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Sheet 1 on ODEs - Basic results and linear case

EXERCICE 1. To prevent nonsense

Let f:(0,00) — R be a differentiable function

1. Assume that f admits a finite limit at +oo. What can be deduced about f’?
2. Assume that f’ admits a finite limit at +0o0. What can be deduced about f?
3. Assume that f and f’ admits a finite limit at +o0o. What is the limit of f’?

EXERCICE 2. Gronwall’s lemma — Application to uniqueness

1. Let a, b be real numbers such that a < b, and let tg € (a,b). Consider a function ¢ € C%([a,b],R)
such that there exists C' € R et D > 0 such that

t
Vt € [to,b], () <C+D [ ¢(s)ds,

and .
(0]
Vi€ [atl, ot)<C+D / o(s) ds,
t

Prove that
Vtelab], ¢(t)<Cexp(Dl|t—tyl).
2. Application: let (Ji,y1) and (J2,y2) be two solutions of the following Cauchy problem

(%) oy =cos(y), y(0)=acR.

a. Show that y; = yo on Jy N Js.
b. Deduce that if (&) admits a maximal solution, it is necessarily unique.

EXERCICE 3. Generalized Gronwall’s lemma

Let I be a non-empty interval, ¢t € I — a(t) € R be a continuous and non-negative function, and
b: I — R be a non-decreasing function. Let x : I — R be a continuous function that satisfies, for
some s € I, the following inequality :

VteI,t>s, w(t) <bt)+ /t a(r)z(7) dr.

Show that :
Vte I, t>s, x(t) <b(t)exp (/ a(T) d7'>.

EXERCICE 4. There and back again

1. Let f : R — R be a continuous function. Let a,b be real numbers such that a < b, and
u : [a,b] — R be continuous and differentiable on (a,b). Show that if v’ = f(u) on (a,b) and
u(a) = u(b), then u is constant.



As an application, we consider the ordinary differential equation ¢y’ = 2+/|y|.
2. Find all the maximal solutions of the equation.
3. Are there twice continuously differentiable solutions?

EXERCICE 5. Convergence toward an equilibrium

Let f: RY — R be a continuous function.

1. Let £ € R and 9 : t € R +— £. Show that (R,y,) is a solution of the ordinary differential
equation y' = f(y) if and only if f(¢) = 0.

2. Let (J,y) be a solution of the equation ' = f(y) such that supJ = +oo. Assume that there
exists £ € R? such that y(t) — £ as t — +o00. Prove that f(£) = 0.
Hint: consider the function h :t € J — f(£)-y(t) € R.

EXERCICE 6. Linear Cauchy-Lipschitz theorem
The aim of this exercise is to prove the following result:

Theorem 1. Let I C R be an open interval, A : I — Mg(R) and b : I — R? be two continuous
functions. For all tg € I and yo € R?, the Cauchy problem y' = Ay +b, y(to) = yo admits a unique
global solution.

1. Let (&, |- ||) be a Banach space, and f : £ — & be a function satisfying that there exists p € N*
and k € [0, 1) such that

V(z,y) € ExE, [|fP(z) = Pyl < kllz -yl

Prove that f admits a unique fixed point in &.

We fix tp in I and yo € R% Let a,b € I be such that a < ¢ty < b, and define E = C%([a, b]; RY).
Recall that E, endowed with the sup-norm ||z[cc = supsejqy [[2(2)] is a Banach space. We define
the map

t
T:z€e Ew <t € la,b] — yo —|—/ (A(s)z(s) + b(s)) ds>.
to
2. Explain briefly why T(E) C E.
3. Set M = supc( ) [|A(t)[|. Show that, for all u,v € E, p € N and t € [a, b],

177 () (t) — TP (w)(B)]] < Wnu—vnw

4. Deduce that there exists an unique y € E such that T'(y) = y.
5. Let (I1,y1) and (I2,y2) be two solutions of the Cauchy problem y' = Ay + b, y(to) = yo. Show
that y1 = y2 on I1 N Is. Deduce the uniqueness of the maximal solution of this Cauchy problem.
6. Show that the Cauchy problem y' = Ay + b, y(t9) = yo admits a global solution. Conclude.
7. Let us set
Sp={ye CHI,RY) :Vte I, y(t) = A(t)y(t)}.

Show that Sy, is a vector subspace of C''(I, R?) of dimension d.



EXERCICE 7. Wronskian

Let A: I — My4(R) be a continuous function, and let (I,y1),...,(I,yq) be d global solutions of the
equation ¢y’ = Ay. We define the Wronskian of the functions 1, ..., yq, as the function

Wt el det [yl(t) yd(t)] € R.

1. Show that W is a global solution of W' = Tr(A)W.
2. Deduce W (t) as a function of W (tg) for ¢,to € I.
From now on, we suppose that (yi,...,y4) is a basis of the space

{ye CHI,RY vt e I,y (t) = Alt)y(t)}.

Let b: I — R? be a continuous function.

3. Prove that there exists d continuous functions p1,...,uq : I — R satisfying that for all t € I,
pa()yr(t) + - -+ pa(t)ya(t) = b(t).

4. Deduce that there exit d functions p1,...pq € C1(I,R) such that the function

y:tele pi(®)yi(t) + -+ pa(t)ya(t),

satisfies ' = Ay +bon I.
5. Application: for w > 0, find a particular solution of the equation 3" + w?y = et

EXERCICE 8. Isolated zeros

Let B,C : I — Mg4(R) be continuous functions. Let (I,y) be a nontrivial solution of the second
order equation y” + By’ + Cy = 0. Let ty € I be such that y(t9) = 0. Show that there exists £ > 0
such y(t) # 0 for all t € (to —e,t0+¢) \ {to}-

EXERCICE 9. Zeros again

Let a : R — (0,00) be a continuous function. Prove that any function belonging to the space
S={y € C?R):y" +ay =0} cancels at least once.

EXERCICE 10. Trapped on a sphere

Let A € My(R). To each solution ¢ € R — z(t) of the equation 2’ = Az, we associate the
corresponding trajectory {z(t) : ¢t € R}. Show that every trajectory is contained in a sphere
centered at 0 if and only if A is skew-symmetric.

EXERCICE 11. Bounded solutions

1. Let f : R — R be a continuous and bounded function, and a > 0. Show that the equation
y"(t) — a®y(t) = f(t) admits a unique bounded solution.

2. Let f : R — R be a continuous and integrable function. Consider the equation y” (t)+f(t)y(t) = 0

a. Show that if y is a bounded solution, then lim;, 1 3/ (t) = 0.
b. Let y1, y2 be two solutions, and define

W:teR—

y1(t) yQ(t)'
n(t) ya(t)]”

Show that W is constant.



c. Deduce that the equation admits an unbounded solution.

EXERCICE 12. Interlacing of zeros

1. Let a, 3 : R — R be two continuous functions, and y;, y2 € C?(R) be linearly independant
solutions of the equation y” + ay’ + Sy = 0.

a. Determine the Wronskian W : t € R —

yi(t)  wa(t)
b. Let ¢, < t, be two consecutive zeros of y;. Show that there exits t € [t4,1p] such that
y2(t) = 0.
2. Let f,g: R — R be two continuous functions such that f(¢) < g(¢) for all t € R. Let y; € C*(R)
be a nontrivial solution of the equation y”+ fy = 0, and y, € C%(R) be a solution of the equation
Yy +g9y=0.

yi(t) wa(t) ‘

yf(t) yg(t)
yp(t) ye(t)

b. Deduce that between two consecutive zeros of yy, there is a zero of y,.

a. Weset W:tecR— . Determine W'.

3. Let v: R — R be a continuous function and y € C?(R) be a nontrivial solution of y" + vy = 0.
Consider some w > 0.

a. Assume that y(t) > w? for all t € R. Let a,b be two real numbers such that w(b — a) > .
Show that there exists t € [a, b] such that y(t) = 0.

b. Assume v(t) < w? for all t € R. Let ¢; and t5 be such that t; # ty and y(t1) = y(t2) = 0.
Show that w|ty — t1| > 7.

Hint: consider the function sin(w(t — t1) + pm), with p € (0,1).
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Sheet 2 on ODEs - Existence of solutions and qualitative analysis

EXERCICE 1. Quadratic growth

Let f: 1 x R? — R? be a C! function. Assume that there exist two continuous functions ¢i, ¢ :
I — [0, +00) such that for all £ € I and all y € R?,

1f(ty) -yl < @)yl + ca(t).

Show that all the maximal solutions of the equation y' = f(t,y) are global.

EXERCICE 2. Periodic solution

Let f : R x R — R? be a function being continuous and locally lipschitz with respect to the second
variable. Assume there exists 7' > 0 such that for all t € R and y € R?,

fE+T,y) = f(ty).

Let (J,y) be a maximal solution of the equation y' = f(¢,y). Assume that there exists to in J such
that to + 71 € J and y(to + 1) = y(to). Show that J = R and that y is T-periodic.

EXERCICE 3. Solution in a compact set

Let f : I x Q +— R? be continuous and locally lipschitz with respect to the second variable. We
consider (J,y) a maximal solution of the equation ¥’ = f(¢,y). The aim of this exercise is to give a
direct proof of the following lemma.

Lemma 1. Let ty € J. Assume that there exists a compact set K C ) such that y(t) belongs to K
forallt € JN[tg,00). Then supJ =supl.

From now on, we assume that there exists a compact set K C € such that y(¢) belongs to K for all
t € JN[ty,00). We furthermore assume that sup J < sup I.

1. Show that 3’ is bounded on [tg, sup J).

Prove that y is a lipschitz function on [ty,sup J).

Deduce that there exists yp € K such that y(t) — y; as t — sup J with ¢t < sup J.
Show that y' — f(sup J,y¢) as t — sup J.

ANl ol

By considering the Cauchy problem 2’ = f(t, z), z(sup J) = yp, obtain a contradiction.

EXERCICE 4. Separation of variables
Show that the Cauchy problem

E+1Dy =@t+1)y* y0) =1,

admits a unique maximal solution (J,y). Compute y, and show that J is a bounded interval.



EXERCICE 5. Global solution

L

et yo € R. Show that there exists a unique y € C?(R) such that

y" + |yl = cos(t) +sin (()?),  y(0) = yo.

EXERCICE 6. Bounded solutions

For zg € R, we consider the Cauchy problem

—

A

*) y' =y sin(y)?, y(0) = .

Show that (x) admits a unique maximal solution (J,y).

Show that J = R and y is constant if and only if g = kn for some k € Z.
Show that for all zg € R, y is bounded. Deduce that J = R.

Show that y is monotone.

Show that y admits limits in oo. What are these limits ?

For 2y € R, we denote by (R, y4) the solution of the equation (%), and by (R, y_) the solution
of the Cauchy problem 3’ = ysin(y)?, y(0) = —x¢. Prove that y_ = —y,.

EXERCICE 7. Draw a picture

Let f: (t,y) € R x R+ t? + y%. We consider the Cauchy problem
() y'=f(ty), y0)=0.
1. Show that (%) admits a unique maximal solution (J,y).
2. Set J = (—a, ), with o, 8 > 0. We define J = (=8, ) and §: t € J — —y(—t).
a. Show that § is a well-defined C! function on J.
b. Show that (J,7) is solution of (). Deduce that y = on J N J.
c. Deduce that o = § and y is odd.
3. Study the monotonicity and the convexity of y on J.
4. Show that y(t) = % +o(t3) as t — 0.
5. Assume that sup J = +00. Show there exists ¢ € R such that for all ¢t > 1, arctan(y(t)) >t + c.
What to conclude?
6. What is limy_g,p 7 y(t)?
7. Draw y on J.

EXERCICE 8. Around the origin

Consider the following system of equations

1
2

/

T = —x +siny,
) 2 4,2
V= 5 exp(z® +y7).

. Let (J,(z,y)) be a maximal solution of the equation. Show that sup J = +oc.

. Prove that there exists p > 0 such that for any R > p, if ||(x(t0), y(t0))|| < R for some ty € J,
then for any ¢t > ¢, we have |[(z(¢),y(t))| < R.



EXERCICE 9. Matriz-valued ODE
Let A € M,(R) with n > 1. Consider the following matrix-valued Cauchy problem:

X'=-XAX, X(0)=I,.

. Justify that we can apply the Cauchy-Lipschitz theorem to this equation. From now on, we

denote by ((a,b), X) the maximal solution of the Cauchy problem.

. Show that, in a neighborhood of 0, we have X (t) = (I,, + tA)~!. Deduce that |a| > || 4]~} and

b> ||A||7!, where || - || is a sub-multiplicative norm on M, (R).

EXERCICE 10. Global and periodic solutions

Consider the following ordinary differential equation

(1)

{y// —1_ 3y2’
y(0) =y'(0) = 0.

The goal of this exercise is to show that this equation has a unique maximal solution, that is global
and periodic.

1.

Show that (1) has a unique maximal solution. Denote by I the interval on which this solution is
defined.

Show that (y')? = 2y(1 —y?). Deduce that for all t € I, we have 0 < y(¢) < 1. Deduce then that
I =R

Show that y is an even function.

. Prove the existence of a time T" > 0 such that y/(¢) > 0 for all ¢ € (0,7). Define

Tmax =sup {T >0:Vt € (0,T), y'(t) > 0}.

This means that y/(t) > 0 for all ¢ € (0, Tyax)-

. Let 0 < tg <t < Tiax. Prove that

t—t /y(t) ds </1 ds <+
—ty = < 00.
U Dy Vs =)0 +s) o \2s(L—s)(1 1)

Deduce that Tiax < 400, ¥ (Thmaz) = 0 and y(Tmax) = 1.

. For t € R, define w(t) = y(t + 2 Tmax). Show that w(—Thax) = y(—Tmax) and that w'(—Tax) =

y'(—Tmax). Deduce that y(t) = y(t + 2T max) for all t € R.
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Sheet 3 on ODEs - Equilibria

Let A € My(R). Consider the following differential equation on R?:

X'(t)=AX(t), teR.

The set {X(t) : t € R} is called the trajectory associated to a solution X. It is simply the image of
the parametrized curve t € R+ X (¢) = (z(t), y(t)) € R2. The aim of this first series of exercises is
to represent on the plane some remarkable solutions of system (*).

EXERCICE 1. Trajectories

1.
2.

State the Cauchy-Lipschitz theorem for linear ODEs.

Show that a solution is either reduced to a singleton {Xp}, or is the image of a regular
parametrized curve ¢t — X(t) (i.e. X'(t) # 0 for all ¢t € R).

Show that if I'; and I'y are two distinct trajectories, then their intersection I'y N 'y is empty.

. Show that if I' C R? is a trajectory, then for all A € R, the set \I' = {\(x,y) : (z,y) € [} is a

trajectory as well.

. Let P € GL2(R) and B = PAP~!. Consider the equation

(x%) Y'(t) = BY(t), teR.

Show that Y is a solution to (%) if and only if P~1Y is a solution of (x).

EXERCICE 2. FEzxplicit resolutions

For each of the following matrices

1.
2.

G (o2 b)) (0 2) G )

Compute explicitly the space of solutions of the equation (x).

Draw some remarkable trajectories in the plane.

EXERCICE 3. Identify phase portraits

To each of the following matrices

1 -1 0.5 2 04 1
M1_<—1 0)’ M2_< 1 —0.5)’ M3_<—1 0)’

02 -1 ~0.5 —0.5 1 -1
M4_<1 0.8)’ M5_< 1 0.2)’ M6_<1 —1>’

associate the corresponding phase portrait among the ones given below. All answers must be
concisely justified. It is advisable to avoid long and tedious calculations.
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EXERCICE 4. Draw phase portraits

Sketch the phase portrait of (x) when the matrix A is given by:

o) Ga) (7))

The explicit expression of the solutions is not required.

From now on, we will study the equilibria of non-linear equations.

EXERCICE 5. Potential flow and minimizers

Let f be a twice continuously differentiable function on R™ and let (o, ) € R x R™. Consider the
Cauchy problem

{:c'<t> = —Vf(x(t)),
x(0) = xo.

Additionally, assume that f(z) — +o0 as ||z| — +oc.

1.
2.

Show that this problem has a unique maximal solution = on an interval (T%,T™).

Show that ¢t — f(z(t)) is a non-increasing function. Deduce that T* = +oco and that z is
bounded on [0, +00).

. Do we necessarily have T, = —oco ? (one can consider the example where n = 1 and f(z) = 2*.)

. From now on, assume f to be strictly convex. Show that f admits a unique global minimum m

reached at some point ™, i.e. f(z™) =m.



5. Show that ™ is the only point where ||V f|| vanishes. One can use the following inequality:

Vy,z€ R, fly) =2 f(2) +V(2) - (y—2)

6. We now want to show that z(t) — 2™ as t — +oo, for every initial condition z.

a. Prove that the function r : ¢ — f(x(t)) converges to a finite limit ¢ at +oo.
b. Show that for all ¢ > 0, there exists o > 0 such that we have ||V f(a)|| > « for every point
a € R™ satisfying
lall < [lzllzeegorocp and  fla) =m+e.
c. Show that for all £ > 0, there exists > 0 such that r/(¢t) < —n for all ¢t € [0,+00) that
satisfies m 4+ ¢ < f(z(t)).
d. Deduce that £ = m.

e. Conclude.

EXERCICE 6. Species in competition

Consider, for some «, 8 > 0, the following system :

a'(t) = z(1 —z — By),
Y (t) =y(l —y — az),
x(0) = xo,
y(0) = o,

This system models the evolution of two populations that compete against each other (their survival
depends on a shared common resource, therefore they must compete for it).

1.
2.

Show that this system satisfies the assumptions of the local Cauchy-Lipschitz theorem.

Given g, yp some non-negative initial conditions, let us denote by (J, (z,y)) the corresponding
maximal solution. Show that the functions x and y are non-negative on J.

Also for non-negative initial conditions xy and yg, show that for every ¢ > 0,
z(t) < xoe' and  y(t) < yoe'.

Deduce that [0, 400) C J.

. Discuss, depending on the parameters o and (3, the stability of the following equilibrium points:

n=(0) m=(3) n= (),

Can we interpret these results from the perspective of the model ?

Show that if « > 1 and 8 > 1, or if @ < 1 and 8 < 1, then there exists another equilibrium
point Py in the first quadrant (0, 4+00) x (0, 4+00). Determine this equilibrium point and study
its stability in both cases.

EXERCICE 7. Stability by linearization?

Consider the following equations

! /
<y1> _(yz—yl(y%w%)) <y1> _<y2+y1(y%+y§))_
Yo —n =y (7 +v3)) " \w —y1 + 2 (47 + 43)

3



Show that, for any initial condition, both of these equations have a unique maximal solution.
Show that both of these equations have the same unique equilibrium point.
Do we have a conclusive answer on the stability of this equilibrium if we linearize the system ?

Ll e

Study the stability of this equilibrium by using the function r : t +— y1(¢)% + y2 ()%

EXERCICE 8. Pendulum
Let us study the following equation

0" + 10’ +sinf = 0,

where p > 0 is a given constant.

1. By rewriting this equation in the form of a first order system of equations

Y' = f(Y) where Y = (g,) ,

show that for every initial condition 6(0) = 6y and 6'(0) = 6; there exists a unique global

solution.

2. Find the equilibrium points of the system.

3. We want to show that the equilibrium (0,0) is asymptotically stable. Let 6y € (=3, %) and
01 € R such that %0% — cosfp < 0. For a solution 6, we define the corresponding energy

B(t) = %6’(02 — cos(0(t)).

Show that F is non-increasing and that it admits a finite limit at 4-oc0.
Show that 0(t) € (=3, 5) for all t € Ry.

Show that 6" and 6" are bounded on R.

Deduce that limy_, 1 0'(t) = 0.

e. Deduce that 6 converges to 0 at +oc.

o Tp

4. Show that we can find the same result as the previous question by studying the linearized system
at (0,0).
5. What can we say about the equilibrium point (m,0) 7

EXERCICE 9. RLC Circuit
The analysis of RLC circuits leads us to the study of ODEs of the form
L—=v—h(
= v hi),
dv
C— =—i
dt ’
where h : R +— R is continuously differentiable. The variables v and i correspond to voltage and
intensity respectively, and the positive constants L and C' to resistance and capacity.
1. Find the unique equilibrium of the ODE and discuss its stability depending on the function h.
2. Suppose that h satisfies xh(z) > 0 for all = # 0. The goal of this question is to show that the
equilibrium is asymptotically stable. To that end, we introduce the energy

E(i,v) = %(LF + ).

Denote by ¢ the corresponding flow of the system. Let us fix some (ig,vg) € R2.



a. By studying the variations of 6 : t + E(y(t, (ig,v0))), show that for all (ig,v9) € R?, the
interval on which ¢(-, (ip, vo)) is defined contains R .

b. Let (t,)nen be a sequence that goes to +0o and such that the sequence (¢(tn, (i0,v0)))nen
converges to a point (is, Vo). Prove that for all s > 0,

lim (s +ty) = E((ico, Vs0))-

n—-+4oo

Deduce that for all s > 0,
(%) E(p(s, (ics, V0))) = E((ic0; Voo))-

c. Show that (o, Vo) = (0,0) (one can differentiate (x) with respect to s).
d. Conclude.

EXERCICE 10. Spirals
Consider the vector field defined by V'(0,0) = (0,0) and for all (x,y) # (0,0),

V(.’/U, y) - (

—y + z cos(z? + y?) exp ( — ﬁ)
x + ycos(z? + y?) exp ( — ﬁ)

1. Show that V € C*°(R?) and deduce that the following Cauchy problem

Y =V(Y),
Y(0) = Yo,

is locally well-posed.

2. Prove the existence of an infinite number of circles (Ck)g>0, with radii Ry, * 400, corresponding
to trajectories of solutions of the system. Deduce that all the solutions are global (one can try
to decompose the vector field into its radial and tangential part).

3. Find the equilibrium points of the system and study their linear stability. What can be deduced
from this ?

4. Compute the scalar product V(z,y) - (z,y) for all (z,y) € R? and draw the vector field V. If
Y'(0) is strictly between two circles Cy, and Cj1, how does the corresponding trajectory behave
when ¢ — 00 7 (one can try using polar coordinates) What if Y'(0) # 0 is in the interior of the
circle C1? What information can be drawn from this in relation to question 3 ?
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EXERCICE 1. Homogeneous equation
Let ¢ € R and ug € C*(R). Consider the equation

(1) {atu(t, x) + cozu(t,z) =0, (t,z) e R xR,

u(0, ) = ug.
1. Suppose that u € C'(R x R) is a solution of (1). For (t,) € R x R we define
a(t,y) = ult,y + ct).

In other words, we are simply making a change of variables z = y + ct.

a. Show that @ is continuously differentiable on R x R.

b. Show that
V(t,y) e R xR, dwu(t,y) =0.

Express 4 in terms of ug.
Deduce an expression of u in terms of wyg.

Show that the function u obtained in the previous question is indeed a solution of (1).

-0 o

Conclude on the existence and uniqueness of continuously differentiable solutions for this
problem.

g. Draw the lines on the plane (z,t) along which the solution w is constant for any initial
condition ug.
2. Denote u the solution of the problem (1).

a. Suppose that ug is C* on R for some k > 1. Show that u is also C* but on R x R.

b. Suppose that supp uy C [a,b] for some a < b. Show that for all ¢ € R the support of the
function = — w(t, z) is contained in [a + ct, b+ ct].

c. Show that for all p € [1,400] and t € R we have ||u(t,)||r = |JuolLr-

EXERCICE 2. Inhomogeneous equation
Let ¢ € R, ugp € CY(R) and f € C}(R x R). Consider the equation

(2)

Ou+ cOzu = f(t,z), (t,x) € RxR,
U(O, ) = Uop.

By using the same strategy as in the previous exercise, show that problem (2) admits a unique C*!
solution. Give the explicit expression of this solution in terms of the given data.



EXERCICE 3. Additional zero-order term
Let c € R, ug € C*(R), f € CY(R x R) and a € C*(R x R). Consider the equation

Owu ~+ coyu+ a(t,x)u = f(t,z), (t,z) € R xR,
3) { _
u(0,-) = ug.

By proceeding as in previous exercises, show that problem (3) admits a unique solution. Give the
explicit expression of this solution in terms of the given data.

EXERCICE 4. Domain with boundary
Let ¢ € R, ug € C'(R). Consider the equation

() {8tu +copu =0, (t,x)€[0,+00[x[0,+o0],

u(0, ) = ug.

1. Set D. = {(t,x) E R xR : ¢ > 0,7 > min(ct,0)}. Show that there exists a unique u € C(D,)
solution of (4). Gives an explicit expression of u.

2. Deduce that equation (4) admits a unique solution u € C*([0, +-00[x[0, +-00[) if and only if ¢ < 0.
We now focus on the case ¢ > 0. Let g € C*(R).

3. Find a necessary and sufficient condition for the existence of u € C1(]0, +00[x [0, +-00[) satisfying
(4) and the additional condition u(t,0) = g(t), t > 0.

EXERCICE 5. Higher dimension
Let n € N*, v € R", ug € CY(R"), f € C}(R x R") and a € C*(R x R"). Consider the equation

(5) {atu +v-Voutalt,o)u= f(t,z), (t,z) €RxR,

u(0,-) = ug.

By using the same strategy as in the previous exercises, show that the problem (5) admits a unique
C! solution. Give the explicit expression of this solution in terms of the given data.

EXERCICE 6. Homogeneous system

In this exercise, let us consider the resolution of a system of mono-dimensional transport equations
with constant coefficients of the form

(6)

QU + A0, U =0, (t,z) € Ry xR,
U(0,") = Us.

where U is the unknown function taking values in R? and A is a 2 x 2 matrix with constant
coefficients. Assume that the initial condition Uy is continuous and bounded on R.

1. Further assume that A is diagonalizable with real eigenvalues, and write A = P~!DP with
D = diag(A1, A2) and P an invertible matrix. Show that problem (6) admits a unique solution
U. Give the explicit expression of this solution in terms of Uy, P and the \;’s.

2. Show that in the previous case, there exists a constant C' > 0, depending on A, such that

U]l ooy xr) < Cl|Uol| oo (r)-



3. Assume now that A is real symmetric and that Uy has compact support. Prove that for every
t > 0, the solution U(t, -) of the problem (6) also has compact support K(¢) and satisfies

1U(t, )2y = 1UollL2(w)-

4. We would like to understand what happens in the case of a non-diagonalizable matrix. From
now on, the function Uy is assumed to be bounded and C? with bounded derivative.

11
=)

give the explicit expression of the solution of problem (6) in terms of Uy. Is the solution U
bounded on Ry x R 7 Prove the following local-in-time estimate

a. In the case where

(7) VT >0, 3Cr >0, |[U||g~(o1xr) < O (|Uoll Loy + 1Ugll Lo (R))-

A:(? —01>.

Show that, for all n > 1, the function U,, defined by

Un(t, z) = e ( sin(na) ) ,

— cos(nx)

b. Consider the case where

is solution to the system (6) for a well chosen initial condition Uy. Deduce that an inequality
of the same type as (7) cannot be true in this case.

EXERCICE 7. Square non-linearity
Let ¢ € R and ug € C'(R,R) be a bounded function. Let us study the following non-linear equation

(8) {@u(t,:v) + cpult,z) —u(t,z)> =0, (t,z) e RL xR,

u(0, ) = ug.

1. For this question, suppose that g is non-positive. Show that problem (8) admits a unique C*
solution defined on Ry x R. Give the explicit expression of this solution using the given data.

2. For this question, suppose that ug is non-negative (and non identically zero). This time, show
that the problem (8) admits a unique C! solution defined on a domain containing [0,7*) x R,
for some value of T*. Give the maximal value of T based on the given data.

3. Redo the two previous questions in the case where the velocity field ¢ is no longer constant but
a bounded and C?! function (¢,x) + c(t,z). What can we say on the existence of T*?
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EXERCICE 1. Homogeneous equation

Let ¢ = ¢(t,x) be a continuously differentiable function on R x R. Consider the equation

(1) Owu(t,z) + c(t,x)0zu(t,z) =0, (t,z) € RxR.

Assume that u € C'(R x R) is a solution of (1). Show that if the function X € C'(R x R, R) is
solution of a certain ODE (with respect to t), then independently of the initial condition, we have

d
V(t,y) € R xR, &u(t,X(t, y)) =0.

Compare this to the change of variables that has been made in the case where ¢ was constant and
solve explicitly the equation (1) with initial condition u(0,-) = ug € C*(R) when c(t,z) =t — x.

EXERCICE 2. Higher-dimensional equation
Let n € N*, v € C1(R x R",R"), uy € CL(R"), f € C}(R x R") and a € C}(R x R"). In addition,

assume that v is bounded. Consider the following equation

2) {@u +o(t,z) - Vyu+a(t,z)u= f(t,z), (t,x) € R xR",

u(0,+) = ug.

1. Let (to,y0) € R x R™. Consider the ODE

d
(3) aX(t7thy0) = U(t’ X(t7t07 yo))’ X(to’ tO,yO) = Yo

a. Show that (3) admits a unique solution X which is well-defined on R.
b. Show that X is a continuously differentiable function on R x R x R".
c. Show that for every yo € R" and t1,t2,t3 € R, we have

X (t1,t2, X (ta2, t3,90)) = X (t1,t3,%0)-
d. By differentiating with respect to ¢ the equality
X(s,t,X(t, s,x)) =z,
show that for all (¢,%9,70) € R x R x R™, we have
Ao X (t, 0, yo) + dX (L, 2o, ) (y0) - v(to, yo) = 0.

2. Assume that wu is a solution of (2). For (tg,z¢) € R x R™, compute

d
&U(t, X(t7 tOv [BO))



3. Show that the problem (2) admits a unique solution u € C*(R x R™) given by
t
u(t,x) = exp < - / a(s, X (s,t,)) ds> uo(X(0,¢,2))
0
t t
+/ f(s,X(s,t,m)) exp ( - / a(r,X(r,t,x)) dr> ds.
0 s

EXERCICE 3. Domain with boundary
Let v € C1(R x [0,1]) such that for t € R, we have

v(t,0) =v(t,1) =0.

Let up be a continuously differentiable function on [0, 1]. Consider the problem

(4)

{atu(t,x) ot 2)0ult,z) =0,  (t,z) R x[0,1],
u(0, ) = up.

1. Let (to,x0) € R x [0,1]. Consider the maximal solution X (-, %, zo) of the ODE (3), just like in
the previous exercise. Show that X is well-defined on R and takes its values in [0, 1].

2. Show that the problem (4) admits a unique solution u € C'(R x [0,1]). Give the explicit
expression of the solution in terms of X and wyg.

EXERCICE 4. Conservation law
Consider the following non-linear equation

5) {atu(t, )+ 0p(Fu(t,x))) =0, (t,7)€R: xR,

u(0, ) = ug.
where ug : R =& R and F': R — R are two given functions. Suppose that F' is twice continuously
differentiable on R.

1. Suppose u is a C* solution. Define the characteristic curves X (-,z) for all z € R as

X (t,x) = F'(u(t,X(t,z))), t>0,
X(0,2) = x.

Give an expression of u(t, X (¢,x)) and X (¢, z) in terms of wy.
2. In the following, assume that ug is C', bounded and with bounded derivative on R. Define T*
as
+00 if F'(up) is non-decreasing,
T = 1
infg 45 (F'(u0))
Draw the characteristic curves on the plan (z,t) in both cases, and give a geometric interpretation
of T,
3. Show that there exists Y € C1([0, T*[xR) such that for every t € [0,T*[, x € R and y € R,

otherwise.

y=X(t,x) <= z=Y(t,v).

4. Show that there exists a unique solution u € C1([0, T*[xR) to the problem (5).
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Preamble In the following, ¢ stands for a continuously differentiable and bounded function on
R x R. Recall that, in this case, we can define for all (¢g,z¢) € R x R the function t — X (¢, ¢y, zo)
as the global solution of the ODE

WX (t,to,x) = c(t, X (t,to,x)), X(to,to, ) = 2.

Additionally, the function (¢,to, x) — X (t, to, z) is continuously differentiable on R x R x R. Finally,
we have that the function t — 9, X (¢,t0, ) is also continuously differentiable and satisfies

O (0, X)(t, to, ) = Ope(t, X (t,to, )0 X (t, to, ).

Let ug € Ll _(R). Recall that u € L (R4 x R) is a weak solution of the problem

(1)

{Gtu( o) +c(t,x)0u(t,z) =0, (t,z) € R xR,
(0,-) = uo

if, for every ¢ € C}(R x R), we have

Ry xR R
EXERCICE 1. Constant velocity
Let us consider ¢ € R.

1. Let f be a measurable and non-negative function defined on R. Show that for all A > 0, we have

/[O,A}fo(x_Ct )dadt = /f

2. Let ug, %o : R — R be two measurable functions. Define the functions u,% : RT x R — R by
u(t,x) = up(z — ct), u(t,z) = up(z — ct), for all (t,x) € Ry x R. Suppose that ug and g are
equal almost everywhere on R. Show that u and u are also equal almost everywhere on Ry x R.

3. Suppose that ug is locally integrable on R. Show that « is also locally integrable on Ry x R.

4. Deduce that the map that sends ug € Ll _(R) to the function u € L} (R4 xR), where u : (¢t,z) €
Ry X R = ug(x — ct), is well defined.

5. Show that a function u as such is a weak solution of d;u + cO,u = 0.

EXERCICE 2. Composition by the flow
We keep the notations of the preamble.

1. Show that for all t € R, y — X(¢,0,y) is an increasing function on R. Give the range of this
function.



2. Let f be a positive and measurable function on R. Show that for all ¢t € R,

/ FX(0,t,2)) da = / F()0:X (.0, ) dy.
R R

Deduce that for all A > 0, we have
| rxOnmdas= [ )oX (0. dedy.
[0,A]xR [0,A]xR
3. Prove that the map that sends ug to u : (¢,2) — up(X(0,¢,2)) is well defined as a map from
L} (R) to L} (Ry x R).

loc

EXERCICE 3. Non-constant velocity
With the same notations as in the preamble, let ug € Ll (R) and ¢ € C}(R x R).
1. Show that for all compact set K C Ry x R, the set

{(t,y) eRy xR: (£, X(t,0,y)) € K}

is a compact set in R} x R.
2. Show the equality (start by proving that each side is well-defined):

/ uo(X(0,t,x))0pp(t,z)dt dz = / uo(y)Orp(t, X (t,0,y))0. X (t,0,y) dt dy.
Ry xR Ry xR
3. Show the equality (start again by proving that each side is well-defined):
/ uO(X(O’ta 1‘))3:1:(0@(75@) dt dl‘ = / uo(y)ax(cgo)(t,X(t,O,y))@xX(t,O,y) dt dy
R+ xR R+ xR
4. Deduce that

/ uo(X(O,t,fc))(ﬁtw@x(cw))(t,x)dtdx2/ uo(y)0:(p(t, X (¢,0,9))) 02X (¢, 0, y) dt dy
R4y xR R4 xR

+/ uo(y)e(t, X(¢,0,9))0xc(t, X(t,0,y))0: X (¢,0,y) dt dy.
R+XR

5. Conclude that (¢,z) — uo(X(0,¢,)) is a weak solution to the problem (1).

EXERCICE 4. Inhomogeneous equation
Let ¢ > 0 and ¥ € CL(]0, +0o[xR). Define the function

o(t,r) = — o Y(s,z+c(s—1t))ds, (t,z) e RxR.
t

. Show that » € C1(R x R).
. Show that on Ry x R, we have

N =

Opp + cOpp = .

3. Prove the existence of a function § € C!(R) such that the function ¢ : (t,x) — 0(t)p(t,z)
belongs to the space C}(R x R) and satisfies on R} x R that

81%95 =+ Cam& = 1.

4. Show that the problem (1) has at most one weak solution when c(t,x) = c.
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EXERCICE 1. Lack of coercivity in C!

Let
X ={ueC'([-1,1]) s u(-1) = u(1) = 0},

endowed with its usual norm. Define on X the following functional
1 1
E(u) = / || dz, ue€ X.

Show that there exists a sequence (uy,), in X of the form

1
up(x) = ﬁw(nm),

with a well-chosen ¢, such that the sequence (E(uy,))y is bounded but ||u,||x — 400 as n — +o0.

EXERCICE 2. Lack of completeness
1. Find a Cauchy sequence in (C°([—1,1]), |- ||z2) that does not converge to a continuous function.

2. Show that the sequence (uy),>1 defined by

1
up(z) = (/2?2 + o

is a Cauchy sequence that does not converge in (C1([—1,1]), | - [|z1)-

EXERCICE 3. Ezamples of functions in H'
1. Let f € L?(0,1). Define the function F : [0,1] — R by

F(:c):/oxf(t)dt, z €[0,1].

Show that F is in H'(0,1). What is the weak derivative of F ?
2. Conversely, if F is a function in H'(0, 1), show that there exists f € L?(0,1) and ¢ € R such
that for almost all x € [0, 1],

F(z) = c—l—/om f(t)de.

Hint: Recall that if a function h € H'(0,1) has a weak derivative that is zero everywhere, then
there exists ¢ € R such that h = ¢ almost everywhere.

3. Let ¢g: [0,1] — R be a continuous function and piecewise continuously differentiable. Show that
g belongs to H'(0,1).



EXERCICE 4. CY is dense in H*

1. Let (fu)n be a sequence of functions in H'(0,1). Suppose that (f,), converges in L?(0,1) to
a function f € L2(0,1) while (f’), converges in L?(0,1) to a function g € L?(0,1). Show that
f € HY(0,1) and that f' = g.

2. Recall that the space C°([0,1]) is dense in L?(0,1). Prove that C*(]0,1]) is dense in H'(0,1).

EXERCICE 5. Differentiation of a product

Let I be an open and bounded interval of R. Show that the product of two functions u,v € H'(I)
is an element of H'(I) and, furthermore, that we have the following identity (in the weak sense)

(uv)’ = u'v + uv'.

In particular, we have an integration by parts formula in the weak sense for every segment [a,b] C I,

/ab uw'vdz = (w)(b) — (wv)(a) / ! da.

EXERCICE 6. Differentiation of compositions

Let I be an open and bounded interval of R. Show that if F € C'(R,R) and u € H'(I), then Fou
is also an element of H!(I) and that we have almost everywhere

(Fou) = (F'ou)u'.

EXERCICE 7. Poincaré inequalities
In the beginning of this exercise, we will be working on an interval I = [0, L] with L > 0.

1. We wish to prove the following Poincaré inequality
1 L /
(1) Vu € Ho(I), |lullzzm) < %HU z2(1)-

a. Show that if we can prove (1) for functions u € C2°(]0, L[), then we get the expected result.
b. Prove inequality (1) for functions in C£°(]0, L[) by using Fourier series.

c. Show that the constant L/7 is optimal, meaning that it is the smallest constant for which
inequality (1) is satisfied.

2. Let us introduce the following functional space

H(I) = {u c H(I): /OL u(z) dr = 0}.

By proceeding in a similar way as in the previous question, show that the following Poincaré
inequality is also satisfied

L
VYu € Hyy (1), ullzzy < oI llze),

where the constant L/27 is optimal. Deduce that u € Hp, (I) — [[u/|| 12y is a norm on Hy, (1)
that is equivalent to || - || 17y

3. Does the following Poincaré inequality hold ?

de > O,VU € HI(R), Hu||L2(R) S CHU,HLQ(R)'
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EXERCICE 1. Reuvisiting Neumann’s problem
Let I =]0,1] and f € L?(I) with zero mean, i.e. f01 fdz=0.
1. Let us consider the bilinear form a and the linear form L respectively defined on H'(I) by

(1) a(u,v) :/Olulv’dx—i— (/Oludx)(/olvdx>, u,v € H(I),

and

1
L(U):/O fodz, ve HYI).

a. Prove that for all u € H(I), we have

/01 u(ac)—/olu

b. Prove that the Lax-Milgram theorem can be applied to show that the unique solution of the
corresponding variational formulation solves the following Neumann problem

2 1
de/ o' (x)? d.
0

—u’(z) = f(z), =xe€l,
o' (0) = /(1) =0,
Oludx =0,

2. Let a € R be arbitrary. We still consider the bilinear form a given by (1), but we redefine the
linear form L on H'(I) as follows

1
L(v) = /0 fodz +a(v(0) —v(1), ve HY(I).

Show that the Lax-Milgram theorem can also be applied in this case and identify the boundary
value problem satisfied by the solution u of the corresponding variational formulation.

EXERCICE 2. A new boundary condition

Let I =]0,1[, f € L*(I) and A > 0. Let us consider the bilinear form a and the linear L respectively
defined on H'(I) by

a(u,v) = /0 w'v' dz + Au(0)v(0) + Mu(1)v(1), wu,v € HY(I),

and )
L(v):/fvdzzj, ve HYI).
0

Show that the Lax-Milgram theorem can be applied in this context and determine the boundary
value problem that is satisfied by the solution u of the corresponding variational formulation.



EXERCICE 3. Non-homogeneous Dirichlet conditions
Let I =]0,1[, f € C°([0,1]) and k € C°([0,1]) such that min,ep ) k(z) > 0. Let ug,u; € R. We
want to solve the following problem

(Puguy) {—(ku’)’ ¢ onl,

u(0) = ug, u(l) = u;.

1. Prove that there exists r € C*°([0, 1]) such that r(0) = up and r(1) = uy.
2. Show that the problem (P, ,,) is equivalent to the following one:

Qo) {;((kv’)’ =f+ k"), onl,

0) =0, v(1) =0.
3. Prove the existence of a unique solution u in H'(I) to the variational formulation of (P, ., ).

EXERCICE 4. Sturm problem with energy
Let I =]0,1[ and ¢, f be two continuous functions on I. Consider the following problem:

(2) {—u// +q(z)u = f(z), x€]0,1],

u(0) =u(1) =0.

1. Show that if g(x) = —72, then the problem is not well-posed in the following sense :

a. There are some functions f for which (2) has no solution in C?([0, 1]),

b. For f =0, there exist some non-zero solutions u of the problem (2).

In other words, the problem (2) does not always have solutions, and if they exist, they are not
necessarily unique.

2. From now on, we will assume that the function g satisfies
inf ¢ > —72.
T4 m

Give a variational formulation of the problem (2) on H}(I). Give an expression of an “energy"
function u — FE(u) for which a solution of (2), when it exists, would be a minimizer. Show that
this functional F is of class C? for the topology of H{ ().

3. Show that E is bounded from below on the space H}(I), and then deduce the existence of a
minimizing sequence (uy )n.

4. Prove that this minimizing sequence is Cauchy in H}(I) and deduce the existence of a unique
u € H}(I) such that

E(u)= inf E(v)> —o0.
veHI(I)

5. Show that the obtained function w is solution to the variational formulation problem, and then
prove that it is also a weak solution of (2). Moreover, prove that u is in fact an element of
C?(I) N CY(I) and therefore a solution to problem (2) in the classical sense.

6. Which step(s) of the proof will not work if g(x) = —m2 ?



EXERCICE 5. Second order equation
Let I =]0,1[ and f € L?([0,1]). Solve the following problem in H{(I)

—u" +u' =f onl,
u(0) =u(l) =0.

Hint: introduce on the space H}(I) the following bilinear form

1 1
a(u,v):/ u’v'+/ u'v, wu,ve Hi(I),
0 0

and prove that fol u'u = 0.

EXERCICE 6. An example of a non-linear boundary value problem

Define I =]0,1]. In this exercise, we will try to solve the following problem

—u" 4+ P =f, onl,
(3) {

u(0) = u(l) =0,

where f: I — R is a continuous function and A > 0 a positive real parameter.
1. Uniqueness : Let u; and us be two C? functions that solve the problem (3). Prove that we have

1 1
/ luf — uh|? do + /\/ (u} — u3)(uy — ug)dz = 0.
0 0

Deduce that necessarily, u; = us.
2. Variational formulation and existence of solutions

a. Prove the following inequality

+ =

a+\*t at v
beR < —
Va,b € R, ( ) <5 5

b. Show that every possible solution u € C?([0, 1]) of problem (3) satisfies the following property

1 1 1
(4) Vo € Hi(I), / u'v'dx—}—)\/ u3vdx:/ fvdex.
0 0 0
Now, we consider the following problem
(P) Find u € Hy (1) satisfying (4).

c. Why can’t we use the Lax-Milgram theorem to solve problem (P) ?
d. For all v € H& (I), we introduce the following energy function

L[t A ' 1
E(v):§ ; [v'] da:—}—z ; |v|* dz — ; fvdz, wve Hy(I).

Briefly explain why all the terms are well-defined.
e. Prove that FE is bounded from below on Hg ().



f. Justify the existence of a minimizing sequence of E in H}(I). Let (up), C Hg(I) be such a
sequence. By considering E((u,, + un+p)/2), prove the following inequality

1 1 1 .
Vn,p = 0, gHU% — Uppllie < o Elun) + 5 E(untp) — vlefgé E(v).
Deduce that (uy), is a Cauchy sequence in H}(I).
g. Conclude on the existence of a function u € H}(I) such that

E(u)= inf E(v).
vEHI(I)

h. Let v € H}(I) arbitrary. By studying the function ¢t € R + FE(u + tv) € R, prove that the
previously obtained function u is solution to problem (7).

i. Prove that «/ € H'(I) and compute u”. Deduce that u’ is continuous and then that u” is
also continuous. Finally, conclude that u is the unique C? solution of problem (3).

EXERCICE 7. Generalities on the Galerkin methods

Let I =]0,1[ and consider k¥ € L>(I) and f € L?(I). Suppose that there exists o > 0 such that
inf; k > a. Endow the space H{(I) with the norm ||UHH3(I) = ||| 21y and consider the problem

1. Write the corresponding variational formulation.
2. Prove the existence of a unique solution u € H}(I) to the variational formulation.

3. Let (Vi,)n be a sequence of finite dimensional subspaces of H}(I). Prove the existence of a unique
solution u,, € V,, of

(FV,) Y, € Vi, /Ik(x)u%(:z)v;(x) dz = /If(a:)vn(m) dz.

4. Prove that the solution u of the variational formulation from question 1 and the solution wu,, of
(F'V,,) satisty the following estimate

[l
—d(u, V),
e d(u,V2)

A, Vi) <l — wall gy <

where d(u, V,,) = inf,ecy, |lu — UHH(}'



