POTENTIAL AT INFINITY OF A
POLYNOMIAL IMAGE OF THE DISK

S.YU.OREVKOV

Let D be a domain in C which is the image g(A) of the unit disk A under the
mapping ¢ — ¢(t) where

q(t) = aot + a1t® + ... + at"™t, ag € R, ag| >0 (1)

is a polynomial, univalent in D.

Let p(z) = 71 [, (z — {)"'du(¢) be the potential of D (du(x + iy) = dx dy).
The inverse problem of potential theory is the problem of reconstructing D given
the germ of p at oo (see [1] and references therein). For |z| > 1 one has

W=y where o= = [ ano = < [ awrd wa®an. @

(¢, are the moments of D). Using the right hand side of (2) one can define p(z) for
any polynomial ¢(¢) of the form (1), not necessarily univalent. Since

1 _ 1/(k+1), ifk=m
- / T dp(t) = { ftk1) . (3)
T JA 0, if kK # m,

(2) allows us to express ¢x as polynomials in ag, ay, ..., ap, a1, ..., ay, with rational

coefficients. It follows from (2), (3) that ¢x = 0 for £ > n. Hence,
p(2) =coz t F 1272+ o F ez (Y, co €R, || >0 (4)

Thus, we obtain a polynomial mapping 7 : VT — W where V (resp. W) is the
vector space over R, isomorphic to R x C", with the coordinates (ag, ..., a,) (resp.
(coy-ryCn))y VT (resp. WT) is the half-spaces ag > 0, (resp. ¢y > 0) and 7 is
defined by 7(q) = p. We identify points of VT (resp. W) with polynomials ¢ of
the form (1) (resp. of the form (4)).

Denote by j(n) the jacobian of n with respect to the volume forms da, A ... A
day N dag A\ day A ... Nda, and dc, A ... Ndcy Adeg Ndéy A ... A dé,. Given g € V),
let us define 1, ..., t, by ¢'(¢t) = [}, (1 — t;t).
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Theorem. j(n) = 2a82+"+1 Res; (t"¢'(t™Y), ¢'(t)) =
Remark. (P. Etingof) A similar formula appears in the Conformal Field Theory as
a formula for the cocycle defining the central extension of the complexification of
the group Diff(S?).

Let Z, = {q € V1 | ¢’ has no root in A}.

Corollary 1. (see [1]) The restriction of n onto IntZ,, is an immersion.

Corollary 2. The closure of the fold of n is the (real) hypersurface F = {q €
V+ | Hti, q/(ti> =0 and |tz| == 1}
Corollary 3. The closure of the branching set of n is the codimension 2 subvariety
Bz{qEV*’\Elti;étj,tifj:l}

Proof of Theorem. Denote 9/0a,, by 0, and 0/0G, by O, m = 0,...,n. (8 = ).
Put

OnCn « .. O1Cn OpCn O1Cn ... Onc,
(?ncl . 5101 6061 8101 N 8n01
J = QnCO . Qlco 6060 8160 c. anC() 5
L C1 . 0161 O0g¢y 01¢1 ... O0nC1
OnCp .. 018y OoCn O1Cp ... Onin
An,n 0 0 —(n+1)ap
Do : 0 2a0F : 0
Al,n . Al,l 0 1 —2aq
A=1| o 001 0 .. 0 |, M=g—|0...0 a 0 ..
0 1,1 --- Al,n o 2@1
0 S 0 : 2a0F
O 0 ATL,TL (n+1)an

where Ay ;, 7 > k > 1 are polynomials in aal,an,...,al,ao,&l,...,an, such that
ijk Ak’jqj = t*. Let us calculate AJ. Put Apj=0forj <k, Apo=1,A4p,;=0
for j > 0, and a,, = 0 unless 0 < m < n. Denote < [, f(t)g(t)du(t) by (f,g).
Then (3) means (t*,t™) = 8, /(k + 1). Note that 0,,q = t™*L, g’ = (m + 1)t™
and

dg’

$Oma =

(amqj) : q/ = *Om(g.

Hence, for any m > 0 we have

; Arj (O (@d),d) = ((Oma) - % D Agd d)+(Omd)- Y Aryd )

= ("Rt ) A+ ((m+ )t )
= (m+k+1D{E" ¢) = (m+k+ Damir,

> A Ond) = (8, (m + D) = (m — k+ Dags
J
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Therefore, the entries of the right upper quadrant of AJ (resp. the left upper
quadrant, the upper part of the central column) are equal resp. to

Z Ay, jOme; = ZAk,j (Om(dd),d') = (m + k + Vs, m >0,
Z Ay, jOme; = ZAkij(qjq’, Omd’) = (m —k+ Damy_r, m >0,
> Ak jooci =D A ((00(dd), d) + (dd,00d') = (k+ Dax — (k — Da_y.

Each entry of the lower part of AJ is conjugated to the centrally symmetric entry
of the upper one. Thus,

ag 0 (n+1)ap, 0
2a1 ap Nayp—1 (n+1)0y
2aq . . NGyp—1
NGyp_1 : . ag 2aq : L (1)@,
AJ = (n+1)@p, NAp—1 ... 204 2a9 20, ce. NAp—1 (n+1)ap
(n+1)ay, R . 2aq ao R . NQyp—1
NGp_1 : . 2a,
(n4+1)Ap, NAp—1 ap 2a1
0 (n+1)any 0 ap

Multiplying this matrix by M from the right, we replace the central column with
(0, ...,0,ap,2as, ..., (n+1)a,)* and obtain the matrix whose upper row is (ag, 0, ..., 0)
and the complementary minor of the ag is the transposed Sylvester matrix for the
resultant of ag + 2a1t + ...+ (n+1)a,t™ and (n+ 1)a, + na,_1t+ ... + apt™. Thus,

det Adet J det M = ag Res;(¢/, t"¢'(t™1)).

Clearly that det M = 15 and Ay = agk which implies det A = [] AIQc,k = agn(m—l).
It remains to note that the reversing the order of da,,’s in J changes the sign the
same way as the swapping the arguments of the resultant. [J

I am grateful to P. Etingof and N. Kruzhilin for usefull discussions.
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