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1. INTRODUCTION AND STATEMENT OF MAIN RESULTS

1.1. Introduction. We study here the following problem (the Class Product
Problem). Let cq,...,cn, be conjugacy classes in a given group. Does the unity of
the group belong to their product? For the usual unitary group SU(n), this problem
is completely solved in [2] and [3]. Various partial cases of the class product problem
(in particular, estimates for the covering number) for many groups were studied by
many authors see, e. g., [1, 9, 11, 12] and numerous references therein.

In this paper we give a complete solution to the class product problem for the
finite unitary groups GU (3, ¢?) and SU (3, ¢°), see §1.7 for precise statements. Due
to Ennola duality (see §1.3), as a by-product, we obtain a solution for the groups
GL(3,q), SL(3, q). For the sake of completeness, we also give in §5 a solution for the
groups GL(2,q), GU(2,¢*) and SU(2,¢*)=2SL(2,q). A solution for corresponding
projective groups PGL, PSL, PGU and PSU easily follows.

Our interest to the class product problem in all kinds of unitary groups is moti-
vated by the study of braid monodromy of plane algebraic curves (see [14]).

As in [1, 12], the main tool used here for solving the class product problem is
Burnside’s formula for the structure constants via the character table. Namely,
for a finite group I' and its elements x1,...,x,,, we denote the number of m-
tuples (y1,...,Ym) such that y; is a conjugate of z; in I and y; ...y, = e by
Nr(z1,...,2Zm). Then Burnside’s formula (see, e. g., [13; Th. I-5.8] or [1; Ch. 1,
10.1]) reads as

Ni(ar, ... = ol 57 Mo X ) M)

r )m?
x€Irr(T)

where Irr(T) is the set of irreducible characters of I' and x denotes the conjugacy
class of z in I". We denote the sum in the right hand side of (1) by Np(z1,...,Zm)-
We use the character tables from [6] (GU/GL) and [15, 7] (SU/SL).

Acknowledgment. I am grateful to M. Geck, A. A. Klyachko, N. A. Vavilov and
I. A. Vedenova for useful advises and discussions.

1.2. Determinant Relation and Rank Condition. If T" is a subgroup of
GL(n, K) over any commutative field K and Ay,...,A4,, € I' are such that I €
AT ... AL then an evident restriction is the determinant relation

det(A7) -...det(Ay) =1 2)
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Another evident restriction which takes place for any field, is the rank condition: if
Al... A\ =1, then

rk(A; — A1) ngk(Ai—)\iI) forany j=1,...,m (3)
i#]

(I is the identity matrix). Indeed, if we denote the \;-eigenspace of A; by V;, then
ﬂ#j.‘{i C.Vj, thus cod.imVj < codim ﬂ#j V., < Z#j codim V. .When m > n, this
condition is always satisfied for any m-tuple of non-scalar matrices.

One more general restriction (see Case (viii) in Theorem 1.3(a)) is

Proposition 1.1. Let K be a perfect field and A ~ B € GL(3, K). If A does not

1
have eigenvalues in K, then A~'B # (1 ? 8) .

001
Proof. Suppose the contrary. Let V be the eigenspace of A~'B. Then Aly = Bly.
Since A has no eigenvalues in K, we have A(V) # V. Let e € VNAV), 1 =
A71(es), and e3 = A(ez). Then B(e;) = A(e1) = ez and B(es) = A(es) = es.
Thus, A and B take the canonical form in the same basis (€1, ez, €3). Since A ~ B,
this implies A = B. Contradiction. [J

It happens (see Theorem 1.3 in §1.7) that in the case of GL(3, q), ¢ # 2, there are
no other restrictions on Ay, ..., A,,. In the case of GU(3, ¢?), there are much more
restrictions (see the lines in Table 2 not marked by the asterisk). An interesting
question is to generalize them for any field and for any dimension.

1.3. Ennola duality and the sign convention. Throughout the paper, ¢ is a
prime power and GU (resp. SU, GL, SL) is an abbreviation of GU(3,¢?) (resp.
SU(3,q?), GL(3,q), SL(3,q)) except §5 where the same convention is used with 3
replaced by 2.

Ennola [6] observed that the character tables of groups GU(n,¢?) and GL(n, q)
are obtained from each other by changing the sign of q. The same is true for
SU(n,q*) and SL(n,q). Since the character table is our main tool, it is not sur-
prising that all computations are almost the same for GU/SU and GL/SL. So,
throughout the paper (except §4 and §5.3), we use the following sign convention: if
a symbol £ or F occurs in a formula, then the upper sign corresponds to the case of
GU (resp. SU, PSU) and the lower sign corresponds to the case of GL (resp. SL,
PSL). Throughout the paper (except §4 and §5.3), G (resp. S; PG; PS) stands
for GU or GL (resp SU or SL; PGU or PGL; PSU or PSL) and we set

5 _E_{l’ G =dGL, (@)
L “lo, G=GU.

1.4. Conjugacy classes in GU (3, ¢?) and GL(3,q). Recall that GU(3, ¢?) is the
group of 3 x 3 matrices A with coefficients in the finite field F,> such that A*A =T
where A* = At and z — Z is the Frobenius automorphism of F,2 defined by z > 29.
We set Q2 = {z € F2|29%! = 1}, i. e., Q is the multiplicative group [y when
G = GL and Q is “the unit circle” Q = {2z € F2 |22 =1} when G = GU.
We fix a multiplicative generator 7 of F:’;G and we set p = 7ai+a+1 (a generator
of Flo), w= p?F! (a generator of ), and 6 = 79°F1,
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The conjugacy classes in GL(n,q) are determined by the Jordan normal form
(JNF). The conjugacy classes in GU(n,¢?) have been computed in [5] and [16].
Each conjugacy class of GU (n, ¢?) is the intersection of GU (n, ¢*) with a conjugacy
class of GL(n,q?), so, it is determined by JNF. The classes of GL and those of
GU (represented by JNF in GL(3,q°)) are listed in Table 1 which, for the reader’s
convenience, we reproduce from [6]. For an integer k, we denote the set {1,...,k}
by [k]. We set Ry = {k € [¢> = 1]|k # 0 mod q ¥ 1} and Rpy, = {k €
[¢>+1]|k#£0 mod ¢®> Fq+1}.

Table 1. Conjugacy classes in G

Class | JNF over F s | det class size range of the
parameters
wk
ka) ( 0 Wk 0 ) w3k 1 ke lqgt1]
0 0 w*
(k) wh 00 3k 3
Cy <1wk ok) w (gF1)(¢° £1) kelqg+1]
0 0 w
wbF 0 0
e ( Lt ok) w1 gl = 1)(¢* £ 1) kelg+1]
w00
o (L) o | @) | (D el kAl
(K,0) Wb 0 0 2k+1 2 3 2
Cs L w0 w q*(¢F1)(¢" £ 1) (k1) €lgx 1%k #1
C(kzlam) w” Ol 0 k+1l4+m 3 1 2 1 1<k l <g+1
6 0w 0 ) |w ClaF)(@Fg+1) | 1<k<li<m<gq
Wk 0 0 (k,)€lgE£1] x Rz
C(k’l) (0 Lo ) WRF 3(g3 + 1 ) q
7 o % e 7°(q ) C;k,l) _ C;k,q:ql)
o 9 0 k € Ry341
o |(Sot o ) | ParraED | e s
0 o 9q4k Cé):CS(q ):CS(q )

1.5. Conjugacy classes in SU(3,¢?) and SL(3,q). If 3 does not divide ¢ & 1,
then G = S x Z(G) where Z(G) = Cy = Q) is the center of G, and hence, the classes
of S are just those classes of G which are contained in S.

Let ¢ = 3r F 1. In this case, the splitting of conjugacy classes in SL is described
in [4; Ch. 11, §224] (see also [17]). As stated in [15], “it can be shown that the

same splitting takes place in the unitary case”. Each of Cék), k = 0,r,2r, splits into

three classes which we denote by C’ék’l), [ =0,1,2. The class C’ék’l) in SU(3,¢?)
(resp. in SL(3,q)) consists of matrices which are conjugate in SL(3,¢?) (resp. in
SL(3,q)) to'

k
C:,l u?k 8 L { p, S=5U(@3,4¢%),
0 1wk 7 w, S=S5L(3,q).

Other conjugacy classes of G contained in S are conjugacy classes of S.

there is a misprint here in [15].
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Proposition 1.2. If A € C’ék’l), then A1 € Cg()—k:l) and Wk A € C§k+k/’l).

Remark. Each conjugacy class of SU is the intersection of SU with a conjugacy
class of SL(3,¢?). The situation is quite different for SU (2, ¢?), see §5.3.

1.6. Notation for eigenvalues. We denote the union of the conjugacy classes

C’i(“') by C;, i =1,...,8. We denote the number of distinct eigenvalues of matrices
from C; by n; and the number of distinct eigenvalues belonging to © by n}. So, we
have

ni1 =ns =nz=1, ng =mns =2, ne =ny =ng = 3;
ni=mn; (i=1,...,6); nt =1, ng = 0.
We denote the multiplicity of an eigenvalue A of a matrix A by ma(\). Let

A € C;. We denote the eigenvalues of A by \y = A (A),...,  \n, = A, (A). We
number them so that

ma(A1) > - >ma(Ay,) and g, Ay € Q. (5)

For an m-tuple of matrices A= (A1,...,An), A, € C;, v=1,...,m, we use
the multi-index notation:

= (a1, sam), [ = [ni] o x [ng,, ], 0] =[] <o x g,

(recall that [k] stands for {1,...,k}) and for @ € [7i] we set

o 1, Ag=1,
)\d:)\a1<A1)"‘)‘am(Am)’ 66:66( ) B {
0, Mi1.

In this notation, the rank condition (3) for A = (A;, Ay, A3) takes the form

nis
D G11a>0 if {iy, i} C{2,4} (3)
a=1

1.7. Statement of main results. In Theorems 1.3 and 1.6, we restrict ourselves
by the case when Ay, ..., A,, are non-scalar and m > 3. To reduce the general case
to this one, it is enough to know the class of the inverse of a given matrix and the
class of its multiple by a scalar. For GG, this is clear from JNF; for S, the answer is
given in Proposition 1.2 in §1.5.

Theorem 1.3. Let Aq,..., A, € G\C1, m > 3, satisfy (2) and (3). Let A, € C;,
v=1,...,m.

(a). If G = GU, we suppose that one of the following conditions (i)—(vii) holds:

(i) m =3, i1 €{6,7}, io € {3,5}, i3 € {2,4}, and 6111 = 1;
(i) m=3, i1 =5, iy € {3,5}, iz € {2,4}, and d211 = 1;
(222) = 3, Zl = ig € {6, 8}, i3 = 2, and 611162215331 =1 (When il = ig = 8, the

last condition is equivalent to 0111 = 1);
(iU m:3, (il,ig,i3> ( ) or (4,4,2),’

)
v) m =3, (i1,i2,1i3) = (5 4), and d11201210211 = 1 (see Remark 1.5);
(vi) m =4, (i1,12,13,14) = (3,2,2,2), and 01111 = 1;
(vii) m =4, (i1,12,13,14) = (4,4,4,2), and d11210121102111 = 1 (see Remark 1.5).
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If G = GL, we suppose that one of the following conditions (viii)—(ix) holds:
(UZZZ) m = 3, (il,ig,i3> = (8,8, 2) and 5111 = 1,'
(ir) q =2, m =3, (i1,1is,i3) = (8,8,3) and A{ = AF.
Then I & AY ... AC.

(b) Suppose that none of the conditions of Part (a) holds for any permutation
of A1, ..., Ay and for any renumbering of the eigenvalues of the matrices under
the restrictions (5). In the case G = GU, we suppose also that ¢ # 2. Then
I AS .. AG.

Remark 1.4. In Table 2 we present the list of all the cases when (2) can be satisfied
for non-constant matrices Ay,..., 4, € G, m > 3, A, € C;,, 4, > 2, but I ¢
AF ... A% for ¢ > 2. The cases marked by asterisk concern the both groups GU

and GLj; as stated in §1.2, in all of them except (8,8, 2) the rank condition (3) is
not satisfied. The cases not marked by asterisk concern only GU.

Remark 1.5. Conditions (v) and (vii) in Theorem 1.3 mean that (u1 A, ..., tmAG)
is (Cé_k’o),C§0’k), io’k)) or (Cio’k),Cio’k),C’iO’k),Cé_k)) for some k € {1,...,q}
and for some p; € Q with pq ... gy = 1.

Table 2. Cases when det A; ... A, =1, I ¢ A{ ... AS for ¢ > 2 (see Remark 1.4)

(it~ im) (i1s- i)

(2,2,2)* 0111 =0 (6,4,2)* 0111 + 9211 + 9311 =0
(3, 2, 2)* 5111 = 0 (6,4, 3) 5111 + 5211 + 5311 = 1
(3,2,2) o111 =1 (6,4,4)* 0111 + 0211 + 9311 =0
(4,2,2)* (6,5,2) 0111 + 0211 + 311 =1
(4,3,2)* (6,5,4) 0111 + 0211 + 0311 =1
(4, 4, 2)* 5111 =0 (6, 6, 2) ZaéSg 511a1522a1($33a1 =1
(4,4,2) o1 =1 (7,2,2)* 0111 =0

(4,4, 3)* 5111 =0 (7, 3, 2) 5111 =1

(4,4,4)* 0111 + 011201210211 = 0] (7,4,2)* o111 =0

(5, 2, 2)* 5211 =0 (7, 4, 3) 5111 =1

(5,3,2) do11 =1 (7,4,4)* 0111 =0

(5,4,2)* 0111 + 0211 =0 (7,5,2) 0111 =1

(5,4, 3) 5211 =1 (7,5,4) 5111 =1

(5,4,4)* 0111 + 0211 =0 (8,2,2)*

(5,4,4) 021101210112 = 1 (8,4,2)*

(57572) 0211 = 1 (8,4, 4)*

(5,5,4) do11 =1 (8,8,2)* 0111 + 0121 + 0131 =1
(6,2,2)* 5111 +($211 +5311 = 0 (3,2,2,2) 51111 = 1

(6,3,2) 0111 + 0211 + 9311 =1 (4,4,4,2) 1121612110211 = 1

The case of ¢ = 2 also is treated completely in Propositions 4.2 and 4.3 (for GU)
and in Corollary 4.5 (for SU).

If 3 does not divide ¢ =1, then G = S x (2, thus the class product problem in S
reduces to that in G. Otherwise (when 3|g & 1) the solution is as follows.

Theorem 1.6. Let Aq,..., A, m > 3, be as in Theorem 1.3. We suppose in
addition that ¢ = 3r F1 and Ay, ..., A, € S, recall that S is SU(3,¢*) or SL(3,q).
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(a). Suppose that m = 3.
If S = SU, we suppose that

(i) iy =iy = 3, i3 € {2,4}, A4y € O Ay e P2 1y £1,.
If S = SL, we suppose that one of the following conditions (ii)—(v) holds:
(i) (insisis) = (3,3,2), Ay € Cf™™), Ay € O™ 1y £ 15, and 6111 = 0;

(idi) (i1,2,33) = (3,3,4), Ay € O Ay e C{F2) 1) £ 1y
(“)) q = 47 (i17i27i3) = (37373)7 Al/ € Cg(}kl”ly)z v =123, li =12 7& l3; and
0111 = 1;
(v) ¢ =4, (i,ia,i3) = (3,3,3), A, € CS*™) v =1,2.3, 1), =1, = I3, and
0111 = 0.

Then I ¢ A7 AS A3,

(b). Suppose that ¢ > 2 and I € AS ... AS . Suppose that for any permutation
of A1, ..., A, the hypothesis of Part (a) is not satisfied. Then I € A7 ... AS .

If 3 does not divide ¢ £1, then PG = PS = §. If 3 divides ¢ £ 1, the solution of
the class product problem for PG and PS is as follows. Let C’f) be the conjugacy
class of PG or PS corresponding to C’Z( ).

Corollary 1.7. Let q =3rF1, q # 2. If m > 4 (resp. m > 3), then the product
of any m-tuple of nontrivial conjugacy classes of PGU (resp. PGL) contains the
identity matrix. All triples of nontrivial conjugacy classes of PGU which have
representatives in GU satisfying (2) and (3), but whose product does not contain
the identity matriz, are

O U

(i) 3 com e k=1,...q

(@) CM oM o k=1,....q, k¢ {r2r);
(zv) ééO,r,Qr) CN,:E’O) C,SO)

() GO 0k 0.~k k=1 ...q

(UZ) "éO,r,Qr) ~é0,7",27“) C”’,é())

Corollary 1.8. Let q = 3r ¥ 1, q # 2. If m > 4, then the product of any m-
tuple of nontrivial conjugacy classes of PS contains the identity matriz. All triples
of nontrivial conjugacy classes which have representatives in S satisfying (3), but
whose product does not contain the identity matriz, are

(1) cion o o 1=0,1,2

(i) OV o S e S N T IO P

(i) O gk Gk ey e =1, 3k ¢ {r, 2}
(w) O O oy 1=0,1,2;

()  cPomF e R =

(Ui) C",G(O,T,QT) 616(0,7“,27') C~,§O)
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(vii)  CM) ¢ G 0<l <lp <2
(viid) COM) G Gk 2k 0<Il,<ly3<2 k=1,...r—1.

in the case PS = PSU, and only the triples (viii) in the case PS = PSL.

1.8. Covering number and extended covering number. Let I be a group.
The covering number of T' is the minimal integer m such that for any nontrivial
conjugacy class ¢, we have ¢ =T'. It is denoted by cn(I"). The extended covering
number of I" is the minimal integer m such that for any nontrivial conjugacy classes
Cly---,Cm We have ¢ ...c, = T. Covering numbers were studied in [1, 12].

Corollary 1.9.
en(PSL) = 3 and ecn(PSL) = 4;
en(PSU) =3 and ecn(PSU) =4 if ged(q+ 1,3) = 3 and q # 2;
cn(PSU) =4 and ecn(PSU) =5 if ged(g+1,3) = 1.

Remark 1.10. Karni [10] computed the numbers cn(PS) and ecn(PS) for g = 3,4, 5;
Lev [11] proved that cn(PSL(n, K)) = n for any n > 3 and for any field K which
has more than 3 elements.

2. CLASS PRODUCTS IN GU(3,¢?) AND GL(3,q). PROOF OF THEOREM 1.3

2.1. The character tables of GU(3,¢*) and GL(3,q). In this section we rep-
resent the character table of G (see [6]) in a form convenient to apply (1). The
irreducible characters of G divide into 8 series parametrized by the same sets of
parameters as the conjugacy classes. We denote the dimension of the irreducible
representations corresponding to the j-th series by d;. So,

dp =1 ds = ¢° ds =q(¢* Tq+1) dr=¢>+1

dy=q"Fq di=¢ Fq+1 ds=qF)(PFg+1) ds=(¢£1)(¢* 1)
The characters y dti"" ), 1 =1,...,8, are irreducible and pairwise distinct only for
some values of the parameters t, u, v, but we define them by the same formulas
for any values of the parameters. Recall that for an integer n, we denote the set
{1,...,n} by [n]. Let

X_{ (t) - X! = (t,t) 4

] de|t€[q:t1]}7j_172737 j_{de |t€[qi1]}7j_ 757
X; =G [(u) € lg =112, =45, Xg={x§"" | (tu) € [g 112},
sU,V 5 1 u

Xo = D" | (tuv) € [g £ 1), Xt = P T () € g 1]),

Xr = ) e fg£ 1) x [ =10}, Xi= (! T re g1,

Xs = {xg! |t € ld® £ 1]}, X§ = (g It e la+1])

and E'l - {X17X27X37X4/17Xé7Xé/7Xé}7 E’Q = {X47X57X(/37X’/7}7 ES = {X6}7 E4 -
{X7}, 25 = {Xs}, E=E1U---UZE5. It is clear that if F' is any expression depending
on a character of G, then

Y. Blo=) s(X)) B (6)

x€lrr(G) Xe= x€X
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where the symmetry factors s(X) are given in Tables 3.1 and 3.2.
We fix a homomorphism of multiplicative groups f : Foe — C* which takes 7 to

exp(2mi/(¢® — 1)), thus,
flw) = eZwi/(Qi1)7 flp) = eQWi/(QQ—l), £(0) = eQM/(qgil).

Let A € C; and let A\q,..

X(4) = ¢ fdet A)',

XE(A) =,
a=1

(t,u,v)
dg

(4) =

X(t) eXez

Fa)'F(A " det A)",

OtGAG,i

XEIZ’U)(A): Z Cf(7f(Ag(1)AZ(2)),

OtGA7,i
where Ag; and Az ; are sets of triples a = ((1), a(2), «(3)) and pairs (a(1), a(2))

respectively defined by
AG,i - {(17 ]-7 1)}7

AG,i - {(27 17 1)7 (17 27 1)7 (17 17 2)}7

Ag6 = S3,
A7 = As s = I,

(®)
Xdg

.y An, be its eigenvalues numbered as in (5). Then

X(t’u) e X e EQ,

Z Cz')(ﬁf()\g(n/\g(z))\g(?,))a

g

(A) =D e F(N).

a=1

A7 ={(1,1)},
A7 ={(2,1)},

A7z =1{(1,2),(1,3)},
A7 =Ars = 0.

i=1,2,3,
i=4,5,

The coefficients ¢, and ¢, (the latter denoted just by ¢;* in the cases when nj = 1)
are given in the Tables 3.1 and 3.2.

Table 3.1
X e e e ey & e g | s(X)
X1 1 1 1 1 1 1 1 1 1
Xy | dy Tq 0 1Fq 1 P 0 -1 1
X5 | ds 0 0 q 0 F1 41 Tl 1
X, | d 1¥q¢ 1 2Fq¢ 2 3 1 0 1
Xt | ds q 0 2F1 -1 T3 41 0 1
X! | d¢  2qF1 TF1 3¢F3 F3 TF6 0 0 1/3
X} dg —qF1 F1 0 0 0 0 F3 -1/3
X5 de 2¢ F 1 F1 qgF1 Fl F1 0 0 1/6
X, | dy +1 1 g+1 41 0 +1 0 1/2
Xs | ds —qF1 TFl 0 o 0 0 F1 | 1/3
Table 3.2
X cg( cg( c§( cf 1 cjf 5 cgf 1 cgf 5 céf a c%f s(X)
X, | di 1Fq 1 17 g 1 1 1 1 1 1
X5 | dj q 0 qF1 q F1 0 F1 +£1 1
Xg | de 2¢F¥1 F1 2(¢F1) q¢F1 F2 FL F2 0 |-1/2
X7 dr +1 +1 0 qg+t1 0 +1 0 +2 | —1/2
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2.2. Structure constant formula for GU(3,4¢?) and GL(3,q). Let Ay, ...,

9

An €

G, A, €C;,,detA;... A, = 1. We use the multi-index notation as explained in

§1.6 and we set also
A=A, x - x Aja., j=6,T.
Substituting the formulas from §2.1 into (1) and using (6), we obtain
Ng(Ay,...,Ap) =31+ + 35

where Y, is the sum over =;:

qt1 X t X X
.. det A;... A X .. .c
=Y s(x) Y {( ST oodn) (q+1) Y o ();C(Z;m_;“”
XEeE, t=1 Xeg, €
CX q+1 qt1
Te= Y s(X) Y RS Zm’“me Zf)\ det Ay ... Ap)"
Xe=E, acln’] (
cfa P 0
=(q£1)* ) s(X) ) —HEame
X€EEs ac(m’] (C )

Xg Xg q:l:l q:l:l q:tl

1 o ... v
23262 ldmngf &(1)) Zf a(2)) Zlf()\&(s))

&GAG

X6 C-X6

(g+1)3 ci®...c
D Dl = 2 dawda@dae)
aeAsg

1 cX7.. X7 iy -1
Si=5 >~ & — Zf a)) Zf@&@))"

ael; u=1
X7 X7

_(qil)((f—l) G, "'Cim5 5
= Z d77n—2 ava(2)

2 «
acAy

X X 541 X X
8 8 4 :l:l) 8 c8

1 7, c 7 71 " )
E5:§Z 1dm2mzf 3 ZCldrnide*

ae[n) ae[]

2.3. Structure constants for triple products in GU (3, ¢?) and GL(3, q). Using
the formulas from §2.2, we computed the structure constants for all triples (i1, i3, i3).
To write down the result in a compact form, we introduce the following notation.

We define A’g as the quotient of A by the action of the symmetric group

S3 defined

by @™ = (af,...,al) where af = (a,(17), 2, (27), @, (37)). Similarly, we define
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.»I? as the quotient of A, by the action of Zy which exchanges the elements of A7 7.
Given @ € [7'], let |d| be the number of v such that a,, = 1 and i, € {4,5}. We set

A= Z da(1)0a(2)0a(3) + Z 0a(1)0a(2) A, = Z da-

aeA; ez acli'],|dl=a

A=) b
)

aen

We set also

We do the following substitutions (we may do them because of the determinant
relation):
(i) 0% = da
(¢1) 0g0p = 0 if @ and b differ at exactly one position, i. e., if there exists 1y such
that a,, = b, if and only if v = 1y, for example, d1220132 = 0;
(7i1) 0z = 0 if there exists v such that a, < n/, if and only if v = vy, for example,
we set 5321 =0if (i17i27i3> == (7,5,4);
(1v) 61110n;, iy ,mi, = 0111 if i1, 82,45 < 5;
(U) 0111 =0if iy € {4,5} and {ig,ig} C {2, 3}
The result of computation is presented in Table 4. Recall that §;, is defined by (4).
In the third column, which is entitled “length of A”, we give the number of mono-
mials in A or in A’ survived after the substitutions (i)—(v). If there are restrictions
on dz imposed by the rank condition, then we write them in the brackets in the
second column (if the rank condition is never satisfied, then we write “[false]”).

It is clear from Table 4 that Ng (A1, As, A3) = 0 in the cases (i)—(iz) of Theorem
1.3(a).

Also, when G = GL, it is clear from Table 4 that Ng (A1, A, A3) # 0 unless the
cases (viii) and (iz) of Theorem 1.3; maybe, it worth to note only that A <411 p,,
for iy = io = 7, i3 € {2,3,4,5} and that for (i1,is,i3) = (8,8,2) the proof is the
same as in the case G = GU.

In the last column we give a reference to a proof of Theorem 1.3(b) for G = GU
and ¢ > 5 in the corresponding case (“ev.” means “evident”). The case of G = GU,
q=2,3,4, is done in §4 and §2.4.

Table 5 serves to prove Theorem 1.3(b) for the triples (i1,142,43) appearing in
cases (i), (i), (iii), (v) of Theorem 1.3(a). In the second column we write condition
() on dz. It is a condition which is equivalent to the fact that the hypothesis of
Theorem 1.3(b) is satisfied, i. e., the conditions (i)—(v) are not satisfied for any
permutation of (i1, i2,43) and for any renumbering of the eigenvalues under (5). As
in Table 4, the rank condition is written in the brackets. In the third column we
write the structure constant for G = GU under condition (x). In each case it is
obviously nonzero for ¢ > 5.

2.4. The cases of GL(3,2) and GU(3,¢?) for ¢ = 3,4.

These cases are treated in [10]: p. 64 for GL(3,2), pp. 69-71 for GU (3, 3?) and
pp. 89-93 for GU(3,42%). The correspondence between the notation of conjugacy
classes in [6] (used in this paper) and the notation in [10] is given in Tables 6.1, 6.2
and 6.3. Note that in all these cases 3 does not divide ¢ + 1, hence it is enough to
consider the case of SU instead of GU.

2.5. Proof of Theorem 1.3 for m = 3. Here we complete the proof for triples
(41,12,13) not covered by Table 5. In this section G = GU.
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Table 4. Structure constants for GU (3, ¢?) (iL:f) and GL(3,q) (5L _1)
(i1, iz, i3) NG(A1,A2,A3)/|A?| length | proof of
of A | Th. 1.3
(2, 2, 2) (2q25L + q — 2)5111 [5111 = 1] ev.
(3, 2, 2) 25L5111 [5111 = 1] ev.
(3, 3, 2) q2(1 - 5111) + (q — 1)5111 — 4q5L5111 ev.
(3,3,3) | ¢®(¢®> —2)+ q(q* £2q — 2)6111 ev.
(4,2,2) | 0 [false] ev.
(4,3,2) | 0 [false] ev.
(47 37 3) q(q + 1)2((] + 1) ev.
(4, 4, 2) 2((]2 - 1>5L5111 [5111 == 1] ev.
(4, 4, 3) (q + 1)2((] + 1)5111 [5111 = 1] ev.
(4,4,4) | (2¢%6 £ 1)d111 + ¢(q F 1)611201210211
[0111 + 011201216211 = 1] ev.
(5, 2, 2) q5211 [5211 = 1] ev.
(5,3,3) (q:F 1)2((q:|:2) —|—5211) ev.
(5,4,2) | (¢FqE£1)d111 4+ qda11  [0111 + 6211 = 1] ev.
(5, 4, 3) (q + 1)((] + (2(]5/; — 1)5111 + q5211) tbl. 5
(5,4,4) | (£ 1)0111 + gd211(1 F d1120121) [0111 + 0211 = 1] tbl. 5
(5,5,2) | ¢*+q+2((q—1)%0L— 1)0111 F (¢*+ q) A1 F %02 tbl. 5
(5,5,3) | (¢ £ 1)(q(¢® F2q —2) + (¢* — 4¢0L, + 1)b111
+q(q £1)A1 + ¢*6201) ev.
(5,5,4) | q(g=1) (511251215211 F 0121 F d211 + 1)
Fq*0o01 + (2¢*6L — 2¢ F 1)d111 tbl. 5
(5,5,5) | (g +£1)(¢*> F 3¢ — 2+ qA1) + (¢* +3¢> — 2¢° + 3¢
+1)d111 + q(q £ 1)*(Az F 611261210211) + ¢* 0222 ev.
(6,2,2) | (¢ 1)Ay [Ag=1] ev.
(6,3,2) | (g+1)2(1F Ag) tbl. 5
(6,3,3) | (g£1)2(¢> F2¢—1+ (¢E1)A) ev.
(6,4,2) | (¢x1)A; [A; =1] ev.
(6,4,3) | (¢ 1)2(1FAy) tbl. 5
(6,4,4) | (g 1)Ay FqA [Ag=1] 6 ev.
(6,5,2) | (¢+ 1)((qj: (1 F A1) Fqlo) tbl. 5
(6,5,3) | (¢ 1)*((¢*F3¢—1) + (g 1)A1 + ¢A) ev.
(6,5,4) | (¢£1)((¢£1)(1FA2) F q(d121+0221+0321) +¢A) | 6 tbl. 5
(6,5,5) | (1) ((a£1)(¢* Fdg—1) + (¢ £1)°A;
Talg= DA FA) £ @A) | 6 | 525
(6,6,2) | (g+1)((g+1) Fqho+ (2¢F1)A) 6 tbl. 5
(6,6,3) | qlgx1)?*(¢F4+ A0 FA) 6 §2.5
(6,6,4) | (g 1)(14+q(1F A1) +¢*A 18 | §2.5
(6,6,5) | qlg+=1)((q+x1)(¢F5)+ (¢ 1A +¢AgFgA) | 18 | 5§25
(6,6,6) | (g% 1)2(> F6q+1) + ¢2(g £ 1)Ag F ¢3A 36 | §2.5

11
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Table 4 (continued-1)

(i1, 42, i3) Ng(Al,Ag,Ag)/|A?| length | proof of
of A | Th.1.3

(7, 2, 2) (q + 1)5111 [5111 = 1] ev.
(7, 3, 2) (q2 — 1)(1 F 5111) thl. 5
(7,3,3) (g+1)(¢* — 1)((]:F1+5111) ev.
(7,4, 2) (q + 1)5111 [5111 = 1] ev.
(7, 4, 3) (q2 — 1)(1 + 5111) tbl. 5
(7,4,4) | (¢F Do [0111 = 1] ev.
(7,5,2) | (¢F1)((¢£1)(1F 111) F qdizn) thl. 5
(7,5,3) (> = 1)(¢®* Fq+ 1+ (¢£1)d111 + ¢d121) ev.
(7,5,4) | (¢F )((¢ =D F di11) F gd121) thl. 5
(7,5,5) | (@FD((¢x1)(¢®F2¢—1)+(¢+1)*n

+q(q + 1)A1 + q25122) ev.
(77 67 2) (q + 1) (q +1 + qAO) ev.
(7767 3) Q(qz - 1)(q:F2 +A0) ev.
(77 6, 4) (q + )(q t1F qu ev.
(7,6,5) | alaF 1)((a=1)(aF 3)+ (g% 1)A; +gA) ev.
(7,6,6) | (¢F D((¢£1)(¢*> F4g+1)+¢>Ao) ev.
(7,7,2) | (@F1D(1+q(1F 1) £A) 2 ev.
(7, 7, 3) q(q2 — 1)(q+5111 :f:A) 2 ev.
(7,7,4) (qF )(qulinéul) + A 2 ev.
(7,7,5) q(qF 1)((12 —1+(qg£1)6111 + qd112 £ qA) 2 ev.
(77 77 6) (q + 1) ((q2 - 1)(q + 1) + qQAO) ev.
(77 77 7) (q4 - 1) +q2(q:F 1>5111 :thA 4 ev.
(8,2,2) 0 [false] ev.
(8,3,2) | ¢*Fq+1 ev.
(8,3,3) (P Fq+1)(®P+q—1) ev.
(8,4,2) 0 [false] ev.
(8,4,3) | ¢*Fq+1 ev.
(8,4,4) | 0 [false] ev.
(8,5,2) | ¢*Fq+1 ev.
(8,5,3) (> —1D(*Fq+1) ev.
(8,5,4) | ¢*Fq+1 ev.
(8,5,5) | (Fq+1)(*+q—1) ev.
(8,6.2) | ¢?+q+1 ev.
(8,6,3) | q(¢F1)(¢*Fq+1) ev.
(8,6,4) | ¢*Fq+1 ev.
(8,6,5) | al¢¥2)(¢®Fq+1) ev.
(8,6,6) | (*Fq+1)(¢*F3¢+1) ev.
(8,7,2) | ¢*Fq+1 ev.
(8,7,3) | q(¢®+1) ev.
(8,7,4) P Fq+1 ev.
(8,7,5) | ¢*(*Fq+1) ev.
(8,7,6) | (¢>Fq+1)2 ev.
(8,7,7) | ¢*+¢*+1 ev.
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Table 4 (continued-2)

(i1, 32, 3) NG(Al,AQ,A3>/|A?| length | proof of
of A | Th.1.3

(8,8,2) | (*Fq+1)(1—A"/3) 9 thl. 5
(8,8,3) | a(®Fq+1)(¢E2FA/3) 9 ev.
(8,8,4) | ¢*Fq+1 ev.
(8,8,5) q(¢® £1) ev.
(8,8,6) | (®+1)(>Fq+1) ev.
(8,8,7) (¢ + 1)( 341) ev.
(8787 8) <q2 F+4q )(q +3q + 1) :Fqu//?’ 27 §2.5

Table 5.
(i1,12,13) condition (x) Ng (A1, As, A3)/|AS| under () for G = GU(3, ¢°)
(57 37 2) 5211 =0 Q(q + 1)
(5,4,3)  d211=0 (¢ +1)(q — d111)
(5,4,4) 011201210211 =0 (¢ + 1)d111 + ¢d211 [0111 + S211 = 1]
(5, 5, 2) Al =0 q(q + 1) — 2(5111 — q2(5221
(5,5,4) 6211 = 0121 =0  q(g+1) — ¢*0221 — (2¢ + 1)d111
(6,3,2) A=0 (q+ 1)
(6747 3) A =0 (q + 1)2
(67572) A =0 (Q+1) 1+Q(1_AO))
(6,5,4)  Ay=0 (g+1)(1+q(1+ A — 8121 — 221 — d321))
(6,6,2) A=0 (q+1)(1+q(1 - A))
(7,3, 2) 5111 =0 q2 —1
(7, 4, 3) 5111 =0 q2 -1
(7,5,2) (5111 = O (q— 1)El+q(1 —(5121)§
(7,5,4) (5111 :O (q— 1) 1—|—q(1—(5121)
(8,8,2) A'=0 ¢ —q+1

Table 6.1. Notation correspondence for conjugacy classes in SL(3,2) = GL(3,2)

in [10] in§l4 | in[10] in§l4 in [10] in§1.4
1A o 3B oV =c? | 7A o) =0 = oY
2A ci? 4B cl TA c“” 0(5) c®

Table 6.2. Notation correspondence for conjugacy classes in SU (3, 3%)

in [10] in [6] | in [10] in [6] in [10] in [6]

1A o | 4B oP? sa oY =Y
24 PV ac Y 8B o = C§3 7
3A o | 6A o 120 Y

3B o | 7A c<4) o =c{® | 12 ¥

4 Y| B 0“2) c<20) oY
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Table 6.3. Notation correspondence for conjugacy classes in SU(3,42)

in [10] in [6] n [10] in [6] n [10] in [6]

A o SE ot e o =08 = o
2A oY 5F e 138D 0 = =Y
3 oV =09 108 " | 1A oY = =
Y 0B o | 1B ol =08 =
A oY wc o | 1A oY = o)

5B o b oY | 1B oY = C“ )

¢ oft? 15¢ ¥ = 052 &

5D Cf’ ) 15D oY =it

(6,5,5). We have

The case (Z1,22,23)

= 0112(1 — 92110321) + 0212(1 — d3110121) + I312(1 — 01116221)
(
) =

Ay —
+ 0121 (1 — 0211d312) + 221 (1 — d31160112) + 0321 (1 — d1110212) > 0.

The case (iy,1i2,13

AO - A= 6111(1 - 62215331 - 62316321) + 6121(1 - 62116331 - 62315311)
+ 6131<1 - 62116321 - 62216311) + Z 6('1' > 0

acm;ar>1

(6,6,3). We have

The case (iy,i2,i3) = (6,6,4). If A > 0, then there exist permutations of the
eigenvalues such that the product of corresponding diagonal matrices is the identity
matrix. So, we consider only the case when A = 0. In this case Ng (A1, As, A3z)/| A
(g + 1)(1 +q(1— Al)) which cannot be zero for any integers ¢ > 1 and A;.

The case (i1,i2,i3) = (6,6,5). Here we write for shortness v* instead of a(v).
We haVe A = EQGSB EﬁGAa,s 51711171[352’2@’2,853730(73[3 = ZCXGSg E(O() where

E(a) = 601,10,102,20,103 30 2 4+ 011,102 20 203 30 1 + 01 10 202,20 103 30 1.

Summating F(«) separately over odd and even permutations « and estimating each
triple product of the deltas by one of its factors, we obtain

Z E(a) < Z (83,30,2 + 02,20 2 + 01,10 2) = A,
odd « odd «
Z E(a) < Z (61,1010 + 03,301 + 0200.1) = Ay

which implies Ay + Ag — A > 0 and the result follows for ¢ > 5.

Let ¢ = 5. The above considerations show that the structure constant is positive
when A; > 0. So, we suppose that A; = 0. Then A = 0 because each triple
product in A includes some dz involved in Ay. If we have two triples of distinct

residues mod 6 (the parameters (k, [, m) of C’ék’l’m)) not of the same parity, then
their pairwise sums attain all values mod 6 except, maybe one, thus Ay or A; is

nonzero. So, it remains to consider the case A;, As € Cé0’2’4). In this case, (2)
implies Az € C’ék’l) with [ even, hence Ag > 0 and the result follows.
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The case (iy,i2,i3) = (6,6,6). If A > 0, then there exist permutations of the
eigenvalues such that the product of corresponding diagonal matrices is the identity
matrix. So, we consider only the case when A = 0. In this case, the structure
constant is positive for ¢ > 5 and it is equal to 150A¢ — 144 # 0 for ¢ = 5.

The case (i,i2,i3) = (8,8,8).
Let the eigenvalues of A, be (A,, /\32, )\34), v =1,2,3. Then we have

1 )\q2a}\q2b}\q2c 1
A= Z 6a,b,cv 6a,b,c = { ’ 1 2 57

0<a,b,c<2 0, otherwise

It is clear that 04 p ¢ = 0/ pr, v ifa—a’ =b—0 =c— ¢ mod 3.

We are going to show that there is at most 9 triples (a, b, ¢) such that d,p . = 1.
Suppose that one of d, . is nonzero. Without loss of generality we may assume
that it is dpoo (otherwise we permute cyclically the eigenvalues of each matrix). So,
we have AjAad3 = 1.

Let us show that if 644 . = 1, then either a = b = c or a, b, ¢ are pairwise distinct
(there are only nine such triples). Suppose that this is not so, say, a # b = ¢. Then
900101120220 = 1 or dpo101120220 = 1 (we consider only the first case). This means
that A ApAl = 1. Combined with A AsAs = 1 this yields AY = 1, i.e Ay € Fe.
Contradiction.

Thus, we proved that A’ <9, hence

Na(A1, Ag, A3)/|AG| > (* — g+ 1D)(*+3q¢+1)—3¢° =¢* —¢* —¢* +2¢+1 > 0.

2.6. End of proof of Theorem 1.3 (the case m > 4). Let us prove Theorem
1.3 for m = 4. So, let m =4 and let A;,..., A4 be as in Theorem 1.3.

If G = GL and g > 3, then for any d, A1, Ay € Q there exists B € C3 U C5 U Cy
such that d = det B and \{, Ay are eigenvalues. Hence, we can choose B in C3 U
C5 U Cg such that the rank condition is satisfied for both triples (A1, A2, B) and
(B~1, A3, Ay). As we have already shown, there are no other restrictions for triple
products in GL. This completes the proof of Theorem 1.3 for G = GL.

Lemma 2.1. Let G = GU and q > 4. Then for any d, u € Q) there exists B € Cr
such that det B = d and A\ (B) = u.

Proof. Obvious. [

Lemma 2.2. Let G = GU and q > 5. Suppose that one of the following conditions
holds

{i1,is}  {2,4};
{il,ig,ig} - {2,4} and iy € {6,7, 8},

(id1) i1 = 4, {in,i3} C {2,4}, is € {3,5);
v {il,ig,ig,i4} C {2,4} and 51111 = 1,’
(vi) iy =g = 2, {iz,ia} C{2,4} and 61111 = 0;

)
g
(iv) 11 =19 =13 = 2, 14 € {3, 5}, and (51111 = O,’
)
)
)

i1:i2:i3:i4:4 and51111:O.
Then I € AS ... A§.

Proof. We set d = det(A;1A42) = det(A31AY), w1 = M(A1) i (A), and pp =
M (A3 DA (A1), We consider the cases (i)-(vii) one by one and in each case we
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find B such that B € AFYAS and B~ € AYA§. When we choose B in C7, we use
Lemma 2.1.

(7). We choose B € C7 such that det B =d and A\ (B) & {u1, p2}-
(7). We choose B € C7 such that det B = d and A\ (B) = p;.

(7i7). We consider two cases.

Case 1. 61111 = 1, i. e., u3 = po. We choose B € C3 U Cs such that det B = d
and \1(B) = pu1 = po.

Case 2. 61111 = 0, i. e., u1 # po. Then we choose B € (7 such that det B = d
and Ay (B) = p.

(iv). The choice of B is the same as for (iii), Case 2.

(v). Since 01111 = 1, we have p; = pa. So, we choose B € C7 such that det B = d
and \1(B) = pu1 = po.

(vi). Since d1111 = 0, we have py; # ps. We choose B € Cs U Cg such that
det B =d and uq, uo are eigenvalues of B.

(vit). Since 1111 = 0, we have uy # ps. We choose B € C4 U Cg such that
det B = d and pq, uo are eigenvalues of B. [

For the cases not covered by Lemma 2.2 we compute the structure constant in

G =GU:

(i1,12,13,14) 01111 Ng(A1, Az, As, Ag) /| AT

(3,2,2,2) 1 0

(5,2,2,2) 1 (¢+3)(¢* - 1)

(4,4,4,2) 0 q(¢® — 1) (g +1— q(61121 + 1211 + 62111)

+ (2¢ — 1)011216121102111)
This completes the proof of Theorem 1.3 for m = 4.

Let m = 5, ¢ > 5. Easy to see that there exists B € (A§A$) N (C3 UCs U Cg U
C7UCg). Then I € BEA§ AY AS. Theorem 1.3 is proven.

3. PRODUCTS OF CONJUGACY CLASSES IN
SU(3,q?) AND SL(3,q). PROOF OF THEOREM 1.6

3.1. The character table of SU(3,¢*) and SL(3,q). Let G be GU(3,¢?) or
GL(3,q) and let S = {A € G|detA = 1}. So, S is SU(3,¢?) or SL(3,q). The
character table of S is computed in [15]. It has some mistakes which are corrected
in [7] (it is written in the comments in [7] that the character table for SU(3, ¢?) is
taken from [8]). Since G = S x Q when 3 does not divide ¢ + 1, we consider only
the case when ¢ = 3r F 1.

The conjugacy classes of S are as follows. Each of Cék), k = 0,r,2r, splits into
three classes Cék’l), [l =0,1,2. The class C’ék’l) in SU(3,q?) (resp. in SL(3,q))
consists of matrices which are conjugate in SL(3,¢?) (resp. in SL(3,q)) to?

k

O:,l u?k 8 Z:{P, S =SU(3,q¢%),
0 1 wk: , w, S = SL(?),Q)

2there is a misprint here in [15].
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Other conjugacy classes of G contained in S are conjugacy classes of S.

The irreducible characters of S can be described as follows. We consider the
action of the cyclic group of order ¢ 1 on Irr(G) such that the action of the
generator is

X(di) (t+1) (j — 1,2, 3) X(dt u) X(t+1 u—|—1) ( — 4 5)

.7

t, t+1,u+1,v4+1 t, t+1 +1 t t+ +1
W)y (bl () aFael), (0 ()

Then the restriction of all characters to S are constant on each orbit of this action.

All orbits but three are of length ¢ = 1 and their representatives restricted to S

are irreducible. There are three orbits of length r, namely the orbits of X(O m2r)

(u(q” FatD/3) )~ 1 9. Being restricted to S, each of these three characters

splits mto three irreducible characters. This yields irreducible characters Xé? /30

U 0,r,2r U
Xg /?)), t =0,1,2, w = 1,2, such that XEZ?/?,(A) = %XEZG )(A) and X&tg/?))(A) =

§X£{Z(q quJrl)/B)(A) when A & C3. For A € Cg(,k’l), k,lr € {0,r,2r}, we have

and X

(t) q—r, l=t, (tu) wk ()
Xda/?’(A> { —r, 1#t Xd8/3(A> < Xd6/3(A)

where € = f(w) = exp(27i/(¢ £ 1)).
Thus, for any function E on Irr(S), we have

ZE(X) ( ZE X|S>——< (x (0r2r)| )+ i (Xzsq2¥q+1)/3|s)>

X EIrr(S) x€lrr(G)
2 2
3 (BOG ) + 2 EG))
=0 u=1

~+

3.2. Structure constants for SU(3,¢q ) and SL(3,q). Let Ay,..., A, € 5,
A, eC;,v=1,...,m. Wesuppose that iy =--- =14, = 3 and i, # 3 for v > n.
Let A, € C’ék”’l") forv=1,...,n.

We denote E1(x) = x(A41)...x(An), E2(x) = x(An+1) ... xX(An), and E(x) =
E1(x)FE2(x)/x(I)™ 2. Combining the formulas from the previous section with the

fact that X(O " 2T)(A ) = F1 and Xu(q :FqH)/?’)(Al,) = Feh for v < n, we obtain
E, (X&(;r?r)) = (F)", E (Xéz(q ¢q+1)/3)) = (F1)nelbrttha)u,
®) __ qn—m (0,7,2r) (tu)y _ qn—m (u(¢®*Fq+1)/3)
By (Xd /3) =3" " Ey (Xda ), E» (Xd /3) =3" " Ey (de o ),
E, (xﬁf 79),) = gkt tha)up, (Xé?/g)? Xéz)/g( ) =ds/3, Xét 73),( ) =ds/3,

and finally,

i Ne(A1, ..., Am o
Ng(Ay, ..., Ap) = G(;il >+( F" g QZEl ng>/3>

_|_
dg =2 dg—?

u=1

y <M 2 €(k1+...+kn)uE2(X£;;(q ¢q+1)/3))>
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In particular, we see from this formula that if n = 0 or n = 1, then Ng = (¢£1)Ng,
i. e., we have (I € AY ... A%) & (I € A7 ... AY). Indeed, if n = 0, then the factor

(- % +... )isequal to —=1/3+1/9(14+1+1) =0, and if n = 1, then it is equal
to £1/34+1/3 ((¢—r) —r—r) = 0. This equivalence also follows immediately from
the fact that C’ék) are the only classes that split in S.

3.3. Triple products in SU(3,q?) and SL(3,q). Proof of Theorem 1.6. Let
m = 3. It is enough to consider the cases n = 2 and n = 3. We use the following
notation in Table 7. If n = 2, then we set

17 ll = l27
0, Iy #lp.
If A5 € C’é(qil)k/) (the last line of the table), then we set

. 1, ki+ko+k =0 modqg=+1,
0111 =

0, otherwise.

0" =0"(A1,A2) = {

Table 7. Structure constants: S = SU(3,¢?) or SL(3,q),q=3rF1, A, € C;,

(i1, %2, 13) Ns(A1, Ay, A3) /| AT

(3,3,3) distinct 11,2, 13 qr (qr + (2qr Fq+ 7")5111)

(3,3,3) Iy =1y # 3 gr(q(r 1) — (gr Fq—r+1)6111)
(3,3,3)  l1=Ily=13 q(q(r* = 1)+ (2¢(r F1)2 + r?2 F1)é111)
(3,3,2) (¢> — (¢®* F ¢+ 1)6111)8* + 2qré L6111
(3,3,4) q>o*

(3,3,5) ¢*r(q 7 1F 30" + d211)

(3,3,6)  Ai(A3)" = Xa(A3)" | ¢*((q — 1)r F2¢6* +rAg)

(3,3,6)  Mi(A3)" #Xa(A3)" | ¢*((g—DrFq(l —0%) +740)
(3,3,7) @r(qgF 1+ d111)

(3,3,8) ¢*((q = 1)r £ q(6* + {11 — 30*0711))

It is clear that if » > 1, then the structure constants are positive except the case
when i3 € {2,4} and §* = 0 (note that the case i3 = 6, ¢ = 5, A\1(A3)" = A2(A3)"
is impossible). This completes the proof of Theorem 1.6 for m = 3.

For m = 4, the proof is the same as in 2.6. Moreover, since at least two of
Aq,..., Ay belong to Cs, then only Case (i) of Lemma 2.2 is to be considered.

4. THE CASE q = 2

4.1. Class products in GU(3,¢?) for ¢ = 2. Let G = GU(3,2?), S = SU(3,2?).
Then |G| = 648, |S| = 216. We have the following conjugacy classes in G:

det(A) =1+ o e, e (k =0,1,2), ¢,
det(A) = Ci(),l), CAEQ,O), 051,2), C{()O,l), CéQ,O), C{()l,Q), 5(;1)7
det(A) = p? - P, e, et o it oY o
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We see from Table 4 that Cg - Cg = C1 U Cg, hence H = Cg U C; is a normal
subgroup of G of order 27. We have |G/H| = 24 and S/H = 8. The sizes of classes
and the orders of their representatives in G/H are:

(Class: Cl(k) Cg(k) Cs(k) 04(k,l) 05(k’l) 06(0,172) Cs(k)
Size: 1 9 54 12 36 24 72
Order in G/H: 1 2 4 3 6 1 3

The elements of Cy (resp. C3) represent elements of order 2 (resp. 4) in S/H. Since
|H| = |Cs3| = 27 and |C5| = 162, it follows that S/H has one element of order 2 and
six elements of order 4. Therefore, S/ H is isomorphic to the unit quaternionic group

Q = {+£1,+i,+j, £k}. Since the exact sequence 1 — S/H — G/H dety {1, p, p?}
splits, it follows that G/H is isomorphic to a semi-direct product of @ and Zs. We
denote it by F. Since G/H has no element of order 12, this product is not direct,
hence F' can be identified with the group whose elements are +a™, +ia™, +ja™,
+ka™, m = 0, 1,2, subject to relations ia = aj, ja = ak, ka = ai, a®> = 1. We
denote a? by b. The conjugacy classes in F are: {1}, {—1}, ¥ = {&i, £j, +k},
at = {a,ia, ja,ka}, —a* = {—a, —ia, —ja, —ka}, b¥ = {b, —ib, —jb, —kb}, —b¥ =
{=b,1ib, jb, kb}. Their pairwise products are:

1y {-1} F a” —al’ bt —uF
{—-1} {1} iF —at al’ —bF b

i iFQ Qa Qa Qb Qb

af —af Qa Qb Qb {1yudf  {-1}uif
—af  adf Qa Qb Qb {-1}uif {1}ud”

bt = Qb {1yuit {1} uif Qa Qa
b bF Qb {—1}uit” {1judf Qa Qa

Comparing the class sizes and the orders of their representatives, we easily see that
the correspondence between the classes under the projection G — F' is

CyUCs — {1} clt) = o 2 —pF
Co — {—1} et o —F i 5 pF
Cg — iF

where C\F) = (C,UC)NG®), CF) = 5GP and GW = {A € G| det A = pF},
k = 1,2. Thus, the multiplication table for the preimages in G of the conjugacy
classes of F' is

H C Cs ciy ctv c c?
C, H G oV ol o
Cs Cs S G el G(2) G?2)
cl Vg G G HUC; CyUCs

cth ) aw G G CoUCs HUCs

c? c® c®»  Huc, C,UCs el el
c® ¢ ¢®»  c,uC; HUCs oS GO

The above discussion can be summarized as follows
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Proposition 4.1. Let ¢ = (c1,...,¢n) is an unordered m-tuple of mon-trivial
conjugacy classes in F' such that deg,c1 + --- + deg, ¢, = 0. We suppose that
g = - = cop = {—1} and (can+1,...,Cm) contains at most one occurrence of

{=1}. Then 1 & c1...cp, if and only if (cany1,...,Cm) is one of ({—1}), (i¥),
({_1}72F>7 (aF7_bF)7 (_aFva>7 ({_1}7aF7bF) ({ 1} —CL _bF)

Proof. 1t is enough to check that the product of any three non-trivial conjugacy
classes different from {—1} is a coset of Q in F. [

Proposition 4.2. Let A;,..., A, € G\ C; be such that det(A;...A,) = 1. Let
A € Ciy,..., Ay € C;, . Suppose that after removing any number of 6’s and an
even number of 2’s from (i1, ..., im), we obtain one of (2), (3), (2,3), (5,4), (8,5),
(4,4,2), (5,5,2), (8,4,2), (8,8,2). Then I & AF ... AC.

Proposition 4.3. Let Ay,..., A, € G\ C1, m > 3, be such that det(A; ... A,) =
1. Let Ay € Cyy,..., A, € C;,. Suppose that the conditions of Proposition 4.2
are not satisfied. Suppose also that the rank condition (3) holds and the conditions
(7)—(vii) of Theorem 1.3(a) are not satisfied for any permutation of Ay, ..., Ay, and
for any renumbering of the eigenvalues under restrictions (5).

Then I & AS ... AG if and only if one of the following cases occurs up to chang-
ing the order of Aj;’s, multiplication them by scalar or simultaneous replacing of

Ay, A by AT AL

(1) m=4, Ay, Ay, A3 € C’io’l) and Ay € C?(’l)}.
(il) m=4, A, Ay € OV, A3 € C?, and A4 € {0

Proof. Using the structure constants, we computed the products of all m-tuples of
conjugacy classes for m < 5. So we check that the statement is true for m < 5.
The general case easily follows from the following facts.

° 0(07172)0(07172) H
C(kl)C'(k2 C(k1+k2) U 0(0’1’2) for any kq, ko;

[ ]
. C’ék)C'éO’l’Q) = (s for any k;
o Let m=4orb5. If (i1, ..., i) is not as in Proposition 4.2 and {é1,...,0m} ¢
{2,6}, then A ... AG is a coset of S in G for any A; € C;,,..., Ay € C;, ;
UJ

4.2. Class products in SU(3,¢?) for ¢ = 2. There are 16 conjugacy classes in
S. These are:

o, e, i el k=012
We have S/H = Q and S/(HUCy) = Q/{£1} = Zs & Zs. The cosets of H U Cs in
S are: H U Cs, Cé*’o), C’é*’l), Cé*’Q) where C’é*’l) stands for C’éo’l) U C’g(,l’l) U C:E,Q’l).
Proposition 4.4. Let Ay,..., A, € S\Cy, m >3, A, €C;,,v=1,....,m. If
3€{ir...,im}, then A7 ... AS is a coset of HUCq in S. Otherwise AY ... A s
a coset of H in H U Cls.
Proof. 1t is enough to compute the structure constants for all triples A1, A, A3 € S.
Corollary 4.5. Let Ay,..., A, € S\C;, m>3, A, €C;,,v=1,...,m. Then
1€ A... A, if and only if none of the following conditions holds:

(i) for somel € {0,1,2}, the number of matrices among Ay, ..., Ay, belonging
to C'?(,*’l) s odd;
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(40) d1,...,%m € {2,6} and the number of 2’s in the sequence (i1, ..., i) is odd.

5. PRODUCTS OF CONJUGACY CLASSES IN GU(2,¢?) AND SU(2, ¢?).

Let G (resp. S; PS) be GU(2,¢%) or GL(2,q) (resp. SU(2,¢*) or SL(2,q);
PSU(2,¢%) or PSL(2,q)). We follow the sign convention from §1.3.

5.1. Class products in GU(2,¢?) and GL(2,q). We use the notation from [6]
for conjugacy classes in G. The classes (and the respective Jordan normal forms)
are:

k wk k Wk k.l wk k k
S (0 wo’“> ¢y (1 5’“) C5 (0 fl) C‘E):(po ﬁo"’“>'
In the last two cases we have C'?(,k’l) = C?El’k), C’ik) = C’quk) and we claim that
the matrix is non-scalar, i. e., that k # [ and k # Fgk mod ¢?> — 1 respectively.

There are four families of irreducible characters: th), th) (0 <t <yg), th;ﬁ)

(I<t<u<qg=£l), Xf;il (1<t<q¢*>t#0 modqFl1, Xf;;)ﬂ = Xﬁ;m); see details
in [6]. We denote the union of all Ci("') by C;. We define d,,
as in §1.6.

Theorem 5.1. Let Aq,..., A, € G\ Cy, m > 3, be matrices which satisfy (2).
Let A, € C;,,v=1,...,m. Let

in the same way

~~~~~ am

, 3, G=aU, c™Puc, ¢ =GU@2,¢),
1o = and C = @)
4, G=GL, oy, G =GL(2,q).
Then I ¢ AY...AS if and only if one of the following conditions holds up to

permutation of Ai,..., An:

(Z) (ih .- '7im) = (io,io,Q) and 6111 + 0121 = 1;
(ZZ) q=3, Al,n-,Am—l € C, and A,, € Cs.

(7i1) q =2, and 2 occurs an odd number of times in (i1,...,0n).

Proof. Case m = 3. It is enough to compute the structure constants. They are
listed in Table 8.

Table 8. Structure constants for G = GU(2, ¢?) or GL(2,q), A, € C;,

<i17i27i3) NG(A17A27A3)/|A?‘ <i17i27i3) NG(A17A27A3)/‘A?|
(2,2,2) q— 261 (4,3,2) qF¥1

(3,2,2)  q+1 (4,3,3) q7F1

(3,3,2) (¢ £ 1)1 F (4111 + d121)) (4,4,2) (¢ F1)(1 £ (9111 + 0121))
(3,3,3) qEx1Fq¢A (4,4,3)  qF1

(4,2,2)  q7F1 (4,4,4)  qF1xqA

A =6111 + 0112 + d121 + 211

Case m = 4. Suppose that ¢ > 4. Let ¢/ = Cy if G = GU and ¢’ = Cj if
G = GL. Then for any d € 2 there exists B € C’ such that det B = d. Hence we
can choose B € C’ such that det B = det(A;A3). Then it follows from the above
computations for m = 3 that B € AYAS and B~! € A§ A§.
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When g = 3, the result easily follows from the following fact. If (A, Ay, A3) is
a triple of non-scalar matrices which does not satisfy (i), then A{AS AY is a coset

of S in GG, maybe, with one scalar matrix missing. If ¢ = 2, then G is isomorphic
to Sg x Q. O

5.2. Conjugacy classes in SU(2,¢?) = SL(2,q). In this section we do not
apply the convention of §1.3. We use here “SU-language” but, using Table 9,
everything can be easily translated to “SL-language”. So, we set S = SU(2,¢?)
and G = GU(3,¢?) and the notation C’,L-("') is used for conjugacy classes of G and
S (except the second column of Table 9).

It is known that S is isomorphic to SL(2, ¢). In fact, these groups are conjugated
in GL(2, ¢?) (but not in SL(2,¢*)!). Indeed, let z € F,2 be such that z = —z. Then

the Hermitian form (2 g) is preserved by any element of SL(2,q). We fix an
isomorphism ® : SU(2,¢*) — SL(2,q).

If g is even, then G = S x €, so the class product problem for S is reduced to
that for G (see §5.4 for more details). So, we suppose that ¢ = p™ = 2r — 1. We
set also 7’ =r — 1 (so, ¢ = 2r' + 1). In this case we can choose z = p".

The conjugacy classes of S are as follows. Each of C’ék), k = 0,r, splits into
two classes C’ék’l), [ = 0,1 so that @(C’ék’l)) is the conjugacy class in SL(2,q) of

ol 1
classes in S depends on the choice of .
Other conjugacy classes of G contained in S are conjugacy classes of S. The list
of all conjugacy classes of the both groups and the correspondence between them
under the isomorphism ® is given in Table 9.

(—1)k/7 ( ! 0) where o = p9t! is a generator of 7. This notation of conjugacy

Table 9. Correspondence of classes in SU(2,¢?) and SL(2,q),q=3r—1=3r"+1

Class in SU Class in SL  Range of the parameters Order

cirk) ') k=0,1 k1

cirib cirkh k=0,1; 1=0,1 (k+1)p

c{r cl@ R =1 -1 (g+1)/ged(q+1,k)
cfarIR ol k=1,...,1" -1 (q—1)/ged(g — 1,k)

The class product problem for pairs of matrices (to determine the class of the
inverse matrix) has an evident solution for Cy, C3, Cy. The answer for Cj is:

Proposition 5.2. Let A € SU(2,¢%), ¢q=2r —1. Let A € C’ék’l), k,rl € {0,7}.
Then A™1 € C’ék’l) when r is odd and A™' € C’ék’l_l) when r is even.

Proof. This follows from the fact that two matrices (i ?) and (117 ?), ab # 0 are
conjugated in SL(2, K) if and only if ab is a square in K. [

Remark 5.3. (cp. Remark in §1.5). Let C be the conjugacy class of (1 ?) in
GL(2,¢%). Then C N SL(2,q?%) splits into two classes, let us denote them by C(©)
and CY) However, the splitting of C’éo) in SU does not follow the splitting of C.
We have C()' N SU = @ and C(©) N SU = C,. This is why there is no any canonical
form of these classes in SL(2,¢?).
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5.3. Class products in SU(2,4%) = SL(2,q).

Theorem 5.4. Let G = GU(2,¢?), S = SU(2,q¢%), q=2r — 1. Let Ay,..., A, €
S\C1, m >3, be such that I € A§ ... AS. ThenI & A7 ... A5 if and only if m =3
and one of the following conditions holds up to change of the order of Ay,..., Ap:

(i) m=3, A, € C{"™™™) (b =1,2,3), 11 # 1y, and 6111 =0 (i. e., ky + ko + ks
is odd);
(i) m=3, A, € C{*) (b =1,2), A3 € 7% and r(ky + ks + 1)+ ks +
l1 + I3 is odd (see Table 10);
(itd) m=3, A, € O™ (v =1,2), A3 € C\TI*) and (r —1)(ky + ko + 1) +
ks + 11 + l2 is odd (see Table 10);
(iv) g =3 and p(A1)+---+¢(A;) Z0 mod 3 where p(A) =1+1if A € C’é%’l)
and p(A) =0 if A & Cy (see Remark 5.5);
(U) q= 5, m = 3, Al, € Cégky’lp) (V = 1,2,3), ll = l2 = lg, and 5111 =1 (Z €.,
k1 + ko + k3 is even);
(UZ) q = 5, m = 4, Ay S Cégkp’ly) (V = 1,2,3,4), ll = = l4, and 51111 =0
(i. €., ki + -+ -+ ky is odd);
vii) ¢q=5, m=4, A, € CB3kl) () = 1,2,3), Ay € C’(k“’_k“), Iy =1y =13, and
2 3
k’1++k’4 ZS Odd

Remark 5.5. The mapping a — (1 (1)), i (? _01> defines an isomorphism F' =

SL(2,3) where F is the group discussed in §4.1. The class products in F' are de-
scribed in Proposition 4.1. The correspondence of classes between F' and SU (2, 3%)

is: {(=1)F} — Cf%), it — Cél’_l), (—-D)kal — Cé%’o), (—1)*pF — C’é%’l).

Table 10. NSU(Q’;?E;TJ)A%AS) forq=2r —1, A; € Cérkl’ll), Ay € Cérkz’lz), As €
CsUCy
r r even r odd
l1, 12 lh=1l lh # 12 lh=1s lh # 12
k1 + ko mod 2 0 1 0 1 0 1 0 1
ks mod 2 oj170j1y0(1j0y1}0{1(0}1]011]0]1

AsecS==k) 11lol1]olo|1|ol1|ol1|1]|o|1|0]0]1

Ageci@r) ol p1lol1|ofo|1|1|lof|1|oflo]1|o]1

Proof. Case m = 3. It is enough to consider only the triples (A;, A2, A3) containing
at least two matrices from Cy (otherwise Ng(A1, A, A3) = Ng(A1, Az, As)). We

compute Ng(Aj, Az, Az) for all such triples. If A, € Cék”’l”), v =1,2,3, then we
have
T(T — 1)(2(] — (37“ — 367~ + 1)5111), ll = lQ = lg,
Ng(Ay, Az, Az) = {
r(r—1)(r — e, — 1)é111, =1z #1s,

where e, = #
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If A4, € CUF 4, € ¢l and As € Cy U Oy, we have Ng(Ay, As, Ag) =
qr(q — 1)6* where the values of 6* are given in Table 10.

Case m > 4. The result for m > 4 follows from the result for m = 4. So we
assume that m = 4. If ¢ = 3, then S is isomorphic to the group F' discussed in
84 and the result follows from Proposition 4.1. If ¢ = 5, then S then it is enough
to compute explicitly the structure constants for all triples and quadruples. So, we
assume that ¢ > 7.

If one of A, does not belong to C5, then we can choose B € C}j such that
B € AYAS and B~ € A5 A7,

If A, € Cérk”’l"), k =1,...,4, then without loss of generality we may assume
that I3 =14 = 1. Let B € Cé”‘”” where k + k1 + ko is even. Then B € A*lgA*Qg and
B te AJA7. O

5.4. Class products in PSU(2,¢*) = PSL(2,q).

Let PS = PSU(2,¢%) = PSL(2,q), ¢ > 4. Like in Corollary 1.8, we denote
the projection of a class C’i('“) by CN’Z() Products of conjugacy classes in PS
are partially computed in [1; Ch. 4, Th. 4.2]. For reader conenience we give the
correspondence of notation in Tables 11.1 — 11.2.

Table 11.1. Conjugacy classes in SU(2,¢?) = PSU(2,q?) = SL(2,q) = PSL(2,q)
for even q.

In [1] Classin SU Classin SL  Parameters Order

c, Y c® 1

c, oY cl® 2

R,  CfM CRTM k=18 (q+1)/ged(q+ 1,k)
K, oo gk k=1,...,%5% (¢-1)/ged(q—1,k)

Table 11.2. Conjugacy classes in PSU(2,¢?) = PSL(2,q) for g = p™ = 2r — 1 (for
a prime p), v’ =r — 1.

In [1] Classin PSU Class in PSL Parameters Order

o o o 1

C, CN'SO’O) CN'SO’O) D

Cs é’éo’l) é’éo’l) »

R,  C¥R ¢lla=m) k=1,...,[5] r/ged(r,k)
K,  C\atbk) cik= k=1,...,[5] r'/egcd(r’, k)

As in the previous section, we use here the “SU-notation” for conjugacy classes
in PS (the second column in Tables 11.1 — 11.2).

Corollary 5.6. Let m > 3, q > 4, and cy,...,cn are non-identity conjugacy
classes in PS. Then I & ci...cp if and only if m = 3 and one of the following
cases occurs up to permutation:

(i) q is even and (c1,co,c3) = (C'?(,k’_k), C'?(,k’_k), C'éo) ) k=1,...,q/2;
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(ii) g=2r—1=1 mod 4 (so, r is odd) and (c1,ca,c3) is
(CW, C) GO gty 41y s odd, k=1,..., 55t

(7i1) ¢ =2r —1=3 mod 4 (so, r is even) and (c1,ca,c3) is one of:

(GO G0 G ol s odd, k=1, L
(GO0 G822 G2y =1,

In particular, we see that cn(PS) = 3, ecn(PS) = 4 (see §1.8). This fact was

already proved in [1; Ch. 4].
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