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Abstract

This study is concerned with the finite element approximation of the elastoplastic torsion problem.
We focus on the case of a nonconstant source term, which cannot be easily recast into an obstacle
problem as can be done in the case of a constant source term. We present a simple formulation that
penalizes the constraint directly on the gradient norm of the solution. We study its well-posedness,
derive error estimates and present numerical results to illustrate the theory.
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estimates.
2020 MSC: 65N15, 65N30.

1. Introduction

Problems involving variational inequalities represent various nonlinear phenomena which occur
in mechanics and physics such as contact [14, 24], friction [14, 16, 24], plasticity [16, 23] and non-
Newtonian flow [16, 27]. These examples may involve a constraint on the value of the unknown,
or on its gradient, representing the two main categories of variational inequalities. We focus on
an archetype example from the latter category, the elastoplastic torsion problem, as presented in,
e.g., [19, 20]. The aforementioned reference [19] presents a direct piecewise affine Lagrange finite
element approximation of the variational inequality together with a convergence result (Theorem
3.3), and two error estimates in the H1-norm, in dimension one (Theorem 3.4) and in dimension
two (Theorem 3.5). The error estimate in dimension one is optimal (O(h)), whereas the estimate

in dimension two is suboptimal, as it is of order O(h
1
2−

1
p ) for a source term in Lp, p > 2. Among

the earliest results are weak and strong convergence results [26], and error estimates of order O(h)
for the L2-norm of the gradient of the solution and, under suitable restrictive assumptions, for
mixed finite element approximations using P1/P0 finite elements [17] or Raviart-Thomas finite
elements [3].

A common approach for solving the elastoplastic torsion problem relies on a reformulation
of the problem as an ”obstacle” problem which bounds the unknown value by a distance field
to the boundary, to avoid directly constraining the gradient. This approach works only for a
constant source term and will not generalize to more complex variational inequalities such as
those encountered, e.g., in contact mechanics with friction or three-dimensional elastoplasticity.
Consequently in this paper, we focus on a torsion problem that has a nonconstant source term as in
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[19, 20]. In a previous paper [13], we proposed direct finite element approximation of the variational
inequality in the case of a constant source term, using piecewise affine, continuous, Lagrange finite
elements, and in which the constraint involving the distance field is imposed nodewise. In the case
of a convex domain, error estimates were established in any dimension n = 1, 2, 3, with an optimal
error bound of O(h), for a regular enough solution. In the case of a nonconvex domain, an error

bound of O(h
3
4 ) was proven for a solution of regularity Hα, α ≥ 7/4.

In another previous paper [12], we proposed a new method that combines both the reformulation
using the distance field, as in [13], and a Nitsche term that weakly incorporates the inequality
constraint, following [9] and the related works on Nitsche’s method for variational inequalities, see,
e.g., [11] and the references therein. For such Nitsche’s method, we managed to derive optimal error
estimates, using linear or quadratic finite elements, even in the case of a nonconvex domain, which
improves the results of [13]. Moreover, the method is convenient to implement into modern finite
element libraries. As an example, we provided numerical experiments which confirm the expected
theoretical convergence rates. Besides, another possibilities combined with adaptive meshing are
discussed in [2, 21].

These existing techniques cannot be applied when the source term is general and possibly
nonconstant. Hence in this paper, we describe a simple penalty technique combined with low
order Lagrange finite elements for approximating the elastoplastic torsion problem in its general
form. Our penalization differs from the one suggested by R. Glowinski in [20], for technical reasons
in order to obtain error estimates.

In section 2 we recall the exact problem whose solution is denoted u. The penalized problem is
introduced in section 3 where we prove that it admits a unique solution uε. Section 4 is concerned
with the strong formulation of the penalized problem and section 5 deals with a first nonoptimal
(and nontrivial) error estimate for u − uε. The finite element problem is set in section 6 ; its
unique solution is denoted uεh and we prove optimal convergence rates for uε − uεh . Note that
surprisingly we are not able to obtain an error estimate for u − uεh depending only on u, ε and
h. Nevertheless all the results and error estimates presented in the present paper are new to our
knowledge. Finally, we show numerical experiments to illustrate the optimal rate of section 6,
these numerical results confirm the theoretical rate and also suggest other expected rates (like L2

error bounds) which we are not able to prove theoretically.
As usual, we denote by Hs(·), s ∈ R, the Sobolev spaces. The usual norm of Hs(D), D ⊂ Rn,

n ≥ 1, is denoted by ∥ · ∥s,D, and the corresponding semi-norm is denoted by | · |s,D. The space
H1

0 (D) is the subspace of functions in H1(D) with vanishing trace on ∂D. The letter C stands
for a generic constant, independent of the mesh size h and the penalty parameter ε, with possibly
different value at different occurences.

2. The elastoplastic torsion problem

Let Ω ⊂ Rn, n ≥ 1, be an open bounded polytope, connected and with Lipschitz boundary.
Let us denote V := H1

0 (Ω) and introduce the notation K, that represents the nonempty closed
convex set of admissible stress potentials:

K := {v ∈ V : |∇v| ≤ 1 a.e. in Ω} ,

where | · | denotes the euclidean norm in Rn.
We consider the variational inequality which, for n = 2 and a constant source term f , models

the torsion of an infinitely long elastoplastic cylinder of cross section Ω and plasticity yield r > 0.
To simplify the presentation, we assume that r = 1. The problem is to find the stress potential u
such that

u ∈ K : a(u, v − u) ≥ L(v − u) ∀ v ∈ K, (1)

where a : V × V → R is the bilinear form given by:

a(u, v) :=

∫
Ω

∇u · ∇v ∀u, v ∈ V,
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and

L(v) :=

∫
Ω

fv ∀v ∈ V,

with f ∈ L2(Ω). From Stampacchia’s theorem we deduce that problem (1) admits a unique solution
(see also, e.g., [16, 19, 20, 25]), that is also the unique minimizer in K of the strongly convex
continuous quadratic functional

J : V ∋ v 7→ 1

2
a(v, v)− L(v) ∈ R.

Remark 2.1. We recall some regularity results for (1): if Ω ⊂ Rn is open, bounded and convex,
with Lipschitz boundary, and for f ∈ Lp(Ω) with n < p < +∞, then u ∈ W 2,p(Ω)∩C 1,α(Ω), where
α = 1 − n/p [8]. When the domain is nonconvex the W 2,p(Ω) regularity can be obtained but the
boundary needs to be more regular (C 1,1 more precisely, see [18]) so reentrant corners of polytopes
are not allowed. When reentrant corners of polytopes are considered, the loss of W 2,p-regularity is
only located near these corners [10].

3. A penalized elastoplastic problem

First we present the continuous formulation, obtained through minimization of a functional with
a penalty term. The weak form is then obtained as the first-order optimality condition associated
with this functional. We can prove that the penalized problem is well-posed by establishing the
Lipschitz continuity and the strong convexity of the functional.

3.1. Penalized formulation as a minimization problem and well-posedness

Let us first introduce the notation [·]+ for the positive part ([x]+ = 1
2 (x+ |x|), for x ∈ R) and

P (v) := |∇v| − 1, (2)

for v ∈ V . As usual in constrained optimization problems, we can penalize the constraint on the
gradient of the solution and find an approximate solution to problem (1) by minimizing on V the
following functional:

JP (v) := J (v) + Jε(v)

where J has been introduced above and where

Jε(v) :=
1

2

∫
Ω

1

ε
[P (v)]2+,

defined for v ∈ V , is the penalty functional to impose weakly the condition |∇v| ≤ 1 on the gradient
of v, with the penalty parameter ε > 0.

Remark 3.1. Note that the formulation is different from the saddle point formulation presented
in [20], where the authors use a term

PGLT (v) := |∇v|2 − 1,

for v ∈ V and a Lagrange multiplier to enforce the nonpositivity of PGLT (v). In the present paper
we choose the definition of P (v) given in (2) in order to obtain error estimates which is an open
question to our knowledge.

The existence and uniqueness of a minimizer to JP on V is stated below.

Theorem 3.1. For every value of ε > 0, there exists one unique minimizer of JP on V .
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Proof. We first prove that the functional Jε is continuous on V . We have for any v, w in V :

|[P (v)]2+ − [P (w)]2+| = |[P (v)]+ − [P (w)]+| |[P (v)]+ + [P (w)]+|
≤ |P (v)− P (w)| |[|∇v| − 1]+ + [|∇w| − 1]+|
≤ ||∇v| − |∇w|| ||∇v|+ |∇w||
≤ |∇(v − w)| ||∇(v − w)|+ 2|∇w||
= |∇(v − w)|2 + 2|∇w| |∇(v − w)|.

In the previous calculation we pass from the first to the second line using property |[x]+ − [y]+| ≤
|x − y|, we use the inequality [|x| − 1]+ ≤ |x| to obtain the expression in the third line and later
two triangular norm inequalities to obtain the expression in the fourth line. Note that in the fifth
line, all the vertical bars represent the canonical norm in Rn. So we get by integration on Ω of
[P (v)]2+ − [P (w)]2+ (or its opposite value [P (w)]2+ − [P (v)]2+) and Cauchy-Schwarz inequality, the
same upper bound, i.e.:

2ε|Jε(v)− Jε(w)| ≤ ∥∇(v − w)∥20,Ω + 2

∫
Ω

|∇w| |∇(v − w)|

≤ ∥∇(v − w)∥20,Ω + 2∥∇w∥0,Ω∥∇(v − w)∥0,Ω
≤ ∥v − w∥21,Ω + 2∥w∥1,Ω∥v − w∥1,Ω.

The continuity of Jε on V follows. Since J is continuous we deduce that JP = Jε+J is continuous
on V . In addition J (v) → +∞ as ∥v∥1,Ω → +∞ and Jε is nonnegative so JP (v) → +∞ as
∥v∥1,Ω → +∞. Finally JP is convex as the sum of two convex functions (the convexity of Jε is
easy to check). This ensures the existence of a minimizer for JP (see [1, 7, 24]).

To obtain uniqueness we mention that J is smooth and its second order derivative is V−elliptic:

J ′′(u;w,w) ≥ c∥w∥21,Ω,

for u,w ∈ V . This implies strong convexity, i.e.,

J
(
1

2
u+

1

2
v

)
≤ 1

2
J (u) +

1

2
J (v)− c

8
∥u− v∥21,Ω

for u, v ∈ V . So JP is strongly convex as the sum of a convex function and a strongly convex
function. This proves the existence of a unique minimizer of JP .

3.2. Equivalent weak formulation and well-posedness

Next we derive the discrete weak form, as the first order optimality condition associated with
JP . For this purpose, we need to compute the derivative of Jε. First we provide below the
expression of P ′:

P ′(v;w) =
∇v · ∇w

|∇v|
.

As a result, the discrete weak form reads: find uε ∈ V satisfying

J ′
P (uε; v) =

∫
Ω

∇uε · ∇v −
∫
Ω

fv +

∫
Ω

1

ε
[P (uε)]+

(
∇uε · ∇v

|∇uε|

)
= 0 ∀v ∈ V. (3)

To alleviate the notation, we set

s(x) :=
x

|x|
(and s(0) = 0 which is not a restrictive choice since [P (u)]+ = 0 when ∇u=0) and we introduce
the functional B such that

B(w; v) = J ′
ε(w; v) =

∫
Ω

1

ε
[P (w)]+s(∇w) · ∇v.
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As a result, the weak form of the penalized problem reads: find uε ∈ V such that∫
Ω

∇uε · ∇v +
1

ε
B(uε; v) =

∫
Ω

fv ∀v ∈ V. (4)

Theorem 3.2. For every value of ε > 0, there exists one unique solution uε of (4).

Proof. Of course the minimizing problem in Theorem 3.1 and (4) are equivalent. The main aim
of this proof is to prove that problem (4) is well-posed by using different techniques (e.g., the next
lemma).

Lemma 3.1. For all v and w in V , we have

1

ε
(B(v; v − w)−B(w; v − w)) ≥ ∥ε−1/2([P (v)]+ − [P (w)]+)∥20,Ω (5)

Proof of the lemma. We take arbitrary v and w. Then

B(v; v − w)−B(w; v − w) =

∫
Ω

[P (v)]+s(∇v) · ∇(v − w)−
∫
Ω

[P (w)]+s(∇w) · ∇(v − w)

=

∫
Ω

[P (v)]+|∇v|+
∫
Ω

[P (w)]+|∇w|

−
∫
Ω

[P (v)]+ (s(∇v) · ∇w)−
∫
Ω

[P (w)]+ (s(∇w) · ∇v) .

We use Cauchy Schwarz inequality, add and subtract terms, and get:

B(v; v − w)−B(w; v − w) ≥
∫
Ω

[P (v)]+|∇v|+
∫
Ω

[P (w)]+|∇w|

−
∫
Ω

[P (v)]+|∇w| −
∫
Ω

[P (w)]+|∇v|

=

∫
Ω

[P (v)]+(|∇v| − 1) +

∫
Ω

[P (w)]+(|∇w| − 1)

−
∫
Ω

[P (v)]+(|∇w| − 1)−
∫
Ω

[P (w)]+(|∇v| − 1).

Then we reformulate and use the monotonicity of the positive part:

B(v; v − w)−B(w; v − w) ≥
∫
Ω

[P (v)]+P (v) +

∫
Ω

[P (w)]+P (w)

−
∫
Ω

[P (v)]+P (w)−
∫
Ω

[P (w)]+P (v)

=

∫
Ω

([P (v)]+ − [P (w)]+)(P (v)− P (w))

=

∫
Ω

([P (v)]+ − [P (w)]+)
2.

Dividing by ε, we obtain (5).
End of the proof of the lemma.

Using the Riesz representation theorem, we define a (nonlinear) operator A : V → V with the
following formula:

(Av,w)1,Ω := a(v, w) +
1

ε
B(v;w), ∀v, w ∈ V,

where (., .)1,Ω denotes the inner product in H1(Ω). Note that Problem (4) is well-posed if and only
if A is a one-to-one operator.
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Let v, w ∈ V , it follows from the V -ellipticity of a(·, ·) and the lemma above that there exists
α > 0 such that:

(Av −Aw, v − w)1,Ω ≥ α∥v − w∥21,Ω. (6)

Let us also show that the operator A is hemicontinuous, which means that for all v, w ∈ V , the
real function

[0, 1] ∋ t 7→ φ(t) := (A(v − tw), w)1,Ω ∈ R

is continuous. For r, t ∈ [0, 1], we have:

|φ(t)− φ(r)| = |(A(v − tw)−A(v − rw), w)1,Ω|
≤ |a(v − tw,w)− a(v − rw,w)|

+
1

ε

∣∣∣∣∫
Ω

([P (v − tw)]+s(∇(v − tw))− [P (v − rw)]+s(∇(v − rw))) · ∇w

∣∣∣∣
The bounding of the integral term, in particular the term [P (v − tw)]+s(∇(v − tw)) − [P (v −
rw)]+s(∇(v − rw)) is a long work that is done hereafter (see section 6) when bounding the term
[P (uε)]+s(∇(uε))− [P (uεh)]+s(∇(uεh)) in the proof of the error estimates for the penalized prob-
lem. To be brief, we obtain

|φ(t)− φ(r)| ≤ |t− r|a(w,w) + 3|t− r|∥∇w∥20,Ω.

It follows that φ is Lipschitz, so continuous. The operator A is then hemicontinuous. Since (6)
also holds, we can apply the Corollary 15 (p.126) of [4] to conclude that A is a one-to-one operator
from V to V . That concludes the proof of the theorem.

4. Penalized strong formulation

In this section we derive the strong formulation corresponding to (4) that will be useful in the
forthcoming section. We start from (3) and apply the Green formula∫

Ω

Φ · ∇v = −
∫
Ω

(div Φ)v,

so∫
Ω

∇uε · ∇v +

∫
Ω

1

ε
[P (uε)]+s(∇uε) · ∇v = −

∫
Ω

∆uεv −
∫
Ω

1

ε
div ([P (uε)]+s(∇uε)) v, ∀v ∈ V.

Therefore the strong form of (4) is:

−∆uε −
1

ε
div ([P (uε)]+s(∇uε)) = f.

Heuristically, when |∇uε| < 1, then [P (uε)]+ = 0 and where the constraint is not activated we
recover −∆uε = f . Conversely if |∇uε| ≥ 1, then we get

[P (uε)]+s(∇uε) = (|∇uε| − 1)
∇uε

|∇uε|
= ∇uε −

∇uε

|∇uε|
.

Observe that, the strong form can be reformulated as

−div

(
∇uε +

1

ε
[P (uε)]+s(∇uε)

)
= f. (7)
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Now consider the Lagrange multiplier formulation described in [5, 15], that reads:

−div((2µ+ 1)∇u) = f, (8)

with the conditions µ ≥ 0 and µP (u) = 0. If we compare the mixed formulation (8) with (7) the
Lagrange multiplier µ is approximated by

µε =
[P (uε)]+
2ε|∇uε|

.

Note that the expression does not seem to have an obvious limit when the penalty parameter ε
vanishes. Finally note that a term similar to µε∇(uε) appears in the forthcoming convergence
analysis of uε towards u (see Theorem 5.1). Its limit is also not obvious.

5. Convergence of the continuous penalized formulation

This section is concerned with error bounds for u − uε as ε vanishes. As far as we know such
results are not available for the elastoplastic torsion problem. Suppose that f ∈ Lp(Ω), p ≥ 2 and
that u satisfies the (technical) assumption (S) in [15, Theorem 3.4]. We know from, e.g., [6] that
the unique solution to the elastoplastic torsion problem satisfies: u ∈ K ∩W 2,p(Ω). Furthermore,
the reference [15] ensures that there exists a multiplier µ ∈ L∞(Ω) such that

µ ≥ 0 (i), µPGLT (u) = 0 (ii), −∆u− f = 2div(µ∇u) (iii), (9)

where the first two relationships hold a.e., and the last one holds in the distributional sense (and,
in fact, a.e. due to the assumption on f). Note that PGLT (see Remark 3.1) can be replaced by P
above and that the regularity assumption on u implies ∆u ∈ L2(Ω).

Theorem 5.1. Let u and uε be the solutions of (9) and (4) respectively. Suppose that µ ∈ L∞(Ω).
Then there is a constant C independent of ε such that:

∥u− uε∥1,Ω +
√
ε

∥∥∥∥1εs(∇uε)[P (uε)]+ − 2µ∇u

∥∥∥∥
0,Ω

≤ C
√
ε∥µ∥∞,Ω∥u∥1,Ω.

Proof. We recall that V = H1
0 (Ω) and that the weak form of the penalized problem reads

uε ∈ V :

∫
Ω

∇uε · ∇v +
1

ε
B(uε; v) =

∫
Ω

fv ∀v ∈ V. (10)

We start with the Poincaré inequality, integration by parts and (10), and get

α∥u− uε∥21,Ω

≤
∫
Ω

∇(u− uε) · ∇(u− uε)

=

∫
Ω

∇u · ∇(u− uε)−
∫
Ω

∇uε · ∇(u− uε)

= −
∫
Ω

∆u(u− uε)−
∫
Ω

f(u− uε) +

∫
Ω

1

ε
[P (uε)]+s(∇uε) · ∇(u− uε)

=

∫
Ω

(−∆u− f)(u− uε) +

∫
Ω

1

ε
[P (uε)]+s(∇uε) · ∇u−

∫
Ω

1

ε
[P (uε)]+s(∇uε) · ∇uε

=: T.

7



Using the last equation (iii) in (9) with the definition of the weak divergence, we get after inte-
gration by parts and the use of the second equation (ii) in (9):

T = −
∫
Ω

2µ∇u · ∇(u− uε) +

∫
Ω

1

ε
[P (uε)]+s(∇uε) · ∇u−

∫
Ω

1

ε
[P (uε)]+s(∇uε) · ∇uε.

= −
∫
Ω

2µ|∇u|2 +
∫
Ω

2µ∇u · ∇uε +

∫
Ω

1

ε
[P (uε)]+s(∇uε) · ∇u−

∫
Ω

1

ε
[P (uε)]+s(∇uε) · ∇uε

= −
∫
Ω

2µ+

∫
Ω

2µ∇u · ∇uε +

∫
Ω

1

ε
[P (uε)]+s(∇uε) · ∇u−

∫
Ω

1

ε
[P (uε)]+s(∇uε) · ∇uε. (11)

We transform (with the convention s(0) = 0 and the notation [·]− for the negative part, [x]− =
1
2 (−x+ |x|), for x ∈ R):

∇uε = s(∇uε)(|∇uε| − 1) + s(∇uε)

= s(∇uε)P (uε) + s(∇uε)

= s(∇uε)[P (uε)]+ − s(∇uε)[P (uε)]− + s(∇uε).

And we use this rewriting to transform the second term in the last expression (11) of T :

T = −
∫
Ω

2µ+

∫
Ω

2µ∇u · s(∇uε)[P (uε)]+ −
∫
Ω

2µ∇u · s(∇uε)[P (uε)]− +

∫
Ω

2µ∇u · s(∇uε).

+

∫
Ω

1

ε
[P (uε)]+s(∇uε) · ∇u−

∫
Ω

1

ε
[P (uε)]+s(∇uε) · ∇uε. (12)

First we consider the expression T1 involving terms number 1, number 3 and number 4 in (12) and
we gather terms number 3 and number 4 as follows:

T1 = −
∫
Ω

2µ−
∫
Ω

2µ∇u · s(∇uε)[P (uε)]− +

∫
Ω

2µ∇u · s(∇uε)

= −
∫
Ω

2µ+

∫
Ω

2µ∇u · s(∇uε)(1− [P (uε)]−).

Because 0 ≤ 1− [P (uε)]− ≤ 1, there holds (using (i) in (9))

|2µ∇u · s(∇uε)(1− P (uε)−)| ≤ 2µ|∇u| ≤ 2µ

and so T1 ≤ 0.
Then we rewrite term number 6 in (12):

−
∫
Ω

1

ε
[P (uε)]+s(∇uε) · ∇uε = −

∫
Ω

1

ε
[P (uε)]+|∇uε|

= −
∫
Ω

1

ε
[P (uε)]+(P (uε) + 1)

= −
∫
Ω

1

ε
[P (uε)]

2
+ −

∫
Ω

1

ε
[P (uε)]+, (13)

where we used a[a]+ = [a]2+. As a result, there remains to bound in (12) the terms number 2 and
number 5 complemented with both terms above in (13). This yields:

T ≤
∫
Ω

2µ∇u · s(∇uε)[P (uε)]+ +

∫
Ω

1

ε
[P (uε)]+s(∇uε) · ∇u−

∫
Ω

1

ε
[P (uε)]+ −

∫
Ω

1

ε
[P (uε)]

2
+.

Since
|[P (uε)]+s(∇uε) · ∇u| ≤ [P (uε)]+

8



we deduce ∫
Ω

1

ε
[P (uε)]+s(∇uε) · ∇u−

∫
Ω

1

ε
[P (uε)]+ ≤ 0

and finally

T ≤
∫
Ω

2µ∇u · s(∇uε)[P (uε)]+ −
∫
Ω

1

ε
[P (uε)]

2
+. (14)

We define
Qε = s(∇uε)[P (uε)]+.

Now note that |Qε|2 = [P (uε)]
2
+ and we continue bounding starting from (14) (we use µ∇u ∈

L2(Ω)):

T ≤
∫
Ω

2µ∇u ·Qε −
∫
Ω

1

ε
Q2

ε

= −
∫
Ω

(
1√
ε
Qε − 2

√
εµ∇u

)
· 1√

ε
Qε

= −
∫
Ω

(
1√
ε
Qε − 2

√
εµ∇u

)
·
(

1√
ε
Qε − 2

√
εµ∇u+ 2

√
εµ∇u

)
.

Now we simplify:

−
∫
Ω

(
1√
ε
Qε − 2

√
εµ∇u

)
·
(

1√
ε
Qε − 2

√
εµ∇u+ 2

√
εµ∇u

)
= −

∫
Ω

∣∣∣∣ 1√
ε
Qε − 2

√
εµ∇u

∣∣∣∣2 − ∫
Ω

(
1√
ε
Qε − 2

√
εµ∇u

)
· (2

√
εµ∇u). (15)

The first term in (15) that becomes:

−
∫
Ω

∣∣∣∣ 1√
ε
Qε − 2

√
εµ∇u

∣∣∣∣2 = −ε

∫
Ω

∣∣∣∣1εQε − 2µ∇u

∣∣∣∣2 =: −ε∥e∥20,Ω.

The second term in (15) can be transformed as follows and bounded using Cauchy–Schwarz and
Young inequalities:

−
∫
Ω

(
1√
ε
Qε − 2

√
εµ∇u

)
· (2

√
εµ∇u) = −ε

∫
Ω

(
1

ε
Qε − 2µ∇u

)
· (2µ∇u)

≤ ε∥e∥0,Ω∥2µ∇u∥0,Ω
≤ ε

2
∥e∥20,Ω + 2ε∥µ∇u∥20,Ω.

We combine the above results and get:

α∥u− uε∥21,Ω +
ε

2
∥e∥20,Ω ≤ 2ε∥µ∇u∥20,Ω.

and so
∥u− uε∥1,Ω +

√
ε∥e∥0,Ω ≤ C

√
ε∥µ∥∞,Ω∥u∥1,Ω.

This ends the proof.

Remark 5.1. The two following observations can be made about the above result:

1. This error analysis seems to be the first for a penalized torsion problem. The convergence
rate of order

√
ε for u − uε may be improved using more regularity on u and µ. Yet we do

not see how a better regularity on u and µ could be used to improve the rate. Moreover such
extra regularity result for µ does not seem to be available.

2. We are not able to obtain any convergence result for the (Qε)/ε − 2µ∇u term. Moreover it
is not clear to us if it is really an error term or not.
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6. Finite element problem and convergence towards the penalized problem

This section introduces a simple finite element approximation for the penalized elastoplastic
torsion problem followed by an error estimate.

6.1. Finite element problem

Let Vh ⊂ V be a family of finite dimensional vector spaces indexed by h coming from a family
Th of triangulations (triangles in 2D and tetrahedra in 3D) of the domain Ω (h = maxT∈Th

hT

where hT is the diameter of T ). The family of triangulations is supposed regular, i.e., there exists
σ > 0 such that ∀T ∈ Th, hT /ρT ≤ σ where ρT denotes the radius of the inscribed ball in T . We
choose standard continuous and piecewise affine functions, i.e.:

Vh =
{
vh ∈ C(Ω) : vh|T ∈ P1(T ),∀T ∈ Th, vh = 0 on ∂Ω

}
.

The discrete version of the penalty method (4) reads:

uεh ∈ Vh : a(uεh , vh) +
1

ε
B(uεh ; vh) = L(vh), ∀vh ∈ Vh. (16)

Using exactly the same argument as for the continuous problem in Theorem 3.2, we see that
this problem admits one unique solution, which is the unique minimizer of JP on the finite element
space V h.

6.2. Finite element error estimate for the penalized problem

When the solution uε to the continuous penalized problem is regular enough, we can derive the
following a priori error bound:

Theorem 6.1. Let uε and uεh be the solutions to problems of (4) and (16), respectively. Suppose
that uε ∈ H2(Ω). Then there is a constant C independent of h and ε such that:

∥uε − uεh∥1,Ω + ∥ε−1/2[P (uε)]+ − [P (uεh)]+∥0,Ω ≤ C(1 + ε−1)h∥uε∥2,Ω. (17)

Proof. We start using the ellipticity of a(·, ·): let uε and uεh be the solutions of Problem (4) and
Problem (16), respectively, then

α∥uε − uεh∥21,Ω ≤ a(uε − uεh , uε − uεh)

= a(uε − uεh , uε − vh + vh − uεh)

= a(uε − uεh , uε − vh) + a(uε − uεh , vh − uεh), ∀vh ∈ Vh.

As usual the first right term is handled with Cauchy-Schwarz and Young inequalities (we recall
that C denotes a generic constant).

C∥uε − uεh∥21,Ω ≤ ∥uε − vh∥21,Ω + a(uε − uεh , vh − uεh), ∀vh ∈ Vh. (18)

Now, let us have a look at the second term. We use (4) and (16), the conformity property Vh ⊂ V
and do the appropriate splittings: we add and subtract uε. For any vh ∈ Vh:

a(uε − uεh , vh − uεh)

= a(uε, vh − uεh)− a(uεh , vh − uεh)

= (B(uεh ; vh − uεh)−B(uε; vh − uεh)) /ε

= (B(uεh ; vh − uε) +B(uεh ;uε − uεh)−B(uε; vh − uε)−B(uε;uε − uεh)) /ε. (19)

We first treat the following two terms (number 2 and number 4 above), using the definition of B
and then the property (5), we get:

(B(uεh ;uε − uεh)−B(uε;uε − uεh)) /ε ≤ −∥ε−1/2[P (uε)]+ − [P (uεh)]+∥20,Ω. (20)
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The technical term that remains is:

B(uεh ; vh − uε)−B(uε; vh − uε).

We evaluate it on each element T , and therefore we need to estimate∫
T

[P (uεh)]+s(∇uεh) · ∇(vh − uε)− [P (uε)]+s(∇uε) · ∇(vh − uε). (21)

We add and subtract [P (uε)]+s(∇uεh) to the above expression and get∫
T

[([P (uεh)]+ − [P (uε)]+)s(∇uεh) + [P (uε)]+(s(∇uεh)− s(∇uε))] · ∇(vh − uε). (22)

We call YT the integrand:

YT := [([P (uεh)]+ − [P (uε)]+)s(∇uεh) + [P (uε)]+(s(∇uεh)− s(∇uε))] · ∇(vh − uε). (23)

First remark that some terms in YT are easy to bound, e.g.:

|[P (uεh)]+ − [P (uε)]+| ≤ ||∇uεh | − |∇uε|| ≤ |∇(uε − uεh)| (24)

and

|s(∇uεh)| ≤ 1. (25)

Now we have to estimate another term in Y :

|s(∇uεh)− s(∇uε)|.

* If both ∇uεh = 0 and ∇uε = 0 then this term is 0.
We consider all the remaining cases. To summarize there are three cases and our aim is to

obtain a common upper bound of |s(∇uεh)− s(∇uε)|, see (28).
* If ∇uεh ̸= 0 and ∇uε = 0, then

|s(∇uεh)− s(∇uϵ)| = |s(∇uεh)| = 1 ≤ 2 =
2|∇uεh |
|∇uεh |

=
2|∇(uε − uεh)|
|∇uε|+ |∇uεh |

.

* If ∇uεh = 0 and ∇uε ̸= 0, the same happens since the expression is symmetric in uε and uεh .
* If ∇uεh ̸= 0 and ∇uε ̸= 0, we first introduce the quantity Z:

Z = (|∇uε|+ |∇uεh |)(s(∇uεh)− s(∇uε))

= (|∇uε|+ |∇uεh |)
(

∇uεh

|∇uεh |
− ∇uε

|∇uε|

)
= |∇uε|

∇uεh

|∇uεh |
− |∇uεh |

∇uε

|∇uε|
− ∇uε +∇uεh . (26)

We use then the remarkable property∣∣∣∣|∇uε|
∇uεh

|∇uεh |
− |∇uεh |

∇uε

|∇uε|

∣∣∣∣2 = |∇uε|2 + |∇uεh |2 − 2∇uε · ∇uεh = |∇(uε − uεh)|2. (27)

Now we conclude by using a triangular inequality in (26) and estimate (27):

|Z| = (|∇uε|+ |∇uεh |)|s(∇uεh)− s(∇uε)| ≤ 2|∇(uε − uεh)|.

11



So there always hold

|s(∇uεh)− s(∇uε)| ≤
2|∇(uε − uεh)|
|∇uε|+ |∇uεh |

. (28)

Now we bound

∣∣∣∣∫
T

YT

∣∣∣∣, e.g., the term in (22).

Using the bounds in (24) and (25), we get :∣∣∣∣∫
T

YT

∣∣∣∣ ≤
∫
T

|([P (uεh)]+ − [P (uε)]+)s(∇uεh) + [P (uε)]+(s(∇uεh)− s(∇uε))| |∇(vh − uε)|

≤
∫
T

|∇(uε − uεh)||∇(vh − uε)|+ |[P (uε)]+(s(∇uεh)− s(∇uε))| |∇(vh − uε)|

≤ ∥∇(uε − uεh)∥0,T ∥∇(uε − vh)∥0,T +

∫
T

|[P (uε)]+(s(∇uεh)− s(∇uε))| |∇(vh − uε)|

We now consider two cases for estimating the last integral term.
* Case 1: suppose ∇uεh ̸≡ 0 on T (we recall that ∇uεh is constant on the triangle T for P1 finite
elements).

a. If ∇uε ̸= 0 (at point x ∈ T ), then we use (28) and |∇uε| + |∇uεh | ≥ |∇uε| from which we
deduce

|s(∇uεh)− s(∇uε)| ≤
2|∇(uε − uεh)|
|∇uε|+ |∇uεh |

≤ 2|∇(uε − uεh)|
|∇uε|

.

We can bound

[P (uε)]+
|∇uε|

=
[|∇uε| − 1]+

|∇uε|
=

[
1− 1

|∇uε|

]
+

≤ 1 (29)

and we obtain

[P (uε)]+|s(∇uεh)− s(∇uε)| ≤ [P (uε)]+
2|∇(uε − uεh)|

|∇uε|
≤ 2|∇(uε − uεh)|.

b. If ∇uε = 0 (at point x ∈ T ) then [P (uε)]+ = 0 and still we have

[P (uε)]+|s(∇uεh)− s(∇uε)| ≤ 2|∇(uε − uεh)|.

Combining (sub)cases a. and b., we get:∣∣∣∣∫
T

YT

∣∣∣∣ ≤ ∥∇(uε − uεh)∥0,T ∥∇(uε − vh)∥0,T + 2

∫
T

|∇(uε − uεh)||∇(vh − uε)|

≤ 3∥∇(uε − uεh)∥0,T ∥∇(uε − vh)∥0,T . (30)

* Case 2: suppose, otherwise, that ∇uεh ≡ 0 on T .

In this case s(∇uεh) = 0 on T ; looking back at the definition of YT in (23), we get:∣∣∣∣∫
T

YT

∣∣∣∣ ≤
∫
T

|[P (uε)]+s(∇uε)| |∇(vh − uε)|

=

∫
X

|[P (uε)]+s(∇uε)| |∇(vh − uε)|

12



where X is the set of points x ∈ T such that ∇uε(x) ̸= 0. Finally we reintroduce s(∇uεh) = 0 on
X and use estimates (28) and (29) which are valid on X : so∣∣∣∣∫

T

YT

∣∣∣∣ ≤
∫
X

|[P (uε)]+(s(∇uε)− s(∇uεh))| |∇(vh − uε)|

≤
∫
X

[P (uε)]+
2|∇(uε − uεh)|

|∇uε|
|∇(vh − uε)|

≤
∫
X

2|∇(uε − uεh)||∇(vh − uε)|

≤ 2∥∇(uε − uεh)∥0,X∥∇(uε − vh)∥0,X
≤ 2∥∇(uε − uεh)∥0,T ∥∇(uε − vh)∥0,T . (31)

Let us sum things up now. Putting together (18), (19), (20) and (21), we first have shown that:

∥uε − uεh∥21,Ω + ∥ε−1/2[P (uε)]+ − [P (uεh)]+∥20,Ω ≤ C

(
∥uε − vh∥21,Ω +

1

ε

∑
T

∫
T

YT

)
.

Since we obtained the bounds (30) and (31), we can write:

1

ε

∣∣∣∣∫
T

YT

∣∣∣∣ ≤ 3

ε
∥∇(uε − uεh)∥0,T ∥∇(uε − vh)∥0,T ≤ β

2
∥uε − uεh∥21,T +

9

2βε2
∥∇(uε − vh)∥20,T ,

with β > 0, that holds in any situation. We make the sum on each triangle, use Young inequality
and obtain:

∥uε − uεh∥21,Ω + ∥ε−1/2[P (uε)]+ − [P (uεh)]+∥20,Ω ≤ C

(
∥uε − vh∥21,Ω +

1

ε2
∥∇(uε − vh)∥20,Ω

)
.

We take vh = Ihu, the Lagrange interpolation of u on Vh, use the standard interpolation estimate
and take the square root to finally get:

∥uε − uεh∥1,Ω + ∥ε−1/2[P (uε)]+ − [P (uεh)]+∥0,Ω ≤ C(1 + ε−1)h∥uε∥2,Ω,

which is (17).

Remark 6.1. Two comments on the above results are:

1. This error analysis seems to be the first for a discrete penalized torsion problem (for a fixed
ε). The convergence rate of order h for uε − uεh is optimal. We do not know if the constant
ε−1 in the error bound could be improved or not.

2. The error analysis for u−uεh is out of the scope of this paper. We do not have the technical
tools to obtain such an estimate for this problem which is much more difficult than e.g. the
unilateral contact problem where the analysis exists, see [14] and references therein.

7. Numerical results

The following numerical experiments have been computed using scikit-fem [22]. The first and
the second two-dimensional examples use the square domain Ω = (0, 1)2. The first example in
Figure 1 uses the loading f(x, y) = 10x. The corresponding convergence rates in H1- and L2-
norms are given in Figure 2. We observe that the observed convergence rates are practically
identical for all of the penalty parameter values ε = 100, 10, 1, 0.1. In particular, the observed
convergence rate is O(h) in the H1-norm and O(h2) in the L2-norm. The same conclusion holds
for the second example which uses the piecewise-constant loading f(x, y) = 10 if (x, y) ∈ (0.2, 0.8)2
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and f(x, y) = 0 otherwise. The results of the second example are given in Figure 3, with the
corresponding convergence rates in Figure 4. In the absence of an analytical solution, all reference
solutions use a piecewise-quadratic finite element and a suitably refined mesh.

The third example uses the three-dimensional cubical domain Ω = (0, 1)3 and a direct gen-
eralization of the piecewise-constant loading, i.e. f(x, y, z) = 10 if (x, y, z) ∈ (0.2, 0.8)3 and
f(x, y, z) = 0 otherwise. For the three-dimensional example, we present results using the penalty
parameter value ε = 0.1 only. The results of the third example are given in Figure 5. The ob-
served convergence rate in the H1-norm is again O(h) but slightly less than O(h2) in the L2-norm.
Despite this, all of the presented experiments are consistent with the estimate (17).
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Figure 1: The sequence of meshes (top), the discrete solutions uεh (middle) and the gradient lengths |∇(uεh )|
(bottom) when the loading is given by f(x, y) = 10x. The solutions in this figure have been computed using
ε = 100.
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10 3
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H1 error
O(h)
L2 error
O(h2)

Figure 2: The convergence of the error uε − uεh when f(x, y) = 10x, using a sequence of decreasing penalty
parameters ε = 100, 10, 1, 0.1. A reference solution is calculated using higher polynomial degree and a suitably
refined mesh.
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Figure 3: The sequence of meshes (top), the discrete solutions uεh (middle) and the gradient lengths |∇(uεh )|
(bottom) when the loading is given by f(x, y) = 10 if (x, y) ∈ (0.2, 0.8)2 and f(x, y) = 0 otherwise. The solutions
in this figure have been computed using ε = 100.
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O(h2)

Figure 4: The convergence of the error uε − uεh when f(x, y) = 10 if (x, y) ∈ (0.2, 0.8)2 and f(x, y) = 0 otherwise,
using a sequence of decreasing penalty parameters ε = 100, 10, 1, 0.1. A reference solution is calculated using higher
polynomial degree and a suitably refined mesh.
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10 1 2 × 10 1 3 × 10 1 4 × 10 1 6 × 10 1

mesh parameter

10 2

10 1

100 H1 error
O(h)
L2 error
O(h2)

Figure 5: The sequence of discrete solutions (top), the gradient lengths (middle) and the convergence of the error
(bottom) when the loading is given by f(x, y, z) = 10 if (x, y, z) ∈ (0.2, 0.8)3 and f(x, y, z) = 0 otherwise. The
solutions in this figure have been computed using ε = 0.1.
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[5] H. Brézis. Multiplicateur de lagrange en torsion élasto-plastique. Arch. Rational Mech. Anal., 49:32–40, 1972.
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