
nerawenstwa petrowskogo{olejnik ikombinatorika t-giperpowerhnostej wiros.`.oREWKOWwWEDENIEpUSTX X � RPn�1 | GLADKAQ WE]ESTWENNAQ ALGEBRAI^ESKAQ GIPERPOWERH-NOSTX, ZADANNAQ URAWNENIEM f(x1; : : : ; xn) = 0, GDE f | ODNORODNYJ MNOGO-^LEN STEPENI m S WE]ESTWENNYMI KO\FFICIENTAMI. nERAWENSTWO pETROWSKOGO{ oLEJNIK (W FORME, DANNOJ aRNOLXDOM [1]) TAKOWO:j�(Sn�1+ )j � �n(m); (�)GDE � OBOZNA^AET \JLEROWU HARAKTERISTIKU, Sn�1+ = fx 2 Sn�1 j f(x) � 0g (KAKOBY^NO, Sn�1 OBOZNA^AET (n�1)-MERNU@ SFERU) I �n(m) | ^ISLO pETROWSKOGO:�n(m) = #f(k1; : : : ; kn) 2 Zn j 0 < ki < m; k1 + � � �+ kn = mn=2g:|TO ^ISLO CELYH WNUTRENNIH TO^EK NA SE^ENII n-MERNOGO KUBA SO STORONOJ mGIPERPLOSKOSTX@, ORTOGONALXNOJ DIAGONALI I PROHODQ]EJ ^EREZ CENTR KUBA.pETROWSKIJ POKAZAL, ^TO (*) TO^NO PRI n = 3; wIRO [14] POKAZAL, ^TO (*) TO^NOPRI n = 4. nASTOQ]AQ STATXQ WOZNIKLA IZ NEUDA^NOJ POPYTKI DOKAZATX, ^TO(*) TO^NO PRI WSEH n.wE]ESTWENNAQ ALGEBRAI^ESKAQ GIPERPOWERHNOSTX NAZYWAETSQ T-GIPERPOWERH-NOSTX@ wIRO ESLI EE MOVNO POSTROITX METODOM wIRO [15] PO TRIANGULQCII IMNOGO^LENU, IME@]EMU NENULEWYE MONOMY LI[X W WER[INAH TRIANGULQCII (SM.W x2 TO^NOE OPREDELENIE). T -GIPERPOWERHNOSTQMI wIRO BYLI WPERWYE REALIZO-WANY: KONTRPRIMERY K GIPOTEZE r\GSD\JL [7]; PRIMERY M -GIPERPOWERHNOSTEJ(I M -POLNYH PERESE^ENIJ) L@BOJ STEPENI I L@BOJ RAZMERNOSTI [8]; PRIMERYexp(Cm3=2) POPARNO NEIZOTOPNYH PLOSKIH M -KRIWYH STEPENI m (SM. [12], WPOSTROENII PRIMENENA TEHNIKA IZ [6]).w \TOJ STATXE MY DAEM KOMBINATORNU@ INTERPRETACI@ NERAWENSTW pETROW-SKOGO { oLEJNIK DLQ t-GIPERPOWERHNOSTEJ W TERMINAH TRIANGULQCIJ. a IMEN-NO, MY PEREPISYWAEM KAVDU@ ^ASTX NERAWENSTWA (*) W WIDE NEKOTOROJ SUMMYPO WSEM SIMPLEKSAM TRIANGULQCII (SM. (4.3), (6.2)), I POKAZYWAEM, ^TO KAVDOESLAGAEMOE W LEWOJ ^ASTI NE PREWOSHODIT SOOTWETSTWU@]EGO SLAGAEMOGO W PRAWOJ^ASTI (SM. (7.3). dRUGIMI SLOWAMI, MY RASKLADYWAEM (*) W SUMMU LOKALXNYHNERAWENSTW.wO-PERWYH, \TO DAET DRUGOE DOKAZATELXSTWONERAWENSTWA pETROWSKOGO {oLEJ-NIK W SLU^AE t-GIPERPOWERHNOSTEJ. wO-WTORYH, DLQ t-GIPERPOWERHNOSTEJ \TODAET NEOBHODIMOE I DOSTATO^NOE USLOWIE DLQ ZNAKA RAWENSTWA W (*): \=" IMEETTypeset by AMS-TEX1



2 s.`.orewkowMESTO W (*) ESLI I TOLXKO ESLI \=" IMEET MESTO WO WSEH LOKALXNYH NERAWENST-WAH. wOPROS O \=" W LOKALXNYH NERAWENSTWAH OBSUVDAETSQ W xx7{9.dOKAZATELXSTWO LOKALXNYH NERAWENSTW OSNOWANO NA OTNOSITELXNOJ WERSIINERAWENSTW mAK-mULLENA NA ^ISLA k-MERNYH GRANEJ SIMPLICIALXNOGO MNOGO-GRANNIKA. oTNOSITELXNYE NERAWENSTWA mAK-mULLENA SFORMULIROWANY I DOKA-ZANY W pRILOVENII (SOWMESTNO S r. mAK-fERSONOM).q BLAGODAREN a.g.hOWANSKOMU, o.q.wIRO, i.iTENBERGU I e.{USTINU ZA PO-LEZNYE OBSUVDENIQ. x1. oPREDELENIQ I OBOZNA^ENIQ(1.1). nA PRODOLVENII WSEJ STATXI n I m BUDUT OBOZNA^ATX SOOTWETSTWENNORAZMERNOSTX I STEPENX (SM. WWEDENIE). oBOZNA^IM MNOVESTWO f1; 2; : : : ; ng ^EREZ�n. pUSTX � � Rn | SIMPLEKS � = fx 2 Rn jxi > 0; x1 + � � �+ xn = mg.mY BUDEM OBOZNA^ATX ^EREZ [p1; : : : ; pk] WYPUKLU@ OBOLO^KU TO^EK p1; : : : ; pk 2Rn.pRI x 2 Rn, a 2 Zn, OBOZNA^IM xa11 xa22 : : : xann ^EREZ xa.dLQ KONE^NOGO MNOVESTWA M OBOZNA^IM ^ISLO EGO \LEMENTOW ^EREZ jM j ILI^EREZ #M .dLQ MNOGO^LENA p(t) OBOZNA^IM ^EREZ coef�(p) KO\FFICIENT PRI t�.aFFINNOJ OBOLO^KOJ MNOVESTWAA � Rn NAZYWAETSQ MINIMALXNAQ AFFINNAQPLOSKOSTX, SODERVA]AQ A. aFFINNAQ PLOSKOSTX V � Rn NAZYWAETSQ CELO^IS-LENNOJ ESLI ONA SOWPADAET S AFFINNOJ OBOLO^KOJ MNOVESTWA V \ Zn. l@BAQk-MERNAQ CELO^ISLENNAQ AFFINNAQ PLOSKOSTX BUDET SNABVENA CELO^ISLENNYMk-MERNYM OB_EMOM, KOTORYJ NORMIROWAN USLOWIEM, ^TO OB_EM FUNDAMENTALX-NOGO PARALLELEPIPEDA RE[ETKI V \ Zn RAWEN 1.(1.2) tRIANGULQCII. k-sIMPLEKS W Rn (k � n) | \TO WYPUKLAQ OBOLO^KAk + 1 TO^EK W OB]EM POLOVENII. eSLI � | GRANX SIMPLEKSA �, BUDEM PISATX� � �. pUSTOJ SIMPLEKS ? I SAM � WSEGDA S^ITA@TSQ GRANQMI SIMPLEKSA �.wNUTRENNOSTX Int� SIMPLEKSA � | \TO WNUTRENNOSTX PO OTNO[ENI@ K AFFIN-NOJ OBOLO^KE SIMPLEKSA � (ESLI dim � = 0, TO Int� = �).sIMPLICIALXNYJ KOMPLEKS W Rn | \TO MNOVESTWO �, SOSTOQ]EE IZ SIMPLEK-SOW, UDOWLETWORQ@]EE STANDARTNYM AKSIOMAM: (1) ESLI � 2 � I � � �, TO � 2 �;(2) ESLI � = �1 \ �2, TO � � �1 I � � �2. (w ^ASTNOSTI, PUSTOJ SIMPLEKS ?WSEGDA QWLQETSQ \LEMENTOM �.)dLQ SIMPLICIALXNOGO KOMPLEKSA �, OBOZNA^IM ^EREZ [�] EGO NOSITELX: [�] =[�2� � I OBOZNA^IM ^EREZ Som� MNOVESTWO WER[IN. � NAZYWAETSQ TRIANGU-LQCIEJ MNOVESTWA X � Rn ESLI [�] = X .sIMPLEKS (ILI TRIANGULQCIQ) NAZYWAETSQ CELO^ISLENNYM(OJ) ESLI WSE EGO(EE) WER[INY QWLQ@TSQ CELYMI TO^KAMI.x2. T-GIPERPOWERHNOSTI wIRO(2.1) rEGULQRNYE TRIANGULQCII. pUSTX � 2 Rn OBOZNA^AET TO VE, ^TOW (1.1). cELO^ISLENNAQ TRIANGULQCIQ � SIMPLEKSA � NAZYWAETSQ REGULQRNOJ,ESLI SU]ESTWUET WYPUKLAQ FUNKCIQ ' : �! R, KOTORAQ LINEJNA NA KAVDOM � 2� I NELINEJNA NA �1[�2 DLQ L@BYH �1; �2 2 �, �1 6= �2, dim�1 = dim�2 = n�1.



nerawenstwa petrowskogo{olejnik i t-giperpowerhnosti 3tAKAQ FUNKCIQ ' NAZYWAETSQ�-WYPUKLOJ. pRIMER NEREGULQRNOJ TRIANGULQCIISM. W [4; STR. 119, RIS. 3].(2.2) iNDUCIROWANNAQ TRIANGULQCIQ OKRA\DRA. pUSTX � | REGULQRNAQTRIANGULQCIQ SIMPLEKSA of � (SM. (2.1)). oBOZNA^IM ^EREZ gi OTRAVENIE W KO-ORDINATNOJ GIPERPLOSKOSTI xi = 0 I PUSTX G = (Z=2)n | GRUPPA, POROVDENNAQOTRAVENIQMI g1; :::; gn. qSNO, ^TO G = fgI j I � �ng, GDE gI = Qi2I gi. pOLOVIM�̂ = G� = Sg2G g� I �̂ = fg� j� 2 �; g 2 Gg. tOGDA �̂ ESTX n-MERNYJOKTA\DR, I �̂ | EGO TRIANGULQCIQ.lEMMA. �̂ KOMBINATORNO \KWIWALENTNA KOMPLEKSU GRANEJ NEKOTOROGO WYPUK-LOGO MNOGOGRANNIKA.dOKAZATELXSTWO. sPROEKTIRUEM Graph(') � Rn�R NARn�0 IZ TO^KI (0;�y)PRI y � 1 I OTRAZIM REZULXTAT OTNOSITELXNO WSEH KOORDINATNYH GIPERPLOS-KOSTEJ. �(2.3) T-GIPORPOWERHNOSTI wIRO. pUSTX�| REGULQRNAQ TRIANGULQCIQ SIM-PLEKSA � (SM. (2.1)) I s | RASPREDELENIE ZNAKOW NA �. (rASPREDELENIE ZNAKOW| \TO PROIZWOLXNAQ FUNKCIQ s : Som� ! f�1;+1g.) pUSTX ' | NEKOTO-RAQ �-WYPUKLAQ FUNKCIQ (SM. (2.1)). tOGDA T-GIPERPOWERHNOSTX@ wIRO, ASSO-CIIROWANNOJ S (�; s) NAZYWAETSQ GIPERPOWERHNOSTX X(�;s) � RPn�1, ZADANNAQURAWNENIEM f"(x) = 0, PRI DOSTATO^NO MALOM ", GDEf"(x) = Xa2Som� s(a)"'(a)xapRI 0 < " � 1, S TO^NOSTX@ DO OB_EML@]EJ IZOTOPII, X(�;s) NE ZAWISITOT WYBORA ' I ". tOPOLOGI^ESKIJ TIP PARY X(�;s) MOVET BYTX QWNO OPISANSLEDU@]IM OBRAZOM.pUSTX gi I gI KAK W (2.2). pRODOLVIM RASPREDELENIE ZNAKOW s NA Som �̂: ESLIa = (a1; :::; an) 2 Som �̂ I s(a) UVE ZADANY, TO POLOVIM s(gi(a)) = (�1)ais(a).tOGDA, PRI a 2 Som� IMEEM s(gI(a)) = s(a) �Qi2I(�1)ai . oBOZNA^IM: �̂+ =f� j s(v) = +1 DLQ L@BOJ WER[INY v SIMPLEKSA �g. tOGDA Som �̂+ = fa 2Som �̂ j s(a) = +1g.pUSTX �̂ I �̂ BUDUT KAK W (2.2), I PUSTX �̂0 | BARICENTRI^ESKOE PODRAZDELENIETRIANGULQCII �̂. oBOZNA^IM: Sn�1+ = Sn�1 \ ff" � 0g (KAK W (1)) I �̂+ =Sa2Som �̂+ Star�̂0(a).tEOREMA. (wIRO [15]) pRI DOSTATO^NO MALOM " > 0 SU]ESTWUET GOMEOMOR-FIZM (Sn�1; Sn�1+ ) � (�̂; �̂+).x3. kOMBINATORNYE MNOGO^LENY(3.1) oTNOSITELXNYJ H-MNOGO^LEN WYPUKLOGO MNOGOGRANNIKA. pUSTXP 2 Rn | WYPUKLYJ SIMPLICIALXNYJ MNOGOGRANNIK, TAKOJ ^TO dimP = n.



4 s.`.orewkowpUSTX fk | ^ISLO EGO GRANEJ RAZMERNOSTI k. zADADIM H-MNOGO^LEN1 MNOGO-GRANNIKA P KAKHP (t) = nXi=0 hiti = (t� 1)n + nXk=1 fk�1 � (t� 1)n�k = X�<P(t� 1)n�d(�);GDE d(�) = 1 + dim � (nAPOMNIM, ^TO � < P OZNA^AET ^TO � ESTX GRANX P ; POSOGLA[ENI@, ? < P I d(?) = 0.)eSLI � = f�1; : : : ; �kg, k � n | NABOR GIPERPLOSKOSTEJ W OB]EM POLOVENII,SOGLASOWANNYJ S P , TO NAZOWEM HrelP;� OTNOSITELXNYM H-MNOGO^LENOM MNOGO-GRANNIKA P PO OTNO[ENI@ K � (SM. pRILOVENIE).pRIMERY. (a) eSLI P | SIMPLEKS, TO HP (t) = 1+ t+ � � �+ tn. (b) eSLI P |OKTA\DR, TO HP (t) = (1 + t)n. (c) eSLI S | k-KRATNAQ NADSTROJKA NAD P , TOHS(t) = (t+ 1)kHP (t).(3.2)kOMBINATORNYJ MNOGO^LEN GRANI TRIANGULQCII SIMPLEKSA �. pUSTX� OBOZNA^AET TO VE ^TO W (1.1), I � | REGULQRNAQ TRIANGULQCIQ SIMPLEKSA �(SM. (2.1)). pUSTX � | L@BOJ SIMPLEKS IZ � (WOZMOVNO, � = ?). sLEDUQ [1],OPREDELIM KOMBINATORNYJ MNOGO^LEN GRANI � KAKR� (t) =X���(�1)n�k(�)(t� 1)k(�)�d(�);GDE d(�) = 1 + dim � | RAZMERNOSTX KONUSA NAD �, I k(�) | RAZMERNOSTX MI-NIMALXNOJ KOORDINATNOJ GIPERPLOSKOSTI, SODERVA]EJ �.(3.3) sREZ GRANI. pUSTX � | GRANX WYPUKLOGO SIMPLICIALXNOGO MNOGOGRAN-NIKA P � Rn, TAKAQ ^TO 0 2 IntP . pUSTX L | LINEJNYJ FUNKCIONAL, ZADA@-]IJ OPORNU@ GIPERPLOSKOSTX GRANI � , T.E. LjP � 1 I L(x) = 1 ESLI I TOLXKOESLI x 2 � . pUSTX �� | PERESE^ENIE GIPERPLOSKOSTI fL = 1� "g, 0 < " � 1 SPLOSKOSTX@ RAZMERNOSTI n� dim � , TRANSWERSALXNOJ K � I PERESEKA@]EJ Int � .oPREDELIM SREZ GRANI � KAK �� = P \�� . sLEDU@]AQ LEMMA A | STANDARTNYJFAKT O WYPUKLYH MNOGOGRANNIKAH, I LEMMA B DOKAZYWAETSQ ANALOGI^NO.lEMMA A. oTOBRAVENIE � 7! �\�� ZADAET MONOTONNU@ (T.E. SOHRANQ@]U@PORQDOK \�") BIEKCI@ MNOVESTWA f� j � � � < Pg NA MNOVESTWO GRANEJMNOGOGRANNIKA ��. �pUSTX � = f�ig | NABOR GIPERPLOSKOSTEJ, SOGLASOWANNYJ S P (SM. pRILO-VENIE). pOLOVIM �� = f�i \ �� j�i 2 � & � � �iglEMMA B. �� SOGLASOWAN S ��. �1w pRILOVENII H-MNOGO^LEN MNOGOGRANNIKA NAZYWAETSQ MNOGO^LENOM pUANKARE. oDNAKO,W OSNOWNOM TEKSTE STATXI MY ISPOLXZUEM TERMIN H-MNOGO^LEN, TAK KAK, SLEDUQ aRNOLXDU,[1], MY WWODIM W x5 MNOGO^LEN pUANKARE GRANI.



nerawenstwa petrowskogo{olejnik i t-giperpowerhnosti 5(3.4) oBOZNA^ENIQ. pUSTX �̂, �̂ OBOZNA^A@T TO VE, ^TO I W (2.2). oBOZNA^IM^EREZ X̂cond(�)expr(�); SOOTWETSTWENNO: Xcond(�) expr(�)SUMMU WYRAVENIQ expr(�) PO WSEM SIMPLEKSAM � 2 �̂ (SOOTWETSTWENNO: � 2 �;WK@^AQ W OBOIH SLU^AQH PUSTOJ SIMPLEKS!), UDOWLETWORQ@]IM USLOWI@ cond(�).pUSTX k(�) OBOZNA^AET TO VE, ^TO I W (3.2). sLEDU@]AQ LEMMA O^EWIDNA.lEMMA. eSLI � 2 �, TOX̂��� ; cond(�)expr(�) = X��� ; cond(�) 2k(�)�k(�)expr(�)(3.5) sRAWNENIE Hrel I R� . pUSTX � OBOZNA^AET TO VE, ^TO I W (1.1), I �| NEKOTORAQ REGULQRNAQ TRIANGULQCIQ SIMPLEKSA �. pUSTX �̂ I �̂ OBOZNA^A@TTO VE, ^TO I W (2.2). oBOZNA^IM ^EREZ � = f�igi=1;:::;n NABOR KOORDINATNYHGIPERPLOSKOSTEJ �i = fxi = 0g. pUSTX � | ODNA IZ GRANEJ �̂. oPREDELIM �� I�� KAK W (3.3), PREDPOLAGAQ ^TO P | WYPUKLAQ REALIZACIQ �̂ (SM. LEMMU (2.2)).pREDLOVENIE. eSLI � 2 �, TO Hrel��;�� (t) = 2n�k(�)R� (t).dOKAZATELXSTWO. dLQ I � �n OBOZNA^IM: �I = Ti2I �i I k(�I) = dim�I =n� jI j. tOGDAHrel��;�� (t) = X�I��(�1)jIj(t+ 1)jIjH��\�I (t)= X�I��(�1)jIj(t+ 1)jIj X̂�����I(t� 1)k(�I )�d(�) PO LEMME (3.3.A)= X�I��(�1)jIj(t+ 1)jIj X�����I 2k(�)�k(�)(t� 1)k(�I )�d(�) PO LEME (3.4)= X���(�1)n�k(�)(t� 1)k(�)�d(�)2k(�)�k(�) X�I��(t+ 1)n�k(�I )(1� t)k(�I )�k(�)= X���(�1)n�k(�)(t� 1)k(�)�d(�)2k(�)�k(�) � 2n�k(�) = 2n�k(�)R� (t): �wMESTE S TEOREMOJ 1 pRILOVENIQ I (2.2), (3.3.B) \TO DAET(3.6) sLEDSTWIE. R� SIMMETRI^EN I UNIMODALEN �x4. lEWAQ ^ASTX NERAWENSTWA pETROWSKOGO{ oLEJNIK DLQ t-GIPERPOWERHNOSTEJ(4.1) oBOZNA^ENIQ. pUSTX � � Rn | CELO^ISLENNYJ SIMPLEKS, WER[INYKOTOROGO v1; :::; vd LIMNEJNO NEZAWISIMY. pOLOVIMe(�) = � 1 ESLI v1 + :::+ vd 2 2Zn ILI ESLI � = ?0 INA^E.



6 s.`.orewkoweSLI e(�) = 1, MY SKAVEM, ^TO � ^ETEN, INA^E � NE^ETEN.pUSTX G, �̂, �̂ OBOZNA^A@T TO VE, ^TO W (2.2), I PUSTX � 2 �̂. tOGDA OBOZNA-^IM: s(�) =Qdi=1 s(vi), GDE v1; :::; vd | WER[INY SIMPLEKSA � .lEMMA. pRI � 2 � IMEEM P� 02G� s(� 0) = 2k(�)s(�)e(�).dOKAZATELXSTWO. qSNO, ^TO jG� j = 2k(�). pUSTX v1; :::; vd | WER[INY SIM-PLEKSA � , I PUSTX v = (x1; :::; xn) = v1 + ::: + vn. tOGDA s(gI�) = (�1)xIs(�),GDE xI = Pi2I xi. zNA^IT, ESLI e(�) = 1, TO WSE xI ^ETNY, I P� 02G� s(� 0) =jG� js(�) = 2k(�)s(�). eSLI VE e(�) = 0, TO xj NE^ETNO PRI NEKOTOROM j. pOLO-VIM Gj = fgI j j 62 I � �ng. tOGDA P� 02G� s(�) = P� 02Gj� �s(� 0) + s(gj� 0)� =0. �sLEDSTWIE. (SM. (3.4)) dLQ L@BOGO WYRAVENIQ expr(�) IMEEMX̂� s(�) expr(�) =X� s(�)e(�)2k(�) expr(�)(4.2) lEMMA. pUSTX OBOZNA^ENIQ BUDUT KAK W (2.3). tOGDA [�̂+] | DEFORMA-CIONNYJ RETRAKT PROSTRANSTWA �̂+ (SM. RIS. 1).

rIS. 1.dOKAZATELXSTWO. rASSMOTRIM POSLEDOWATELXNOSTXMNOVESTW [�̂+] = X0 � X1 �::: � Xn = Int �̂+, GDE Xi = [�̂+] [ �[Skeli �̂] \ Int �̂+):pOSTROIM POSLEDOWATELXNOSTXDEFORMACIONNYH RETRAKCIJXn ! Xn�1 ! :::!X0 SLEDU@]IM OBRAZOM.eSLI � 2 �̂ � �̂+ | i-MERNYJ SIMPLEKS, I b | BARICENTR SIMPLEKSA �,TO b 62 Xi I ZNA^IT, � \ Xi MOVNO WYDUTX IZ b NA @� \ Xi�1. wYPOLNIW \TUPROCEDURU DLQ WSEH i-MERNYH SIMPLEKSOW � 2 �̂ � �̂+, POLU^IM TREBUEMU@RETRAKCI@ Xi ! Xi�1. �



nerawenstwa petrowskogo{olejnik i t-giperpowerhnosti 7(4.3) pREDLOVENIE. pUSTX X = X(�;s) | NEKOTORAQ T-GIPERPOWERHNOSTXwIRO (SM. (2.3)), ZADANNAQ URAWNENIEM f = 0. pUSTX Sn�1+ = Sn�1 \ ff � 0g(KAK I W LEWOJ ^ASTI (*)). tOGDA�(Sn�1+ ) = (�1)n�1X�2� e(�)s(�)R� (�1);GDE e(�) I s(�) OPREDELENY KAK W (4.1) I R� (t) | KOMBINATORNYJ MNOGO^LENGRANI � (SM. (3.2)).dOKAZATELXSTWO. iZ (2.3) I (4.2) SLEDUET, ^TO �(Sn�1+ ) = �(�̂+) = �([�̂+]).pUSTX 1�̂+ : �̂ ! f0; 1g I 1Som�̂+ : Som �̂ ! f0; 1g | HARAKTERISTI^ESKIEFUNKCII MNOVESTW �̂+ I Som �̂+, T.E. 1�̂+(�) = 1 ESLI I TOLXKO ESLI � 2 �̂+,I 1Som�̂+(v) = 1 ESLI I TOLXKO ESLI v 2 Som �̂+. qSNO, ^TO 1Som�̂+(v) =(s(v) + 1)=2. pUSTX d(�), k(�) OBOZNA^A@T TO VE, ^TO W (3.2). tOGDA1�̂+(�) = d(�)Yi=1 1Som�̂+(vi) = d(�)Yi=1 s(vi) + 12 = �12�d(�)X��� s(�);GDE v1; :::; vd(�) | WER[INY SIMPLEKSA � (NAPOMNIM, ^TO ? � �). pUSTX P̂ IPOBOZNA^A@T TO VE, ^TO I W (3.4). tOGDA IMEEM��(Sn�1+ ) = X̂� (�1)d(�)1�̂+(�) = X̂� (�2)�d(�)X̂���s(�) = X̂� s(�)X̂���(�2)�d(�)=X� s(�)e(�)2k(�)X̂���(�2)�d(�) PO SLEDSTWI@ (4.1)=X� s(�)e(�)2k(�)X��� 2k(�)�k(�)(�2)�d(�) PO LEMME (3.4)= (�1)nX� s(�)e(�)X���(�1)n�k(�)(�2)k(�)�d(�)= (�1)nX� s(�)e(�)R� (�1): �x5. mNOGO^LEN pUANKARE SIMPLEKSA(5.1) oPREDELENIE. dLQ DANNOGO S � Rn I LINEJNOGO FUNKCIONALA L :Rn ! R OPREDELIM RQD pUANKARE MNOVESTWA S OTNOSITELXNO L KAK [S]L =Pa2S\Zn tL(a) =P� c�t�, GDE c� | ^ISLO CELYH TO^EK NA GIPERPLOSKOM SE^ENIIS \ fL = �g.pUSTX � 2 Rn | CELO^ISLENNYJ SIMPLEKS S LINEJNO NEZAWISIMYMI WER[I-NAMI v1; :::; vd. pUSTX C� = R+� = fx1v1 + ::: + xdvd jxi � 0g | ZAMKNUTYJKONUS, POROVDENNYJ SIMPLEKSOM �, I �� = fx1v1 + ::: + xdvd j 0 � xi < 1g |\POLUZAMKNUTYJ" PARALLELEPIPED.



8 s.`.orewkowpUSTX L | LINEJNYJ FUNKCIONAL, TAKOJ ^TO Lj� = 1. sLEDUQ aRNOLXDU[1],2 OPREDELIM RQD pUANKARE p� (SOOTW.: q�) I MNOGO^LEN pUANKARE P� (SOOTW.:Q�) GRANI � (SOOTW.: WNUTRENNOSTI GRANI �) SLEDU@]IM OBRAZOM:p�(t) = [C� ]L; q�(t) = [IntC� ]L;P�(t) = [�� ]L; Q�(t) = [Int��]L(PRI � = ? POLOVIM PO OPREDELENI@ p? = q? = P? = Q? = 1).(5.2) pRIMERY. (SM. [1]) (a). dLQ � IZ (1.1) IMEEMp�(t) = (1� t1=m)�n q�(t) = tn=m(1� t1=m)�nP�(t) = � 1� t1� t1=m�n Q�(t) = � t1=m � t1� t1=m�n(b). ~ISLO pETROWSKOGO (SM. WWEDENIE) RAWNO �n(m) = coefn=2Q�(t).(5.3) lEMMA. (SM. [1]).(a) p�(t) = X��� q� (t); (b) q�(t) = X���(�1)d(�)�d(�)p� (t);(c) P�(t) = X���Q� (t); (d) Q�(t) =X���(�1)d(�)�d(�)P� (t);dOKAZATELXSTWO. (a), (c) O^EWIDNY; (b), (d) WYTEKA@T IZ FORMULY WKL@^ENIJ-ISKL@^ENIJ.(5.4) lEMMA. (SM. [1]). P�(t) = p�(t) � (1� t)d(�).dOKAZATELXSTWO. pUSTX M | POLUGRUPPA, POROVDENNAQ WER[INAMI v1; :::; vdSIMPLEKSA �. qSNO, ^TO C� ESTX OB_EDINENIE NEPERESEKA@]IHSQ MNOVESTW m+�� PO WSEM m 2M . zAMETIM TAKVE, ^TO DLQ L@BOGO m = m1v1+ :::+mdvd 2MI DLQ L@BOGO PODMNOVESTWA S � Rn IMEEM [m+ S]L = tm1+:::+md [S]L. zNA^IT,p� = [C� ]L = Xm2M[m+�� ]L = P� Xm2M tm1+:::+md = P� � (1 + t+ t2 + :::)d:(5.5) lEMMA. pUSTX � | GRANX SIMPLEKSA �, I a, b | \LEMENTY L@BOGO KOM-MUTATIWNOGO KOLXCA. tOGDA P����� ad(�)�d(�)bd(�)�d(�) = (a+ b)d(�)�d(�). �(5.6) lEMMA.Q�(t) = X���(�t)d(�)�d(�)q� (t) (1� t)d(�); q�(t) (1� t)d(�) =X��� td(�)�d(�)Q� (t):2nA[I OBOZNA^ENIQ RQDOW I MNOGO^LENOW pUANKARE OTLI^NY OT OBOZNA^ENIJ W [1].



nerawenstwa petrowskogo{olejnik i t-giperpowerhnosti 9dOKAZATELXSTWO.Q�(t) (5:3d)= X���(�1)d(�)�d(�)P�(t) (5:4)= X���(�1)d(�)�d(�)p�(t) (1� t)d(�)(5:3a)= X���(�1)d(�)�d(�)(1� t)d(�)X��� q� (t)= X��� q� (t) (1� t)d(�) X�����(�1)d(�)�d(�)(1� t)d(�)�d(�)(5:5)= X��� q� (t) (1� t)d(�) � (�t)d(�)�d(�);q�(t)(1� t)d(�) (5:3b)= (1� t)d(�)X���(�1)d(�)�d(�)p�(t)(5:4)= X���(t� 1)d(�)�d(�)P�(t) (5:3c)= X���(t� 1)d(�)�d(�)X���Q� (t)= X���Q� (t) X�����(t� 1)d(�)�d(�) (5:5)= X���Q� (t) td(�)�d(�):x6. pRAWAQ ^ASTX NERAWENSTWA pETROWSKOGO{ oLEJNIK DLQ t-GIPERPOWERHNOSTEJ(6.1)pREDLOVENIE. pUSTX � | REGULQRNAQ TRIANGULQCIQ SIMPLEKSA � (SM.(1.1), (2.1)). tOGDA Q�(t) =P�2�Q� (t)R� (t).dOKAZATELXSTWO. zAMETIM, ^TO ESLI � 2 � I Int� � Int�0 DLQ NEKOTOROJGRANI �0 SIMPLEKSA �, TO d(�0) = k(�). zNA^IT,Q�(t) = X�0��(�t)n�d(�0)q�0(t) (1� t)d(�0) PO (5.6; SLEWA)= X�2�(�t)n�k(�)q�(t)(1� t)k(�) TAK KAK q�0 = XInt ��Int�0q�=X� (�t)n�k(�)(1� t)k(�)�d(�)X��� td(�)�d(�)Q� (t) PO (5.6; SPRAWA)=X� Q� (t) tn�d(�)X���(�1)n�k(�)(t�1 � 1)k(�)�d(�)=X� Q� (t) tn�d(�)R� (t�1) =X� Q� (t)R� (t) PO SIMMETRII R� :



10 s.`.orewkow(6.2) sLEDSTWIE. dLQ L@BOJ REGULQRNOG TRIANGULQCII � SIMPLEKSA � IMEEMP�2� coefn=2 �Q� (t)R� (t)� = �n(m), GDE �n(m) | ^ISLO pETROWSKOGO (SM.WWEDENIE). pO\TOMU, DLQ T-GIPERPOWERHNOSTI wIRO X(�;s) (SM. x2) (*) \K-WIWALENTNO NERAWENSTWU�����X�2� e(�)s(�)R� (�1)����� �X�2� coefn=2 �Q� (t)R� (t)�;GDE e(�), s(�) OPREDELENY W (4.1), R� | KOMBINATORNYJ MNOGO^LEN GRANI �(SM. (3.2)) I Q� | MNOGO^LEN pUANKARE WNUTRENNOSTI GRANI � (SM. (5.1)).dOKAZATELXSTWO. pRIMENIM (*), (4.3), (5.2b) I (6.1). �x7. lOKALXNYE NERAWENSTWA(7.1) sIMMETRI^NYE I UNIMODALXNYE MNOGO^LENY. pUSTXH(t) =Phiti| NEKOTORYJ MNOGO^LEN, I d 2 Z. sKAVEM, ^TO H SIMMETRI^EN S CENTROMtd=2, ESLI hi = hd�i; H UNIMODALEN S CENTROM td=2, ESLI WSE EGO KO\FFICIENTYNEOTRICATELXNY, hi�1 � hi PRI i � d=2, I hi � hi+1 PRI i � d=2.eSLI MNOGO^LEN H(t) SIMMETRI^EN S CENTROM td=2, MY BUDEM OBOZNA^ATX KO-\FFICIENT PRI td=2 ^EREZ mcoef H .mY BUDEM SLEDOWATX SOGLA[ENI@: ESLI O MNOGO^LENE, ZAPISANNOM W WIDEPdi=0 hiti, GOWORITSQ, ^TO ON SIMMETRI^EN I/ILI UNIMODALEN, TO CENTR PODRA-ZUMEWAETSQ W td=2 DAVE ESLI hd = 0.lEMMA. pUSTX H(t) =Pdi=0 hiti | SIMMETRI^EN I UNIMODALEN. tOGDA:(a) jH(�1)j � hd=2;(b) pUSTX d = 2k. tOGDA H(�1) = hk ESLI I TOLXKO ESLI h2i = h2i+1,i = 0; :::; [(k � 1)=2];(c) pUSTX d = 2k. tOGDA H(�1) = �hk ESLI I TOLXKO ESLI h0 = 0 Ih2i�1 = h2i, i = 1; :::; [k=2].dOKAZATELXSTWO. eSLI d NE^ETNO, TO OBE ^ASTI W (a) RAWNY NUL@. eSLI d = 2k,TO hk �H(�1) = 2(h1 � h0) + 2(h3 � h1) + ::: I hk +H(�1) = 2h0 +2(h2 � h1) +2(h4 � h3) + ::: �(7.2) sLEDSTWIE. pUSTX HP | H-MNOGO^LEN WYPUKLOGO SIMPLICIALXNOGOMNOGOGRANNIKA RAZMERNOSTI d = 2k. (SM. (3.1)). tOGDA SLEDU@]IE USLOWIQ\KWIWALENTNY:(a). jHP (�1)j = hk; (b). HP (�1) = hk; (c). P | SIMPLEKS.dOKAZATELXSTWO. HP SIMMETRI^EN I UNIMODALEN (SM. [13]). zNA^IT, PRIME-NIMA LEMMA (7.1):(a) =) (b). iNA^E (7.1c) DALO BY hd = 0.(b) =) (c). pO (7.1b) IMEEM 1 = hd�1, ZNA^IT, f0 = d+ 1 (SM. (3.1)).(c) =) (b) =) (a). sM. PRIMER (3.1a). �



nerawenstwa petrowskogo{olejnik i t-giperpowerhnosti 11(7.3) sLEDSTWIE. pUSTX � | REGULQRNAQ TRIANGULQCIQ SIMPLEKSA �, I � 2�. tOGDAe(�)jR� (�1)j � coefn=2 �Q� (t)R� (t)�:dOKAZATELXSTWO. pOLOVIM q = mcoef Q� I r = mcoef R� . qSNO, ^TOmcoef(Q�R� ) �qr, q � e(�), A IZ (3.6) I (7.1a) SLEDUET, ^TO r � jR� (�1)j. �wMESTE S (6.2) \TO DAET KOMBINATORNOE DOKAZATELXSTWO NERAWENSTWA (*) DLQt-GIPERPOWERHNOSTEJ wIRO.(7.4) oPREDELENIE. tRIANGULQCIQ SIMPLEKSA � (SM. (1.1)) NAZYWAETSQ LO-KALXNO \KSTREMALXNOJ, ESLI ONA REGULQRNA I DLQ KAVDOGO SIMPLEKSA � (WKL@-^AQ � = ?) IMEEM e(�)jR� (�1)j = coefn=2 �Q� (t)R� (t)�: (��)sLEDSTWIE. pUSTX X = X(�;s) | T-GIPERPOWERHNOSTX wIRO. eSLI IMEETMESTO \=" W (*), TO � LOKALXNO \KSTREMALXNA.dOKAZATELXSTWO. sRAWNITE (6.2) I (7.3). �(7.5)pRIWEDENNYJ MNOGO^LEN pUANKARE. dLQQ(t) =P�2A q�t�, A � Q I� 2 Q, OPREDELIM �-REDUKCI@ MNOGO^LENAQ(t) KAK red� Q(t) =P�2A\(�+Z) q�t�dLQ � IZ (2.1) I � 2 � OPREDELIM PRIWEDENNYJ MNOGO^LEN pUANKARE WNUT-RENNOSTI GRANI � KAK ~Q� = redn=2Q� (SM. x5). iZ (6.1) (SM. TAKVE (5.2b))LEGKO SLEDUET, ^TO �n(m) =X�2�mcoef � ~Q� (t)R� (t)�:x8. sLU^AJ PRIMITIWNOJ TRIANGULQCII(8.1) oPREDELENIE. cELO^ISLENNYJ i-MERNYJ SIMPLEKS � 2 Rn NAZYWAETSQMINIMALXNYM, ESLI � \ Zn = Som � . oN NAZYWAETSQ PRIMITIWNYM, ESLI EGOi-MERNYJ OB_EM RAWEN 1=i!. tRIANGULQCIQ NAZYWAETSQ PRIMITIWNOJ (SOOTW.MINIMALXNOJ) ESLI KAVDYJ EE SIMPLEKS PRIMITIWEN (SOOTW. MINIMALEN).qSNO, ^TO KAVDYJ PRIMITIWNYJ SIMPLEKS MINIMALEN; ESLI dim � � 2 TOMINIMALXNOSTX RAWNOSILXNA PRIMITIWNOSTI; ESLI � MINIMALEN I dim � � 3,TO EGO OB_EM MOVET BYTX SKOLX UGODNO WELIK.lEMMA. pUSTX � 6= ? | CELO^ISLENNYJ PRIMITIWNYJ SIMPLEKS. tOGDA:(a) eSLI � ^ETEN (SM. (4.1)), TO d(�) NE^ETNO (T.E. dim� ^ETNO).(b) eSLI WER[INY SIMPLEKSA � LINEJNO NEZAWISIMY, TO � IMEET NE BOLEEODNOJ ^ETNOJ NEPUSTOJ GRANI.(c) eSLI � � � (SM. (1.1)) I m ^ETNO, TO � IMEET W TO^NOSTI ODNU ^ETNU@NEPUSTU@ GRANX.dOKAZATELXSTWO. pUSTX V | LINEJNAQ OBOLO^KA SIMPLEKSA �. pOSKOLXKU �PRIMITIWEN, SU]ESTWUET a 2 V I BAZIS e1; :::; ed RE[ETKIM = Zn\V , TAKIE ^TOWER[INY SIMPLEKSA � SUTX a+e1; :::; a+ed. pUSTX a =P aiei I PUSTX I = fi j aiNE^ETNOg. pUSTX � | GRANX SIMPLEKSA �, NATQNUTAQ NA fa + ej j j 2 Jg.



12 s.`.orewkowpREDPOLOVIM, ^TO � ^ETEN. mY POKAVEM (I IZ \TOGO BUDET SLEDOWATX (b)),^TO TOGDA J = I . dEJSTWITELXNO, OBOZNA^IM ^EREZ v SUMMU WER[IN SIMPLEKSA� . tOGDA v = jJ ja +Pj2J ej 2 2M . eSLI BY jJ j BYLO ^ETNYM, TO jJ ja BYLBY ^ETNYM WEKTOROM, I WSE xj , j 2 J BYLI BY NE^ETNYMI, GDE v = Pxiei |RAZLOVENIE WEKTORA v PO BAZISU feig. pO\TOMU, jJ j NE^ETNO (\TO DOKAZYWAET (a)).zAMETIM, ^TO Pi2I ei � a (mod 2), ZNA^IT, Pi2I ei +Pj2J ej � a +Pj2J ej �v � 0 (mod 2). nO feigi2�n | BAZIS W M 
 Z2, SLEDOWATELXNO, J = I . dLQDOKAZATELXSTWA (c) ZAMETIM, ^TO J = I = ? WLE^ET a 2 2M , ^TO PROTIWORE^ITTOMU, ^TO m 2 2Z. �(8.2) pREDLOVENIE. pUSTX � 2 Rn | PRIMITIWNYJ SIMPLEKS S LINEJNO NE-ZAWISIMYMI WER[INAMI. tOGDA ~Q� (t) = e(�)td(�)=2. w ^ASTNOSTI, mcoef(Q�R� ) =mcoef( ~Q�R� ) = e(�)mcoef R� (t).dOKAZATELXSTWO. eSLI d(�) ^ETNO, TO ~Q(t) = 0, I UTWERVDENIE TRIWIALXNO.pREDPOLOVIM, ^TO d = d(�) NE^ETNO. pUSTX V | LINEJNAQ OBOLO^KA SIMPLEKSA� , L | LINEJNYJ FUNKCIONAL NA V , TAKOJ ^TO Lj� = 1, I M = fm 2 Zn j2L(m) 2 Zg. oBOZNA^IM ^EREZ v1; : : : ; vd WER[INY SIMPLEKSA � , I PUSTX ��BUDET KAK W (5.1). nAM NADO POKAZATX, ^TO m 2 M \ Int�� =) 2m = P vi.dEJSTWITELXNO, TOT FAKT, ^TO � PRIMITIWEN, OZNA^AET, ^TO SU]ESTWUET a 2MS L(a) = 1=2 I BAZIS e1; : : : ; ed W M , TAKIE ^TO vi = a+ ei. tOGDA m =Pmiei SCELYMI mi. s DRUGOJ STORONY, ESLI m 2 Int�� , TO m =Pxivi, GDE 0 < xi < 1.zNA^IT, a �Pmi =P(mi�xi)vi. nO 2a LEVIT W AFFINNOJ OBOLO^KE SIMPLEKSA� , I � PRIMITIWEN, IZ \TOGO SLEDUET, ^TO KO\FFICIENTY WEKTORA a W BAZISE fvigPOLUCELYE. pO\TOMU, ^ISLO mi � xi POLUCELO PRI WSEH i, ZNA^IT, xi = 1=2. �tAKIM OBRAZOM, DLQ PRIMITIWNOGO SIMPLEKSA � USLOWIE LOKALXNOJ \KSTRE-MALXNOSTI (**) \KWIWALENTNO SLEDU@]EMU USLOWI@:e(�) = 1 =) jR� (�1)j = mcoef R� ;I ESLI � PRIMITIWEN, d(�) � nmod2, I � NE SODERVITSQ W OB_EDINENII KOOR-DINATNYH GIPERPLOSKOSTEJ, TO (**) \KWIWALENTNO USLOWI@e(�) = 1 =) �� QWLQETSQ SIMPLEKSOM :nAPOMNIM, ^TO �� | SREZ GRANI � (SM. (3.3))(8.3). ~ETNAQ RAZMERNOSTX. pUSTX n ^ETNO I � | NEKOTORAQ PRIMITIWNAQTRIANGULQCIQ SIMPLEKSA � (SM. (1.1)). pUSTX Sn�1+ I �n(m) OBOZNA^A@T TOVE, ^TO I W (*) (SM. WWEDENIE) DLQ t-GIPERPOWERHNOSTI wIRO X = X�;s (s |PROIZWOLXNOE RASPREDELENIE ZNAKOW).pREDLOVENIE.��(Sn�1+ ) = R?(�1); �n(m) = coefn=2R?:w ^ASTNOSTI, PRI n = 4 IMEEM R? = c1t3 + c2t2 + c1t, GDE c1 = �m�13 � Ic2 = �4(m) = 23m3�2m2+ 73m�1, ZNA^IT, ��(Sn�1+ ) = c2�2c1 = 13m3� 43m+1



nerawenstwa petrowskogo{olejnik i t-giperpowerhnosti 13NE ZAWISIT OT � (NI OT s). tAKIM OBRAZOM, MY IMEEM \=" W (*) PRI m � 3 I\<" PRI m � 4.dOKAZATELXSTWO. eSLI � 6= ?, TO LIBO R� (�1) = mcoef R� = 0 (KOGDA d(�)NE^ETNO), LIBO e(�) = 0 (KOGDA d(�) ^ETNO). pO\TOMU, WKLAD SIMPLEKSA � W OBE^ASTI (*) RAWEN NUL@.dLQ WY^ISLENIQ R? PRI n = 4, ZAMETIM, ^TO ^ISLO WER[IN I TREHMERNYHGRANEJ IZWESTNO DLQ PRIMITIWNOJ TRIANGULQCII, A ^ISLO REBER I TREUGOLXNI-KOW MOVNO NAJTI IZ URAWNENIJ d\NA { sOMMERWILLQ (SM. pRILOVENIE). �(8.4). nE^ETNAQ RAZMERNOSTX. pREDPOLOVIM, ^TO n NE^ETNO, I IMEET MESTO"=" W (*) DLQ t-GIPERPOWERHNOSTI wIRO X(�;s), GDE � | NEKOTORAQ PRIMITIW-NAQ TRIANGULQCIQ SIMPLEKSA �. pUSTX � 2 �. eSLI d(�) ^ETNO (W ^ASTNOSTI,ESLI � = ?), TO WKLAD SIMPLEKSA � W OBE ^ASTI (*) RAWEN NUL@. tAKIM OBRA-ZOM, NEOBHODIMYM USLOWIEM NA PRIMITIWNU@ TRIAGNULQCI@ � DLQ "=" W (*)QWLQETSQ USLOWIE:sREZ �� QWLQETSQ SIMPLEKSOM DLQ KAVDOGO SIMPLEKSA � , TAKOGO ^TO d(�)NE^ETNO I k(�) = n. x9. sLU^AJ MALYH RAZMERNOSTEJnAPOMNIM (SM. 1.1), ^TO WSE CELO^ISLENNYE PLOSKOSTI SNABVENY CELO^IS-LENNYM OB_EMOM, W ^ASTNOSTI, DLINA OTREZKA [a; b], a; b 2 Zn RAWNA #Zn \ [a; b).dLQ DANNOGO k-MERNOGO SIMPLEKSA � W AFFINNOJ CELO^ISLENNOJ k-MERNOJPLOSKOSTI V I DLQ TO^KI p 2 Zn n V , OPREDELIM WYSOTU hp SIMPLEKSA [p�] KAKDLINU OTREZKA '([p�]), GDE ^EREZ ' : Rn ! Rn�k OBOZNA^ENA PROEKCIQ WDOLX V ,TAKAQ ^TO '(Zn) = Zn�k. tAKIM OBRAZOM, volk+1[p�] = hp volk �=(k + 1).n = 3:(9.1) lOKALXNOE USLOWIE. mY DADIM INTERPRETACI@ LOKALXNOGO USLOWIQ(**) PRI WSEH ZNA^ENIJ (d(�); k(�)). mY PREDPOLAGAEM, ^TO m (SM. (1.1)) ^ETNO,TAK KAK ((*) PRINIMAET WID 0 = 0 PRI NE^ETNOM m).d(�) = 0 (T.E. � = ?): Q� = 1, R� (�1) = coef3=2R� = 0, ZNA^IT, (**) WSEGDAWYPOLNENO.d(�) = 1: ~Q� = e(�)t1=2. oBOZNA^IM ^ISLO REBER TRIANGULQCII �̂, INICIDENT-NYH S � , ^EREZ �̂.k(�) = 1; 2: 23�k(�)R� = (�̂ � 4)t, ZNA^IT, (**) AWTOMATI^ESKI WYPOLNENO;k(�) = 3: R� = 1 + (�̂ � 2)t+ t2, ZNA^IT, (**) WYPOLNENO ESLI I TOLXKO ESLIe(�) = 0 ILI �̂ = 3.d(�) = 2:k(�) = 2: R� = 0, ZNA^IT, (**) WSEGDA WYPOLNENO.k(�) = 3: R� = t+ 1, ZNA^IT, coef3=2(Q�R� ) = 2 coef1=2Q� . tAKIM OBRAZOM,(**) WYPOLNENO TOGDA I TOLXKO TOGDA, KOGDA (Int �) \ 2Z3 = ?.d(�) = 3; k(�) = 3: R� = 1, ZNA^IT, (**) RAWNOSILXNO coef3=2Q� = e(�). |TOTAK ESLI I TOLXKO ESLI WYPOLNENO ODNO IZ SLEDU@]IH USLOWIJ:



14 s.`.orewkow(i) � PRIMITIWEN;(ii) � = [abc], PRI^EM PRQMAQ ac SODERVIT ^ETNU@ TO^KU, I WYSOTA ha RAWNA 1.(iii) BARICENTR b SIMPLEKSA � ^ETEN, I � \ Z3 = Som � [ fbg.aNILIZIRUQ \TI USLOWIQ, MOVNO LEGKO POLU^ITX(9.2) pREDLOVENIE. (n = 3, m ^ETNO). (A). l@BU@ LOKALXNO \KSTREMALX-NU@ (SM. (7.4)) TRIANGULQCI@ SIMPLEKSA � MOVNO PODRAZBITX DO PRIMITIW-NOJ LOKALXNO \KSTREMALXNOJ TRIANGULQCII.(B). pUSTX � LOKALXNO \KSTREMALXNA Is(a) = � �1; PRI k(a) = 2 I a 62 2Z3;1; INA^E.tOGDA IMEET MESTO \=" W (*) DLQ t-GIPERPOWERHNOSTI wIRO X = X(�;s).

Fig. 2.pRIMERY (�; s), OBESPE^IWA@]IE \=" W (*), DANY NA RIS. 2, (\+" BELYJ, \�"^ERNYJ). rEGULQRNOSTX SLEDUET IZ (10.1), (10.2) S PRIMENENIEM GEKSAGONALXNOGORAZBIENIQ, IZOBRAVENNOGO VIRNYMI LINIQMI.n = 4:(9.3) lOKALXNOE USLOWIE. kAK I W (9.1), MY ISSLEDUEM USLOWIE LOKALXNOJ\KSTREMALXNOSTI (**) DLQ KAVDOJ PARY (d; k).d(�) = 0 (T.E. � = ?): PO OPREDELENI@, (SM. (3.2)),R?(t) = X0�d�k(�1)4�k(t� 1)k�dfk;d;GDE fk;d := #f� 2 � j k(�) = k; d(�) = dg. rASSMOTRIM OTDELXNO SLEDU@]IE DWASLU^AQ: R?(�1) = mcoef R?;(9.3.1) R?(�1) = �mcoef R?:(9.3.2)



nerawenstwa petrowskogo{olejnik i t-giperpowerhnosti 15qSNO, ^TO coef4R? = 0 I coef3R? = f4;1 = #� Som(�) \ Int��. pO\TOMU, KAKWIDNO IZ (7.1b), USLOWIE (9.3.1) WYPOLNENO ESLI I TOLXKO ESLI f4;1 = 0. (|TOZNA^IT, ^TO WSE WER[INY TRIANGULQCII � LEVAT NA @�.)aNALOGI^NO, (9.3.2) \KWIWALENTNO f4;2 = 4f4;1 + f3;1.d(�) = 1: ~Q� = 0 I R� (�1) = 0. zNA^IT, (**) WYPOLNENO AWTOMATI^ESKI;d(�) = 2: ~Q� = qt, GDE q = #(Z4 \ Int �). pUSTX �̂ = #f� < � 2 �̂ j d(�) = 4g.k(�) = 2; 3: 24�k(�)R� = (�̂�4)t, ZNA^IT, (**) \KWIWALENTNO (�̂�4)(q�e(�)) =0. (zAMETIM, ^TO q = e(�) ESLI I TOLXKO ESLI q � 1).k(�) = 4: R� = 1 + (�̂ � 2)t + t2, ZNA^IT, (**) PRINIMAET WID e(�)j4 � �̂j =q(�̂ � 2). |TO USLOWIE WYPOLNENO ESLI I TOLXKO ESLI LIBO (i) q = 0, LIBO (ii)�̂ = 3 I q = 1.d(�) = 3:k(�) = 3: R� = 0, ZNA^IT, (**) WYPOLNENO AWTOMATI^ESKI.k(�) = 4: R� = 1 + t, ~Q� = q + qt, GDE q = #(Z4 \ Int �). zNA^IT, (**)\KWIWALENTNO q = 0.d(�) = k(�) = 4: R� = 1, ZNA^IT, (**) \KWIWALENTNO USLOWI@(9.3.3) coef2Q� = e(�):mOVNO PERE^ISLITX BOLEE ILI MENEE QWNO WSE TREHMERNYE SIMPLEKSY, UDOW-LETWORQ@]IE USLOWI@ (9.3.3), KAK MY \TO SDELALI DLQ OSTALXNYH ZNA^ENIJ(k; d). oDNAKO, OTWET DOSTATO^NO SLOVEN, I MY OGRANI^IMSQ TEM, ^TO PRIWEDEMNEKOTORYE SLEDSTWIQ IZ (9.3.3).(9.4) mNOGO^LEN pUANKARE WNUTRENNOSTI TREHMERNOGO SIMPLEKSA. pUSTX � � R4 | TREHMERNYJ CELO^ISLENNYJ SIMPLEKS. oBOZNA^IM ^EREZV , S I l, SOOTWETSTWENNO, EGO CELO^ISLENNYJ OB_EM, SUMMU CELO^ISLENNYH OB_-EMOW GRANEJ I SUMMU CELO^ISLENNYH DLIN REBER. pOLOVIM i = #(Z4 \ Int �).pUSTX ~Q� (t) = c1t+ c2t2 + c1t3 BUDET KAK W (7.5).(9.4.1) pREDLOVENIE. (a) c1 = i; (b) c2 = 6V � 2S + l � 2i� 3.dOKAZATELXSTWO. (a). o^EWIDNO. (b). zAMENQQ PRI NEOBHODIMOSTI Z4 RE[ET-KOJ, POROVDENNOJ CELYMI TO^KAMI AFFINNOJ OBOLO^KI SIMPLEKSA � , MOVNOS^ITATX, ^TO coef� p� = 0 PRI � 62 Z (W ^ASTNOSTI, ~Q� = Q� ). pO FORMULE|RARA [5], IMEEMcoefk p� = V k3 + (S=2)k2 +�k + 1; k � 0; GDE � = i� V + (S=2) + 1.sUMMIROWANIE tk coefk p� PO k = 0; 1; ::: DAETp� = V � t3 + 4t2 + t(1� t)4 + S2 � t2 + t(1� t)3 + �t(1� t)2 + 11� t :aNALOGI^NO, NAJDEM p�;d :=P���;d(�)=d p� SUMMIROWANIEM WYRAVENIJcoefk p�;3 = Sk2 + lk + 4; coefk p�;2 = lk + 6; coefk p�;1 = 4;I PRIMENIM Q� =P4d=0(t� 1)dp�;d (SM. (5.3d), (5.4)). �



16 s.`.orewkowlEMMA. sU]ESTWUET TRIANGULQCIQ SIMPLEKSA � S WER[INAMI W Som(�)[(Z4\Int �), IME@]AQ � 3i+ 1 TETRA\DROW.dOKAZATELXSTWO. oBOZNA^IM TO^KI IZ Z4\Int � ^EREZ p1; :::; pi. pUSTX�0 = f�gI PUSTX �j POLU^EN IZ �j�1 DOBAWLENIEM TO^KI pj I PODRAZBIENIEM SODERVA]IHEE SIMPLEKSOW. qSNO, ^TO KAVDYJ RAZ MY DOBAWLQEM � 3 TETRA\DROW. �(9.4.2) sLEDSTWIE. (a). eSLI i > 0, TO 6V � 2S +3(i� 1); (b). eSLI i > 0,TO c2 � i+ l � 6; (c). c2 � c1.dOKAZATELXSTWO. (a). w TRIANGULQCII IZ LEMMY OB_EM ^ETYREH TETRA\DROW,IME@]IH OB]U@ GRANX S � , � S=3. oB_EM OSTALXNYH � (#TETRA\DROW�4)=6 �(3i+ 1� 4)=6(b). pODSTAWIM (a) W (9.4.1b). (c). pOLOVIM c1 = i I l � 6 W (b). �gIPOTEZA. Q� UNIMODALEN DLQ L@BOGO MNOGOGRANNIKA � S WER[INAMI W CELYHTO^KAH.zAME^ANIE. rASSUVDENIQ KAK WY[E DOKAZYWA@T \TU GIPOTEZU PRI d(�) = 4.(9.4.3) sLEDSTWIE. eSLI � MINIMALEN (SM. (8.1)), TO c2 = 6V � 1.dOKAZATELXSTWO. pOLOVIM i = 0, l = 6, S = 2 W (9.4.1b). �(9.4.4) pREDLOVENIE. eSLI � MINIMALEN, TO RAWNOSILXNY USLOWIQ:(a) � UDOWLETWORQET (9.3.3); (b) V = (1 + e(�))=6; (c) V = 1=6 ILI 1=3.dOKAZATELXSTWO. (a)() (b) PO (9.4.3); (b) =) (c) O^EWIDNO.(c) =) (b). pRI V = 1=6 \TO SLEDUET IZ LEMMY (8.1a). pREDPOLOVIM, ^TOV = 1=3, I DOKAVEM, ^TO e(�) = 1. pUSTX v0; : : : ; v3 | WER[INY SIMPLEKSA � .pOLOVIM ej = vj � v0, j = 1; 2; 3. oBOZNA^IM ^EREZ M RE[ETKU, POROVDENNU@e1; e2; e3. pUSTXM 0 = Z4 \ (M 
R). tOGDAM 0 :M = 2. zNA^IT,M 0 POROVDENAe1; e2; e03, I e3 = a1e1 + a2e2 + 2e03. pOSKOLXKU v0 + � � �+ v4 = 4v0 + (a1 + 1)e1 +(a2+1)e2+2e03, DOSTATO^NO POKAZATX, ^TO OBA a1 I a2 NE^ETNY. dEJSTWITELXNO,ESLI a1 � a2 � 0mod2, TO OTREZOK [v0v3] NE BYL BY MINIMALXNYM; ESLI a1+1 �a2 � 0mod2, TO [v2v3] NE BYL BY MINIMALXNYM. �x10. kRITERII REGULQRNOSTI(10.1) rEGULQRNOE POLI\DRALXNOE RAZBIENIE. dLQ NEKOTOROGO MNOGOGRAN-NIKA � 2 Rn, OPREDELIM EGO (REGULQRNOE) POLI\DRALXNOE RAZBIENIE, ZAMENQQWS@DU W (1.2) I (2.1):\SIMPLEKS" �! \WYPUKLYJ MNOGOGRANNIK"\SIMPLICIALXNYJ KOMPLEKS" �! \POLI\DRALXNYJ KOMPLEKS"\TRIANGULQCIQ" �! \POLI\DRALXNOE RAZBIENIE"pREDLOVENIE. pUSTX � | POLI\DRALXNOE RAZBIENIE NEKOTOROGO WYPUKLO-GO n-MERNOGO MNOGOGRANNIKA � � Rn. pREDPOLOVIM, ^TO (WOZMOVNO, POSLEAFFINNOJ ZAMENY KOORDINAT) KAVDU@ GRANX � 2 � MOVNO WPISATX W SFERU,CENTR KOTOROJ LEVIT LIBO W Int�, LIBO W Int(� \ �0) DLQ NEKOTOROJ GRANI�0 MNOGOGRANNIKA �. tOGDA � REGULQRNA.dOKAZATELXSTWO. pOLOVIM '(x) =Px2i PRI x 2 Som� I PRODOLVIM ' LINEJ-NO NA KAVDU@ GRANX. �



nerawenstwa petrowskogo{olejnik i t-giperpowerhnosti 17(10.2)pOLI\DRALXNYE PODRAZDELENIQ. pUSTX�, �0 | POLI\DRALXNYE RAZ-BIENIQ WYPUKLOGO MNOGOGRANNIKA �. pRI � 2 � POLOVIM �0� = f�0 2 �0 j�0 ��g. sKAVEM, ^TO �0 QWLQETSQ POLI\DRALXNYM PODRAZDELENIEM RAZBIENIQ � ESLI8� 2 � IMEET MESTO [�0�] = �.pREDLOVENIE. pUSTX � | REGULQRNOE POLI\DRALXNOE RAZBIENIE NEKOTOROGOWYPUKLOGO MNOGOGRANNIKA �, I �0 | POLI\DRALXNOE PODRAZDELENIE RAZBIENIQ�. pREDPOLOVIM, ^TO SU]ESTWUET NEPRERYWNAQ FUNKCIQ  : � ! R, TAKAQ^TO 8� 2 � OGRANI^ENIE  j� QWLQETSQ (�0�)-WYPUKLYM (T.E. RAZBIENIQ �0�\SOGLASOWANNO REGULQRNY"). tOGDA �0 REGULQRNO.dOKAZATELXSTWO. eSLI ' QWLQETSQ �-WYPUKLOJ I 0 < "� 1, TO '+" QWLQETSQ�0-WYPUKLOJ. � pRILOVENIE:Relative MacMullen Inequalitiesby R. MacPherson and S. OrevkovLet P be a convex simplicial polytope in Rn. De�ne its Poincar�e polynomialHP as HP (t) = (t� 1)n + nXi=1 fi�1(t� 1)n�i;where fi is the number of i-dimensional simplices of P .Necessary and su�cient conditions on a polynomialhntn + hn�1tn�1 + :::+ h1t+ h0 (1)with hn = 1 for it to be a Poincar�e polynomial of a convex simplicial polytope, arehi = hn�i; i = 0; :::; [n=2] (Dehn-Sommerville equations); (2)hi � hi�1; i = 1; :::; [n=2]; (3)(hi+1 � hi) � (hi � hi�1)<i>; i = 1; :::; [n=2]� 1; (4)where m<k> is some explicitly de�ned function of the integers m and k.These conditions were conjectured by MacMullen [11] and proved by Stanley[13] (necessity) and Billera and Lee [3] (su�ciency). The proof of the necessity usestoric varieties and the hard Lefschetz theorem.A polynomial (1) is said to be symmetric and unimodal if hn � 0 and theconditions (2), (3) are satis�ed.Here we give a relative version of the inequality (3) (Theorem 1 below) forcoe�cients of Poincar�e polynomials of a polytope and its intersections with hyperplanes



18 s.`.orewkowin general position. The proof is based on the the relative hard Lefschetz theoremof Beilinson, Bernstein, Deligne, and Gabber.Let P be a convex simplicial polytope in Rn and let � = f�1; :::; �kg; k � n bea set of hyperplanes in general position. Denote f1; :::; kg by �k. For I � �k, let�I = \i2I�i, PI = P \ �I (by convention, �? = Rn, P? = P ). Say that P argeeswith � if any �I intersects IntP and each face of PI is a face of P . If P agrees with�, we de�ne the relative Poincar�e polynomial of P with respect to � asHrelP;�(t) =XI��k(�1)jIj(t+ 1)jIjHPI (t)Theorem 1. The polynomial HrelP;�(t) is symmetric and unimodal.Proof. Since the hyperplanes �1; :::; �k are in general position, we can chose coordinates(x1; :::; xn) in Rn so that �i is de�ned by xi = 0. The condition that P agrees with� implies that the origin can be chosen inside P . Since P is simplicial, we mayperturb it so that all its vertices are rational. The perturbation can be chosen sothat all the incidence relations are preserved.For any face � of P consider the cone obtained as the union of all rays withvertex at the origin, which intersect �. All such cones de�ne a fan � in Rn, andlet X be the toric variety over C associated to � (see [4]). Let Y be (CP1)k,which we shall consider as the toric variety associated to the fan �Y consisting ofall coordinate octants in Rk.The mapping Rn ! Rk de�ned by yi = xi, (where (y1; :::; yk) are coordinatesin Rk) is simplicial (sends any cone of � to a cone of �Y ). Hence, it de�nes a toricmorphism f : X ! Y (see [4]).The structure of toric variety de�nes the following strati�cation of Y . Let Y0 =C � f0g be the 1{dimensional and Y1 = f0g, Y2 = f1g the 0{dimensional strataof CP1. Denote by M the set of all k-tuplets (m1; :::;mk) where mi = 0; 1; 2. Form 2M let us de�neYm = f(y1; :::; ykg 2 Y j yj = Ymj if mj > 0g:We apply the Decomposition theorem [2; Section 5.4.5] (see also [9; Section 12])to the map f . It expresses the pushforward of the intersection complex of X as adirect sum of intersection complexes of subvarieties of Y . Since P is simplicial, X isrationally smooth, the intersection complex of X is the constant sheaf. By directlyexamining the map f , one can see that only subvarieties Ym of Y occur, and that allthe intersection complexes involved have un-twisted coe�cients. Taking Poincarepolynomials, we get the following statement (where the unimodality comes fromthe relative hard Lefschetz theorem, [2; Section 5.4.10])Lemma. There exist symmetric unimodal polynomials 'm with integral coe�cientssuch that for any open V � Y ,H(f�1(V )) =Xm 'mH(V \ Ym)See [10] for a fuller exposition of the Decomposition theorem from this point ofview.
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