
QUASIPOSITIVITY TEST VIA UNITARYREPRESENTATIONS OF BRAID GROUPS AND ITSAPPLICATIONS TO REAL ALGEBRAIC CURVESS.Yu. Orevkov1. Introdu
tionLet Bm = h�1; : : : ; �m�1 j�j�j+1�j = �j+1�j�j+1, �j�k = �k�j for jj � kj > 1i.We 
all m-braids or braids the elements of Bm. An m-braid b is 
alled quasipositiveif b =Qkj=1 aj�1a�1j for some aj 2 Bm.In a series of previouse papers [12{16℄ we exploited the observation that thequasipositivity of a 
ertain braid provides a ne
essary 
ondition for the reailizabilityof a given isotopy type by a plane real algebrai
 
urve of a given degree. As a testfor the quasipositivity we used Murasugi-Tristram signature inequality, elementaryargumets based on linking numbers, or Garside normal form for braid with threestrings. Here we propose a new simple test for the quasipositivity and give anexample when it gives some new restri
tions for real algebrai
 
urves of 7th degree{ Theorem 2.3 (see Se
tion 2).The test is based on the following elementary observation. Suppose we areinterested if a given braid b is quasipositive. If it is then the number k of the fa
torsin any quasipositive presentation is just the image of b under the abelianizationBm ! Z. Let � : Bm ! SU(n) be any unitary representation. Then the matrix�(b) is a produ
t of k matri
es ea
h of whi
h is 
onjugated to �(�1). A nese

aryand suÆ
ient 
ondition for a given matrix to be presented as a produ
t of matri
esfrom given 
onjuga
y 
lasses was obtained by Agnihotri and Woodward [1℄ (seeSe
tion 4).In fa
t, to prove Theorem 2.3, we need two re�nements of this idea: we workwith a mixed braid group (see Se
tions 3 and 5.2) and we redu
e the number ofstrings using the following result.Theorem 1.4. Let b0 2 Bm+1 be obtained from b 2 Bm by a positive Markov move(i.e. b0 = b�m after the identi�
ation of Bm with the subgroup of Bm+1 generatedby �1; : : : ; �m�1). If b0 is quasipositive then b is also quasipositive.This theorem was proved in [17℄. The proof is based on the results of Gromov[9℄ about pseudo holomorphi
 
urves.In the proof of Theorem 2.3 we show that 
ertain three 4-braids are not quasi-positive in the mixed braid group B3;1. However, to 
omplete the 
lassi�
ation of
omplex M -s
hemes of degree 7 (see Se
tion 2), one needs to prove that two morebraids are not quasipositive in B3;1. Typeset by AMS-TEX1



2 S.YU. OREVKOVIn Appendix we 
onstru
t a one-parameter deformation the Birman-Wenzl rep-resentation [4℄ of B3;1 and show that it is unitarizable for some values of its pa-rameters. Unfortunately, these representations did not help us to prove that theremaining two braids are not quasipositive.I am grateful to A. Stoimenov and M. Finkelberg for useful dis
ussions.2. Statement of the results on 7-th degree 
omplex M-s
hemes2.1. Complex s
hemes of real algebrai
 M-
urves of degree 7. A realalgebrai
 non-singular 
urve A in RP2 is 
alled an M-
urve if the set of its realpoints RA has the maximal possible number of 
onne
ted 
omponents (m�1)(m�2)=2 + 1 where m is the degree of A. The 
omplexi�
ation of an M -
urve A isdivided by RA into 2 halves. Ea
h half indu
es the boundary orientation on RAwhi
h is 
alled the 
omplex orientation. Suppose degA is odd. An oval O of RA is
alled positive if [O℄ = �2[J ℄ 2 H1(RP2 n IntO) where J is the odd bran
h of RA,otherwise O is 
alled negative.The real s
heme of A is the isotopy type of (RP2;RA), the 
omplex s
heme of Ais the isotopy type of (RP2;RA) whereRA is 
onsidered together with the 
omplexorientation. We shall use the notation of real and 
omplex s
hemes proposed byViro (see [20℄). For instan
e,hJ t �+ t �� t 1"h�+ t ��ii; " = �; (1)denotes the 
omplex s
heme in Figure 1. It 
onsists of the odd bran
h J , an oval O(the non-empty oval) whi
h is positive for " = + and negative for " = �, there are�+ positive and �� negative ovals inside O (interior ovals), and �+ positive and�� negative ovals outside O (exterior ovals).
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lassi�
ation up to isotopy of non-singular real 
urves of degree 7 wasobtained by Viro [19℄. The 
omplete list of all realizable real s
hemes is hJi,hJ t1h1h1iii, and hJ t� t1h�ii where �+� � 14, � < 14. Here we study 
omplexM -s
hemes of degree 7. All they are of the form (1) with �++��+�++�� = 14,�++�� < 14 but not every su
h a s
heme is realizable. The �rst restri
tion followsfrom the Rokhlin{Misha
hev formula for 
omplex orientations:(�+ � ��) + (1� 2")(�+ � ��) + " = 3: (2)Combining (2) with the orientation alternating rule, T. Fiedler [5℄ proved that" = (�1)�+1 and �+ � �� = (1� 3")=2 (with a jump)j�+ � ��j � 1 (without jump) (3)



QUASIPOSITIVITY TEST VIA UNITARY REPRESENTATIONS 3where a 
urve of degree 7 is said to have a jump if it 
ontains 5 ovals arranged asin Figure 2. Another formula for 
omplex orientations [12; Se
t. 1.5℄ yields�+ � �� = �� � �+ = 1 if " = +1: (4)Using the method proposed in [12℄, we prove in Se
tion 6.1 the followingTheorem 2.1. a). The following 
omplex s
hemes are not realizable by real alge-brai
 M-
urves of degree 7:hJ t (10� k)+ t (3� k)� t 1�hk+ t (k + 1)�ii; 0 � k � 3; (5)hJ t (9� k)+ t (5� k)� t 1�hk+ t k�ii; k = 1; 3; 4; 5; (6)b). Suppose that the 
omplex s
hemehJ t 7+ t 3� t 1�h2+ t 2�ii (7)(i.e. the s
heme (6) with k = 2) is realizable by a real algebrai
 
urve A. Then thereexists a point p 2 RP2 su
h that RA is arranged as in Figure 3. (This arrangementis 
onsidered up to isotopies fhtgt2[0;1℄ of RP2 su
h that any ht(RA) meets anyline through p at � 7 points). Moreover, (�1; �2; �3) is one of(7; 1; 1); (3; 5; 1); (1; 5; 3); (1; 3; 5); (1; 1; 7): (8)
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pFig. 3Together with the prohibition [16℄ of (9) for k = 5, restri
tions (2) { (4), and the
onstru
tions in [10,21,16,18℄, Theorem 2.1(a) shows that (7) is the only 
omplexM -s
heme of degree 7 whose realizability is open. Namely, one has



4 S.YU. OREVKOVCorollary 2.2. a). All 
omplex s
hemes realizable by real algebrai
 M-
urves ofdegree 7 without jump are hJ t 9+ t 6�i,hJ t (7� k)+ t (6� k)� t 1�h(k + 1)+ t k�ii; 0 � k � 6; k 6= 5; (9)hJ t (7� k)+ t (6� k)� t 1+hk+ t (k + 1)�ii; 0 � k � 6; (10)and, maybe, (7).b). All 
omplex s
hemes realizable by real algebrai
 M-
urves of degree 7 with ajump are (10) for 1 � k � 5 andhJ t (5� k)+ t (7� k)� t 1�h(k + 2)+ t k�ii; 0 � k � 5: (11)As an example of appli
ation of the methods based on unitary representationsof braid groups we prove in Se
tion 6.3 the followingTheorem 2.3. Under the hypothesis of Theorem 2.1(b), (�1; �2; �3) is either (7; 1; 1)or (1; 1; 7).Remark 2.4. Earlier and independently, S. Fiedler-LeTouz�e [6℄ prohibited 
omplexs
hemes (5) for k = 1; 2; 3 and (6) for k = 5 (as well as �ve 
omplex s
hemesex
luded by (4)) using auxiliary pen
ils of 
ubi
s.Remark 2.5. The 
omplex s
hemes (5) for k = 0, (6) for k = 1, and (9) for k = 5,were prohibited in [15,16℄. We 
laimed erroneousely in [16℄ that these prohibitionstogether with those from [6℄ 
ompleted the 
lassi�
ation.2.2. Complex s
hemes of real pseudo-holomorphi
 M-
urves of degree7. We say that a Riemann surfa
e C, embedded (or immersed) in CP2, is a realpseudo-holomorphi
 
urve if C is a J-holomorphi
 
urve in some tame almost 
om-plex stru
ture J (see [9℄) su
h that Conj(C) = C and Conj� ÆJ = J�1 Æ Conj� :Tx ! T�x for all x 2 CP2 (here Conj : CP2 ! CP2 denotes 
omplex 
onjugationx 7! �x). The degree of a pseudo-holomorphi
 
urve C is the number m su
h thatC � mL in H2(CP2) where L is a line.Real pseudo-holomorphi
 
urves are 
exible 
urves in the sense of Viro [20℄, hen
ethey satisfy all topologi
al restri
tions: Harna
k inequality (hen
e, one 
an de�nepseudo-holomorphi
 M-
urves), Petrovsky inequality, Gudkov-Arnold-Rokhlin 
on-gruen
e, 
omplex orientations formula et
. Due to a result of Gromov [9℄, thereexists a unique pseudo-holomorphi
 line (resp. 
oni
) through any two (resp. �ve)generi
 points in CP2. If the points are real then the uniqueness implies that theline (
oni
) is real be
ause otherwise the 
onjugate would be another line (
oni
).Thus, all the arguments whi
h use auxiliary lines, 
oni
s, and pen
ils of lines stillwork in pseudo-holomorphi
 
ontext.In parti
ular, everything in Se
tion 2.1 before Theorem 2.1 is valid for realpseudo-holomorphi
 
urves. Theorems 2.1 and 2.3, (and hen
e, Corollary 2.2) alsoare valid for real pseudo-holomorphi
 
urves.Theorem 2.10. a). Complex s
hemes (5) and (6) are not realizable by by realpseudo-holomorphi
 M-
urves of degree 7.b). Suppose that the 
omplex s
heme (6) with k = 2 is realizable by a real pseudo-holomorphi
 
urve A. Then there exists a point p 2 RP2 su
h that RA is arrangedas in Figure 3 where (�1; �2; �3) is one of (8).



QUASIPOSITIVITY TEST VIA UNITARY REPRESENTATIONS 5Corollary 2.20. a). All 
omplex s
hemes realizable by real pseudo-holomorphi
M-
urves of degree 7 without jump are hJ t 9+ t 6�i, (9), (10), and, maybe, (7).b). All 
omplex s
hemes realizable by real pseudo-holomorphi
 M-
urves of de-gree 7 with a jump are (10) for 1 � k � 5 and (11).Theorem 2.30. Under the hypothesis of Theorem 2.10(b), (�1; �2; �3) is either(7; 1; 1) or (1; 1; 7).We prove Theorems 2.10 and 2.30 in Se
tion 6. Theorems 2.1 and 2.3 are imme-diate 
onsequen
es from Theorems 2.10 and 2.30.3. Mixed braid groups and their unitary representationsFor reader's 
onvenien
e we give in this se
tion some fa
ts about unitary Buraurepresentations whi
h we use below. We do not pretend that some results in thisse
tion are new.3.1. Mixed braid group. Denote by ' : Bm ! Sm the standard homomorphismto the symmetri
 group whi
h takes �j into the transposition (j; j + 1). Let us �xa partition m = m1 + � � � + mh, mk > 0 and set s0 = 0, sk = m1 + � � � + mk,k = 1; : : : ; h. De�ne the mixed braid group Bm1;:::;mh as the set of all b 2 Bmsu
h that the sets fsk�1 + 1; : : : ; skg, k = 1; : : : ; h, are invariant under '(b). Inparti
ular, B1;:::;1 is the pure braid group.Put �k;l = Qlj=k �j , i.e. �k;k = �k, �k;l = �k�k+1 : : : �l for k < l, and �k;l =�k�k�1 : : : �l for k > l.Using the indu
tion by h, it is easy to 
he
k that Bm1;:::;mh is generated by thefollowing m� h+ h(h� 1)=2 elements of Bm:�j ; j 2 f1; : : : ;m� 1g n fs1; : : : ; sh�1g�sk ;sl�sl;sk ; 1 � k � l < hIn parti
ular, Bn;m�n is generated by �1; : : : ; �n�1, �n+1; : : : ; �m�1, and �2n.Remark. One 
an show that Bn;1 
an be de�ned by generators �1; : : : ; �m�1; �(where � 
orresponds to �2m) and relations �j�j+1�j = �j+1�j�j+1 (j < n � 1),�n�1��n�1� = ��n�1��n�1, �j�k = �k�j (j+1 < k < n), �j� = ��j (j < n� 1).Thus, Bn;1 is the generalised braid group asso
iated to the system of roots Cn.This is the group whose representations we use in the proof of Theorem 2.30.3.2. Mixed braid groupoid. Re
all that a groupoid G is a 
ategory all whosemorphisms are invertible. We shall 
onsider any group as a groupoid with a singleobje
t. Homomorphisms of groupoids are de�ned as 
ovariant fun
tors. A repre-sentation (over a ring R) of a groupoid G is a fun
tor to the 
ategory of R-modules;a representation in an R-module V is a homomorphism G! Aut(V ).Let us �x a partitionm = m1+� � �+mh, mk > 0 and independent indeterminatest1; : : : ; th. Let us de�ne the mixed braid groupoid (or the groupoid of 
olored braids)B̂m1;:::;mh [t1; : : : ; th℄ (or just B̂m1;:::;mh). The obje
ts are all m-tuples (ti1 ; : : : ; tim)su
h that ea
h tk appears mk times. The morphisms are braids with m stringswhose strings are labeled by t1; : : : ; th in su
h a way that ea
h tk appears mk times(admissible labelings). The sour
e (resp. destination) obje
t of su
h a morphism isthe m-tuple of the labels ordered a

ording to the beginnings (resp. ends) of thestrings.



6 S.YU. OREVKOVExample. The obje
ts of B̂2;1 are (t1; t1; t2), (t1; t2; t1), and (t2; t1; t1). A mor-phism from (t1; t1; t2) to (t1; t2; t1) is shown in Figure 5.
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t1Fig. 5The mixed braid groupoid is generated by the standard generators �1; : : : ; �m�1of the braid group supplied with all admissible labelings. The de�ning relationsare all the de�ning relations of the braid group (�j�k = �k�j for jk � jj > 1 and�k�k+1�k = �k+1�k�k+1) also supplied with all admissible labelings.3.3. Burau representation of a mixed braid groupoid. Now we de�ne theBurau representation � : B̂m1;:::;mh [t1; : : : ; th℄ ! GLm(R) where R is the ring ofLaurent polynomials Q[t1; : : : ; th; t�11 ; : : : ; t�1h ℄. It is suÆ
ient to de�ne � on thestandart generators and then to 
he
k the relations. Consider a standard generator�k with a labelling (tj1 ; : : : ; tjm) on the beginnings of the strings (and hen
e, with(tj1 ; : : : ; tjk+1 ; tjk ; : : : ; tjh) on the ends). We asso
iate to it the matrix0B� Ik�1 0 0 00 1� tjk tjk+1 00 1 0 00 0 0 Im�k�11CAwhere In denotes the identity n� n matrix. The relations (see Figure 6) are:
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Fig. 60� 1� a b 01 0 00 0 11A0� 1 0 00 1� a 
0 1 01A0� 1� b 
 01 0 00 0 11A = 0� 1� a 
� a
 b
1� b 
 01 0 0 1A= 0� 1 0 00 1� b 
0 1 01A0� 1� a 
 01 0 00 0 11A0� 1 0 00 1� a b0 1 01ARemark. In essential, this representation was de�ned in [8; Se
tion 6℄. For anyb 2 Bm, 
onsider its image T under the standard embedding Bm ! Aut(Fm)where Fm is the free group hx1; : : : ; xmi. Then the Burau matrix of b is the imageof the matrix of Fox derivatives jj�T (xi)=�xj jj under the repla
ements xk 7! tjk(instead of xk 7! t used by Fox [8℄ in his interpretation of the Burau representation).



QUASIPOSITIVITY TEST VIA UNITARY REPRESENTATIONS 73.4. Redu
ed Burau representation of a mixed braid group. It is 
learthat Bm1;:::;mh 
oin
ides with the automorphism group of the obje
t (tj1 ; : : : ; tjm)of B̂m1;:::;mh where(j1; : : : ; jm) = ( 1; : : : ; 1| {z }m1 ; 2; : : : ; 2| {z }m2 ; : : : ; h; : : : ; h| {z }mh ) (12)Hen
e, the Burau representation of B̂m1;:::;mh indu
es a representation � : Bm1;:::;mh! GLm(R) whi
h is also 
alled the Burau representation. For the pure braid groupB1;:::;1, this is the Gassner representation.This representation is redu
ible. To extra
t a non-trivial irredu
ible fa
tor, weset �1(b) = A�1�(b)A where A is the m � m matrix jjaikjj whose the only non-zero entries are aii = tji , ai+1;i = �1 (here j1; : : : ; jm are as in (12)). Then one
an delete the last row and 
olumn, and the obtained representation is 
alled theredu
ed Burau representation of the mixed braid group.The images of the generators of Bm1;:::;mh (see Se
tion 3.1) are (m�1)� (m�1)matri
es obtained by deleting the �rst and the last rows and 
olumns from thefollowing (m+ 1)� (m+ 1) matri
es:�k �17! 0BBB� Ik�1 0 0 0 00 1 0 0 00 1 �tjk tjk 00 0 0 1 00 0 0 0 Im�k�11CCCA ; k 6= s1; : : : ; sh�1;
�sk;sl�sl;sk �17! 0BBBBBBBBBB�

Isk�1 0 0 0 0 00 1 0 0 0 00 1� au+1 tau+1 0 (1� t)au+1 00 1� au t(au � 1) (1� t)au 0... ... ... tIu ... ...0 1� a1 t(a1 � 1) (1� t)a1 00 0 0 0 1 00 0 0 0 0 Im�sl�1
1CCCCCCCCCCAwhere 1 � k � l < h, t = tk, u = sl � sk, and a1 = tjp ; a2 = tjptjp�1 ; : : : ,au+1 = tiptjp�1 : : : tjp�u for p = sl + 1. In parti
ular,�sk;sk�sk;sk = �2sk �17! 0BBB� Isk�1 0 0 0 00 1 0 0 00 1� tk+1 tktk+1 tk+1(1� tk) 00 0 0 1 00 0 0 0 Im�sk�11CCCA :Proposition 3.1. Let e1; : : : ; em�1 be the base of Rn�1 (in whi
h the matri
es�1(b) are written).The eigenvalues of �1(�k) for k 6= s1; : : : ; sh�1 are �tjk (the 
orresponding eigen-ve
tor is ek), 1; : : : ; 1.The eigenvalues of �1(�2sk ) for k = 1; : : : ; h � 1 are tktk+1 (the 
orrespondingeigenve
tor is esk), 1; : : : ; 1. �



8 S.YU. OREVKOV3.5. Invariant Hermitian form for the Burau representation. Let us intro-du
e new variables x1; : : : ; xh su
h that x2k = tk. We shall 
onstru
t an invariantform whi
h is anti-Hermitian with respe
t to the 
onjugation de�ned by xk 7! x�1k .Let j1; : : : ; jm be as in (12). De�ne�2 : Bm1;:::;mh ! GLm�1�Q[x1; : : : ; xh; x�11 ; : : : ; x�1h ℄�as �2(b) = D�1(b)D�1 where D is the diagonal matrix with (xj1 ; xj1xj2 ; : : : ;xj1xj2 : : : xjm�1 ) on the diagonal. Then the images of the generators are as follows(again, we write (m+ 1)� (m+ 1) matri
es whose the �rst and the last rows and
olumns should be deleted).�k �27! 0BBB� Ik�1 0 0 0 00 1 0 0 00 xjk �x2jk xjk 00 0 0 1 00 0 0 0 Im�k�11CCCA ; k 6= s1; : : : ; sh�1; �sk;sl�sl;sk �27!0BBBBBBBBBB�
Isk�1 0 0 0 0 00 1 0 0 0 00 �1(1� au+1) x�1au+1 0 (1� t)�u+1 00 �2(1� au) x�2(au � 1) (1� t)�u 0... ... ... tIu ... ...0 �u+1(1� a1) x�u+1(a1 � 1) (1� t)�1 00 0 0 0 1 00 0 0 0 0 Im�sl�1

1CCCCCCCCCCAwhere 1 � k � l < h, x = xk, t = x2 = tk, u = sl�sk; a1 = tjp ; a2 = tjptjp�1 ; : : : ,au+1 = tiptjp�1 : : : tjp�u , �1 = xjp ; �2 = xjpxjp�1 ; : : : , �u+1 = xjpxjp�1 : : : xjp�ufor p = sl +1 (i.e. aj = �2j ); �1 = xjq ; �2 = xjqxjq+1 ; : : : �u+1 = xjqxjq+1 : : : xjq+ufor q = sk. In parti
ular,�sk;sk�sk;sk = �2sk �27! 0BBB� Isk�1 0 0 0 00 1 0 0 00 xk(1� tk+1) tktk+1 xk+1(1� tk) 00 0 0 1 00 0 0 0 Im�sk�11CCCA :The invariant Hermitian form is de�ned by the (m� 1)� (m� 1)-matrixQ = jjqik jj; qik = 8>><>>: tji tji+1� 1(tji� 1)(tji+1� 1) if k = i;� xjntjn� 1 if k = i� 1, n = max(k; i);0 otherwiseFor example, if m = 6, h = 3, (m1;m2;m3) = (2; 3; 1) thenQ = 0BBBBB� t1+1t1�1 � x1t1�1 0 0 0� x1t1�1 t1t2�1(t1�1)(t2�1) � x2t2�1 0 00 � x2t2�1 t2+1(t2�1) � x2t2�1 00 0 � x2t2�1 t2+1(t2�1) � x2t2�10 0 0 � x2t2�1 t2t3�1(t2�1)(t3�1)
1CCCCCA :



QUASIPOSITIVITY TEST VIA UNITARY REPRESENTATIONS 9For any B = �2(b), b 2 Bm1;:::;mh , one has B�QB = Q where B� denotes the imageof the transpose of B under the automorphism of 
onjugation de�ned by xk ! x�1k ,k = 1; : : : ; h. Of 
ourse, it suÆ
es to 
he
k this for the generators.It is 
lear that Q� = �Q.3.6. Unitary Burau representations Bm1;:::;mh ! U(m � 1). If t1; : : : ; thare 
omplex numbers su
h that jtj j = 1, tj 6= 1, j = 1; : : : ; h then the aboverepresentation preserves the Hermitian form iQ. Now we shall study when iQ isde�nite using Sylvester's rule. Let �0(Q) = 1;�1(Q); : : : ;�m�1(Q) = detQ be thesequen
e of prin
ipal minors of the matrix Q. One 
an easily show by indu
tionthat �k�1(Q) = tj1tj2 : : : tjk � 1(tj1 � 1)(tj2 � 1) : : : (tjk � 1) ; k = 1; : : : ;m:Hen
e, the prin
ipal minors of the matrix iQ are�k�1(iQ) = ik�1�k�1(Q) = 2 Im(xj1 : : : xjk )2k Imxj1 : : : Imxjk ; k = 1; : : : ;m:Set tj = exp(2�i �j), 0 < �j < 1 for j = 1; : : : ; h.Proposition 3.2. iQ is positive de�nite if and only if �j1 + �j2 + � � �+ �jm < 1.iQ is negative de�nite if and only if (1� �j1) + � � �+ (1� �jm) < 1.Proof. Sin
e all �k(iQ)'s are fun
tions of tj 's, the fa
t that iQ is de�nite does notdepend on the 
hoi
e of signs of xj 's. Hen
e, we may assume that xj = exp(�i�j).Then all Imxj > 0, hen
e iQ is positive de�nite if and only ifIm(xj1 : : : xjk ) = sin ��(�j1 + � � �+ �jk )� > 0 for all k: �4. When a matrix 
an be written as a produ
t of unitary matri
eswith given eigenvalues (after S. Agnihotri and C. Woodward)A 
omplete answer to the question from the title of this se
tion is obtained in [1℄in terms of quantum S
hubert 
al
ulus developed in [2, 3℄. Ealier, the in�nitesimalanalogue of this question (about a sum of Hermitian matri
es) was answered byKlya
hko and Helmke-Rosenthal in terms of 
lassi
al S
hubert 
al
ulus. Here we
olle
t from [1, 2℄ all information needed to formulate the answer in a 
losed formsuitable for 
omputations but we do not dis
uss the quantum 
ohomology natureof the involved obje
ts.4.1. Quantum S
hubert 
al
ulus. Fix positive integers k and r, and set n =k + r. Let q; �1; : : : ; �k be indeterminates,1 with �i of degree i and q of degree n.We also set �0 = 1 and �i = 0 for i < 0 or i > k. De�ne polynomialsYm = Ym(�1; : : : ; �k) = det jj�1+j�ijj1�i;j�m :Let A = A(r; n) be the 
ommutative algebra over Z[q℄ de�ned byA = Z[q; �1; : : : ; �k ℄=(Yr+1; : : : ; Yn�1; Yn + (�1)kq)1No relation with the generators of the braid group.



10 S.YU. OREVKOV(this is the quantum 
ohomology ring of the Grassmanian G(r; n); see [2℄).Let A = A(r; n) = f (a1; : : : ; ar) j k � a1 � � � � � ar � 0 g. For ~a 2 A we de�nethe element �~a 2 A by the formula�~a = det jj�ai+j�ijj1;�i;j�r : (13)In parti
ular, �i = �(i;0;:::;0), so we may abbriviate �(a1;:::;aj ;0;:::;0) to �a1:::aj .The elements f�~ag~a2A form a base of A as a Z[q℄-module. For ~a 2 A let j~aj =a1 + � � � + ar. The multipli
ation in A 
an be 
omputed using the quantum Pieriformula due to Bertrand [2℄:�~a � �i =X~b �~b + qX~
 �~
; (14)the �rst sum over ~b = (b1; : : : ; br) 2 A withj~bj = j~aj+ i and k � b1 � a1 � � � � � br � ar � 0and the se
ond sum over ~
 = (
1; : : : ; 
r) 2 A withj~bj = j~aj+ i� n and a1 � 1 � 
1 � a2 � 1 � � � � � ar � 1 � 
r � 0:Given ~a;~b 2 A, one 
an expand �~a ��~b over the base f�~
g~
2A using (13) and (14).Indeed, one repla
es �~b by a polynomial in �1; : : : ; �k using (13) and then applysu

essively (14). (One 
an also use a formula from [3℄ for the 
oeÆ
ient of �~
 in�~a ��~b in terms of rim hooks of Young tableaux.) The quantum 
ohomology natureof the multipli
ation ensures the fa
t (non-evident a priori) that all the 
oeÆ
ientsare non-negative.Example 4.1. If k = r = 2 then �221 = �21�1�2 = (q + �22)�2 = q�2 + q�11.Example 4.2. If r = 1 then A = Z[�1℄, q = �n1 , �j = �j1 for j = 0; : : : ; k.4.2. Agnihotri-Woodward inequalities. Let the notation be as in Se
tion 4.1.For ~a = (a1; : : : ; ar) 2 A let I(~a) = fi1; : : : ; irg � f1; : : : ; ng where ij = k + j � aj(it is 
lear that 0 < i1 < i2 < � � � < ir � n). Lett+ = f (�1; : : : ; �n) 2 Rn j�1 � � � � � �n; �1 + � � �+ �n = 0; and �1 � �n � 1 gFor any B 2 SU(n) there exist a unique ve
tor �(B) = (�1(B); : : : ; �n(B)) 2 t+su
h that the eigenvalues of B are exp(2�i�1(B)); : : : ; exp(2�i�n(B)). This is abije
tion between 
onjuga
y 
lasses of SU(n) and points of t+.Theorem 4.3. (Agnihotri-Woodward [1℄). Let B1; : : : ; Bl 2 SU(n). A matrixB 2 SU(n) 
an be written in the form B = Qlj=1 AjBjA�1j for some A1; : : : ; Al 2SU(n) if and only if for any r = 1; : : : ; n� 1, for any ~a1; : : : ;~al 2 A(r; n), and forany ~a 2 A(r; n) su
h that qd�~a appears in �~a1 � : : : � �~al with a non-zero 
oeÆ
ientone hasXi2I(~a1)�i(B1) + Xi2I(~a2)�i(B2) + � � �+ Xi2I(~al)�i(Bl) � d+ Xi2I(~a)�i(B) : (15)Remark 4.4. It is 
lear that �(B�1) = ���n(B); : : : ;��1(B)�. A symmetry of thequantum multipli
ation implies that every inequality (15) written for B�11 ; : : : ; B�1l ,and B�1 
oin
ides with a 
ertain inequality of the same form (with n � r insteadof r) written for B1; : : : ; Bl, and B (see [1℄).



QUASIPOSITIVITY TEST VIA UNITARY REPRESENTATIONS 11Example 4.5. (See Example 4.2 and Remark 4.4). If n = 3 then (15) takes form�3�a1(B1) + � � �+ �3�al(Bl) � �3�a(B) + d;�1+a1(B1) + � � �+ �1+al(Bl) � �1+a(B)� dfor all 0 � a1; : : : ; al � 2 where a; d are de�ned by a1+ � � �+al = 3d+a, 0 � a � 2.Example 4.6. Let B1 2 SU(3), �(B1) = (2�;��;��). A matrix B 2 SU(3) 
anbe written in the form B = Q4j=1 AjB1A�1j for some A1; : : : ; A4 2 SU(3) if andonly if (�1; �2; �3) = �(B) satis�es the inequalities�1� � � �1 � 2� 4�; �1� 4� � �2 � 1� 4�; �1� 4� � �3 � 1� 4�;�4� � �1 � 1� �; �1� � � �2 � 2� 4�; �1� � � �3 � 2� 4�;�� � �1 � 2� �; �4� � �2 � 1� �; �4� � �3 � 1� �;�1� 2� � �1 � 8�; �1 + 2� � �2 � 5�; �2 + 2� � �3 � 2�;�2 + 8� � �1 � 1 + 2�; �2 + 5� � �2 � 1 + 2�; �2 + 5� � �3 � 5�:Sin
e 0 � 3� = �1(B1)� �3(B1) � 1, some of these inequalities follow from others.Removing them we obtainmax(��;�2 + 8�) � �1 � min(8�; 1� �); (16)�1 + 2� � �2 � min(1� 4�; 5�); (17)max(�4�;�2 + 5�) � �3 � 2�: (18)5. Methods to get restri
tions for real 
urvesIn this se
tion we(1) re
all the method of restri
tion for the topology of real algebrai
 (and realpseudo-holomorphi
) 
urves proposed in [12℄;(2) introdu
e a new method based on Agnihotri-Woodward inequalities (Se
tion4.2) for unitary representations of mixed braid groups.These methods will be used in Se
tion 6 for the proof of Theorems 2.10 and 2.30respe
tively.5.1. Pseudo-holomorphi
 
urves and quasipositive braids. Let us re
all themain 
onstru
tion from [12℄. Let RA = A \RP2 where A is a nodal real pseudo-holomorphi
 
urve of degree m. Let Lp be the pen
il of pseudo-holomorphi
 linesthrough a generi
 point p. We shall suppose that any real line l 2 Lp meets A atleast at m � 2 real points (
ounting the multipli
ities) and there exists a real linel1 2 Lp meeting A transversally at m distin
t real points.We en
ode the arrangement of RA with respe
t to Lp (the Lp-s
heme of RA) asfollows. Choose aÆne 
oordinates in R2 = RP2 nRl1 so that the lines of Lp areverti
al. Let us move a verti
al ruler from left to the right. Ea
h time it is tangentto RA at a point x we write the symbol �k+1 (if RA is to the left of x) or �k+1(if RA is to the right of x). When the ruler passes through a double point x, we
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2 3 3 3 1 2

o3Fig. 4write �k+1. In all the 
ases k is the number of the interse
tion points below x (seeFigure 4). We abbreviate �k �k to ok (an empty oval in the k-th horisontal band).If lt, t 2 [0; 1℄, is a generi
 
losed path in Lp, it de�nes a braid on m stringsb 2 Bm. Indeed, the m points Clt \ CA travel on the 
omplex plane (we mayidentify all lt using a 
omplexi�
ation of the 
hosen aÆne 
oordinates). Let b bethe braid 
orresponding to a simple 
losed path surrounding all the lines from theupper half-plane of Lp whi
h are tangent to A (when we say of the upper half-plane,we identify Lp with CP1).Let prp : CP2 n p ! CP1 be the proje
tion along the lines of Lp. Sin
e p is ageneri
 point, all the rami�
ations of prp jA are simple. The fa
t that A and lt's arepseudo-holomorphi
 implies that all the rami�
ations are positive, i.e. the braidasso
iated to a small loop around any bran
h point is �j for some j = 1; : : : ;m� 1.Hen
e, the obtained braid is quasipositive.Under the assumptions about Lp formulated in the beginning of this se
tion,the braid b is determined by the Lp-s
heme of RA and it 
an be easily 
omputedas follows. Put �k;l = �k : : : �l and �m = �1;m�1�1;m�2 : : : �1;1. Then b = bR�mwhere bR is obtained from the en
oding word by the following algorithm:(i). Repla
e ea
h subword �k �i1 : : :�in �l with ��1k Æ1 : : : Æn�k;l whereÆj =8><>: ��1ij ; ij < k � 1;��1ij+2; ij > k � 1;�k;k+1��1k+1�k+1;k; ij = k � 1; �k;l =8><>: ��1l;k+1�k;l�1; k < l;��1l;k�1�k;l+1; k > l;1; k = l:(ii). Repla
e ea
h �k (whi
h was not repla
ed in the step (i)) with ��1k .As we already mentioned, the quasipositivity of the braid b is a ne
essary 
ondi-tion for the realizability of a given Lp-s
heme as the set of real points of some realpseudo-holomorphi
 
urve. It 
an be easily seen (see [7; Se
tion 4℄ for details) thatthis 
ondition is suÆ
ient too. Namely,Proposition 5.1. Let C � RP2 be a union of immersed real 
ir
les with transver-sal interse
tions. Let p be a generi
 point in RP2 su
h that almost any real linethrough p meets C at least at m� 2 points. Denote by RLp the pen
il of real linesthrough p. Let b 2 Bm be the braid 
onstru
ted from (C;RLp) by the above pro
e-dure. Then b is quasipositive if and only if there exist a tame Conj-invariant almost
omplex stru
ture J in CP2 and a J-holomorphi
 Conj-invariant 
urve A � CP2
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h that C = A \RP2 and ea
h line from RLp is the set of real points of somereal J-holomorphi
 line.Remark 5.2. Proposition 5.1 
an be reformulated without the "(m�2)-hypothesis".In general 
ase, the Lp-s
heme of C determines a subset B of the set of 
onjuga
y
lasses of Bm (CardB = 1 under the "(m� 2)-hypothesis"; see [12℄). C is pseudo-holomorphi
ally realizable if and only if B 
ontains a quasipositive braid.Remark 5.3. Any Lp-
exible 
urve in the sen
e of [12℄ is a real pseudo-holomorphi

urve and any real pseudo-holomorphi
 
urve is an Lp-
exible 
urve for any generi
point p.Corollary 5.4. Let C;C 0 � RP2 be unions of immersed real 
ir
les with transver-sal interse
tions. Let p 2 RP2 be a generi
 point.a). (see [12; Proposition 3.6℄ ) Suppose that the Lp-s
heme of C 0 is obtained fromthe Lp-s
heme of C by one of the following substitutions:�j �j�1  ! �j�1 �j �j�1 �j  ! �j � j�1 �juk  ! uk �j (19)�j �j�1 ! ? �j �k ! �k �j (20)where jk � jj > 1 and "u" stands for one of the symbols "�", "�", or "�".If C is realizable by a real pseudo-holomorphi
 
urve then C 0 is also realizable.b). (
p. [16; Se
tion 4℄ ) Suppose that the Lp-s
heme of C 0 is obtained from theLp-s
heme of C by the substitution�j �j ! �j : (21)Let [`1`2℄ be the segment of RLp where the modi�
ation (21) is performed. Supposethat `1 meets C at m real points.If C is realizable by a real pseudo-holomorphi
 
urve then C 0 is also realizable.5.2. Quasipositivity tests. As we have seen in Se
tion 5.1, to prove that an Lp-s
heme is pseudo-holomorphi
ally (and hen
e, algebrai
ally) unrealizable, it suÆ
esto show that the 
orresponding braid is not quasipositive. Some quasipositivity testsare des
ribed in [12, 16℄. One of them (Murasugi-Tristram inequality) we shall usebelow. For the reader's 
onvenien
e, let us formulate it.For an oriented link L in the 3-sphere and � 2 C, j�j = 1, � 6= 1, we denote��(L) = signature(V�), n�(L) = 1 + nullity(V�) where V� = (1 � �)V + (1 � ��)V Tfor the Seifert matrix V of a 
onne
ted Seifert surfa
e of L.For a braid b, let us denote by b̂ the 
losure of b in the 3-sphere endowed withthe orientation indu
ed by the natural proje
tion of b̂ onto the 
ir
le. For a braidb =Qj �kjij we set e(b) =Xj kj : (22)Proposition 5.5. (Murasugi-Tristram inequality). If b 2 Bm is quasipositive thenn�(b̂) � j��(b̂)j+m� e(b) (23)for any � 2 C su
h that j�j = 1 and � 6= 1.Another quasipositivity test is provided by unitary representations. If a braidb 2 Bm is quasipositive then for any unitary representation � : Bm ! SU(n),



14 S.YU. OREVKOVthe image �(b) of b is the produ
t of e(b) matri
es 
onjugated to �(�1). Thus,Agnihotri-Woodward inequalities (see Se
tion 5) must be satis�ed. This method
an be re�ned in two ways. The �rst re�nement is the use of Theorem 1.4 whi
hallows one to redu
e the number of braids. The se
ond re�nement provided bypassing to mixed braid groups is as follows.Denote by H the open upper half-plane of Lp. Suppose thatCA \ pr�1p (H) = A1 t � � � tAh (24)is not 
onne
ted. Denote the degree of prp jAi by mi. Then to ea
h generi
 pathin H we may asso
iate a 
olored braid (an element of the groupoid B̂m1;:::;mh)whose stings are labeled by variables t1; : : : ; th 
orresponding to the 
omponentsA1; : : : ; Ah. Let b be the braid 
onsidered in Se
tion 5.1 endowed with this 
oloring.Then the fa
t that b is quasipositive, 
an be pre
ised as follows:b = e(b)Yj ajxja�1j (25)where ea
h xj is a standard generator of B̂m1;:::;mh su
h that the 
rossing stringsare of the same 
olor.Let b 2 Aut(q) and let let q0 = (tj1 ; : : : ; tjm) with (j1; : : : ; jm) from (12), i.e.Bm1;:::;mh = Aut(q0). Let us 
hoose any b0 2 Mor(q0; q) and let � : Aut(q) !Aut(q0) = Bm1;:::;mh be the isomorphism a 7! b0ab�10 .An easy exer
ise is to 
he
k that (25) implies that�(b) = � e1Yj=1[[�1℄℄� � � e2Yj=1[[�1+s1 ℄℄� � : : : � � ehYj=1[[�1+sh�1 ℄℄�where si = m1 + � � �+mi (as in Se
tion 3.1), ei is the number of bran
hing pointsof prp jAi , and [[x℄℄ denotes some 
onjugate of x in Bm1;:::;mh . Note, that ei is"visible" in b: this is the subsum in (22) 
orresponding to the 
rossings where theboth strings are of the 
olor i.Thus, for any linear representation of � of B̂m1;:::;mh whose restri
tion to Bm1;:::;mhis unitarisable, the eigenvalues of �(�j), j 62 fs1; : : : ; sh�1g and those of �(b) mustsatisfy the Agnihotri-Woodward inequalities.When we have a de
omposition (24)? For instan
e, if A is dividing (or of typeI), i.e. CA nRA = A+ t A� is not 
onne
ted, thenCA \ pr�1p (H) = �A+ \ pr�1p (H)� t �A� \ pr�1p (H)�: (26)In this 
ase, the partition of the strings of b 
an be seen from a 
omplex orientationof RA (whi
h naturally transferts to the strings of b). Other examples 
an be foundin [12℄. 6. Proof of Theorems 2.10 and 2.30In this se
tion we prove Theorems 2.10 and 2.30 by the methods des
ribed inSe
tion 5. In parti
ular, we shall use the quasipositivity test provided by Agnihotri-Woodward inequalities (Se
tion 4.2) for the unitary Burau representation of themixed braid group B3;1 
onstru
ted in Se
tion 3.6.



QUASIPOSITIVITY TEST VIA UNITARY REPRESENTATIONS 156.1. Appli
ation of Murasugi-Tristram inequality (proof of Theorem2.10). Note, that (3) yeilds the followingLemma 6.1. There does not exist a real pseudo-holomorphi
 
urve of degree 7 witha jump whose 
omplex s
heme is (5) or (6). �The 
omplex s
heme (5) with k = 0 was prohibited in [15℄ (see also ?.?) andthe 
omplex s
heme (6) with k = 1 was prohibited in [16℄. So, let A be a realpseudo-holomorphi
 M -
urve of degree 7 without jump whose 
omplex s
heme is(5) with k > 0 or (6) with k > 1. Let V be the non-empty oval of A and p0 apoint in an empty exterior oval v0. Let v1; : : : ; v� be the interior ovals numbered inthe natural order when viewed from p0 (this means that v1; : : : ; vi�1 are separatedfrom vi+1; : : : ; v� by V [ ` where ` is a line through p0 and vi).Sin
e A has no jump, Corollary 5.4b applied to the pen
il of lines through anexterior oval allows us to repla
e v1 and v2 by a "�gure eight" (we shall still denoteits "halves" by v1 and v2). The orientation alternating implies that both v1 and v�are negative if the 
omplex s
heme is (5); v1 and v� are of the opposite signs if the
omplex s
heme is (6). Sin
e the numbering of ovals is de�ned up to the reversingof the order, in the latter 
ase (the s
heme (6)) we may assume that v1 is positive.Let us 
hoose a point p inside v1 and let l1 pass through p and v2. Using thefa
t that one 
an draw a 
oni
 through any 5 empty ovals and this 
oni
 meets the
urve not more than in 14 points, one 
an show (one uses here that the 
urve hasno jump) that the lines from Lp passing through the interior ovals v2; : : : ; v� arenot separated by those passing through the extarior ovals. Thus, using if ne
essaryredu
tions (19) and (20), we may assume that the Lp-s
heme of A has the form[�2o��22 oi1oi2 : : : oi� �5 �6℄ where ij 2 f3; 4g. The orientation alternating impliesthat the sign of the j-th exterior oval is (�1)j+ij , i.e. the 1st exterior oval ispositive if j1 = 3 and negative if j1 = 4, the 2nd exterior oval is positive if j2 = 4and negative if j2 = 3, et
.For all the sequen
es [i1 : : : i� ℄ providing the 
omplex s
hemes under the 
on-sideration, we 
he
k the Murasugi-Tristram inequality (23) with � = �1. The
omputation shows that it is satis�ed only for the Lp-s
hemes[�2o22o�13 o�24 o�33 o4 �5 �6℄where (�1; �2; �3) is either one of (8) or one of(1; 1; 1) [� = 6=17℄ (3; 1; 1) [� = 6=17℄ (1; 3; 3) [� = 5=17℄(1; 1; 3) [� = 6=17℄ (5; 1; 1) [� = 4=17℄ (1; 1; 5) [� = 5=17℄(1; 3; 1) [� = 6=17℄ (1; 5; 1) [� = 4=17℄ (1; 7; 1) [� = 2=9℄The latter nine 
ases are ex
luded using (23) with � = exp(2�i�) with the valuesof � indi
ated in the bra
kets. Theorem 2.10 is proved.Remark. The latter �ve 
ases (8) verify (23) for all values of �. The method of thedouble 
overing used in [16℄ also does not work for (8).6.2. Redu
tion of the number of strings. Let �m, �k;l and �k;l be as inSe
tion 5.1. The braids in the �ve remained 
ases are
 ��14 �4;5��16 �7 2 B7; 
 = ��32 �2;3���13 �3;4���24 �4;3���33 �3;4; (27)



16 S.YU. OREVKOVwhere (�1; �2; �3) is one of (8). Let w and w0 be two word in the generators ��1j .We say that w0 is obtained from w by a positive Markov move if w0 = w1�mw2and w = w1w2 where w1 and w2 are words in ��11 ; : : : ; ��1m�1. The following is asequen
e of transformations, ea
h of whi
h being either an identity in the braidgroup, or a 
onjugation (
onj�!), or the inverse of a positive Markov move (Mm�!); seeFigure 7 (where the strings are numerated from the bottom to the top, in 
ontraryto Figures 5 and 6).

bi

c

c

c

∆ 7

c

c

c Fig. 7
 ��14 �4;5��16 �7 = 
 ��14 �4;5�1;5�6��15 �6 Mm�! 
 ��14 �4;5�1;4�5�5;1
onj�! �5;1
��14 �4;5�1;4�5 = ~
 ��13 �3;4�5�4;1�1;4�5Mm�! ~
 �2;1�4�3;2�4�3;1�3 Mm�! ~
 �2;1�4�3;2�3;1�3:This transforms the braids (27) into~
 �2;1�4�3;2�3;1�3 2 B4; 
 = ��31 �1;2���12 �2;3���23 �3;2���32 �2;3; (28)where (�1; �2; �3) is one of (8). Theorem 1.4 implies that if one of the braids (27)were quasipositive then the 
orresponding braid (28) would be quasipositive too.6.3. Appli
ation of Agnihotri-Woodward inequalities (proof of Theorem2.30). We shall use the partition (26). The 
orresponding 
oloring of the stringsis indi
ated in Figure 7 by arrows (a 
omplex orientation). Let b be one of the thebraids (28) and let � : B̂3;1 ! GL4(C) be the Burau representation from Se
tion3.3 with tj = exp(2�i�j), j = 1; 2. We 
ompute �(b) for the values of (�1; �2) givenin Table 1.For instan
e, all braids in (28) start by b = ��31 ��12 �1��12 : : : and b 2 Aut(q),q = (t2; t1; t1; t1) 2 Obj(B̂3;1), hen
e�(b) = J1(t1; t2)�1J1(t2; t1)�1J1(t1; t2)�1J2(t1; t2)�1J1(t1; t1)J2(t2; t1)�1 : : :



QUASIPOSITIVITY TEST VIA UNITARY REPRESENTATIONS 17where J1(a; b) = 0B� 1� a b 0 01 0 0 00 0 1 00 0 0 11CA ; J2(a; b) = 0B� 1 0 0 00 1� a b 00 1 0 00 0 0 11CA :The eigenvalues of �(b) are 1 and exp(2�i�j), j = 1; 2; 3 (the values of �j we 
om-puted numeri
ally). Hen
e, the eigenvalues of �2(b) (see Se
tion 3.5) are exp(2�i�j),j = 1; 2; 3. Sin
e 3�1 + �2 < 1 (see Table 1), the representation �2 is unitary withrespe
t to a positive de�nite form by Proposition 3.2. To get the image of �1 inSU(3), we multiply �2 by exp(�2�i�) where � = 1=6� �1=3As it was explained in Se
tion 5.2, the existen
e of the 
exible 
urves wouldimplies that a 
onjugate of b is the produ
t of four braids from B3;1 
onjugated to�1. Hen
e, the numbers � and �j := �j�4�, j = 1; 2; 3 must satisfy the Agnohotri-Woodward inequalities (16) { (18). One sees in Table 1 that the inequality�4� � �3does not hold. This 
ontradi
tion proves Theorem 2.30. Table 1.�1 �2 �3 �1 �2 �1 �2 �3 4�3 5 1 5/54 91/324 0.43371 0.11348 �0:54720 0.543201 5 3 2/9 1/108 0.44244 �0:07143 �0:37100 0.370371 3 5 2/9 1/36 0.41657 �0:04018 �0:37638 0.37037Appendix. Unitary Birman-Wenzl representations of B4 and B3;1Birman and Wenzl [4℄ 
onstru
ted a series of representations of braid groups. Inparti
ular, their 
onstra
tion yeilds the the following representationB4 ! GL6�Q[a; a�1; l; l�1℄� (see [4; p.271℄). Set m = a+ a�1 and �i 7! Ji whereJ1 = 0BBBBB� a�1 0 0 0 0 00 0 0 0 �1 00 0 0 0 0 �10 0 0 l�1 m=l am=l0 1 0 0 m 00 0 1 0 0 m
1CCCCCA ; J2 = 0BBBBB� 0 0 �1 0 0 00 l�1 m=l m 0 01 0 m 0 0 00 0 0 m 1 00 0 0 �1 0 00 0 0 0 0 a�1

1CCCCCA ;
J3 = 0BBBBB� l�1 m 0 0 m=a 00 m 1 0 0 00 �1 0 0 0 00 0 0 a�1 0 00 0 0 0 m 10 0 0 0 �1 0

1CCCCCA :The mixed braid group B3;1 has a presentationB3;1 = h�1; �2; � j�1�2�1 = �2�1�2; �1� = ��1; �2��2� = ��2��2iwhere the natural embedding B3;1 ! B4 is de�ned by � 7! �23 .



18 S.YU. OREVKOVThe restri
tion of Birman-Wenzl representation to B3;1 has the following defor-mation: �(�1) = J1, �(�2) = J2,�(�) = T = 0BBBBB� k�2 p(k�1 +m) m 0 p(k�1 +m)=a m=a0 ap+ a�2 m 0 0 00 �p �1 0 0 00 0 0 a�2 0 00 0 0 0 ap+ a�2 m0 0 0 0 �p �1
1CCCCCAwhere p = alk�1 + a�1 and k is a new independent parameter. LetQ = 0BBBBB� �q1 1 q2k 0 a�1 q2k=a1 �q3 l�1 1 l 0q2=k l �q1 a�1 m(a�1 + l) q2k0 1 a �q3 l�1 a=la l�1 m(a+ l�1) l �q3 l�1q2a=k 0 q2=k l=a l �q1

1CCCCCA ;
q1 = (a� k)(a2kl � 1)akp(ak + 1) ; q2 = m(al + 1)p(ak + 1) ; q3 = (a� l)(al � 1)alm :One 
an 
he
k that Q� = Q and B�QB = Q for any B = J1; J2; T (the involutionof 
onjugation is de�ned by a 7! a�1, l 7! l�1, k 7! k�1). The substitutionk = l in T gives J23 . Thus, � spe
ializes (when k = l) to the above Birman-Wenzlrepresentation of B4 restri
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