continuous piecewise affine multipliers where M~ is
given by (10).

Theorem 3.7. Let (u, \) be the solution to Problem (6). Assume that u, € (H?(2))2. Let vy be
small enough and let (0, \) be the solution to the discrete problem (12) where M" = = M~
Then, we have for any n > 0

1-7 1-7
[ (w=u A= AT)||| < Bl = xwllza + (= + 02 Al + B ulls/o g0
Proof. We choose = 0 in (24) which implies

inf [ (u— M) [u,]dl < —//\H[[un]]dF <0.
peM™ Jres I'c

14



In the infimum (23) we choose uf = 0. So

it [ = (] A~ Ry(a)dr
uHeM; T'c

< _/ Al + YA — Ry (u)))dr
Ie
_ _/F ArH ([ul] + (A — Ry (uh)))dr

- Mlup] +~W = Ry(u")) = ([uz] + (AT — Ry, (u"))))dl

< - / ATl + YA = Ry(u?) — v ([ul] + (A — Ry (u")))dT

(200 = /F G [ul] - [ul )T + /F A (Y (AF = Ry (uh))) — 5(\F — Ry (ul)))dr,

where 7 - LY (T¢) — WlH is a quasi-interpolation operator which preserves the nonpositivity
defined for any function v in L'(T'¢) by

rHy = Z ax (V) x,

xeNH

where N represents the set of nodes xg, ..., xx in I'c, ¥ is the scalar basis function of WlH
(defined on I'c) at node x satisfying 1x(x’) = dxx for all X' € N¥ and

oo ([ o) (] )

The approximation properties of v are proved in [25]. We simply recall hereafter the two
main results. The first result is concerned with L2-stability property of .

Lemma 3.8. For any v € L*(T'¢) and any E € T we have
I olloe < Ivlloss,
where yg = U{FeTH: FnE;é@}F'

Proof. Let E € TH and 1, 1 the clasical scalar basic functions related to E. Using the
definition of ax(v) and the Cauchy-Schwarz inequality we get:

Irfolloe < aillnllore + cz2llvellore
19115
VE fFC wl dr’

S lollose

1213 ..
Y YE fFC ¢2 dr

IN

[[v[lo +vllo

O
Note that the proof of this lemma is also given in [25] using the additional assumption that the

mesh T is quasi-uniform. The second result is concerned with the L?-approximation properties
of rH.

15



Lemma 3.9. For anyv € H'(I'c), 0<n <1, and any E € T we have

(30) I — iy

0,E < HnHUHnﬂEv
where vp = U{FeEg: F‘QE;ﬁ@}F'

Consequently, the first integral term in (29) is estimated using (30) as follows

A [up] = [up])dr A ([up] = [un]) = (Tun] = [wa]))dl + / A [un] = [un])dr,
T'e T'c e}

h —
S IMloreHY 2 la = u®|| + [ Allore H' I [unlli—nre

h —
S Lo HY 2w = a"l| + 1M1y, ro B lwal li-n e
<

1-n 19
H'2| M jarellu—u"| + H =2 |Mjore H 2 |[undli—gre-

IN

Therefore, for any a0 > 0 we write

/ AGH ] — [ulT)dr
T'c
(31) S allu— w2+ aH a2, o + o (B + H)AR .

~

Now, we consider the second integral term in (29):

/F G (v (M = Ry(u))) — 4(AF — Ry (u")))dT

< More I (v = Ru(u™)) = v = By (a")) ore

S llore v = Ra(u™))llore

S % 2o [ (W =2 + on(w) = Ru("w) + By("a —u") )| .
1/2 1/2

S 02 (17208 = Nllore + Allu = xusllag + 5"l = u*]l)

As a consequence, for any a > 0 we have

/F A (HAF = Ry (u))) — 5 — Ry (u)))dr
C
(32) S a(lu— £ [ 2OH — 0)E ) + k- B + o BN o

The proof of the theorem then follows by using the inequalities (22), (29), (31), (32) and
Proposition 3.4. [l

Remark: Note that if we take h = H the rate of convergence proved in Theorem 3.7 is hat

3.2.3 Third contact condition: M7~ = Mf**

This choice corresponds to *

MU= is given by (11).

‘weakly nonpositive” continuous piecewise affine multipliers where

Theorem 3.10. Let (u, \) be the solution to Problem (6). Assume thatu, € (H?(2))2. Let o be
small enough and let (0, N be the solution to the discrete problem (12) where MH— = Mf*_.
Then, for any n > 0 we have

[ (w =t x = NV} < Bl = xsllz + B2+ BN o+ B 2H s 0

16



Proof. By setting 1 = 0 in (24) we obtain

inf [ (- MND[u,Jd0 < — /AH[[unﬂdF,
HeEM™ Jreo I'c

= [N ug] - [un)dr — / AT [ ]
T'c I

C

HH — [Un )
< /ri (1" [un] — [un])d
_ / O — 2 (I [un] = [un])dl + / AT [un] = [un])dT,
T'c Lo
< V2O = Mo v VI [un] — [un])llores

HI o, 117 [wn] = [unlllo,re
S HTRTY s olly PO = Mllore + A 2re H T allz2-n.0;

where I is the Lagrange interpolation operator onto W{I. The operator I is defined for any
v € €(I'¢) and satisfies the following error estimates for any 1/2 < r < 2:

lo = 1" vllore < H[|v]|rre-

Therefore, for any a > 0 we have

inf [ (0 — M) [uy,]dl
peM= T'c

(33) S ab HPY 3y, o+ a (PO =)

8,FC + hHA”%/Q,Fc)

In the infimum (23) we choose ! = 7\ where 7ff denotes the L?(I'¢)-projection onto W{.
The operator i is defined for any v € L?(T'¢) by

iy e W, / (v —rHv)pdl =0, Ype W,
e

and satisfies, for any 0 < r < 2, the following error estimates

(34) H™' 2o = ni'vll 1 jore + llo = 7 vore < CH [[v]lnre.

Clearly 7\ € Mﬁf, so that

inf | (" = N)([up] + (AT = Ry(u")))dl
lu‘HeMl,* FC
(35) < / (rHX = N [ul]dr + / F(@EX = )M — Ry (u™))dT.
I'c Te

The first integral term in (35) is estimated using (34) as follows

/ (A — N [ul]dr = / (e — A)([u"] — [un])dr + / (H A — X)[un]d,
I'c o]

o]

- / (e = N)([ul] - [un])dT + / (7 = A)([un] — 7 [un] )T,

NGl
1A = Al -1 2,00 1Tun] = Tundllj2,re + 1747 A = More I unl = 71 [unlllore

<
S H|Aijarella—u| + HY2 N o re H -0 0.
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Therefore, for any o > 0, we have
/ (mf X — A)[ul]dr
o]

(36) S a (= w2+ Y3 o) + o7 HE 4 BN g

For the second integral term in (35) by using the bounds given in (34), (13), (21) we get
[ A= T = Ry ar = [ (= O -
T'c e
+ / (T = M) (0 (1) — Rp(IT"a))dl
|Ne]

+/ (X = M) (R, (IT"a) — Ry, (u"))dl’
Fe

A

702 BY2 |7 N = More V2O = Nore

30" B2 A = Mloxe "2 (0n(w) — Ry (1"w))
0 W2 !N = Mo |22 Ba(Ia = u") o,
o PR HV2 g (72O = Mlo.re

0 2R PH Y2 A jar Pl — xugl|2.0
+0hPH2 A1 2,0 0" — 1T

0,'c

A

Since |[u® — TTMu|| < [ju — u”|| + Chllu — xus|2.0, for any small a > 0 we get
| A= N = Ry ar
Te

37 5 allu—u" P +ally PO = NIEr, +ah®lu—xugl3o + o RHA o

Finally, the theorem is established by combining Proposition 3.4 and the inequalities (33), (35),
(36), (37) and (22). 0
Remark: Note that if we take h = H the rate of convergence proved in Theorem 3.10 is h'/2~7

4 Numerical experiments

The numerical tests are performed on a non-cracked square defined by
Q= 10,1 x [-0.5,0.5],

and the considered crack is the line segment I'c = |0,0.5] x {0} (see Fig. 5). Three degrees of
freedom are blocked in order to eliminate the rigid body motions (Fig. 5). In order to have both
a contact zone and a non contact zone between the crack lips, we impose the following body
force vector field

fz,y) = < 3.52(1 —:B())ycos(wa) > ‘

Neumann boundary conditions are prescribed as follows:

0
pu— pu— — . < < .
g(07 y) g(17 y) ( 4. 10—2 sin(27ry) ) 0.5 SYS 0 57
g(x,—0.5) = g(z,0.5) = ( 8 ) 0<z<l1.

18



Figure 5: Cracked specimen.

An example of a non structured mesh used is presented in Fig. 6. The numerical tests are
performed with GETFEM++, the C++ finite-element library developed by our team (see [37]).
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Figure 6: Non-structured mesh.

4.1 Numerical solving

The algebraic formulation of Problem (12) is given as follows

Find U € RY and L € M~ such that
(38) (K- K)U—(B-C,)TL=F,
(L-L)T(B-C)U+D,L)>0, YLe M,

where U is the vector of degrees of freedom (d.o.f.) for u”, L is the vector of d.o.f. for the

multiplier A, M is the set of vectors L such that the corresponding multiplier lies in M~
K is the classical stiffness matrix coming from the term a(u®,v"), F is the right-hand side
corresponding to the Neumann boundary condition and the volume forces, and B, K, C,, D, are
the matrices corresponding to the terms b(A7, v"), fl“c YRy, (u") Ry (V) dT, fl“c YA Ry, (v dT,

ch AN 7 D, respectively.
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The inequality in (38) can be expressed as an equivalent projection
(39) L:PMHf (L_T((B_C“/)U—"_DVL))?

where r is a positive augmentation parameter. This last step transforms the contact condition
into a nonlinear equation and we have to solve the following system:

Find U € RN and L € M such that
(K- K,)U—-(B-C)TL-F =0,

- [L — P, (L—r((B-C)U+D,L))| =0.

r M

(40)

This allows us to use the semi-smooth Newton method (introduced for contact and friction
problems in [2]) to solve Problem (40). The term ‘semi-smooth’ comes from the fact that
projections are only piecewise differentiable. Practically, it is one of the most robust algorithms
to solve contact problems with or without friction. In order to write a Newton step, one has to
compute the derivative of the projection (39). An analytical expression can only be obtained
when the projection itself is simple to express. This is the case for instance when the set M~
is chosen to be the set of multipliers having non-positive values on each finite-element node of
the contact boundary (such as MOH ~ or MlH 7). In this case, the projection can be expressed
component-wise (see [28]).

In order to keep the independence between the mesh and the crack, the approximation space
WH for the multiplier is chosen to be the trace on I'c of a Lagrange finite-element method
defined on the same mesh as V" (in that sense H = h) and its degree will be specified in the
following. Let us denote X" the space corresponding to the Lagrange finite-element method.
The choice of a basis of the trace space WH = X h[rc is not completely straightforward. Indeed,

the traces on I'c of the shape functions of X* may be linearly dependent. A way to overcome
this difficulty is to eliminate the redundant functions. Our approach in the presented numerical
experiments is as follows. In a first time, we eliminate locally dependent columns of the mass
matrix ch P;p;dl’, where v; is the finite-element shape functions of X h with a block-wise
Gram-Schmidt algorithm. In a second time, we detect the potential remaining kernel of the
mass matrix with a Lanczos algorithm.

4.2 Numerical tests

In this section, we present numerical tests of the stabilized and non stabilized unilateral contact
problem for the following, differently enriched, finite-element methods: Py/ Py, P2/ Py, P1 + /P,
Py /Py, Pi/Py. The notation P;/P; (resp. P+ /P;) means that the displacement is approximated
with a P; extended finite-element method (resp. a P; extended finite-element method with an
additional cubic bubble function) and the multiplier with a continuous P; finite-element method
for 7 > 0 (resp. continuous P finite-element method).

The numerical tests are performed on non-structured meshes with A = 0.088, 0.057, 0.03, 0.016,
0.008 respectively. The reference solution is obtained with a structured P»/P; method and
h = 0.0027. The Von Mises stress of the reference solution is presented in Fig. 7(a). Its
distribution shows that the Von Mises stress is not singular at the crack lips. The normal
contact stress of the reference solution is presented in Fig. 7(b). The normal contact stress is
not singular at the crack lips which confirms the theoretical result presented in Lemma A.1.
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(a) Von Mises stress for the reference solution (b) Normal contact stress for the reference solution

Figure 7: Von Mises stress and normal contact stress for the reference solution

Without stabilization: The curves in the non stabilized case are given in Fig. 8(a) for the
error in the L?(2)-norm on the displacement, in Fig. 8(b) for the error in the H'(€2)-norm on the
displacement and in Fig. 8(c) for the error in the L?(T'¢)-norm on the contact stress. The Py/P
method is not plotted because it does not work without stabilization. The P/P; and P /P,
versions generally work without stabilization even though a uniform inf-sup condition cannot
be proven. Fig. 8(a) shows that the rate of convergence in the error L?(2)-norm is of order 2.4
for the P»/P; methods and of order 2 for the P;/P; methods. This rate of convergence is close
to optimality because the singularity due to the transition between contact and non contact is
expected to be in H?/277(Q) for any > 0 (under the assumptions of lemma A.1). Theoretically,
this limits the convergence rate to 3/2 — 7 in the H'(2)-norm. Fig. 8(b) shows that the rate of
convergence in energy norm is optimal for all pairs of elements considered. Fig. 8(c) shows that,
except the P;/Py method, the rate of convergence in the L?(I'c)-norm is optimal but there are
very large oscillations. For the P; /Py method the rate of convergence in the L?(I'¢)-norm is not
optimal (of order 0.42). It seems that the presence of some spurious modes affects this rate of
convergence.

Stabilized method: The curves in the stabilized case are given in Fig. 9(a) for the error
in the L?(2)-norm on the displacement, in Fig. 9(b) for the error in the H'(2)-norm on the
displacement and in Fig. 9(c) for the error in the L?(I'¢)-norm of the contact stress. Similarly
to the non stabilized method, Fig. 9(b) shows that we have an optimal rate of convergence,
with a slight difference, for the error in the H'(€)-norm on the displacement. Concerning the
error in the L?(2)-norm the rate of convergence is affected by the stabilization for the quadratic
elements P»/P; and P,/P,. For the error in the L?(I'c)-norm of the contact stress, Fig. 9(c)
shows that the Barbosa-Hughes stabilization eliminates the spurious modes for the P;/P; and
Py /Py methods. For the remaining pairs of elements, the stabilization also allows to reduce the
oscillations in the convergence of the contact stress.

The stabilization parameter is chosen in such a way that it is as large as possible but keeps
the coercivity of the stiffness matrix. To check the coercivity, we calculate the smallest eigen-
value of the stiffness matrix. For the L?(I'c)-norm on the contact stress, the value of the
stabilization parameter can be divided into two zones. A coercive area where the error decreases
when increasing the stabilization parameter 79 and a non-coercive zone where the error evolves
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Figure 10: Influence of the stabilization parameter in L?(I'¢)-norm of the contact stress

randomly according to the stabilization parameter (see Fig. 10(a) and 10(b)). Fig. 11 shows
that the stabilization parameter has no influence on the error in L?(Q) and H'(2)-norms of the
displacement.

Conclusion

Concerning the three contact conditions we considered theoretically, the given a priori error
estimates are obviously sub-optimal. This limitation of the mathematical analysis is not specific
to the approximation of contact problems in the framework of XFEM. It is in fact particularly
true for the approximation of the contact condition with Lagrange multiplier. This is probably
due to technical reasons. The approximation with Lagrange multiplier is made necessary here
to apply the Barbosa-Hughes stabilization technique (see [26]).

In the numerical tests we considered, the stabilized methods have indeed an optimal rate
of convergence. More surprisingly, the unstabilized methods have also an optimal rate of con-
vergence concerning the displacement (except the P;/P; method whose linear system was not
invertible). This may lead to the conclusion that no locking phenomenon were present in the
numerical situation we studied despite the non-satisfaction of the discrete inf-sup condition. The
fact that such a locking situation may exist or not in the studied framework (contact problem
on crack lips for a linear elastic body) is an open question.

Acknowledgments. The first author acknowledges French manufacture of tires Michelin
for their support.
Appendix A : Singularity of the contact stress

Lemma A.1. Assume that we have a finite number of transition points between the contact and
the non contact zones on the crack lips, then the contact stress o, is in HY/*(I'c).

Proof. Let m be a transition point which delimits two zones of nonzero length, a non contact
zone (u, < 0) and a zone where the contact is effective (u,, = 0). Moussaoui et al. [34] show that
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3
the asymptotic displacement near this transition point is no more singular than r3/2 sin (20>

where (r,0) are the polar coordinate relative to m and the transition point. Consequently, the
normal contact stress is not singular near the transition points between the contact and the non
contact zones. This analysis, done for the scalar Signorini problem, can be straightforwardly
generalized to the Signorini problem for two dimensional elasticity. In order to shorten the proof
we present only the analysis for the vicinity of the crack-tip.
We can restrict the study to the case of a contact occurring on a neighborhood of the crack-tip,
since g, = 0 if there is no contact at the crack-tip.
Using the div-rot lemma, we rewrite the stress components in terms of an Airy function ¢ as
follows:
0%¢
Ogzx = 8?/2’

0%¢

92
= Dadly

0xdy’

In two-dimensional isotropic elasticity, the Hooke’s law is given by:

Ogy = Oyg = —

Oz = (A, +20, )€z + A, Eyy,
Oyy ()‘L + 2ML)€yy + )\Lsmma
Oy = fiy(Exy + €ya) = 201, Exy.
So
1 0%
€ry = Eyzr = _maxay)
1 0% 62¢>
oo = —— | (A, +2u,)=— — A== |,
Apg (A, +py) <( L2 ) g~ Ay
1 0%¢ 0%¢
= ———— (N, =— -\, +2u,)—5 | .
v Ap(A, + ) ( vgp ~ Mt ML)&E2>
The compatibility relations
Peww | Peyy  Pewy 0
oy? Ox? 0xdy
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lead to the bi-harmonic equation:

A ot2n,  [3' 0% & 2
2 = — A‘p=
Ay (A, +py) [Oxt * oy * Dz20y? 0 ¢=0

whose general solution in polar coordinates is a linear combination of the following elementary

functions:

T lcos(s —1)0, r*Tlcos(s +1)0, r*Tlsin(s —1)0, r*Tsin(s+1)6.

Let oy, 0gg and 0,9 be the polar stress components. By using e, = (cosf,sinf), eg =
(—sinf,cos @) and the fact that (e,,ep, k) is direct and V¢ A k is independent of x, y, we

obtain

18% 196 9% 19¢ 1 0%

Orr

Besides, we have

Oouy ou
Oz = <)\L+2 L) O +/\L87yy’
ou Ouy
Oyy = ()\L+2 L)aiyy"i_/\L oz’
ou ou
O'xy = NL(E;):y +ny) ,UL ( ayz 61.y> )

=2oe Trar YT a2 7T 200 Y okor

0 0 10 1 1 10
and Vu = (urer + 16969> ® e, + < Ur e, + ;ureg — —uge, + ) ) ® ey where u, and
T r

ar ar r 00 a0 °

ug are the radial and angular components of the displacement. So in polar coordinates, it

becomes
B ou, A, Oug
Orp = ()\L+2IU’L) or +7 <UT‘+89>7
(A, +2u,) Oug Ouy
700 = “wtge ) TN
org = p, (Po, 10w 1
R
Consequently,
1 0% 10¢ ou, A, Oug
7mmﬂw—4%”mm+r@”w»
0%¢ (A, +2pu,) Qug Ouy
m2—7a@+%>kww
100 1 0% Oug 10u, 1
- = oy, (2 = — —ug )
r290 r000r or r 06
In [18], Grisvard gives the corresponding displacement in polar
2u,
p=1+ :
Ap by

ur = r°(asin(s +1)8 +bcos(s+1)0 + c(p — s)sin(s — 1)§ — d(p — s) cos(s — 1)),
ug = r°(acos(s+1)0 —bsin(s+ 1)8 — c(p + s)cos(s — 1)0 — d(p + s)sin(s — 1)
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where a, b, ¢, d are generic constants. The P; finite-element method will not optimally approx-
imate the terms of this form which are not in H2(Q2). So we have to determine the terms for
which the real part of s is such that 0 < Re(s) < 1.

The boundary conditions for the effective contact without friction on the crack with 8 = 7 can
be expressed as:

Ue(ﬁ 71—) - U@(T, —7T) = 07
ogg(r,m) — oge(r, —m) = 0,
org(r,m) = opg(r,—m) = 0.

The first equality expresses the contact condition: the jump of the normal displacement is equal
to zero because we are not in the opening mode, the second equation represents the action-
reaction law and the last equality expresses the absence of friction.

By using (41), these conditions read as:

ug(r,m) —ug(r,—m) = 2r°(—=bsin(s+ 1)m —d(p+ s)sin(s — 1)m)
= 2r°%(bsin(sm) + d(p + s) sin(sm)),
org(r,m) = p, " 1(2ascos(s 4+ 1)m — 2bssin(s + 1)m — 2¢s? cos(s — 1)

—2ds? sin(s — 1))

= 2u, 7" Y (—ascos(sm) + bssin(sm) + cs? cos(sm) + ds>

sin(sm)),
org(r,—m) = 2u, 7" (—ascos(sm) — bssin(sm) + cs? cos(sm) — ds®sin(s7)),
oog(r, ) — oge(r,—m) = 1Y\, (2assin(s + 1)7 + 2¢(p — s)ssin(s — 1)
+(A, +2p,)(—2assin(s + 1)m + 2¢s(p + s — 2) sin(s — 1)m))
= "4y, assin(st) — desp, (s + 1) sin(sm)).

The determinant of the corresponding linear system can be written as:

0 1 —cos(sm) — cos(sm)
1 0 sin(sw)  —sin(sm)
_ 3 (3,453
D = 32u;s sin (SW) 0 —s—1 scos(sm) scos(sm)
p+s 0 ssin(sw) —ssin(sm)

= 64u3 3p4573 p sin3(ms) cos(s).

So D = 0 reduces to sin®(ms) cos(sm) = 0 and the only solution satisfying 0 < Re(s) < 1 is
1

s==.

2

For s = %, we obtain:

3¢
a = ?7 b = 0, d = 0

which means that only one singular mode is present. For this singular mode we have also:
ogg(r,m) = ogg(r, —m) = 0. This property corresponds to the classical Neumann boundary con-
dition on the crack lips. The consequence is there is no supplementary singular mode to the
classical shear mode and the normal stress component is not singular on the crack lips. O
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Appendix B : Proof of Lemma 3.3

In order to prove Lemma 3.3, we distinguish three cases: totally enriched triangles, partial
enriched triangles and the triangle containing the crack tip.

First, for a totally enriched triangle (Fig. 4(a)) we have 1"u,|rno, = I"MiL|rnq, (see Lemma
3.2). Then, Etu, = I"3¢ and we have

10, — Efuyllor = [0 — I"ukllor,
< RP|aker
|u. — Erulir < hlugllzr

Second, for a partially enriched triangle and considering the particular case shown in Fig. 4(b)

we have:
", e, = ub(x1)er + u?(x2)ps + ul(xs)es,
= I3} + (W}(x2) — ui(x2))epo,
HhurleQ2 = (XI)SO1 +u (X2)802 +u (X3)<P3,

= I"a; + (W (x1) — up(x1))er.

In this case Etu, = I1"a} + (Ul(x2) — u?(x2))p2 and E2u, = "a2 + (G2(x1) — ul(x1))er.
Then we have:

[y - Erugllor = HNi "0y — (1, (x2) — ug(x2))p2/lor,
< a0 o+ | U (x2) — wi(x2) | le2llor,
oy — B e S0 0y — e+ | Op(xe) — ul(x2) |-

Furthermore, we have from [35]:
|Gy (x2) —uwi(x2) | S by |8 — W | pixe i)

and since [|¢2|lor S h we can conclude that:

k&

< h%(ﬂaiuz,w | = @ s pee oy

o —

In the same way we have:

o —

)
S hT(Hﬁillz,T+ |8y — 8 [o,B e i) >

< h?r(uﬁium &~ 82 [ pge )

< hT(Hﬁsz,TJr |0} — U2 |2, Bx hr) >

A similar reasoning can be applied to the other situations of partially enriched triangles to obtain
the same result.
Finally, for the triangle containing the crack tip, and in the particular case described in Fig. 4(c)

o —

we have:
M, |rro, = ul(x1)pr +u (X2)<P2 + u?(x3) s,
= "8} + (ul(x2) — UL(x2))p2 + (U2 (x3) — T (x3))@3,
I"u,|rn0, = ub(xi)pr +u (X2)<P2 + u?(x3) s,

= 1G] + (up(x1) — 8 (x1))r.
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Thus, we have Ehu, = IT"a} + (u2(x2) — Uk (x2)) @2 + (uZ(x3) — ul(x3))ps and EZu, = [1"a2 +
(ul(x1) — u%(x1))p1. Note that we have (see [35]):

T

[up(xg) —W(x;) | S b [0 -0

Q,B(X* ,hT) ?

with j € {1,2,3}, i € {1,2}, l = 3 — ¢ and x; a node belonging to a partially enriched triangle
or triangle containing the crack tip. Then, by the same way in the case of partially enriched
triangle we have the following result for i € {1,2}:

I - Biulor < h%(\lﬁin,T+ |8 = @ |a pee o )

162 - Biulhr < hT(||ﬁi||2,T+ & = @2 s ) )

This concludes the proof, since a similar reasoning can be applied to the other situations of a
triangle containing the crack tip. O
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