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Abstract. The numerical approximation of an elasto-viscoplastic problem is considered in this
paper. Fully discrete approximations are obtained by using the finite element method to approx-
imate the spatial variable and the forward Euler scheme to discretize time derivatives. We first
recall an a priori estimate result from which the linear convergence of the algorithm is derived
under suitable regularity conditions. Then, an a posteriori error analysis is provided. Upper and
lower error bounds are obtained.
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1. Introduction

Elasto-viscoplastic materials are very common in the real life because some types
of rocks and metals can be modelled using a rate-type viscoplastic law. As noticed
in [9], these materials allow both creep and relaxation phenomena.

In this work, we will consider a semilinear elasto-viscoplastic constitutive law
introduced in [5] and already studied, from both mathematical and numerical point
of views, by Ionescu and Sofonea (see the monograph [9] and the references cited
therein). In particular, fully discrete approximations were considered in [6], where
a priori estimates were obtained for an explicit Euler scheme. In this paper, this
problem is revisited and a posteriori error analysis is performed in the study of that
elasto-viscoplastic problem. This is done extending some arguments already applied
in the study of the heat equation (see, e.g., [10, 11, 13]), some parabolic equations
([1]) or the Stokes equation ([2]). Recently, contact problems involving this kind of
materials were studied (see the monograph [7] and the numerous references cited
therein), and this work can be seen as a first step to deal with this interesting kind
of contact problems (see [8] for an early study in the linear elasticity case).

The paper is structured as follows. In Section 2, the mechanical model and
its variational formulation are described following the notation and assumptions
introduced in [7]. Then, fully discrete approximations are provided in Section 3,
by using the finite element method to approximate the spatial variable and the
forward Euler scheme to discretize the time derivatives. In Section 4, an a priori
error analysis obtained in [6] is recalled. Finally, using some results obtained in
the study of the heat equation, an a posteriori error analysis is done in Section 5,
providing an upper bound for the error, Theorem 5.1, and a lower bound, Theorem
5.2.

2. Mechanical problem and its variational formulation

In this section, we present a brief description of the elasto-viscoplastic model
(details can be found in [5, 9]).
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Let © ¢ RY, d = 1,2,3, denote a domain occupied by an elasto-viscoplastic
body with a smooth boundary I' = 9§} decomposed into two disjoint parts T'p and
Ty such that meas (I'p) > 0. Moreover, let [0,T], T > 0, be the time interval of
interest and denote by v the unit outer normal vector to I'.

Let € Q and t € [0,T] be the spatial and time variables, respectively, and, in
order to simplify the writing, we do not indicate the dependence of the functions
on x and £. Moreover, a dot above a variable represents the derivative with respect
to the time variable.

Let us denote by u = (w)l,, o = (0i;)¢;—, and (u) = (e55(u))f;=; the
displacement field, the stress tensor and the linearized strain tensor, respectively.

‘We recall that
_ 1 Buz Buj
gij(u) = 5 (—8—5 + 3$i> :

The body is assumed elasto-viscoplastic and satisfying the following rate-type semi-
linear constitutive law (see [5, 9]),

) o = Ee(u) + G(o,&(u)),

where £ and G denote the fourth-order elastic tensor and the viscoplastic function,
respectively.

We turn now to describe the boundary conditions.

On the boundary part I'p we assume that the body is clamped and thus the
displacement field vanishes there (and so u = 0 on I'p x (0,T)). Moreover, we
assume that a density of traction forces, denoted by f r, acts on the boundary part
T F; ie.

ov=7Ffp on I'rx(0,T).

Denote by S¢ the space of second order symmetric tensors on R? and by “” and
| - | the inner product and the Euclidean norms on R? and S¢.

The mechanical problem of the quasistatic deformation of an elasto-viscoplastic
body is then written as follows.

Problem P. Find a displacement field u : Q x (0,7) — R? and a stress field
o:Qx(0,T) — S such that,

(2) & =E&e(iu)+G(o,e(u)) n Qx(0,T),
(3) ~Dive=f, in Qx(0,7),

(4) u=0 on I'px(0,T),

(5) ov=7Ffp on I'px(0,T),

(6) u(0) =uy, o(0)=09 n

Here, ug and o represent initial conditions for the displacement field and the
stress tensor, respectively, and f, denotes the density of body forces. Moreover, we
notice that equilibrium equation (3) does not include the acceleration term because
the problem is assumed quasistatic.

In order to obtain the variational formulation of Problem P, let H = [L*(Q)]?
and we define the following variational spaces:

V={we[H )% w=0 on Tp},
Q = {7' = (Tijﬁl’j:l € [LQ(Q)]dXd v Tif = Tjis Z,] = 1 .. ,d}

The following assumptions are required on the problem data.
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The elastic tensor £(x) = (eijkl(m))ij)w:l cT e §% - E(x)(r) € S¢ satisfies:

(a) eijk = eklij = €jikl for i,5,kl=1,...,d.
- (b) ey € L®(Q) for 0,4,k l=1,...,d.
(¢) There exists mg > 0 such that £(z)T - 7 > me |7]?

VreS? ae zcl
The viscoplastic function G : Q x §% x §¢ — G(z)(7) € S* satisfles:

(a) There exists Lg > 0 such that
IG (z,01,61) — G (z,02,82)] < Lg (ley — 2| + |o1 — 02])

(8) for all €y,&9,01,02 €S%,  ae x €l

(b) The function z — G (x,0,€) is measurable.

{¢) The mapping  — § (2,0,0) belongs to Q.
The following regularity is assumed on the density of volume forces and tractions:
(9) fo e CHO,T;H), freCH[0. T L (TF))).
Using Riesz’ theorem, from (9) we can define the element f(¢) € V given by

(f(t),w)vzfgfo(t)-wdmr i Fr) - wdl YweV,

and then f € C1([0,T}; V).
Finally, we assume that the initial displacement and stress fields satisfy the
following regularity and compatibility conditions,
ug €V, og€Q,
(g0,&(u0))o = (F(0),uo)v.
Using the previous boundary conditions and applying Green’s formula, we obtain
the following variational formulation of Problem P.
Problem VP. Find a displacement field w : [0,T] — V and a stress field o :
[0,T] — @ such that u(0) = up, o(0) = o¢ and for a.e. t € (0,T),
(11 o(t) = Ee(u(t)) + G(o (1), e(u(t))),
(12) (a(t),e(w))g = (f(t),w)y YweV.
The existence of a unique weak solution to Problem VP has been considered in

[9]. The following theorem, which establishes the existence of a unique solution to
Problem VP, was proved there by using Banach’s fixed point theorem.

(10)

Theorem 2.1. Let assumptions (7)-(10) hold. Therefore, there exists a unique
solution to Problem VP such that u € C*([0,T}; V), o € C*{([0,T]; Q).

3. Fully discrete approximations

In this section, we now introduce a finite element algorithm to approximate
solutions to Problem VP.

The discretization of Problem VP is done as follows. First, we assume that {2
is a polyhedral domain and we consider the finite dimensional spaces VP CV and
Q" c Q, approximating variational spaces V and @, respectively, and given by

(13) VP = {w" € [C@)%; w,, € [T TreT", w"=0 on Tp},
(14) Q"={r"eQ; r]. e[R(Tr™ TreT"},

where P,(Tr), ¢ = 0,1, represents the space of polynomials of global degree less
or equal to ¢ in Tr and we denote by 7" a triangulation of ) compatible with
the partition of the boundary T' = A0 into I'p and I'p; ie. the finite element
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space V" is composed of continuous and piecewise affine functions and the finite
element space Q" is made of piecewise constant functions. Here, h > 0 is the spatial
discretization parameter. Moreover, we assume that the discrete initial conditions,
denoted by ul and o, are given by

(15) ug = thuo, O’g = HQhO’Q,

where Tlyn : [C(f1)]¢ — V! and s : Q@ — Q" are the standard finite element L*-
projection operator onto V* and the L2-projection operator onto the finite element
space Q", respectively (see, e.g., [3]).

To discretize the time derivatives, we consider a uniform partition of the time
interval [0,77], denoted by 0 =ty < t; < ... <ty =T and let k& be the time step
size, k = T/N. For a continuous function f(t), let fn = f(tn) and for a sequence
{w, Y_y we let Swy, = (w, — w,—1)/k be its corresponding divided differences.

In order to simplify the writing and the calculations, we assume, without loss
of generality, that G(Q", Q") C Q". It is straightforward to extend the results
presented in the next two sections to more general situations by using the operator
gn.

QTherefore, using a hybrid combination of backward and forward Euler schemes,
we obtain the following fully discrete approximation of Problem VP.

Problem VP". Find o discrete displacement field uh* = {ul*}_ c V" and
a discrete stress field oh® = {o"*}N_ C Q" such that ub® = ul, ob¥ = of and
foralln=1,...,N,

(16) ok = Ee(bulf) + Glonk 1 e(unty)),
(17) (Uzkva(wh))Q = (.fnvwh)v vw" e V.

Using Lax-Milgram lemma, it is easy to obtain the following theorem which states
the existence of a unique discrete solution u”* ¢ V* and " C Q" to Problem
VPhE,

Theorem 3.1. Let assumptions (7)-(10) hold. Therefore, there exists a unique
solution to Problem VP,

4. An a priori error analysis

In this section, we recall an a priori error estimate for Problem V Ph* which was
derived in [6] for a particular case of the viscoplastic function G (see also [7] for a
recent proof in the case including contact and the general constitutive law (1)).

We have the following.

Theorem 4.1. Let assumptions (7)-(10) hold. Let us denote by (u, o) and (uh*, a*)
the respective solutions to problems VP and V P& Therefore, there exists a posi-
tive constant ¢ > 0, independent of the discretization parameters h and k, such that
for all {wPIN_, c Vh,

hk hk h
ny 0B I o G} < o max, llun —whI}
+ max Ig, + uo - ubll} + oo — ofl13),

where the integration error Ig, is given by

2
tn

Ig, = Go(s),e(u(s)ds = > kG(oj1,e(u;-1))

0 N
=1
7 Q
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Proof. First, we integrate the ordinary differential equation (11) between 0 and ¢,
to obtain

12
(19) o = Eeluy) + o9 — E(up) + Glo(s),e(u(s)))ds.
0
Then, we rewrite equation (16) in the form,
(20) oh* = Ee(ul*) + ol — )+ng bk e(ul ).

Plugging (19) into (12), for w = w* € V* C V, and (20) into (17) and subtracting
them, we have

<5€(un_uhk)+/ G(o(s), e(u )ds—ng RE L e(ul®y))
+og— ol — Ee(ug — uo),s(wh)>Q = O vwh e V.

Therefore,

(Bt —ul) / Glo(s),e(uls))) ds—ng ol e(ulky))
#ou o = Se(uo ). clum - h’“))Q
= (ge(un —uth)+ [ GG, <u<s>>>ds—kzg(aj Le(ul® )

+op — ol — Ee(ug — ul),e(u n—wh)>Q:O vwh e V.

Keeping in mind that

hk

(Ee(un ~uy," ), e(uy — ugk))Q > mellu, — 'U'?Lk”%/a

by using assumptions (7)-(10) and applying several times the inequality
1

(21) ab§5a2+ng2, a,be eR, >0,

it follows that,

e — w®[i3, < C(Hun — whll}y + I, + lluo — uf [} + oo - o3ll3

(22) <
k3 oy = ol B+ ugor = wl J3]) Ve e v
j=1

Finally, let us estimate the numerical error on the stress field. Substracting (19)
and (20) we easily find that

lon = ot¥llg < e(llun — ubt v + luo = ublly + oo —ohlle + 1.

(23) S
5D Ml 1 — ot + g1 = wl 3)).
=1
Combining now (22) and (23) and using a discrete version of Gronwall’s inequality
(see [T]), we deduce (18). O

We notice that the above error estimates are the basis for the analysis of the
convergence rate of the algorithm. Hence, under additional regularity assumptions,
we obtain the linear convergence of the algorithm that we state in the following.
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Corollary 4.2. Let the assumptions of Theorem 4.1 hold. Under the additional
regularity conditions

we C(0, T [H*(Q)]Y), o0 € [H (@)™,
there exists a positive constant ¢ > 0, independent of the discretization parameters
h and k, such that
_ bk _ hk
(24) s {un = ully + o = o¥lQ} < (b + )
The proof of the above corollary is obtained by using the well-known result on
the approximation by finite elements (see [3]),

h .
wlglggh lun — wyrllv < chllulleqo,r;im2@)e),

an straightforward estimate implies that

oax, Ig, < cklllulicrqomvy + oo ool

and, finally, by using the definition of the operators Iy » and Hgn:
o — ublly < chlluollimz(ye, oo — oglle < chlloollm @yaxa-
5. An a posteriori error analysis

In this section, we will use the finite element spaces and the notations introduced
in the previous two sections. Moreover, throughout this section, we will assume that
the mesh of the domain £ may change during the time, and so, for any 0 < h <1
and for any n = 0,1,...,N, let 7 hn he a mesh of O composed of finite elements
Tr with diameter less than h. We will also assume that, for each n = 1,..., N,
the mesh {(tp—1,tn) xTr;Tr € Th} is regular in the sense of [3] and, to simplify
the calculations, that 7h* C Th(n=1)  Thus, for any » = 1,...,N and for any
Tr € T™, let h}, (respectively p}, ) be the diameter of the smallest (resp. largest)
ball containing (resp. contained in) {¢n—1,tn)xTr. Therefore, there exists a positive
constant § such that

h h
—=<B VIreT”, n=1,...,N.

Pr,
In order to simplify the writing and the calculations, in this section we assume that
fr = 0 and therefore (f,w)y = (f,w)u, where f = f, € C([0,T};H). It is
straightforward to extend the results presented below to more general situations.
Moreover, the notation a < b means that there exists a positive constant ¢ inde-
pendent of @ and b (and of the discretization parameters) such that a < ¢ b. The
notation a ~ b means that ¢ < b and b < a hold simultaneously.

Let us define the continuous and piecewise linear approximations in time given
by

t—tn— t,—1 —
uhT(z,t) = —2LulF (@) + Z—ulE (2) tho1 <t <ty TEQ,

k " k
hr t—tn-1 _hk b=t h 5
o (x, 1) = —n (z) + Tan_l(m) b1 <t<t,, €&l
Since w"” = dJuM* and &"" = §o*, we can write discrete problem VP in the
following more general problem, forn=1,..., N,
(25) &' = Ee(uT) + Gloky e(urly)),

(26) ("7 (t),e(w))g = (f@), w")y vYw' e VE b1 <t <t
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Theorem 5.1. Let assumptions (7)-(10) hold. Denote by (u, o) the solution to
Problem VP and by (uP™, ™) the continuous piecewise linear approximation of
the solution to Problem VP*. Then

=™ |l cqorvy + 1o — o™ lloqo.rie) S lvo — ubllv + lloo — atllo
N

k™ (),
+Zl wob pax  max mp(t)+ max max ng()

where the error estimators 0, Ny and 0% are given by

(27) = okt —ohk llo + fur® —upty v,
1/2
(28) wm® = >, ITrPIFOIeewme ]
TreThn
1/2
(29) wO={ T 3 Bl Ovelame |

TreThn Eeghn

and Sﬂn is the set of interior points, edges or faces of the element Tr, and [TV]
denotes the jump of TV across the point, edge or face E.

Proof. First, let us estimate the error on the stress field. We then integrate (11)
and (25) between t,_1 and & € ({,_1,ts] to obtain
t

o(t) = Ee(u(t) + on 1 — Eclun 1)+ | Glols),e(uls)))ds
2
1

o (t) = Ee(u (1)) + oty — Eelunty) + Glonty,e(unty))ds,

tn—1

and therefore, by induction it follows that

o (t) = Ee(u(t)) + oo — Eelug +Z / " Glols),eluls) ds

(30) +/ G(o(s), e(u(s))) ds,
o (1) = Ec(uh (1)) + of — )+§: | Glag* hh L e(ulty)) ds
(31) )/ Glopt s, e(ugy)) ds.
By subtracting now (30) and (31), we find that
lo(t) - O'hT(t)ilQ S (H &) =" (Olv + lloo — oglq + luo — uglly
+Z - llo(s) — o1 llq + lluls) = wityllv]ds

+ / llo(s) - ol |1Q+t|u<s>—u2’zlnvws) VEE (tn 1, ta]

Keeping in mind that

lo(s) = o illo < llo(s) =" (s)llg + 16" (s) — a7t e,
|Iu(5)-u v < fluls) =@ ()l + [u"7(s) = ug?y v,
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t
/t lo"(s) - o |1st+2 ot (s) — o o ds
n -1

t]1

< Zkuah’f ~ ot
/t ”uhr(s)_ HVdS-I—Z/ ][uhT(s)-—u v ds
< ZMIU?’“ - “j—l“V»
j=1

we immediately get
lo@®) " ®)lle < (Iiu(t) —uM ()|l +lloo - obllo + lluo — ufllv
+/ llo(s) = o™ (s) g + lluls) = w"(s)llv] ds

0
+ 2 Ml — oftillg + it ElIv]) VEE (tnostal.
Secondly, we estimate the numerical error on the displacement field. Then, we
subtract equation (12) for w = w” € V* C V and equation (26) to obtain
(0 — o', e(w))g =0 YuwreV™
Therefore,
(32) (0 — o™ e(u—ul))g = (0 — ", e(u—w"))g vwh e v,

We consider the left-hand side of the previous equation. Using again equations (30)
and (31) it leads to the following,

(0 —0o", 6(“ uh))g = (Ee(u — 7)), e(u —uh7))g
+(C"0 — o — Ee(up — uf), e(u — ul” )Q

)
+(/t (G(a(s), e(uls))) = Gl 1 eur® )] ds,e(u — u'T))g

L[ 10l (e) elule) - oy <(ut)) s, et~ w o

and taking into account property (7) and the previous algebra, we have

(Ee(u—uhm)),e(u —ut7))g = melu— |7,
(o0 — of — Ee(uo ~ uf), e(u — uT))qg|
S (loo = ablio + lluo = uglv)lu — u* v,

([ 1606 stuts)) ~ 6okt el )] do s = )

tn—1

o
G(0(s), e(u(s)) — 6o 1, e(u )] ds,e(u— ') |

$ ([ e = w0l + lote) - ™ (sl

+Ek~na’*—o o+l = wk ] ) = w7 v
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Let w € V and let H’é be the Clément’s interpolant on the triangulation T (see
[4]). We recall that this operator satisfies:

Jw — chH[Lz(Tr) SN ITTleH (HL(ATF)]
lw — Ho“’“ [L2(E)]4 S lEII lwlliz (aTr)es
where ATr denotes the set of elements having a common vertex, edge or face with

Tr, and E being a point, an edge or a face of T'r.
We consider now the right-hand side of equation (32) which equals to

(fiu—w")y = (" e(u—w"))o.

Taking wh = uwh™ + 1A &lu — u”7) in the previous expression, applymg Green’s
formula on each triangle, and using the approximation properties of 112, we get

(f,u—wh)y — (", e(u - w")q

= Z / (f + Div (e")) - (u — " = T (u — u"7)) d

TreThn Tr

- >3 oMup - (u— Ul - T (u - u))

TreThm Ecghr

S >0 IF+Div (el e rmallu ~ uh” — T (u — w7 |l p2 iy
TreThn

+ 5 N e vellpaeyelu - utT = g (w — w2 (mye
TrETh"Eesh"

. . 1/2 . 1/2
S ( Z |Tr*|| f + Div (O'h )H[2L2(Tr)]d> < Z Hu‘uh H[zHl(ATr)]d)
TreThn 1o TreThn "
WX X Bl vallamye) (X e ueros)
TreThr Eeghn TreThn

S (@) +n3)lw - u* v,

where we take into account that Div(e"7) = 0 in T7. Combining the previous
estimates, we conclude that

lu(t) — w"" @)llv + llo(t) = e Bl S lloo — ot e + lluo — ugllv
+ / llugs) — ™ (s)ly + lo(s) = o7 (5) o] ds
+, k lloh — a2 llo + l[uf* — wftyllv] + 05 (8) +n5 (1),
for all t € (£,_1,tn). Using Gronwall’s inequality we find that
l — HC( oy + o = o™ llcqoria) S luo —ugllv + lloo = otlle
+ Z:l knt + lénnaSXNte{gl?itn] Ny () + maxN te[gafctm 05 (t),

which concludes the proof. Ol

Finally, we prove a lower bound for these error estimators that we provide in the
following.
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Theorem 5.2. Let assumptions (7)-(10) hold. For all elements Tr € T, the
following local lower error bounds are obtained forn =1,...,N:

ni S Nlo = "o tpsizzrmaxay + 1 — W oge, o panim (@)

+|u, — u'n_1h‘|[H1(Tr)]d +|lon — Un_.]_]I[LZ(TT-)}dXd,
157 (8) S lo(t) — o™ (B) 2 (rryjaxe € (o, tnl,
157 (8) S lo(t) — o Ol iz2arnjexe € (tnorytnl,

where we denote by N, nh - and nhn the local errors given by

77%7’:% = |lohk — ohF | ir2irmaxa + [ulF = ul® i eyes
N () = [T F (Ol iz ey

/
w0 = (2 1Bl Ovellaey)
Ecghn
Obviously, we have
1/2
i~ (Y )
TreThr 12
= Y )"
TreThn 12
= > )
TreThn

Proof. First, let us bound the error estimator n7. We have

= |t — ot g + lurt — ukk |y
<o (tn) — o (tn)ll@ + o — on-tllg + lo(tn-1) = 6" (ta1)l@
U () = w(tn) v + [tn — wnallv + Julta—1) — u (tn)llv
< Nlo" = ol i) + 18" = ullog, v
+”un - un—lHV + Ho'n - Un—l”Q:

and therefore,

() < Z (HU}” = Ottt irr ey 1T = WG e e
TreThn

+Hun - un~1|[[2H1(TT.)1d + “G'n - U‘n—ll!%L2(Tr)]dxd)-

Proceeding in a similar way we also obtain that

h h 2 h 2
N SN0 = e anpmeemiexey 187 = WG, eam (e

+wn — un—lH[Hl(TTHd + |lon —- G-nflﬂ[Lz(Tr)]dxd-
We estimate now 7%. Let wr, be the bubble function associated with the element
Tr (for instance, in the two-dimensional setting, we have wy, = AziAg2Ae3, where
Aois ¢ = 1,2,3, denote the barycentric coordinates and ai, ay and az are the
three nodes of the clement T'r). We notice that wr, € H(Tr). Let us define
wry = (w;)&, € [HF(Tr)]¢ which is constructed as w; = wr, fori=1,...,d.
It is easy to check that the function 9p, = wr, - f verifies (see [12]),

1 WPz irrye S /T (o0 — ") e(prp,)de.
Using the inverse inequality, we find that

le(bra)llizzerraxe ST b, e (e
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and therefore,
(33) I Fllizecomye SITrI Mo = &7l parryjaxa.

Thus, it only remains to estimate nF. Proceeding in a similar way that in the
previous estimate, let us consider the bubble function wg associated with the point,
edge or face E. Hence, taking now wg = [wg]? we deduce that (see again [12]),

h

o TVE]H[QL2(E)]'1 =< |E|~1HU - UhTH[L?(ATr)]dxd||¢El|[L2(ATr)}d,

where ¥ = wg - [0 vg] and ATr stands for the set of elements of Th™ sharing
the common point, edge or face E. From the definition of ¥, it follows that
1Y elliLearme S \E|V2||[e" vE]|| (12 (p)e, and we conclude that

o vellizzmye S 1B 2o — o lli2armjaxd,

which implies, for all Tr € Th7,

1/2
(> 1Blle  vellfaeye) S llo = o lzaarmecs:
Eeghr
Combining all these results and taking into account the definitions (27), (28) and
(29), we obtain the desired lower error bounds. O

We observe that, from Theorem 5.2, we can prove a similar convergence order
than in the a priori error analysis that we state in the following.

Corollary 5.3. Let assumptions (7)-(10) hold. If the continuous solution has the
following additional regularity:

we C([0, T [HA(Q))Y), o0 € [H ()],
we have

N

kn™ —O'h b a 7
Skt +lloo —ofllo + luo ~uflly + max max 73

ma; m 7 <clh+k),
+1§n§XNte{tn?f(,tn]n3 _c( + )

n=1

for a positive constant ¢ which depends on the given data and the continuous solution
(u,0).

Proof. Using estimates (24), under the required regularity we conclude that
(34) Ju = u" oqo,mn + llo = e lleqorie) < elh+k),
which implies that

max  max 70§+ max max 75 <clh+k).
1<n<N te[_tnAl;tn} 1Sn§NtE[tn_1,tn]

;From the regularity w € C([0,T};V) and o € C*([0,T]; Q) (see Theorem 2.1),
we easily find that

N
Z k [“un - un—l”V + HO’n - O’n-l”@] < ck,

n=1
and using again (34), it follows that
N

> knf <c(h+k).

n=1
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Finally, we only need to estimate the numerical error on the approximation of the
initial conditions. From the definition of the finite element projection operator Ilyx
(see [3]) and the projection operator Hgr we have,

o — ublly < chlluolimz(ye, oo = obllq < chlloollim @yuxa.
This concludes the proof. 0
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