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Abstract. Let g be a power of an odd prime number and Fq be the finite field with g elements. We
will construct a binary spherical code from an algebraic curve C defined over 1'1‘q and a rational divisor
G on C, as the twist by the quadratic character 1} of the Goppa code 1(G). The computation of the
parameters of this code is based on the study of some character sums.

0. Introduction. In a previous paper ([3]), we have constructed some non linear geometric codes

on any alphabet having n = 3 elements from a smooth projective irreducible algebraic curve C defined
*

over Fq, a rational divisor G on C and a multiplicative character ¢ of ordern - 1 of F q 352 twist of

the Goppa code 1(G). Unfortunately, we were unable to construct a binary code in this way : this is
what we will do bere. In order to compute the parameters of these codes, it is convenient to define
them as spherical codes. As in the case studied in [3], these parameters can be computed from
estimations on certain character sums.

In the first section, we give the useful definitions and result (proposition 1) on character sums ;
the proofs can be found in [2]. In the second section, we recall the basic concepts for spherical codes.
For more informations on this topic, see [1] for example. In the third section, we define the geometric
spherical code, and give its parameters in the fourth section (theorem 1). This theorem follows from
an estimation for the angle between two codewords in term of a character sum (proposition 2). In the
fifth section, we deduce from this study the Hamming parameters of this code (theorem 2). Finally,
we ask in the sixth section some open questions.

in this paper, #X will denote the cardinality of the set X.

1. Multiplicative Character Sums. Let C be a smooth projective irreducible curve of genus
g(C) defined over F G a rational divisor on C pnmc to X(F ), and 1 the quadratic character of the

multiplicative group F (thatis, nx)=1ifxe F is a square, and \(x) =- 1l if not). f Pe C and
fe K=K(C)the functxon field of C, we define the P-adic valuation vp(f) as follows :
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m if P is a zero of order m of £,
vp(f) : = -mif Pisa pole of order m of f,

0if P is not a zero nor a pole.
Let

s . 2
Vp®:= Min, (v @8

be the reduced order of f at P. Notes that this reduced order is always obtained for a certain g K*Z.

Let
N(e®)) if vp(® = Vp(g) =0 and £ = g mod K 7,

nEP) : =
1if vp () # 0.

Defines C(f) = (P e C(Fq) /vi.,(f) =0}, and U = {P e C(Fq) /Vl',(f) # 0}, in such a way that
C(Fq) = C'([IU'(f) (disjoint union), and

W®:= Y TEP).
PeC'(Fq)

Then, F'_‘(—}L being an algebraic closure of Fq, we have

Proposition 1.Iff e K, then

W) 1 < cf)Vg,
with
c(f) = 2¢(C) -2 + Y degP.
Pe C(F) /vp(D=0

2. Spherical codes. for more details, see [1]. We denote by S_ ; the unit sphere of R®, If
xyeS et

o(x, y) = arc cos(x, y)

be the angle between x and y (in such a way that (x | y) = cos ¢(x, y), where (. | .) denotes the usual
scalar product), and

pix,y)=lx-yli2
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be the euclidean distance between x and y. Xf X fi S, is a finite set, we say that X is a spherical

code of length n. Its minimum angle is
OX) =Min { ¢(x,y), x,y € X, x#y]}
and its minimum distance (in the euclidean sense) is

pX)=Min {px-y), x,y€ X, x#y}.

It is easily seen that
sin’o(X)
p(X) =2-2 cos p(X) = 4 ———>.
Let us denote by 0(X) the ratio
log, #X
0(X) = —gf-l-—— .

Remark. When X is a binary spherical code, that is, a spherical code whose points have the form
Vlﬁ (*1, ..., *1),itis clear that 0(X) = k(X) is the usual dimension of the code X.

3. The geometric spherical code. Let N = #C(Fq), Sy.; the unit sphere of RN and x the map

x:L(G) - SN_1

f— ,
(xP(f»Pe oy

with
x, (0 : =35 WEP)).

It is easy to check that for f € 1L(G), we have x(f) € SN-;’ Indeed,

Ixl= x>0

X T (neep)=1.
P e ClF,) PeCF.)

q

We define the code X = X(g, C, G) as the image of L(G) under x. This is a spherical code, whose
parameters can be computed as follows.



336
4. Parameters of X.

Theorem 1, Suppose that N > 2(g(C) - 1 + deg G)‘fq + 2 deg G. Then X is a spherical code of
length N = #C(F q), with parameters

P(X) 22 - 1 (@(C) - 1 + deg GNg + deg G)

1
80X) 2 (deg G +1- () -

This theorem follows from the following proposition.

Proposition 2. For f, g € L(G), f # g, we have
1 x () 1 x(g)! $%T (W’ (fg)! + 2 deg G).

Proof.

N Ix@) =N Y x,0x,@= 2 7¢®) nE®E)
PeC(F) Pe C(F)

= Y @)+ Y onE®y+ Y NEP)
Pe C(fg) P e U'(HNC'(g) P e CHOAU'(E)

since C(F,) = C'(fg)UU'(fg), and U'fg) = (U(HNC (@) ACHNU(g)). Thus,
Nix® | x(@) < W' )l + #UENC(g) + #CENU'(g)
< IW(fgl + #U(D) + #U'(g).
But for f, g € L(G), we have #U'(f) < deg G and #U'(g) < deg G, which proves the proposition 2.
Corollary 1. For f, g € L(G), f # g, we have

T x(@ I x(g) 1 s% ((g(C) -1 +deg G)\/q + deg G)).

Proof. This is clear from propositions 1 and 2, and the fact that for f € L(G),
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Y, degP<2degG.
Pe C(ifq) /vp(H=0

Remark. Corollary 1 can be slightly improved by

| (D) | %(g)) | S 27 [(28(C) - 2 + dog G+ 1Ng + 2deg G)]

where x = deg Supp(G) is the degree of the support of G : if G = Z mpP with mp # 0, then
P

K= Z degP < deg G. Moreover, ¥ = deg G if and only if mp = 1 for all P such that mp = 0.
P

Proof of Theorem 1. Under the hypothesis N > 2(g(C) - 1 + deg G)Vgq + 2 deg G, corollary 1
shows that for all f, g € 1L(G) such that f # g, we have | (x(f) | x(g)) | < 1. Thus, the map x is one-
one, so that log2 #X = Iog2 #1L(G) = diqu(L(G)) log, q < (deg G+ 1 - g(C)) log2 q by Riemann-
Roch theorem, hence the bound for 8(X). Moreover, the lower bound for p(X) follows from the
definition and corollary 1.

5. The Hamming parameters. Since the coordinates of the codeword x(f) € X(g, C, G) are of
form

X0 =5 WEP € -7 7 b

X(q, C, G) is a binary (non linear) code. The following theorem gives the dimension and Hamming
minimum distance of X(q, C, G).

Theorem 2. Suppose that N > 2(g(C) - 1 + deg G)\fq + 2 deg G. Then X is a binary non linear
code with parameters
length=N== #C(Fq)

minimum distance = d(X) 2%{ -((g(C)- 1 +deg G)\/q +deg G)
dimension =k(X) 2 (deg G + 1 - g(C)) log, .

Proof. The statement on the dimension follows from theorem 1 and the remark at the end of section
2, and the statement on the Hamming minimum distance from theorem 1 and the following lemma :
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Lemma L. If X is a spherical binary code, then

dx) _ pX)
N

N T4

Proof. It is an easy computation to verify that for x, y € X, we have p(x, y) = ﬁ;f—’-ﬁ .

6. Open problems.

6.1. It is possible to define some spherical geometric codes on any alphabet : consider a smooth
projective irreducible curve C of genus g(C) defined over Fq, G a rational divisor on C prime to

X(F q), and y, multiplicative character of of order n (so that, n divides q - 1). We can define a reduced
order asin § 1 by vp'(f) = Nhé)* (I vp (fgh) |) and a modified character (which is not a character !)
ge

X(&(P)) if Vi(©) = Vip(g) =0 and £ = g mod K2,

XE®) ;=
Lif vp'(6) # 0.

Notes that this is not the same X' asin [3]. If N = #C(Fq) and if Xy , is the unit sphere of CNlety

be the map
y: L(G) > E.N

= (Vlﬁ x’(f(P)))Pe CFy)
4

What about the parameters of the code Y(C, G, 3} == y(L(G)) ?

6.2. Asin [3], because of the generality of the estimation on character sums we used, one can expect
the true parameters of X(q, C, G) to be much greater than the given lower bound in many cases, and
to avoid the technical hypothesis of theorems 1 and 2. Here too, numerical computations could give
informations, for example, in the case of the code constructed from the space of polynomials of given
bounded degree on the projective line.
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