QUASIPOSITIVITY TEST VIA UNITARY
REPRESENTATIONS OF BRAID GROUPS AND ITS
APPLICATIONS TO REAL ALGEBRAIC CURVES

S.Yu. OREVKOV

1. INTRODUCTION

Let By, = (01,...,0m-1|0j0j410j = 0j4100j41, 00k = oyoj for |j — k| > 1).
We call m-braids or braids the elements of B,,. An m-braid b is called quasipositive
if b= H§:1 ajola;1 for some a; € By,.

In a series of previouse papers [12-16] we exploited the observation that the
quasipositivity of a certain braid provides a necessary condition for the reailizability
of a given isotopy type by a plane real algebraic curve of a given degree. As a test
for the quasipositivity we used Murasugi-Tristram signature inequality, elementary
argumets based on linking numbers, or Garside normal form for braid with three
strings. Here we propose a new simple test for the quasipositivity and give an
example when it gives some new restrictions for real algebraic curves of 7th degree
— Theorem 2.3 (see Section 2).

The test is based on the following elementary observation. Suppose we are
interested if a given braid b is quasipositive. If it is then the number k& of the factors
in any quasipositive presentation is just the image of b under the abelianization
B,, — Z. Let p : B,,, — SU(n) be any unitary representation. Then the matrix
p(b) is a product of k matrices each of which is conjugated to p(o1). A neseccary
and sufficient condition for a given matrix to be presented as a product of matrices
from given conjugacy classes was obtained by Agnihotri and Woodward [1] (see
Section 4).

In fact, to prove Theorem 2.3, we need two refinements of this idea: we work
with a mixed braid group (see Sections 3 and 5.2) and we reduce the number of
strings using the following result.

Theorem 1.4. Let b’ € By,t1 be obtained from b € By, by a positive Markov move
(i.e. b = boy, after the identification of By, with the subgroup of Bpy+1 generated
by o1,...,0m—1). If b' is quasipositive then b is also quasipositive.

This theorem was proved in [17]. The proof is based on the results of Gromov
[9] about pseudo holomorphic curves.

In the proof of Theorem 2.3 we show that certain three 4-braids are not quasi-
positive in the mixed braid group B3 ;. However, to complete the classification of
complex M-schemes of degree 7 (see Section 2), one needs to prove that two more
braids are not quasipositive in B3 ;.

Typeset by ApS-TEX
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In Appendix we construct a one-parameter deformation the Birman-Wenzl rep-
resentation [4] of Bs; and show that it is unitarizable for some values of its pa-
rameters. Unfortunately, these representations did not help us to prove that the
remaining two braids are not quasipositive.

I am grateful to A. Stoimenov and M. Finkelberg for useful discussions.

2. STATEMENT OF THE RESULTS ON 7-TH DEGREE COMPLEX M -SCHEMES

2.1. Complex schemes of real algebraic M-curves of degree 7. A real
algebraic non-singular curve A in RP? is called an M -curve if the set of its real
points RA has the maximal possible number of connected components (rm—1)(rm —
2)/2 + 1 where m is the degree of A. The complexification of an M-curve A is
divided by RA into 2 halves. Each half induces the boundary orientation on RA
which is called the complex orientation. Suppose deg A is odd. An oval O of RA is
called positive if [O] = —2[J] € H,(RP? \ Int O) where .J is the odd branch of RA,
otherwise O is called negative.

The real scheme of A is the isotopy type of (RP? RA), the complex scheme of A
is the isotopy type of (RP2, R A) where RA is considered together with the complex
orientation. We shall use the notation of real and complex schemes proposed by
Viro (see [20]). For instance,

(JUByUB_ UlfayUa )y, e=4, (1)

denotes the complex scheme in Figure 1. It consists of the odd branch J, an oval O
(the non-empty oval) which is positive for € = + and negative for € = —, there are
a4 positive and a_ negative ovals inside O (interior ovals), and Sy positive and
B— negative ovals outside O (exterior ovals).

©[9

Fig. 1 Fig. 2

The classification up to isotopy of non-singular real curves of degree 7 was
obtained by Viro [19]. The complete list of all realizable real schemes is (J),
(JUL(L(1))), and (JU B L 1{a)) where a+§ < 14, a < 14. Here we study complex
M-schemes of degree 7. All they are of the form (1) with ey +a_ + 8+ + - = 14,
oy +a_ < 14 but not every such a scheme is realizable. The first restriction follows
from the Rokhlin—-Mishachev formula for complex orientations:

(B —B)+(1-2)(as —a ) +c=3. 2)
Combining (2) with the orientation alternating rule, T. Fiedler [5] proved that

e= (-1 and ay—a_=(1-3¢)/2 (with a jump)
oy —a_| <1 (without jump)

(3)
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where a curve of degree 7 is said to have a jump if it contains 5 ovals arranged as
in Figure 2. Another formula for complex orientations [12; Sect. 1.5] yields

B+—B,=a,—a+=1 lf €:+1 (4:)

Using the method proposed in [12], we prove in Section 6.1 the following

Theorem 2.1. a). The following complex schemes are not realizable by real alge-
braic M -curves of degree 7:

(JU@O—k)+ UB—Fk)— Ul _(krU(kE+1)_)), 0<k<3, (5)

(JUO—k);uB—k)_ Ul (ke Uk.)), k=1, 3,4,5, (6)

b). Suppose that the complex scheme
(JUTLU3_U1_(2,U122)) (7)

(i.e. the scheme (6) with k = 2) is realizable by a real algebraic curve A. Then there
exists a point p € RP? such that RA is arranged as in Figure 3. (This arrangement
is considered up to isotopies {hi}cj0,1] of RP? such that any hy(RA) meets any
line through p at <7 points). Moreover, (f1, B2, 33) is one of

(7,1,1), (3,5,1), (1,5,3), (1,3,5), (1,1,7). (8)

Fic. 3

Together with the prohibition [16] of (9) for k = 5, restrictions (2) — (4), and the
constructions in [10,21,16,18], Theorem 2.1(a) shows that (7) is the only complex
M -scheme of degree 7 whose realizability is open. Namely, one has
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Corollary 2.2. a). All complex schemes realizable by real algebraic M -curves of
degree 7 without jump are {J 94 LI6_),

(JU(T—K)pU6-k)_UL (k+1)pUk)), 0<k<6 k#5 (9)

(JU(T— k)3 U (6= k)— U1 (ky U (k+1)_)), 0<k<6, (10)

and, maybe, (7).
b). All complex schemes realizable by real algebraic M -curves of degree 7 with a
gump are (10) for 1 <k <5 and

(JUGB—-k) ;U (T—k)_ Ul ((k+2)L Uk.)), 0<k<5. (11)

As an example of application of the methods based on unitary representations
of braid groups we prove in Section 6.3 the following

Theorem 2.3. Under the hypothesis of Theorem 2.1(b), (81, B2, B3) is either (7,1,1)
or (1,1,7).

Remark 2.4. Earlier and independently, S. Fiedler-LeTouzé [6] prohibited complex
schemes (5) for £ = 1,2,3 and (6) for £ = 5 (as well as five complex schemes
excluded by (4)) using auxiliary pencils of cubics.

Remark 2.5. The complex schemes (5) for k = 0, (6) for £k = 1, and (9) for k = 5,
were prohibited in [15,16]. We claimed erroneousely in [16] that these prohibitions
together with those from [6] completed the classification.

2.2. Complex schemes of real pseudo-holomorphic M-curves of degree
7. We say that a Riemann surface C, embedded (or immersed) in CP?, is a real
pseudo-holomorphic curve if C' is a J-holomorphic curve in some tame almost com-
plex structure J (see [9]) such that Conj(C) = C and Conj, oJ = J ! o Conj, :
T, — Ty for all z € CP? (here Conj : CP? — CP? denotes complex conjugation
x + T). The degree of a pseudo-holomorphic curve C' is the number m such that
C ~mL in Hy(CP?) where L is a line.

Real pseudo-holomorphic curves are flexible curves in the sense of Viro [20], hence
they satisfy all topological restrictions: Harnack inequality (hence, one can define
pseudo-holomorphic M -curves), Petrovsky inequality, Gudkov-Arnold-Rokhlin con-
gruence, complex orientations formula etc. Due to a result of Gromov [9], there
exists a unique pseudo-holomorphic line (resp. conic) through any two (resp. five)
generic points in CP?. If the points are real then the uniqueness implies that the
line (conic) is real because otherwise the conjugate would be another line (conic).
Thus, all the arguments which use auxiliary lines, conics, and pencils of lines still
work in pseudo-holomorphic context.

In particular, everything in Section 2.1 before Theorem 2.1 is valid for real
pseudo-holomorphic curves. Theorems 2.1 and 2.3, (and hence, Corollary 2.2) also
are valid for real pseudo-holomorphic curves.

Theorem 2.1'. a). Complex schemes (5) and (6) are not realizable by by real
pseudo-holomorphic M -curves of degree 7.

b). Suppose that the complex scheme (6) with k = 2 is realizable by a real pseudo-
holomorphic curve A. Then there exists a point p € RP? such that RA is arranged
as in Figure 3 where (81,2, B83) is one of (8).
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Corollary 2.2'. a). All complex schemes realizable by real pseudo-holomorphic
M -curves of degree 7 without jump are {J L9+ LU6_), (9), (10), and, maybe, (7).

b). All complex schemes realizable by real pseudo-holomorphic M -curves of de-
gree T with a jump are (10) for 1 <k <5 and (11).

Theorem 2.3'. Under the hypothesis of Theorem 2.1'(b), (B1,02,08s) is either
(7,1,1) or (1,1, 7).

We prove Theorems 2.1" and 2.3' in Section 6. Theorems 2.1 and 2.3 are imme-
diate consequences from Theorems 2.1' and 2.3'.

3. MIXED BRAID GROUPS AND THEIR UNITARY REPRESENTATIONS

For reader’s convenience we give in this section some facts about unitary Burau
representations which we use below. We do not pretend that some results in this
section are new.

3.1. Mixed braid group. Denote by ¢ : B,,, = S,,, the standard homomorphism
to the symmetric group which takes o; into the transposition (j,j 4+ 1). Let us fix
a partition m = my + --- + mp, mg > 0 and set so = 0, s, = my + --- + my,
k = 1,...,h. Define the mized braid group B, .. m, as the set of all b € By,
such that the sets {sg—1 + 1,...,s%}, k = 1,..., h, are invariant under p(b). In
particular, By, . 1 is the pure braid group.

Put mp; = Hé’:k 0j, .. Mg = Ok, Mgl = OkOk41 ---0] for k < I, and T =
OkOk_1-..07 for k> 1.

Using the induction by h, it is easy to check that B,,, ... m, is generated by the
following m — h + h(h — 1)/2 elements of B,,:

Oj, jed{l,...,m—=1}\{s1,...,sn-1}
Wsk,slﬂ'sl,ska 1 §k§l<h
In particular, By, m—n, is generated by o1,...,0p—1, Ont1,---,0m—1, and o2.
Remark. One can show that By ; can be defined by generators oi,...,0m-1,T

(where 7 corresponds to ¢2,) and relations ojoj110; = 04100541 (j < n—1),
Op—1TOp-1T = TOp_1T0Op—1, 00k =005 (j+1<k<n),o;7=710; (j <n-1).
Thus, B, is the generalised braid group associated to the system of roots C,.
This is the group whose representations we use in the proof of Theorem 2.3'.

3.2. Mixed braid groupoid. Recall that a groupoid G is a category all whose
morphisms are invertible. We shall consider any group as a groupoid with a single
object. Homomorphisms of groupoids are defined as covariant functors. A repre-
sentation (over a ring R) of a groupoid G is a functor to the category of R-modules;
a representation in an R-module V is a homomorphism G — Aut(V).

Let us fix a partition m = my+- - -+mp, mg > 0 and independent indeterminates
t1,...,tn. Let us define the mized braid groupoid (or the groupoid of colored braids)
§m17,,,,mh [t1,...,tn] (or just §m17,,,,mh). The objects are all m-tuples (¢;,,...,t;,,)
such that each t; appears my times. The morphisms are braids with m strings
whose strings are labeled by t1,...,t, in such a way that each t; appears my, times
(admissible labelings). The source (resp. destination) object of such a morphism is
the m-tuple of the labels ordered according to the beginnings (resp. ends) of the
strings.
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Example. The objects of 3271 are (t1,t1,t2), (t1,t2,t1), and (t2,t1,t1). A mor-
phism from (¢, t1,2) to (t1,t2,t1) is shown in Figure 5.

T~ 0
t2 S~ 1

FiGc. 5

The mixed braid groupoid is generated by the standard generators o1,...,0,,-1
of the braid group supplied with all admissible labelings. The defining relations
are all the defining relations of the braid group (¢ = o0o; for |k — j| > 1 and
OkOk+10k = Ok+10k0k+1) also supplied with all admissible labelings.

3.3. Burau representation of a mixed braid groupoid. Now we define the
Burau representation p : By, my[t1,- -, tn] = GLy(R) where R is the ring of
Laurent polynomials Q[ty, ... ,th,tl_l, ces ,t;l]. It is sufficient to define p on the
standart generators and then to check the relations. Consider a standard generator
ok with a labelling (¢;,,...,t;,.) on the beginnings of the strings (and hence, with

(tjrs-- st tins---» tj,) on the ends). We associate to it the matrix
I 4 0 0 0
0 1—4%5, tj., 0
0 1 0 0
0 0 0 Im—k—l

where I, denotes the identity n x n matrix. The relations (see Figure 6) are:

Fia. 6
l1—-a b 0 1 0 1-b ¢ O l1—a c—ac bc
1 0 0 0 1-a c 1 0 0OJ=1]1-b c 0
0 01 0 1 0 0 0 1 1 0 0
1 0 0 l1—-a ¢ O 1 0 0
=10 1-b ¢ 1 0 0 0 1—a b
0 1 0 0 0 1 0 1 0

Remark. In essential, this representation was defined in [8; Section 6]. For any
b € By, counsider its image T under the standard embedding B, — Aut(F,)
where Fy, is the free group (x1,...,%;). Then the Burau matrix of b is the image
of the matrix of Fox derivatives ||0T (z;)/0x;|| under the replacements xy — tj,
(instead of z, + t used by Fox [8] in his interpretation of the Burau representation).
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3.4. Reduced Burau representation of a mixed braid group. It is clear
that By, ... m, coincides with the automorphism group of the object (¢;,,.-.,t;,.)
of By,,,....m, Where

Giyeoogm)=(1,...,1,2,...,2, ..., h,...,h) (12)

Hence, the Burau representation of Bml ....,my, induces a representation p : By, ... m,,
— G L, (R) which is also called the Burau representation. For the pure braid group
Bi,...1, this is the Gassner representation.

This representation is reducible. To extract a non-trivial irreducible factor, we
set p1(b) = A 1p(b)A where A is the m x m matrix ||a;|| whose the only non-
zero entries are a;; = tj,, aj+1,; = —1 (here ji,...,jn are as in (12)). Then one
can delete the last row and column, and the obtained representation is called the
reduced Burau representation of the mixed braid group.

The images of the generators of By, ....m, (see Section 3.1) are (m —1) x (m —1)
matrices obtained by deleting the first and the last rows and columns from the
following (m + 1) x (m + 1) matrices:

I.., 0 0 0 0
0O 1 0 0 0
O'k’p—]) 0 1 _t]k tjk 0 y k;’éSl,...,Sh_l;
0 0 O 1 0
0O 0 O 0 In—k
Iy 1 0 0 0 0 0
0 1 0 0 0 0
0 1-— Ay41 tau+1 0 (]. - t)au+1 0
o o 0 1—a, tlay—1) (1 —t)ay 0
Sk,S11Vs1,8k . . .
: : : tl, : :
0 1-— ap t(a1 — ].) (]. — t)a1 0
0 0 0 0 1 0
0 0 0 0 0 In—si—1

where 1 < k <1 < h, t =t,, u =5 —s, and a1 = tj,, a2 = tjt;,_,, ...,
ayy1 = ti,tj,_, ... tj,_, for p=s;+ 1. In particular,

I,_i 0 0 0 0
0 1 0 0 0
Tsr,s0 Wsg 60 — ng &Y 0 1—tps1  tretrer  trer (1 —tg) 0
0 0 0 1 0
0 0 0 0 A
Proposition 3.1. Let e1,...,e,_1 be the base of R"™* (in which the matrices
p1(b) are written).
The eigenvalues of p1(oy) fork # si1,...,sp—1 are —t;, (the corresponding eigen-
vector is ex), 1,...,1.

The eigenvalues of py (ng) for k =1,...,h — 1 are tytgs1 (the corresponding
eigenvector is e, ), 1,...,1. O
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3.5. Invariant Hermitian form for the Burau representation. Let us intro-

duce new variables x1,...,xp such that x% = t. We shall construct an invariant

form which is anti-Hermitian with respect to the conjugation defined by zj — :U,;l.
Let j1,...,Jm be asin (12). Define

P2 Bmyoomy — GLm_l(Q[xl,...,xh, xfl,...,xgl])

as pa(b) = Dpi(b)D~! where D is the diagonal matrix with (zj,, z;,2j,, ...,
Zj, &j, - ..xj, _,) on the diagonal. Then the images of the generators are as follows
(again, we write (m + 1) x (rm + 1) matrices whose the first and the last rows and
columns should be deleted).

I, 0 0 0 0
0 1 0 0 0
Ok ig 0 Zj, —Cﬂjk Zj, 0 ) k 7& S1y+-38h—1; Tsp,s1Ts1,58 "3
0 0 0 1 0
0 0 0 0 Im—k
I, 1 0 0 0 0 0
0 1 0 0 0 0
0 61(1 — au+1) l‘ﬂ1au+1 0 (]. — t)au+1 0
0 B2(1 — ay,) B2 (ay — 1) (1 —t)ay 0
: : : tl, : :
0 Buprl—a1) @fuyi(ar —1) (1 —t)ay 0
0 0 0 0 1 0
0 0 0 0 0 L_s,—1
where 1 <k <I<h, x=xap,t =22 =1}, u=s5—5k; a1 =tj,,ax =tjtj ...,
Ay4+1 = tiptjp_1 .. 'tjp—u7 a1 — .Z'jp, Qy — ijxjp_l, ey Oyl = ijxjp_l ...ij_u
forp=s+1(e. a; = af )i Br =), Be =25, 25,15 v Butl =Tj,Tj, - Tj,,
for ¢ = s. In particular,
Isk—l 0 0 0 0
0 1 0 0 0
=a2 B o0 1—t tit 1—t 0
Tspsu Tsiysx = O, op(L—trp1) trtrpr Trpr (1 —tg)
0 0 0 1 0
0 0 0 0 L5 1

The invariant Hermitian form is defined by the (m — 1) x (m — 1)-matrix

tj; t; 1

it1 . .
Gi-D,,—n  Htk=i
Q = llgikll, g = —giny if k=i+1, n=max(k,i),
0 otherwise

For example, if m = 6, h = 3, (m1, ms, ms) = (2,3,1) then

e dl e 0 0 0
-2 e o a0 0
Q= 0 _tzzfl (Zt%) _tzzfl 0
0 0 _tffl (iitll) _tzfl
0 0 0 o tots—1

_tz——l (tz—l)(tg—l)
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For any B = p3(b), b € By, ... m,, onte has B*QB = ) where B* denotes the image
of the transpose of B under the automorphism of conjugation defined by xj — x;l,
k=1,...,h. Of course, it suffices to check this for the generators.

It is clear that Q* = —Q).

3.6. Unitary Burau representations B, . ., — U(m —1). If t1,...,%,
are complex numbers such that |t;] = 1, ¢t; # 1, j = 1,...,h then the above
representation preserves the Hermitian form Q). Now we shall study when Q) is
definite using Sylvester’s rule. Let Ag(Q) = 1, A1(Q), ..., Ap—1(Q) = det @ be the
sequence of principal minors of the matrix (). One can easily show by induction
that

titi,...t;, — 1
Ar1(Q) = /o , k=1,...,m.
(tj, = D(tj, = 1) ... (t; — 1)
Hence, the principal minors of the matrix i) are
21 i
At (iQ) = #1Ak1(Q) = ool o ) gy,

~ ok . :
2kImay, ... Imxj,

Set t; = exp(2mif;), 0 < 0; <lforj=1,...,h.

Proposition 3.2. Q) is positive definite if and only if 0;, +0;, +---+6; <1
iQ is negative definite if and only if (1 —6;,)+---+(1—-0;,) <1.

Proof. Since all Ag(iQ)’s are functions of ¢;’s, the fact that iQ) is definite does not
depend on the choice of signs of z;’s. Hence, we may assume that z; = exp(mif;).
Then all Imz; > 0, hence i() is positive definite if and only if

Im(zj, ...xj,) =sin (7(0;, +---+6;,)) >0 forall k. O

4. WHEN A MATRIX CAN BE WRITTEN AS A PRODUCT OF UNITARY MATRICES
WITH GIVEN EIGENVALUES (AFTER S. AGNIHOTRI AND C. WOODWARD)

A complete answer to the question from the title of this section is obtained in [1]
in terms of quantum Schubert calculus developed in [2, 3]. Ealier, the infinitesimal
analogue of this question (about a sum of Hermitian matrices) was answered by
Klyachko and Helmke-Rosenthal in terms of classical Schubert calculus. Here we
collect from [1, 2] all information needed to formulate the answer in a closed form
suitable for computations but we do not discuss the quantum cohomology nature
of the involved objects.

4.1. Quantum Schubert calculus. Fix positive integers k& and r, and set n =
k+r. Let q,04,...,01 be indeterminates,® with o; of degree i and ¢ of degree n.
We also set g = 1 and 0; = 0 for ¢ < 0 or ¢ > k. Define polynomials

Yin =Ym(01, .-, 0n) = det[|orgj—ill1<ij<m -
Let A = A(r,n) be the commutative algebra over Z[q] defined by

A= Z[q,Ul, . '7Uk]/(YT+1a tee 7Yn*17YTl + (_1)kq)

INo relation with the generators of the braid group.
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(this is the quantum cohomology ring of the Grassmanian G(r,n); see [2]).
Let A = A(r,n) = {(a1,...,a;) |k >a1 >--->a, >0}. For @ € A we define
the element oz € A by the formula

og = det ||oa,+j—ill1,<ij<r - (13)

In particular, o; = 0(;,...,0), S0 We may abbriviate o4, ... q;.0,..,0) 10 Oa;...a;-

The elements {oz}zc4 form a base of A as a Z[g]-module. For @ € A let |@| =
ay + - -+ + a,. The multiplication in A can be computed using the quantum Pieri
formula due to Bertrand [2]:

0z 0i =Y o5+q» 0z (14)
5 7

the first sum over b = (by,...,b,) € A with
Bl =lal+i and k>b >a;>-->b >a, >0
and the second sum over &= (cy,...,¢.) € A with
|g|:|d'|+i—n and a1 —1>¢i>a2—1>--->a,—1>¢. >0.

Given @,b € A, one can expand 07+ over the base {07}z 4 using (13) and (14).
Indeed, one replaces o by a polynomial in o1, ...,04 using (13) and then apply
successively (14). (One can also use a formula from [3] for the coefficient of oz in
0z -0 in terms of rim hooks of Young tableaux.) The quantum cohomology nature
of the multiplication ensures the fact (non-evident a priori) that all the coefficients
are non-negative.

Example 4.1. If k = r = 2 then 03, = 0910102 = (¢ + 092)02 = qo2 + qo1;1.
Example 4.2. If r = 1 then A = Z[o1], ¢ = 07, 0; = J{ forj=0,...,k.

4.2. Agnihotri-Woodward inequalities. Let the notation be as in Section 4.1.
For @ = (ai,...,a,) € Alet I(@) = {i1,...,ir} C{1,...,n} where i; =k +j —aq;
(it is clear that 0 <4 < iz < --- < i, <mn). Let

= { O A) ERM A > oo > A, A+ A =0, and A — A, < 1}

For any B € SU(n) there exist a unique vector A(B) = (A1(B),..., \u(B)) € t;
such that the eigenvalues of B are exp(2wi\i (B)),...,exp(2miA,(B)). This is a
bijection between conjugacy classes of SU(n) and points of t;.

Theorem 4.3. (Agnihotri-Woodward [1]). Let Bi,...,B; € SU(n). A matriz
B € SU(n) can be written in the form B = H;:1 AijA;1 for some Ay,..., A €
SU(n) if and only if for anyr =1,...,n—1, for any d1,...,d; € A(r,n), and for

any @ € A(r,n) such that q%cs appears in og, - ... 0z with a non-zero coefficient
one has
STOMNBYA+ DY NB)+-+ D XN(B) <d+ > N(B).  (15)
i€I(d1) i€l(d2) iel(ar) ieI(a)
Remark 4.4. It is clear that A(B™') = (=An(B), ..., =1 (B)). A symmetry of the
quantum multiplication implies that every inequality (15) written for B; Lo, B o

and B! coincides with a certain inequality of the same form (with n — 7 instead
of r) written for By, ..., B, and B (see [1]).
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Example 4.5. (See Example 4.2 and Remark 4.4). If n = 3 then (15) takes form

As—a, (B1) + -+ A3_q,(B) < A3_4(B) +d
Attar (B1) + 0+ + Mg, (Br) 2 Aiga(B) — d
forall 0 <ay,...,a; <2 where a,d are defined by a; +---+a; =3d+a,0 < a < 2.

Example 4.6. Let By € SU(3), A(B1) = (2\, —A, —A). A matrix B € SU(3) can
be written in the form B = H;%:1 AjBlAj_1 for some A;,...,A4 € SU(3) if and
only if (A1, A2, A3) = A(B) satisfies the inequalities

“1-A<A <24\, —1-4A< A <1-4)\, —1-4X<A3<1—4),

CAANSAN <1-), —1-A<A<2-4),  —1-A<A3<2—4),
A<M <2, A< N <1 -, A< Ay <1 -,
—1-20< A\ <8, —14+20< Ay <5, —24+ 20 < A3 < 2),

C2H8AS A < 142X, —2+5A< A <14+2\, —2+5)< )3 <5

Since 0 < 3A = A1 (B1) — A3(B1) < 1, some of these inequalities follow from others.
Removing them we obtain

max(—A, =24+ 8X) < A <min(8A,1 —X), (16)
—1 42X < Xy <min(1 —4A,51), (17)
max(—4X, —2 + 5X) < A3 < 2. (18)

5. METHODS TO GET RESTRICTIONS FOR REAL CURVES

In this section we

(1) recall the method of restriction for the topology of real algebraic (and real
pseudo-holomorphic) curves proposed in [12];

(2) introduce a new method based on Agnihotri-Woodward inequalities (Section
4.2) for unitary representations of mixed braid groups.

These methods will be used in Section 6 for the proof of Theorems 2.1 and 2.3’
respectively.

5.1. Pseudo-holomorphic curves and quasipositive braids. Let us recall the
main construction from [12]. Let RA = AN RP? where A is a nodal real pseudo-
holomorphic curve of degree m. Let £, be the pencil of pseudo-holomorphic lines
through a generic point p. We shall suppose that any real line [ € £, meets A at
least at m — 2 real points (counting the multiplicities) and there exists a real line
loo € L, meeting A transversally at m distinct real points.

We encode the arrangement of RA with respect to £, (the £,-scheme of RA) as
follows. Choose affine coordinates in R? = RP? \ Rl so that the lines of £, are
vertical. Let us move a vertical ruler from left to the right. Each time it is tangent
to RA at a point & we write the symbol Dy (if RA is to the left of ©) or Cg41
(if RA is to the right of ). When the ruler passes through a double point z, we
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Xp D3 C3 03 X1 o
%/_J

03
Fig. 4

write Xpy1. In all the cases k is the number of the intersection points below x (see
Figure 4). We abbreviate Cj Dy to o (an empty oval in the k-th horisontal band).

If I;, t € [0,1], is a generic closed path in £, it defines a braid on m strings
b € B,,. Indeed, the m points Cl; N CA travel on the complex plane (we may
identify all I; using a complexification of the chosen affine coordinates). Let b be
the braid corresponding to a simple closed path surrounding all the lines from the
upper half-plane of £, which are tangent to A (when we say of the upper half-plane,
we identify £, with CP').

Let pr), : CP?\ p — CP! be the projection along the lines of L,. Since p is a
generic point, all the ramifications of pr,, |4 are simple. The fact that A and l;’s are
pseudo-holomorphic implies that all the ramifications are positive, i.e. the braid
associated to a small loop around any branch point is o; for some j =1,...,m —1.
Hence, the obtained braid is quasipositive.

Under the assumptions about £, formulated in the beginning of this section,
the braid b is determined by the £,-scheme of RA and it can be easily computed
as follows. Put mp; = oy ...0; and Ay, = Ty 1M1 ,m—2...71,1. Then b = brA,,
where bg is obtained from the encoding word by the following algorithm:

(i). Replace each subword Dg x;, ... x4, C; with o 'd1 ... 8,7, where

—1 . _ 1
05 1 < k-1, Ty o1 Thd—15 k<,
— -1 ; _ —1
0j =94 0542 ij > k-1, Thl = § T p—1Tki+1, k>,
—1 . . —
Tk7k+1ak+17k+1,k> 2] :k—l, 1: k=1

(ii). Replace each xj, (which was not replaced in the step (i)) with o} *.

As we already mentioned, the quasipositivity of the braid b is a necessary condi-
tion for the realizability of a given L£,-scheme as the set of real points of some real
pseudo-holomorphic curve. It can be easily seen (see [7; Section 4] for details) that
this condition is sufficient too. Namely,

Proposition 5.1. Let C C RP? be a union of immersed real circles with transver-
sal intersections. Let p be a generic point in RP? such that almost any real line
through p meets C at least at m — 2 points. Denote by RL, the pencil of real lines
through p. Let b € By, be the braid constructed from (C,RL;) by the above proce-
dure. Then b is quasipositive if and only if there exist a tame Conj-invariant almost
complex structure J in CP? and a J-holomorphic Conj-invariant curve A C CP?
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such that C = ANRP? and each line from RL, is the set of real points of some
real J-holomorphic line.

Remark 5.2. Proposition 5.1 can be reformulated without the ” (m —2)-hypothesis”.
In general case, the £,-scheme of C' determines a subset B of the set of conjugacy
classes of By, (Card B = 1 under the ”(m — 2)-hypothesis”; see [12]). C' is pseudo-
holomorphically realizable if and only if B contains a quasipositive braid.

Remark 5.3. Any Lp-flexible curve in the sence of [12] is a real pseudo-holomorphic
curve and any real pseudo-holomorphic curve is an £,-flexible curve for any generic
point p.

Corollary 5.4. Let C,C' C RP? be unions of immersed real circles with transver-
sal intersections. Let p € RP? be a generic point.

a). (see [12; Proposition 3.6]) Suppose that the L,-scheme of C' is obtained from
the L,-scheme of C' by one of the following substitutions:

Xj Djt1 > Xj+1 Dj Cj+1 Xj < Cj X j41 XjUup < Uk Xj (19)
CjDjs1 = @ Cj Dk — Dk Cj (20)

where |k — j| > 1 and "u” stands for one of the symbols "x”, ”C”, or 7 D”.
If C is realizable by a real pseudo-holomorphic curve then C' is also realizable.
b). (cp. [16; Section 4]) Suppose that the L,-scheme of C' is obtained from the
Ly-scheme of C' by the substitution

D; G — Xj. (21)

Let [€1£5] be the segment of RL, where the modification (21) is performed. Suppose
that {1 meets C' at m real points.
If C is realizable by a real pseudo-holomorphic curve then C' is also realizable.

5.2. Quasipositivity tests. As we have seen in Section 5.1, to prove that an £,-
scheme is pseudo-holomorphically (and hence, algebraically) unrealizable, it suffices
to show that the corresponding braid is not quasipositive. Some quasipositivity tests
are described in [12, 16]. One of them (Murasugi-Tristram inequality) we shall use
below. For the reader’s convenience, let us formulate it.

For an oriented link L in the 3-sphere and ( € C, || = 1, ( # 1, we denote
oc(L) = signature(Ve), n¢(L) = 1+ nullity(V¢) where Ve = (1 =)V + (1 = V7T
for the Seifert matrix V' of a connected Seifert surface of L.

For a braid b, let us denote by b the closure of b in the 3-sphere endowed with
the orientation induced by the natural projection of b onto the circle. For a braid
b=1TI; afjj we set

e(b) = > k;. (22)
J
Proposition 5.5. (Murasugi-Tristram inequality). If b € B, is quasipositive then
ne(b) > |oc(b)] +m — e(b) (23)
for any ¢ € C such that |(| =1 and ¢ # 1.

Another quasipositivity test is provided by unitary representations. If a braid
b € B, is quasipositive then for any unitary representation p : B,, — SU(n),
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the image p(b) of b is the product of e(b) matrices conjugated to p(o1). Thus,
Agnihotri-Woodward inequalities (see Section 5) must be satisfied. This method
can be refined in two ways. The first refinement is the use of Theorem 1.4 which
allows one to reduce the number of braids. The second refinement provided by
passing to mixed braid groups is as follows.

Denote by H the open upper half-plane of £,. Suppose that

CANpr,'(H) =A U---UA,, (24)

is not connected. Denote the degree of pr,

A; by m;. Then to each generic path

in H we may associate a colored braid (an element of the groupoid Bmh___,mh)
whose stings are labeled by variables t1,...,t, corresponding to the components
Ay, ..., Ap. Let b be the braid considered in Section 5.1 endowed with this coloring.
Then the fact that b is quasipositive, can be precised as follows:

e(b)
b= H aja:jaj_l (25)
J

where each z; is a standard generator of Bm17...7mh such that the crossing strings
are of the same color.

Let b € Aut(q) and let let o = (¢j,,...,¢5,.) with (j1,...,jm) from (12), i.e.
Bps,....m, = Aut(go). Let us choose any by € Mor(go,q) and let ¢ : Aut(q) —
Aut(qo) = Bm,,...,m;, be the isomorphism a — boabo_l.

An easy exercise is to check that (25) implies that

(b) = (fjumn) - (f_z[[[msln) oo (Moo 1)

=1 j=1

where s; = my + -+ +m; (as in Section 3.1), e; is the number of branching points
of pr, |4;, and [[z]] denotes some conjugate of & in By,  m,. Note, that e; is
”visible” in b: this is the subsum in (22) corresponding to the crossings where the
both strings are of the color i.

Thus, for any linear representation of p of éml ....,m, Whose restriction to By, ....m,
is unitarisable, the eigenvalues of p(c;), j & {s1,.-.,Sn—1} and those of p(b) must
satisfy the Agnihotri-Woodward inequalities.

When we have a decomposition (24)? For instance, if A is dividing (or of type
D,ie. CA\RA= A, UA_ isnot connected, then

CAnpr, ' (H) = (Ay npr, ' (H)) U (A-Npr, ' (H)). (26)

In this case, the partition of the strings of b can be seen from a complex orientation
of RA (which naturally transferts to the strings of b). Other examples can be found
in [12].

6. PROOF OoF THEOREMS 2.1" AND 2.3’

In this section we prove Theorems 2.1 and 2.3’ by the methods described in
Section 5. In particular, we shall use the quasipositivity test provided by Agnihotri-
Woodward inequalities (Section 4.2) for the unitary Burau representation of the
mixed braid group Bs; constructed in Section 3.6.
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6.1. Application of Murasugi-Tristram inequality (proof of Theorem
2.1'). Note, that (3) yeilds the following

Lemma 6.1. There does not exist a real pseudo-holomorphic curve of degree 7 with
a jump whose complex scheme is (5) or (6). O

The complex scheme (5) with ¥ = 0 was prohibited in [15] (see also ?7.7) and
the complex scheme (6) with & = 1 was prohibited in [16]. So, let A be a real
pseudo-holomorphic M-curve of degree 7 without jump whose complex scheme is
(5) with & > 0 or (6) with ¥ > 1. Let V be the non-empty oval of A and py a
point in an empty exterior oval vg. Let vy,...,v, be the interior ovals numbered in
the natural order when viewed from pg (this means that vy,...,v;_; are separated
from v;11,...,v4 by V UZ where £ is a line through py and v;).

Since A has no jump, Corollary 5.4b applied to the pencil of lines through an
exterior oval allows us to replace vy and vy by a ”figure eight” (we shall still denote
its "halves” by v; and v2). The orientation alternating implies that both vy and v,
are negative if the complex scheme is (5); v; and v, are of the opposite signs if the
complex scheme is (6). Since the numbering of ovals is defined up to the reversing
of the order, in the latter case (the scheme (6)) we may assume that vy is positive.

Let us choose a point p inside v; and let o, pass through p and v,. Using the
fact that one can draw a conic through any 5 empty ovals and this conic meets the
curve not more than in 14 points, one can show (one uses here that the curve has
no jump) that the lines from £, passing through the interior ovals vs, ..., v, are
not separated by those passing through the extarior ovals. Thus, using if necessary
reductions (19) and (20), we may assume that the £,-scheme of A has the form
[22057%0;,04, ... 0, C5 Xg) where i; € {3,4}. The orientation alternating implies
that the sign of the j-th exterior oval is (—1)/%%, i.e. the 1st exterior oval is
positive if j; = 3 and negative if j; = 4, the 2nd exterior oval is positive if jo = 4
and negative if jo, = 3, etc.

For all the sequences [i1 ...i5] providing the complex schemes under the con-
sideration, we check the Murasugi-Tristram inequality (23) with ¢ = —1. The
computation shows that it is satisfied only for the £,-schemes

(220205037 05% 04 C5 X 6]

where (1, 82, 33) is either one of (8) or one of

(1,1,1) [0=6/17]  (3,1,1) [#=6/17]  (1,3,3) [0 =5/17]
(1,1,3) 0=6/17  (5,1,1) [#=4/17]  (1,1,5) [0 =5/17]
(1,3,1) [0 =6/17] (1,5,1) [0 = 4/17] (1,7,1) [0 =2/9]

The latter nine cases are excluded using (23) with ¢ = exp(27if) with the values
of # indicated in the brackets. Theorem 2.1’ is proved.

Remark. The latter five cases (8) verify (23) for all values of (. The method of the
double covering used in [16] also does not work for (8).

6.2. Reduction of the number of strings. Let A,,, m,; and 7 be as in
Section 5.1. The braids in the five remained cases are

3

_1 1 = —B1 —f2 —B3
coy Tu505 A7 € By, C=0,"To305" T340, 214305 T34, (27)
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where (81, 2, 3) is one of (8). Let w and w' be two word in the generators U;tl.
We say that w’ is obtained from w by a positive Markov move if w' = wionws
and w = wjws where w; and ws are words in alil, ey af;l_l. The following is a

sequence of transformations, each of which being either an identity in the braid

group, or a conjugation (—=3), or the inverse of a positive Markov move (@)), see
Figure 7 (where the strings are numerated from the bottom to the top, in contrary
to Figures 5 and 6).

Fic. 7

CO’ZlT475O'(;1A7 = CUZlT475W175@0;1A6 @) CO’ZlT4757T174A57T571
o 7T5,1CUZ17'4,57T1,4A5 = 505173,4@7T4,17T1,4A5
Mo CTo,1 04320473103 Moy Cmo 1 Ay 073 1 Ag.
This transforms the braids (27) into

B B B

~ _ -3 - 3
€T, 1847327313 € By, c=0]"T1,20, T2,3, (28)

where (81, B2, 03) is one of (8). Theorem 1.4 implies that if one of the braids (27)
were quasipositive then the corresponding braid (28) would be quasipositive too.

1 —pP2 -
72,303 73,209

6.3. Application of Agnihotri-Woodward inequalities (proof of Theorem
2.3"). We shall use the partition (26). The corresponding coloring of the strings
is indicated in Figure 7 by arrows (a complex orientation). Let b be one of the the
braids (28) and let p : B3, — GLy(C) be the Burau representation from Section
3.3 with ¢; = exp(2mif;), j = 1,2. We compute p(b) for the values of (61, 62) given
in Table 1.

For instance, all braids in (28) start by b = o7 %05 'oy05 ... and b € Aut(q),
qg= (tg,tl,tl,tl) € Obj(.éz),,l), hence

p(b) = Ji(tr,ta) Pu(te,tr) P (b, t2) Tt te) My (B, t) Ja (b, tr)
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where
l1—a b 0 0 1 0 00
1 00 0 0 1-a b 0
h@h =19 o1 0] 2@P=ly 1 ¢
0 0 01 0 0 01

The eigenvalues of p(b) are 1 and exp(2mid;), j = 1,2,3 (the values of A; we com-
puted numerically). Hence, the eigenvalues of p,(b) (see Section 3.5) are exp(2miA;),
j =1,2,3. Since 36, + 65 < 1 (see Table 1), the representation p is unitary with
respect to a positive definite form by Proposition 3.2. To get the image of o; in
SU(3), we multiply ps by exp(—27i\) where A =1/6 — 6,/3

As it was explained in Section 5.2, the existence of the flexible curves would
implies that a conjugate of b is the product of four braids from Bj; conjugated to
o1. Hence, the numbers A and A; := Aj —4\, j = 1,2, 3 must satisfy the Agnohotri-
Woodward inequalities (16) — (18). One sees in Table 1 that the inequality —4X\ < A3
does not hold. This contradiction proves Theorem 2.3'.

Table 1.
B1 B2 B 0, 0 A1 Ao A3 4\
3 5 1 5/54 91/324 | 0.43371 0.11348 —0.54720 | 0.54320
1 5 3 2/9  1/108 0.44244 —-0.07143 —-0.37100 | 0.37037
1 3 5 2/9 1/36 0.41657 —0.04018 —0.37638 | 0.37037

APPENDIX. UNITARY BIRMAN-WENZL REPRESENTATIONS OF By AND Bs

Birman and Wenzl [4] constructed a series of representations of braid groups. In
particular, their constraction yeilds the the following representation
By — GLg¢(Q[a,a™,1,171]) (see [4; p.271]). Set m = a+ a~" and 0; — J; where

00 0 0 0 0 0 -1 0 0 0
0 00 0 -1 0 00t m/l m 0 0
sl o 00 0 0 -1 Lot 0o m 0 0 o0
! 0 0 0 I™Y m/l am/l |’ 7* 00 0 m 1 0 |’
0 1.0 0 m 0 00 0 —-10 0
0 01 0 0 m 00 0 0 0 a!

It m 0 0 m/a O

0 m 1 0 0 0

|0 -1o o 0 0

0 0 0 al 0 0

0 0 0 0 m 1

0 0 0 0 -1 0

The mixed braid group B3 ; has a presentation
Bs 1 = (01,02,T| 010201 = 020102, 01T = TO1, 02T02T = TO2T02)

where the natural embedding B3 ; — By is defined by 7 — U%.
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m.

where p=alk™ +a~

S.YU. OREVKOV

The restriction of Birman-Wenzl representation to B3 ; has the following defor-

ation: p(o1) = Ji, p(o2) = Ja,
k=2 plk™*+m) m 0 pk~'+m)/a m/a
0 ap + a2 m 0 0 0
0 — -1 0 0 0
Py =T=| op 0 a2 0 0
0 0 0 0 ap+ a2 m
0 0 0 0 —p -1

I and k is a new independent parameter. Let

—q 1 a2k 0 a™? q@k/a

1 —g 1 1 l 0

Q= @/k 1 —-q at mat+1) @k
0 1 a —q3 ! a/l |’

a =t ma+17% 1 —qs [t

@alk 0 g2 /k l/a l —q1

o= (a—k)(a®kl — 1) = m(al + 1) g = (a—10)(al — 1)

! akplak +1) 7 plak+1) P alm '

One can check that Q* = Q and B*QB = @ for any B = Jy, J2,T (the involution

of
k

conjugation is defined by a ~ a7!, [ = (7!, k — k~!). The substitution
=1l in T gives JZ. Thus, p specializes (when k = [) to the above Birman-Wenzl

representation of By restricted to Bs ;.

10.

12.

13.

14.

REFERENCES

. S. Agnihotri, C. Woodward, Eigenvalues of products of unitary matrices and quantum Schu-
bert calculus, Math. Research Letters 5 (1998), 817-836.

. A. Bertram, Quantum Schubert calculus, Adv. Math. 128 (1997), 289-305.

. A. Bertram, I. Ciocan-Fontanini, W. Fulton, Quantum multiplication of Schur polynomials,
J. Algebra 219 (1999), 728-746.

. J.S. Birman, H. Wenzl, Braids, link polynomials and a new algebra, Trans. Amer. Math. Soc.
313 (1989), 249-273.

. T. Fiedler, Pencils of lines and the topology of real algebraic curves, Math. USSR-Izvestia 21
(1983), 161-170.

. S. Fiedler-Le Touzé, Orientations complexes des courbes algébriques réelles, These doctorale
(1999).

. S. Fiedler-Le Touzé, S.Yu. Orevkov, A flexible affine M -sextic which is algebraically unreal-

1zable, Prépublication no. 168 du Laboratoire Mathématiques Emile Picard, 1999.

. R.H. Fox, A quick trip through knot theory, in: Topology of 3-manifolds, Proc. Inst. Univ.

Georgia, Prentice Hall, 1961.

. M. Gromov, Pseudo holomorphic curves in symplectic manifolds, Invent. Math. 82 (1985),

307-347.

A. Korchagin, Isotopy classification of plane seventh degree curves with the only singular
point Z15, Lect. Notes in Math 1346 (1988), 401-426.

S.Yu. Orevkov, Link theory and oval arrangements of real algebraic curves, Topology 38
(1999), 779-810.

S.Yu. Orevkov, G.M. Polotovskii, Projective M-cubics and M-quartics in general position
with a mazimally intersecting pair of ovals, St.-Petersbourg Math. J. (to appear).

S.Yu. Orevkov, Projective conics and M -quintics in general position with a mazimally inter-
secting pair of ovals, Math. Notes (1999).



QUASIPOSITIVITY TEST VIA UNITARY REPRESENTATIONS 19

15. S.Yu. Orevkov, Link theory and new restrictions for M-curves of degree 9, Funct. Anal. and
Appl. (to appear).

16. S.Yu. Orevkov, Complex orientations of M-curves of degree 7, Prépublication no. 169 du
Laboratoire Mathématiques Emile Picard, 1999.

17. S.Yu. Orevkov, Markov moves for quasipositive braids, C. R. Acad. Sci. Paris (to appear).

18. S.Yu. Orevkov, Riemann ezistence theorem and construction of real algebraic curves, Pré-
publication no. 171 du Laboratoire Mathématiques Emile Picard, 1999.

19. O.Ya. Viro, Plane real curves of degrees 7 and 8: new restrictions, Math. USSR-Izvestia 23
(1984), 409-422.

20. O.Ya. Viro, Progress in the topology of real algebraic varieties over the last siz years, Russian
Math. Surveys 41 (1986), 55-82.

21. O.Ya. Viro, Real algebraic plane curves: constructions with controlled topology, Leningrad J.
Math. 1 (1990), 1059-1134.

LABORATOIRE E. P1cARD, UFR MIG, UNIVERSITE PAUL SABATIER, 118 ROUTE DE NAR-
BONNE, 31062, TOULOUSE, FRANCE

STEKLOV MATHEMATICAL INSTITUT, GUBKINA 6, MOoscow, RussIA



