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Abstract .  Let q he a power of a prime number, Fq the finite field with q elements, n an integer 

dividing q - 1, n > 2, and g a character of order n of the multiplicative group Fq. I f  X is an algebraic 

curve defined over Fq and if G is a divisor on X, we define a non linear code F(q, X, G, n, X) on an 

alphabet with n + 1 letters.We compute the parameters of this code, through the consideration of 

some character sums. 

Introduction. If  f is a rational function on the curve X, define 

W(f)= ~ x(f(P)), 
p ~ x.(Fq) 

where X,(Fq) is the set of rational points on the curve X which are neither a zero or a pole of f. The 

study of such a character sum, or more precisely of a slightly different sum, enables us to derive 

some estimations for the number of points of a Kummer covering [3]. 
In an other way, the extra data of a divisor G on X, prime to the Fq-rational points of X, allows 

to define, both following Goppa [1] and Tiet~iviiinen [6], some non linear codes, whose parameters 

can he bounded via some estimates for the above mentioned modified character sums. 

In the f'mst part, we study the modified character sums and their related Kummer coverings. The 

genus of a Kummer covering is given in § I. 1, Theorem 1. In § I. 2, we define the modified 

character sums, and obtain a hound for them (Theorem 2), from which we deduce a generalized 

Weil's inequality for Kummer coverings (§ I. 3, Theorem 3). 

We construct in the second part the non linear geometric codes (§ II. 1), compute their 

parameters in § II. 2 (Theorem 4), and give some more explicit examples in § II. 3. 
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No proofs are given here. The proofs of  the first part can be found in [3], and those of  the 

second part in a forthcoming paper [4]. 

I. M u l t l p l i c a t i v e  c h a r a c t e r  s u m s  
1. K u m m e r  coverings.  Let X be a smooth irreducible algebraic projective curve defined over Fq, 

K its rational function field and n an integer dividing q - 1. If  P is a point of  X, we denote by vp the 

normalised valuation of  K defined by P. Namely, for f e K 

Vp(f) -- m if P is a zero of order m of f, 

- m if P is a pole of order m of f, 

0 if P is not a zero nor a pole. 

We then define the reduced order o f f  at P by 

v/,Cf) =g r K, OvpCfg")l), 

(where I x I is the absolute value of x e R), in such a way that 0 ~ vl~(f) < n. This number v~(f) is 

the remainder of  the euclidean division of Vp(f) by n. 

Let H 0 be a subgroup of  K* containing K *n as a subgroup of finite index, let Y be the smooth 
1In 

model o f L  = K ( H  0 )' and assume that L and K have the same constant field : we then say that H 0 is 

regular. The extension L/K is a Kummer  extension [3], so that the corresponding covering 
: Y ~ X is a Kummer covering. The following theorem gives the genus g y  of Y, where 

U'(f) = {P e X(Fq), Vp(f) ~ 0}, 

I 

and where Fq is an algebraic closure of Fq. 

T h e o r e m  I.  Let r = (H 0 : K'n), gx and gr the genus of X and Y. Then 

2 g y -  2 = r(2g X - 2) + ~ ~ deg u, 
f uE U'(f) 

where the first sum runs over a system of representatives of HOIK *n. 
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2. Cha rac t e r  sums. Let X be a character of  Fq of order n, and k = Fq. For f e K , we define the 

s u m  

w ( f ) =  z(f(P)) ; 
P E X,(Fq) 

here, X.(Fq)  = { P e X(Fq), f(P) # 0, .0}. A modified sum is more closely related to the Kummer 

covering Y ---> X defined in 1.1. For f e K and P e X(Fq), let 

7,,'(f(P)) = XCh(P)) 

X'(f(P)) = 0 

if f = gn.h, h invertible at P, 

if v~,(f) = 0 ; 

then define 

W'(f) = ~ X'(f(P)). 
P e X(Fq) 

T h e o r e m  2. Let H 0 be a regular subgroup of K*, containing K *n as a subgroup of finite index, and 

H' a system of representatives of the non vanishing classes of H 0 (mod K'n). Then 

with 

I ~ W'(f) l ~ B(2- ~ [2~/qL 
f e l l '  

B(H0)=(r-l)(2g X-2)+ ~ ~ degu. 
fe H' ue  U'(f) 

The proof of this theorem involves the theory of abelian L-function and the Riemann hypothesis 

for curves (the Well theorem), by considering the L function related to f: 

with 

S=I 

Ws(f) = Z x' (NFqs/Fq(f(P)))" 
P e X(FqS ) 

In the particular case where H 0 is the subgroup of  K* generated by ¢ e K* and K *n, it is 

easyly sccn that H 0 is regular if 0 is not a constant function, so we obtain 
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Corol lary  1. Let ~ be a non constant rational function on X. Then 

n - 1  

I ~ W'(0i)  I < (n -  1)(g x - 1 + ~ dog P)[2~/q]. 
i = 1 PeU'(0) 

3. N u m b e r  of  points of  a K u m m e r  covering. As a consequence of theorem 2, we obtain the 

following 

Theorem 3.Let  X as above, K its rational function field, and ~¢ : Y --9 X be the Kummer covering 

defined by a subgroup H 0 of  K* containing K *n as a subgroup of  finite index. Then 

I#Y(Fq) - #X(Fq)I < B--~2) [2qq]. 

Because of theorem 1, this estimate can also be written 

IOY(Fq) - #X(Fq)I < ( g y -  gx)[24q]. 

This is an improvement, in this case, of Weirs inequality I#Y(Fq) - #PI(Fq)I < gy[2~/q]. The samc 

inequality has been proved by Lachaud in the case of a general abelian covering x : Y ---> X (sec [2]). 

I I .  Non l inear  geomet r ic  codes 
1. The codes. Let X be as above and set N = #X(Fq). Let G be a divisor on X prime to X(Fq), and 

X a character of order n of  Fq with value in the group IXn(C ) of n-th roots of unity in C. Consider the 

map 

where 

c : L(G) ~ (}.tn(C)w{0}) N 

f ~ (Cp(O) 
P~ X0~q) 

Cp(O = x'(f(P)) ,  

and X' is as defined in 1.2. We define the code F = F(q, X, G, n, X) as the image of  L(G) under c. 

2. P a r a m e t e r s  of  I ' .  The following is a lower bound for the Hamming distance between two 

codewords in terms of the above character sum : 
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Lemma 1. For f ,  g e L(G), letting q) = fgn-]  ; then 

n - 1  
d(c(f), c(g)) > ~ n ~  1 N . ~1 ~ W'(, ')  - deg O 

i = l  

Remark. It is possible to give an upper bound for d(c(f), c(g)). 

Corollary I and Lemma 1 enable to give an estimate for the parameters of r :  

Theorem 4. I f  

n 
N > (g - 1 + 2 deg G)[2~/q]) + n---'T-i" deg G, 

then F(X, G, Z) is a non linear code of length N = #X(F q) on an alphabet with (n + 1) elements, of 

minimum distance 

dmin(l" ) > . E ~  (H - (g - 1 + 2 deg G)[2~q]) - deg G, 

and of cardinality 

M = # r > d e g  G + 1 -g 

3. Examples. Let N&(q) (resp ng(q)) be the maximum (resp. minimum) number of Fq-rational 

points of an algebraic smooth projective irreducible curve of genus g defined over Fq. Such a curve 

will be called maximal (resp minimal) if it macbes this bound. Mc~'eover, let k = Io l~gnM+ I) be the • g 

"dimension" of the (N, M, d)a+ 1 code. 

a. Codes from the projective line. The projective line P 1 Fq has genus 0 and q + 1 rational 

points over Fq. If we choose a divisor G of degree m and a quadratic character Z of Fq, (that is for 

n = 2 and q odd), we obtain the following 

q + ] + [2~/q! 
Propos|tion I. For all powers q of  an odd prime number and all integers m < 2([2~Iq] + 1) " 

there exists a F 3 non linear code with parameters 

(q lo__g__q q + 1 + [2xlq] m([2"/q] + 1)~3 
+ 1, k = ( m +  1) log 3, d > ....... 2 - 
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b. Codes on elliptic turves.  The above construction on an extremal elliptic curve X over Fq, 

n = 2, a divisor G of degree m and a quadratic character Z of Fq, gives 

N.(q)  
Proposition 2. For all powers q e lan  odd prime number and all integers m < 2([2 ~ql + 1 ) '  there 

exists a F 3 non linear code with parameters 

(N 1 ~  d >  N l ( q )  m([2~/q]+ 1)~ 
1 ( q ) ' k > m  l o g 3 '  2 - 

and a similar result holds i f  we replace N 1 (q) by n l(q). 

Note that the exact values Of NI(q) and nl(q) are known (el for example [5]). 

E x a m p l e s .  
1) For q = 127, 

m = 2 gives a 

code. 

N1(127) = 150 and 

(150, k > 2 10g 127 d > 29) 3 
log 3 ' and a 

n1(127) = 106. 

(106, k > 2 log 127 
log 3 ' d > 7) 3 

2) q = 1033 N1(1033 ) = 1098 n1(1033) = 970 

m = 6 (1098, k > 6 log 1033 l o g 3  ' d > 1 5 9 )  3 (970, k > 6 1 o g 1 0 3 3  d >9 5 )  3 log 3 ' 

c. Codes over F 4 from curves of genus 2. If we consider extremal curves of genus 2 over Fq 

for q --- 1 (mod 3), and multiplicative characters of F~ of order 3, we obtain 

Proposition 3. For all powers q o f  a prime number, q --= 1 (rood 3), all integers g E N, and all 

integer m such that 
Nz(q)  - [2 ~/ql 

m < 212 ~/ql + 3/2 " 

there exists a non linear F 4-code with parameters 

( N 2 ( q ) , k > ( m - 1 ) l ° g q  d >  2 ( N 2 ( q ) . ( l + 2 m ) [ 2 ~ / q ] ) . m )  log 4 ' 
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and a similar result holds ~f we replace N 2(q) by n2(q). 

A general formula for N2(q) and n2(q) can be found in [5]. 

Examples .  
I) q = 511 N2(511 ) -- 602 n2(51 I) = 422 

m=2 

m=5 

(:.a,~ t.~, I-- l°g 511 
...... 2 log2'd~210) 4 

(602, k > z- log 5111og 2 ' d > 37) 4 

I log 5 I,I 
(422, k>~ log2 ,d~ 100) 4 

2) q = 1033 N2(I033 ) = 1162 n2(511) = 906 

m=5 

m=6 

(I 162, k > 2 log 1033 d > 263) 4 
log 2 ' 

(1162, k> 5 log 1033 log2 'd>178) 4 

,~ log 1033 n 
(906, k > .~ log 2 ' '~ ~" 87)4 

4. Conclusion. The above construction gives non linear codes on any alphabet with n + 1 ~ 3 

elements. Lemma 1 links the Hamming distance and some character sums, and estimations on these 

character sums enable us to give a lower bound for the minimum distance, and to compute the 

cardinality of these codes under a technical assumption (theorem 4). Because of the generality of the 

estimations we used, one can expect the true minimum distance to be much greater than the given 

lower bound in many cases. Numerical computations could give information, for example, in the case 

of the code constructed from the space of polynomials of given bounded degree on the projective line, 

and from the quadratic character. 
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