
REAL QUINTIC SURFACE WITH 23 COMPONENTSS.Yu. OrevkovAbstra
t. We 
onstru
t a real surfa
e of degree 5 in RP3 whi
h has 23 
onne
ted
omponentsTheorem. There exists a real algebrai
 surfa
e in RP3 of degree 5 whi
h hasb0 = 23 
onne
ted 
omponents: 22 spheres and RP2 with two handles.A quinti
 surfa
e in RP3 with 21 
omponents (and a surfa
e with b1 = 45) was
onstru
ted by Kharlamov [5℄. He used Horikawa's result [4℄ whi
h allows to de-form the double 
overing of the quadrati
 
one bran
hed along a 
ertain 
urve intoa quinti
 surfa
e in RP3. Following the same s
heme, Kharlamov and Itenberg [6℄
onstru
ted a quinti
 surfa
e in RP3 with 22 
omponents. They 
onstru
ted thebran
hing 
urve by Viro's method using Itenberg's 
ounter-example [3℄ to Rags-dale's 
onje
ture. Bihan [1℄ (also using Horikawa's results and elements of Iten-berg's example) 
onstru
ted a real algebrai
 surfa
e with b0 = 23 (and a surfa
ewith b1 = 47) whi
h 
an be deformed as 
omplex algebrai
 surfa
e into a smoothquinti
 surfa
e in CP3 but whi
h is not embeddable into RP3. The question ofexisten
e of quinti
 surfa
es in RP3 with b0 = 24; 25 and those with b1 = 47 is stillopen (it is known that b0 � 25 and b1 � 47; see [5,6℄). More information about realsurfa
es 
an be found in a re
ent survey [2℄.Our 
onstru
tion is just a slight modi�
ation of that in [6℄.Lemma. There exists a 
urve C6 of degree 6 on RP2 arranged with respe
t to twolines L1 and L2 as in Figure 4 and whi
h has two non-real (
onjugated) ordinarytriple points lying on the 
omplexi�
ation of L2.
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2 S.YU. OREVKOVProof. Let C3 be a plane real algebrai
 
ubi
 
urve with two 
onne
ted 
omponents.Let 1; : : : ; 6 be points on C3 su
h that 1 and 6 are in
e
tion points and 2; : : : ; 5 lye(in this order) on the 
onvex ar
 1-6. Then the lines 1-2, 3-4, and 5-6 are arrangedwith respe
t to C3 as in Figure 1. Perturbing the union of the (dashed) lines 3-4 and5-6, we obtain the arrangement of a line C1, a 
oni
 C2 and the 
ubi
 C3 depi
tedin Figure 2. Let us 
hoose aÆne 
oordinates where C2 is a 
ir
le. Let S2 be thesphere whi
h has C2 as an equator. The 
ylinders over C1 and C3 
ut on S2 
urvesĈ1 and Ĉ3 of degrees 2 and 6 arranged as in Figure 3. The 
omplexi�
ation of S2is CP1 �CP1. Let us denote the proje
tions on the fa
tors by �1 and �2. Let us
hoose a generi
 point p on Ĉ1 as it is shown in Figure 3, blow it up, and then letus blow down the proper transforms of the lines ��1j (�j(p)), j = 1; 2 (these linesare mapped to ea
h other by the 
omplex 
onjugation and p is a single real pointon ea
h of them). We obtain RP2. The transforms of Ĉ3, Ĉ1, and the ex
eptionaldivisor of the blowup give us C6, L1, and L2 respe
tively.
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7 13Figure 4 Figure 5Proof of Theorem. Let �2 be Hirzebru
h surfa
e of degree 2 (the standard quadrati

one in P3 blown up at the vertex). It is smoothly �bered over P1. Let L be a�ber and E the exeptional se
tion (L:L = 0, E:E = �2). Let C be a 
urve su
hthat C:L = 6, C:E = 1. Suppose that C has only two singular points, these pointsare ordinary triple points and they lye on L. Let us blow up the triple points and
onsider the double 
overing bran
hed along the proper transforms L0 and C 0 of Land C. Then we blow down the preimage of L0. A

ording to Horikawa's theorem[4℄, the obtained surfa
e 
an be deformed into a quinti
 in CP3. If �2 and C arereal then this 
onstru
tion gives us two real surfa
es (be
ause the double 
overingbran
hed along f(x; y) = 0 is z2 = �f(x; y)). The both of them 
an be deformedinto quinti
 surfa
es in RP3 (see [6; Proposition 1℄).
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REAL QUINTIC SURFACE WITH 23 COMPONENTS 3We shall 
onstru
t C glueing it by Viro a

ording to the triangulation of thequadrangle OABF depi
ted in Figure 5 (the pentagon OABLM should be arbi-trarily further subdivided into triangles of area 1=2). The 
harts 
orresponding tothe triangles in OABLM are determined by the signs whi
h are shown as � andÆ. The part OABM is reprodu
ed without 
hanges from [6℄ (preserving even thenotation of the verti
es).Choosing 
oordinates in Figure 4 so that L1 and L2 are 
oordinate lines, we may
onsider this pi
ture as a 
hart of a polynomial whose Newton polygon is BFM(see Figures 5 and 6). The sides BM and BF 
orrespond to L1 and L2 respe
tively.The obtained 
urve C on R�2 is depi
ted in Figure 7 where R�2 is 
ut along L(verti
al sides) and E (horizontal sides). The triple points of C6 
an be saved on Cby the results of Shustin [7℄. The 
overing 
orresponding to the gray half providesthe required surfa
e.Remark 1. The 
overing 
orreponding to the white half of Figure 7 gives a surfa
ewith b1 = 45. Surfa
es with b1 = 45 are known sin
e [5℄.Remark 2. Repla
ing only the 
hartOABM in our 
onstru
tion, one 
an not obtainmore than 23 
omponents (nor b1 > 45). Indeed, otherwise, the union of a 
urveC7 with this 
hart (viewed as a plane 7th degree 
urve) and the line 
orrespondingto the edge BM 
ould be smoothed out into a plane 
urve of degree 8 with p > 19,i.e. into a 
ounter-example to Ragsdale's Conje
ture of degree 8 (as usual, p andn denote the numbers of even and odd ovals). This is impossible by Petrovskiinequality (p � n � 19), Arnold-Gudkov-Rohlin 
ongruen
e (p � n � 0 mod 8 ifp + n = 22), and Gudkov-Krahnov-Kharlamov 
ongruen
e (p � n � �1 mod 8 ifp+ n = 21).I am gratefull to I. Itenberg who informed me that nobody tried non-real triplepoints in the 
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