On the number of points of some varieties over finite fields
Marc PERRET

Abstract

We prove that the number of Fg-rational points of an irreducible projective smooth 3-
dimentional geometrically unirational variety defined over the finite field F, with ¢ elements
is congruent to 1 modulo q. Some Fermat 3-folds, some classes of rationally connected 3-
folds and some weighted projective d-folds having also this property are given.

Mathematics Subject Classification 14G15, 14J30, 14G05.

Introduction

Let F, be the finite field with ¢ elements. We study the effect of the geometry of certain
algebraic varieties defined over F, on their number of rational points. As proved by
Lachaud and the author, this number of points, taken modulo ¢, depends only on the
birational class of the variety if it is smooth, irreductible and projective of dimension 3 :

Theorem (Lachaud, Perret, [12]). Let X and Y be projective smooth irreducible 3-
dimensional varieties, birationally equivalent over ¥,. Then

1X(Fy) = §Y (Fy) (mod q).

In particular, a rational smooth projective variety of dimension 3 have only one rational
point over F, modulo ¢, hence also over Fy» modulo ¢" for any n. It is natural to ask
whether this condition characterize rational varieties. It turns out that this is not the case,
as showed by the following theorem.

Definition. A variety X defined over F, satisfies the congruence property over F if

tX(Fyn) = 1 mod q",Vn € N*.

Theorem 1. Let X be a projective smooth irreducible 3-dimensional and geometrically
unirationnal variety defined over F,. Suppose that the characteristic p of X s greater
than 5. Then X satisfies the congruence property over F.

This is a refinement of a result of N. Katz, who proved in [6] (exposé XXI, page 5) the
same congruence, but only modulo the prime divisor p of ¢". His congruence, however,
holds for a broader class of varieties, which he called special. They are proper varieties
X of dimension n, for which the Frobenius is a nilpotent operator on the last coherent

1



cohomology space H" (X, Ox). Unirational varieties are of course special, but also super-
singular elliptic curves for instance. Note that Katz’ congruence cannot hold modulo ¢,
since this is false for supersingular curves for ¢ = p?.

The second theorem is a generalisation of Chevalley-Warning (see [5] and [19]) and Ax-
Katz (see [3] and [9]) theorems in the weighted setting. We will deduce from it in the fourth
section many irrational (not necessary smooth) varieties, of any dimension, satisfying the

congruence property. We denote by [x] the least integer greater than x.

Theorem 2. Let F,[X1,...,X,] be the polynomial ring graded by deg X; = a; > 1. Let
Fy, ... F, be polynomials of weighted degrees d,...,d,.. Suppose that each indeterminate
appears in at least one of the F;’s. Then the number N(Fy = 0,...,F. = 0) of zeroes in

F} of the system of equations F1 = 0,..., F,. =0 is congruent to 0 modulo g", where
{E?_l a; =iy dl}
p= :
mazi<i<rd;

As a first corollary, we will obtain in section 3 :

Corollary 1. Let ag,...,a, be positive integers, P%q (ag,-..,an) the associated weighted
projective space, and X be the subvariety defined by r homogeneous polynomials Fy, ..., F,
of weighted degrees di,...,d,.. Suppose that X doesn’t lie in a coordinates hyperplane
qu_l(ao, e Oy ay). Let

B {Z?:o aj— i di—‘
U= :

maxlgigrdi

If w > 1, then

tX(F)= 14+q+...+¢" " (mod ¢*).

Moreover, it follows immediatelly from theorem 2, together with a lemma of Moreno
and Moreno in [13], that

Corollary 2. Let F [X1,...,X,] be the polynomial ring with n indeterminates graded by
deg X; =a; > 1. Let Fy,..., F, be polynomials of weighted degrees dy,...,d,, and suppose
that each indeterminate appears in at least one of the F;’s. If ¢ = pf, then the number
N(Fy =0,...,F. = 0) of zeroes in ¥y of the system I = 0,...,F,. = 0 is congruent to
zero modulo p*, where

Z?:1 aj — >y op(di)

maa:lgigap(di)

p=\|f
and where o,(d) denotes the p-weight of the integer d.
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The present paper is organized has follow. We prove theorem 1 in the first section, and
theorem 2 in the second one. The third section is devoted to some properties of subvarieties
of weighted projective spaces over finite fields. We deduce corollary 1 from these in this
section, and some examples of varieties having the congruence property in the fourth one.
We end by a question in section 5.

The author is gratefull to Francois Gramain for his help for lemma 1, and to Jean-Pierre
Serre for an enlightening letter.

1. Proof of theorem 1

Since the projective space P3. has the congruence property over F,, theorem 1 follows
from lemma 2 bellow. Recall that a Weil number of modulus ¢“, for an half-natural number
«, is an algebraic integer of modulus ¢%, as well as all its conJugates. Denote by ¢, the g-th

Frobenius automorphism of Fq. The extension of a variety V' from F, to Fq is denoted by
V.

Lemma 1. Let V' be an irreducible smooth projective d-dimensional variety defined over
F,. Then the following conditions are equivalent :

(2) V xp, Fyno satisfies the congruence property over Fgno for some integer ng > 1.

(n) V satisfies the congruence property over F,.

(12) The first betti number of V wanishes, and for 2 < i < 2d, the eigenvalues of the
Frobenius on Hét(v, Q) are of the form q-times a Weil number of modulus q2~*.

Proof of lemma 1. (w) implies () thanks to Grothendieck formula giving the number
of rational points of V' over F,. Suppose that (z) holds. By Grothendieck formula and
Poincaré duality,

BV (Fyro) = 14 g7m"
b1 (V)

(1+q(d 1)n0n Z anon
k=1

b2 (V)
+(1+q(d 2)TLOTL Z anon

+ ...
bd(V)

§ anon

for some Weil numbers of modulus | o |= ¢ thanks to Deligne. Define

bl (V) a ]C non b2(v) a k non bd(V) ad k non
un:_z<i> _}_Z<i> +...+(_1)dz<_’> )
k=1 q k=1 q k=1 q



Xk

This is by hypothesis a rational integer. Since each is an algebraic number, there

exists a linear induction relation

Un+s = T Unt+s—1 + -t rsuy

satisfied by u, € Z with rational coefficients, with minimal length s. But Z is Fatou,
which means that each coefficient r; lies in fact in Z. Indeed, let P(X) = up + w1 X +

cotus 1 X5t eZ[X]and Q(X) =1—7r X —... — 7, X® € Q[X]. One can suppose that
the w,,n € N, are coprimes. The induction relation writes % =3 yun X" € Z[[X]].
Let F(X) be this formal serie. By minimality, P and @ are coprime in Q[X |. Denote by
¢(R) the content of a formal serie R in Z[[X]] if it exists. Let Q(X) = % for a certain
d € N* and a certain primitive polynomial Q(X) € Z[X]. We have Q(X)F = dP, hence
by Gauss lemma d divides ¢(F) = 1, that is Q = Q(X) € Z[X], so that ry,...,r, € Z.

no
~ is an algebraic integer, so that %’“ is also an algebraic integer. In particular,

Hence,
by = 0, and each eigenvalue of the Frobenius of V on HY, (V, Q) is of the form ¢, for an
algebraic integer ¢ of modulus ¢z~ ! for 4 > 2, and lemma 1 is proved.

Note that the above proof of the Fatou property of Z may be well known, and is given
only for completness.

Lemma 2 (Heredity lemma). Let X and Y be two irreducible projective smooth 3-
dimensional variety defined over F,. Suppose that the characteristic p isn’t equal to 2,3
and 5, that there exists a dominant rational map

Y — =X

defined over Fq, and that Y satisfies the congruence property over ¥,. Then X satisfies
also the congruence property over F.

Proof of lemma 2. Let I'y, be the closure of the graph of ¥ in Y x X. This is a projective
variety, which can be desingularized over F as a smooth projective variety Z by Abhyankar
theorem thanks to the restriction on the characterlstlc We obtain a regular lifting of
from a smooth projective variety Z geometrically birational to Y

N
-— X,

~le= N

These varieties and map are defined over a common finite extension Fy», of F,. By
Lachaud and the author’s theorem stated in the introduction, we deduce that

8Z(Fgnon) = Y (Fynon) = 1 mod ¢"°"

for any n. From lemma 1, we have b;(Z) = 0, and the eigenvalues of the Frobenius of Z
on H:,(Z,Qy) are of the form ¢™0¢ for some Weil numbers ¢ of modulus ¢™°(z =), But the
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regular surjective morphism from Z to X Xg_ Fno induces some injective linear maps from
H:(X,Qe) to H.,(Z,Qq) for all i > 0 by [11], proposition 1.2.4. Hence, the eigenvalues
of the Frobenius on X xp_  Fgno have the same shape than Z ones, so that those of X

writes also ¢-times a Weil number of modulus q%_l. Lemma 2 follows from Grothendieck
formula giving the number of F,-rational points of X.

2. Proof of theorem 2

We will adapt D. Wan’s proof of Katz theorem given in [18]. It is also possible to adapt
Adolphson and Sperber proof of Katz theorem, using Newton polyedrons (see [1]).
First of all, we recall (and modify slightly) Wan’s notations. If

W (i) = {w(i) = (w1 (i), .., wn (7)) € N™ | weight(w(i)) = a1wy (i) + . .. apwn(i) < di},

then one can write F;y(X) = >, ew a(w(i)) X*® for some a(w(i)) € F,. Let T be
the Teichmiiller set of representatives of F, in the unramified extension K of Q, whose
residue field is F;. Let ¢ be a primitive p-th root of unity in Qp. By Lagrange interpolation
theorem, there is an unique polynomial

1

CU) =) _ cmU™ e KU,

g—
m=0
such that C(t) = ¢T"Fa/%»® for any t € T.
Lemma 3 (Ax). We have

c(m) = 0 mod (1 —¢)7™

for any 0 < m < q— 1, where o(m) is the p-weight of m.
Proof of lemma 3. This is relation (4) in [3]. It follows from Stickelberger theorem.

Let M be the set of functions m = (mq,...,m,) from W(1)x...xW(r)to{0,...,q—1}".
For m € M, let

e(m)=Y_ > mi(w(i)) w(i) € N",

i=1 w(i)eW (i)

and



Lemma 4 (Ax-Wan).

¢NF =0,....F.=0)=> <[] I] Alw@))™®

meM | i=1w(:)EW (i)

I II ctmiwa))

i=1 w(i)eW (i)

Az )z e)

teTn teT”
where A(w) is the Teichmiiller representative of a(w) in T.

Proof of lemma 4. This is relation (4) in [18]. The proof involves the existence of an
additive character ) from F, with values in K.

Finally, consider for m € M the polynomial

P, (Uy,...,U,) = U™ e K[Uy,...,Uy],
weighted by deg(U;) = a;.
Lemma 5 (Ax-Wan). Let m € M.
(1) If e(m) and e(m)’ are not both multiples of ¢ — 1 in N™ and N" respectively, then
>t N () m = .
teTn teTT

(12) Suppose that e(m) et €'(m) are multiples of ¢ — 1. Denote by s; € {1,...,n} the

number of non-zero entries of e(m), and by so € {1,...,1} those of €/(m). Then
Z te(m). Z (tl)e/(m) _ (q . 1)31—|—82qn—|—7“—81—82.
teT™ terr

For a proof of lemma 5, see [18], page 5.

We are now ready to prove theorem 2. From lemmas 4 and 5, the functions m whose
contribution in the number N(F; =0, ..., F, = 0) are non-trivial are those for which e(m)
and €’(m) are both multiples of ¢ — 1 by integer-valued vectors. Let m be such a function.
Let ji,...,Js, be the indexes for which e; # 0, and i1, ...,4s, those for which €] # 0. A
look at the degree in U = (Uy,...,U,) of P,, gives, thanks to the graduation :
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aj, (¢—1)+...+aj (¢ —1) < weight(e(m))

:Z Z m;(w(1)).poids(w(t))

=1 w(i)eW (i)

<> di > mi(w(i)

=1 w(1)EW (2)
i=1

If D(iy,...,is,) is the mazimum of d;,,...,d;, , we have, since each e} is a non-zero
2 k
multiple of ¢ — 1 :

S2
k=1
:D(Zb 7i82)ze;k _Z(D(ib "isz) dlk)e;k
k=1 k=1
S92 S2
< D(iy,. .. ris) Y i — (g = 1) (D(in, ..., is,) — d;,)
k=1 k=1

Hence

Loag, + SQD(il AU ) -3 d; o2
_ 1 k=1 a]k ’ s Uso k=1 "k <
(4 ){ D(i1, .- is,) <2

> mi(w(iy).

E=1w(ir)eW (i)

We can deduce from this, exactly in the same way than in [3] (or than in [18]) that if
g = pf, then

f<q—1>[ i G F 5200 ) 'f—lﬂgz S olmiw))

D(iy,...,is,) =1 w(i)eW ()

Together with lemmas 3, 4 and 5, we deduce that ¢" divides ¢"N(F; =0, ..., F,. = 0) when
h is the minimum, forall 1 < sy <mand 1 < sy <r,andalsoforalll <j; <...<js, <n
and all 1 <1; < ... <i,, <r,of the quantities

81 . . 82
|V k=1 Cij +82D(21,...,252) — k=1 dzk

- - +n+r—s1.
D(i1,y ..., 0s,) “ !
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Now, if d(i1, ..., is,) is the minimum of d;,, .. .,d;, , we have

$1 ) ) _ 52 . s1 S2 .
k=1 % T Tjay 1 k=1 % < 2uk=1%k ~ 2uk=1 diy 4 Yan
. . -~ . . . . [}
D(iq, ..., is,) D(iq, ..., is,) d(i1,...,10s,)
so that on the first hand,
S1 S2
D(iy, ..., is,) -

52

31_ a; —+ a; _ 2 d,
k=1 "Ik : j31+1 : k=1 "k . (81 + 1)
D(iy, ..., 0s,)

o " ajsl+1 -‘ 1
d(it,. .., is,) '
On the other hand,

n So n S2
{ijl aj = 2 p—1 diﬂ S {23:1 aj = 2 ey diy, — disww

D(iy,. .., 0s,) D1, ... sy, 0s541)

From both inequalities above, we deduce

. D1y — iy di _i { a; W_l .
mamlgigrdi 1 minlgigrdi .

j=

Since each X; appears in at least one of the F;’s by hypothesis, one has a; < mini<i<,d;,
so that the last sum vanishes. This completes the proof of theorem 3.
3. Weighted projective varieties over finite fields

Let ag, . .., a, be non-negative integers. The weighted projective space Py (ao, ..., a,) over
a field k is the scheme Proj k[X, ..., X,] where the polynomial ring is graded by deg X; =
a;. This is the quotient of the standard (n + 1)-dimensional affine space over k without its
origin A7t —{0,...,0} by the action of the multiplicative group G'Ly(1) given by

t(zo,...,xn) = (t"x0,...,t""xy).

The orbit of the non-zero point = = (zo,...,z,) € AP (k) is the rational curve [z] =

{(txq, ... tx,) |t ek } C A7t See [7] or [8] for more details on weighted projective
spaces.

Lemma 6. Let [x] = [zg:...:2z,] € P =Pylag,...,a,). Then [z] € P(k) if and only if
[ ... cwp] NETTL £ 0.

Proof of lemma 6. This follows from Hilbert 90-theorem as in the standard case.
Now, we come to weighted projective spaces over finite fields.
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Lemma 7. Let [x] be a rational class over Fy. There are exactely g — 1 distinct represen-
tatives of [x] in Fptt —{0,...,0}.

Proof of lemma 7. We can suppose that z = (zg,...,z,) € FZH is a rational representative
of [x]. We can also suppose that xg,z1,... and z, do not vanish, and that z,,; = ... =
x, = 0. It suffice to prove that

{teF, | (t"x0,...,t"x,) € F1 T} = F}.

Suppose first that ag,...,a, are coprimes. Let ug,...,u, be some Bezout coefficients :
upag + ... +ura, = 1. If t.(zo,...,2,) € F T, that is if t* € F} for all 0 < i < r,
then ¢ = (%)% ... (t% )" € F;. Conversely, the left hand set possess no less than ¢ — 1
distincts elements, since the relation ¢1.(xo,...,z,) = ta2.(xq,. .., z,) implies

B o= (£00)0 L (#0m ) = (£20) U0 . (t47)"r = t,.

Now, if ged(ag,...,a,) = d > 2, define b; = a;/d € N*. the change of variable u = t¢
implies

{(t%xg,...,t%x,);t € FZ} = {(uboxy,...,ulx,);u € FZ},
and lemma 7 is proved.

Proof of corollary 1. Denote by X,;¢ the locus of zeroes of Fi,...,F, in the standard
affine space Agjl. From theorem 3, we have §X,¢¢(F,) =0 (mod ¢*), and by lemma 7

_ i Xapr(Fy) =1

x(r,) = Fefe
=0-1)(-1—¢q¢—...—¢" Y (mod ¢")
=14qg+...+¢" 1 (mod q").

Note that a similar argument than in lemma 1 would prove the following :
Corollary 3. In the situation of corollary 1, if X is quasismooth, we have :

(12) boi(X) =1 1if2i < pu— 1. -
(12) The eigenvalues of the Frobenius on H (X,Qq) are of the form g"-times a Weil
number of modulus gz =" if i > p.

4. Some varieties having the congruence property

1) Conic bundles. A conic bundle with base S over k is a complete smooth irreducible
variety X over a field k of characteristic # 2, together with a rational fibering 7: X — §
over a smooth base S defined over k, and whose fibres are isomorphic to rational curves.
A conic bundle is standard if 7 is a flat regular map, and if PicX = n*(PicS) ® ZKx
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where K x is the canonical class of X. Two conic bundles 7 : X — S and 7’ : X’ — S’ are
equivalents if there exist birational maps f: X -+ — X’ and g : S--- — S’ such that an
obvious diagram is commutative. The reader will find more details on conic bundles in [4]
or [14].

Proposition 1 Let X be a F, — 3-dimensional geometric conic bundle with unirational
base. Then X satisfies the congruence property over F.

Proof. By hypothesis, X is a conic bundle with unirational base S over Fq. By a theorem
of Zagorskii (see [22]), it is birational to a standard conic bundle over a finite extension
F ;0 of F,. Thank’s to Lachaud and the author’s theorem, we may assume that X is itself
standard. Now, let C' C S be the degenerate curve (see [14]). This is the reduced curve
such that the fiber X, of a point € S is a non-degenerate conic if z ¢ C, a reduced
degenerate conic if z is in the regular locus of C, and a double line if x is a singular point
of C. If V is any subvariety of S, define for any n the sets

V(Egnon)1 = {z € V(Fgnon) | Xo(Fygnon) # 0},

V(Egnon)o = {2 € V(Fgnon) | Xo(Fynon) = 0}.

As is well known (this is the simplest version of Chevalley-Warning theorem), a quadra-
tic form in 3 variables over a finite field have always at least one non-trivial zero, so that
(S — C)(Fynon)o is empty. Csing(Fgmon)o is also empty since az? = 0 has always ¢"°" + 1
zeroes over Fynon. Hence,

X (Fgnon) = (¢"" + 1)(#S (Fgnon) — 4C(Fgnon))

+ (2qn0n + 1)ﬁcreg(Fq"0")1 +1x ﬂCTeg (Fq"O”)O

+(¢"" 4+ DiCsing(Fgnon)
i) Fq”O") - ﬁC(Fq”O”) + ﬁCreg (Fq"O”)l + ﬁCreg(Fq”O”)O + Jjcsing (Fq"O”)
4S(F o) (mod q™").

—_ —~

But S is an unirational smooth proper surface, hence by the analogue of theorem 1 for
surfaces (whose proof is similar), its number of points satisfies §S(F;°") = 1 modulo ¢"°"
(see the introduction of [12] for details). Theorem 1 in case (1) follows from lemma 1.

2) Fano varietes

Proposition 2. A smooth projective 3-dimensional variety defined over Fy, geometrically
birational to a smooth Fano variety with Picard number 1, satisfies the congruence property
over F.

Proof. A look at Shepherd-Barron classification of such Fano 3-folds in positive charac-

teristic (see [15]) shows that these varieties are unirational, except perhaps the quartic
hypersurfaces in P* and the double covers of the projective space P% , branched along a
p
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smooth sextic. If S(z,y,z,t) = 0 is the equation of this sextic, then an equation of the
double cover is given by
S(z,y,z,t) = u?

in the weighted projective space P(1,1,1, 1, 3). Proposition 2 follows from corollary 1 since
6 = deg(S —u?) <1+ 1+1+1+3=7. The quartic case follows immediatelly from the
classical Ax theorem ([3]), which is neither than theorem 2 for the standard graduation.

3) Fermat 3-folds

Proposition 3. Let F,, : 2™ + y™ + 2™ +t"™ 4+ u™ = 0 be the Fermat 3-fold of degree
m > 5 over Z. If p is a prime number, prime to m, let F,,(p) be the Fermat variety over
F,. Each condition implies the following one :

(z) p* = —1 mod m for some o € N.

() Fp,(p) is geometrically unirational.
(112) Fin(p) satisfies the congruence property over Fy.

Suppose moreover that m < 12, or that m is a Fermat prime number. Then (w1) implies

(1)

Of course, it is expected that (2:) implies (2) for all m.

Proof. (1) implies (u2) is nothing but theorem 1. We prove that (2) implies (u2) : if ¢ = p“,
it suffices to prove that Fj,11(p) is unirational. The following is a slight modification of
Shioda’s proof that Fermat surfaces are unirational under the same condition given in [16].
Changing y, t and u respectivelly by (441y, (441t and (g+1u, where (441 is a primitive
q + 1-th root of —1 in Fp, enables us to write the equation over Fp of Fyyi1(p) as

7at1 _ yq+1 + L+l gatl g+l

Let X =24y, Y =2—y,Z =2+t and T = z—t. Then, in affine coordinates with T" = 1,
and with a? =Y :

(Xa+Z)g=u™ - Z — Xa? .
Let b= Xa+ Z and ¢ = —Xa? — Z 4+ u9*L, we obtain
b? = c.
Now, if k = F,,, we have
k(Fyra(p)) = k(X,Y, Z,u) C k(X,a,Z,u) = k(a,b,c,u) = k(a,b,u),
which proves that Fj,11(p) is geometricaly unirational.

Finally, we prove that (222) implies (2) at least for small values of m.
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Lemma 8. let m > 5 be an integer, and p a prime number, p = 1 mod m. Then F,,(p)
doesn’t satisfy the congruence property.

Proof of lemma 8. The eigenvalues of the Frobenius endomorphism on H3,(F,,(p), Q/) are
the Jacobi sums j(ag, a1, az,as,a4) for 0 # a; € Z/mZ and ag + --- + a4 = 0 (see [20]).
But the prime decomposition of the principal ideal generated by these sums in the integer
ring O of the m-th cyclotomic field is given by Stickelberger theorem (see [21]). Now, if
p = 1 mod m, then p splits completely in O. Let P be a prime of O lying above p. A direct
application of Stickelberger theorem for tha particular 5-tuple (1,1, 1,1, m —4) shows that
vp(7(1,1,1,1,m —4)) = 0. Hence, j(1’1’1’+_4) is not an algebraic integer, and by lemma
1 the Fermat variety F,,(p) cannot satisfies the congruence property.

Suppose now for instance that m is a Fermat prime number. Let p be a prime, prime
to m, and suppose that —1 is not a power of p modulo m. Then p = 1 mod m, and by
lemma 8 (222) cannot hold.

5. A question

It is a remarkable fact for a variety over a finite field to satisfy the congruence property.
This property is certainly the reflect of some geometrical property of the variety. It may
be natural to ask :

Question 1. Let X projective smooth irreducible simply connected variety defined over F,
satisfying the congruence property. Is it true that X is geometrically unirational ¢

Of course, if the answer turns to be negative, then the question would become : is there
any geometrical property of a variety, from which the congruence property for the number
of rational points is the reflect 7 For instance, is it true that X is rationally connected 7
Note that by theorem 1 the converse of question 1 is true in dimension (less than) 3. This
converse is also true in any dimension by the same proof under the embeded resolution
property of varieties over algebraically closed fields of positive characteristic (see [12]).
Note also that the congruence property for the number of rational points over any finite
extensions possess in common with unirationality the heredity property (see lemma 2).
Moreover, from lemma 9 bellow, this question in the case of surfaces is equivalent, under
a conjecture of Tate, to a conjecture of Shioda. Finally, the answer is positive for some
Fermat 3-folds by proposition 3.

Before stating Shioda’s conjecture, recall that a smooth projective irreducible surface
in finite characteristic is supersingular if its Neron-Severi group generates (-adically its
second étale cohomology group HZ,(X, Q).

Conjecture (Shioda [17]). Let X be a simply connected projective smooth irreducible

surface defined over Fq. Suppose that X 1is supersingular. Then X is unirational.

This was also conjectured by M. Artin for K3 surfaces in [2]. This conjecture is proved
by Shioda himself for Kummer surfaces, and for Fermat surfaces by Katzura and Shioda
in [10]. The equivalence of this conjecture and question 1 for surfaces follows from the
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following lemma, which says that (under Tate’s conjecture) the congruence property is a
generalization in highter dimension of the supersingular property for surfaces.

Lemma 9. Let X be a smooth projective irreducible simply connected surface defined over
F,. Suppose that Tate’s conjecture of algebraicity of invariant cohomology classes is true.
Then X is supersingular if, and only if, X (Fqn) =1 (mod ¢") for any n > 1.

Proof. Since the Neron-Severi group is finitely generated, a generating familly is defined
over a finite extension Fgn, of F,. Hence, the direct side of the lemma follows from
Grothendieck formula and lemma 1. Conversely, if X satisfies the congruence relation,
then the Frobenius linear map on HZ, (X, Q) equals g times the identity by lemma 1,
hence X is supersingular by Tate’s conjecture.

Thanks to theorem 1, an affirmative answer to question 1 would imply an affirmative
one to the following questions :

Question 2. [s it true that any 3-dimensional smooth conic bundle with smooth unira-
tional base is unirational in finite characteristic ¢

Question 3. Is it true that any 3-dimensional smooth Fano variety with Picard number 1
is unirational in finite characteristic ?
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