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�¢¥¤¥­¨¥

� áâ âì¥ [1℄ (á¬. â ª�¥ [2℄) �.�. �¨âãèª¨­ ¯®áâà®¨« ¯à¨¬¥à ¢¥é¥áâÄ

¢¥­­®£® ç¥âëà¥å¬¥à­®£® ¬­®£®®¡à §¨ïX á ¤¢ã¬¥à­ë¬ ¯®¤¬­®£®®¡à §¨¥¬

M â ª®£®, çâ® áãé¥áâ¢ã¥â à §¢¥â¢«¥­­®¥ ­ ªàëâ¨¥ f :X ! R

4

, ¨¬¥îé¥¥

¢¥â¢«¥­¨¥ â®«ìª® ¢¤®«ì M , ¨ ¯à¨ íâ®¬ X � M £®¬¥®¬®àä­® R

4

, M £®Ä

¬¥®¬®àä­® R

2

, ¨ f j

M

{ ¢«®�¥­¨¥. �â®â ¯à¨¬¥à ¨¬¥¥â ¡®«ìè®¥ §­ ç¥­¨¥

¤«ï ¯®­¨¬ ­¨ï â®¯®«®£¨ç¥áª®© ¯à¨à®¤ë ¨§¢¥áâ­®© £¨¯®â¥§ë ® ïª®¡¨ ­¥

(á¬. [2℄, [3℄), ¨ �.�. �¨âãèª¨­ ¯®áâ ¢¨« ¢®¯à®á, áãé¥áâ¢ã¥â «¨  ­ «¨â¨Ä

ç¥áª®¥ ®â®¡à �¥­¨¥ á ¯®å®�¨¬¨ â®¯®«®£¨ç¥áª¨¬¨ á¢®©áâ¢ ¬¨.

� ­ áâ®ïé¥© áâ âì¥ ¤ ¥âáï ¢ ­¥ª®â®à®¬ á¬ëá«¥ ¯®«®�¨â¥«ì­ë© ®â¢¥â

­  íâ®â ¢®¯à®á. � ¨¬¥­­®, ¯®ª § ­®, çâ® ­ ªàëâ¨¥ �¨âãèª¨­  ¬®�­® à¥Ä

 «¨§®¢ âì ¢ ¢¨¤¥  ­ «¨â¨ç¥áª®£® ®â®¡à �¥­¨ï ­¥ª®â®à®£® ¯à®áâà ­áâ¢ 

�â¥©­  ­  è à ¢ C

2

. � ª¨¬ ®¡à §®¬, ¨¬¥¥â ¬¥áâ®

�¥®à¥¬  1. �ãé¥áâ¢ã¥â ¤¢ã¬¥à­®¥ ª®¬¯«¥ªá­®- ­ «¨â¨ç¥áª®¥

¬­®£®®¡à §¨¥ X á ªà ¥¬ �X, £« ¤ª¨©  ­ «¨â¨ç¥áª¨© ¤¨áª M � X,

âà ­á¢¥àá «ì­ë© �X, á �M � �X, ¨ £®«®¬®àä­®¥ âà¥å«¨áâ­®¥

à §¢¥â¢«¥­­®¥ ­ ªàëâ¨¥ f : X ! B

4

, £¤¥ B

4

{ ¥¤¨­¨ç­ë© è à

¢ C

2

, â ª¨¥, çâ® IntX �M £®¬¥®¬®àä­® R

4

, ®£à ­¨ç¥­¨¥ f ­ 

M ï¢«ï¥âáï ¢«®�¥­¨¥¬, ¨ f ¨¬¥¥â ¢¥â¢«¥­¨¥ ¢â®à®£® ¯®àï¤ª 

¢¤®«ì M , ï¢«ïïáì ¯®£àã�¥­¨¥¬ (â.¥. «®ª «ì­ë¬ £®¬¥®¬®àä¨§¬®¬)

¢áî¤ã ­  X �M .

�§ íâ®£® ­¥¯®áà¥¤áâ¢¥­­® ¢ëâ¥ª ¥â, çâ® �X áâà®£® ¯á¥¢¤®¢ë¯ãª«® ¢­¥

�M ,   â ª�¥ ­¥á«®�­® ¢ë¢¥áâ¨, çâ® ª ª IntX, â ª ¨ IntX �M ï¢«ïîâáï

¯à®áâà ­áâ¢ ¬¨�â¥©­ , ¢ç áâ­®áâ¨, áãé¥áâ¢ã¥â¨áç¥à¯ë¢ ­¨¥ IntX�M

áâà®£® ¯á¥¢¤®¢ë¯ãª«ë¬¨ ®¡« áâï¬¨, £®¬¥®¬®àä­ë¬¨ ç¥âëà¥å¬¥à­®¬ã

� ¡®â  ¢ë¯®«­¥­ ¯à¨ ç áâ¨ç­®© ¯®¤¤¥à�ª¥ �®áá¨©áª®£® ä®­¤  äã­¤ ¬¥­â «ìÄ

­ëå ¨áá«¥¤®¢ ­¨©, £à ­âò 93{011{225.
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è àã, á £« ¤ª¨¬¨ £à ­¨æ ¬¨. �®£« á­® à¥§ã«ìâ âã �«¨ è¡¥à£  [4, â¥®Ä

à¥¬  5.1℄, ­  IntX �M áãé¥áâ¢ã¥â á®¡áâ¢¥­­ ï ¯«îà¨áã¡£ à¬®­¨ç¥áª ï

äã­ªæ¨ï á ®¤­¨¬¨§®«¨à®¢ ­­ë¬¬¨­¨¬ã¬®¬¨¡¥§ ¤àã£¨å ªà¨â¨ç¥áª¨å â®Ä

ç¥ª.

Ǳ® áãé¥áâ¢ã, ¤®ª § â¥«ìáâ¢® â¥®à¥¬ë 1 ¥áâì ­¨ çâ® ¨­®¥, ª ª ¨­â¥à¯à¥Ä

â æ¨ï ª®­áâàãªæ¨¨ �.�. �¨âãèª¨­  ¢ â¥à¬¨­ å ¤¨ £à ¬¬ �ã¤®«ìä  ¬­®Ä

£®§­ ç­ëå ª®¬¯«¥ªá­ëå äã­ªæ¨© (®¯à¥¤¥«¥­¨¥ á¬. ­¨�¥) ¨ ­¥¯®áà¥¤áâ¢¥­Ä

­®¥ ¯à¨¬¥­¥­¨¥ ª®­áâàãªæ¨¨ �ã¤®«ìä  ¨§ [5℄. � ª ¬­¥ á®®¡é¨« �.�. �¨Ä

âãèª¨­, ¢ ¯à®æ¥áá¥ ¯®áâà®¥­¨ï íâ®£® ¯à¨¬¥à  ®­ ¯®«ì§®¢ «áï à¨áã­ª ¬¨,

áå®¤­ë¬¨ (  ¢®§¬®�­®, ¤ �¥ ¨¤¥­â¨ç­ë¬¨!) á ¤¨ £à ¬¬ ¬¨ �ã¤®«ìä .

�¤­ ª®, ¯à¨ ­ ¯¨á ­¨¨ áâ âì¨ [1℄ ®­ ¢á¥ áä®à¬ã«¨à®¢ « ¢ â¥à¬¨­ å ï¢­ëå

à §à¥§ ­¨© ¨ áª«¥¨¢ ­¨©,çâ®, ­  ¬®© ¢§£«ï¤, á¤¥« «® áâ âìî¬¥­¥¥ ¯®­ïâÄ

­®©. �¤­  ¨§ æ¥«¥© ­ áâ®ïé¥© à ¡®âë { ¤ âì ¨§«®�¥­¨¥ ¯à¨¬¥à  �¨âãèÄ

ª¨­ , ª®â®à®¥ ¬­¥ ¯à¥¤áâ ¢«ï¥âáï ¡®«¥¥ ­ £«ï¤­ë¬, ç¥¬ ¯¥à¢®­ ç «ì­®¥

¨§«®�¥­¨¥, ¯à¨¢¥¤¥­­®¥ ¢ [1℄. (� ¬¥â¨¬, çâ® â®¯®«®£¨ç¥áª¨ ¯à¨¬¥à ­¥ ¨§Ä

¬¥­¥­.)

�¥á«®�­® ¢ë¯¨á âì ­¥®¡å®¤¨¬ë¥¨ ¤®áâ â®ç­ë¥ ãá«®¢¨ï ¤«ï â®£®, çâ®Ä

¡ë ¤ ­­ ï ¤¨ £à ¬¬  �ã¤®«ìä  ®¡é¥£® ¯®«®�¥­¨ï ï¢«ï« áì ¤¨ £à ¬¬®©

­¥ª®â®à®© ¬­®£®§­ ç­®© ªãá®ç­® £« ¤ª®© äã­ªæ¨¨ (­ ¯à¨¬¥à, â ª®¢ë ¢á¥

£« ¤ª¨¥ ¤¨ £à ¬¬ë). �®«¥¥ â®£®, £à ä¨ª äã­ªæ¨¨ ®¤­®§­ ç­® ®¯à¥¤¥«ïÄ

¥âáï ¤¨ £à ¬¬®© á â®ç­®áâìî ¤® ®¡ê¥¬«îé¥© ¨§®â®¯¨¨. �®­¥ç­® �¥, ¯®Ä

áâà®¥­¨¥ ¯®¢¥àå­®áâ¨ f(M ), ¯à¨¢¥¤¥­­®¥ ¢ [1℄, íª¢¨¢ «¥­â­® ¯à¨¬¥­¥­¨î

íâ®© ®¡é¥© ª®­áâàãªæ¨¨ª ª®­ªà¥â­®¬ãá«ãç î, ¢ à ¢­®©¬¥à¥, ª ª ¨ ¯¥à¥Ä

ª«¥¨¢ ­¨¥ «¨áâ®¢ ­ ªàëâ¨ï ¢ [1℄ ¥áâì â® �¥ á ¬®¥, çâ® § ¤ ­¨¥ ­ ªàëâ¨ï

£®¬®¬®àä¨§¬®¬ äã­¤ ¬¥­â «ì­®© £àã¯¯ë ¢ á¨¬¬¥âà¨ç¥áªãî £àã¯¯ã S

m

.

�­¥ ­¥ ã¤ «®áì ­ ©â¨ ¡®«¥¥ ¯à®áâ®£®, ç¥¬ ¢ [1℄ ¤®ª § â¥«ìáâ¢  â®£®,

çâ® IntX �M £®¬¥®¬®àä­® R

4

(¢ [1℄ íâ® ¤®ª § ­® ï¢­ë¬ ¢ë¯¨áë¢ ­¨¥¬

¯®á«¥¤®¢ â¥«ì­ëå ¤¥ä®à¬ æ¨®­­ëå à¥âà ªæ¨©, ï¢«ïîé¨åáï ¯à®áâë¬¨ ¯®

� ©âåí¤ã). �¥¬ ­¥ ¬¥­¥¥, áâï£¨¢ ¥¬®áâì ¬­®£®®¡à §¨ï IntX�M ¨ ¥£® ®¤Ä

­®á¢ï§­®áâì ­  ¡¥áª®­¥ç­®áâ¨ ¬®�­® «¥£ª® ¯®«ãç¨âì áâ ­¤ àâ­ë¬¨ â®¯®Ä

«®£¨ç¥áª¨¬¨ à ááã�¤¥­¨ï¬¨, ¨á¯®«ì§ãï ¯à¨¢¥¤¥­­®¥ ¢ [6℄ ª®¯à¥¤áâ ¢«¥Ä

­¨¥ äã­¤ ¬¥­â «ì­®© £àã¯¯ë ¤®¯®«­¥­¨ï ª £à ä¨ªã ¬­®£®§­ ç­®© äã­ªÄ

æ¨¨ ¢ â¥à¬¨­ å ¤¨ £à ¬¬ë �ã¤®«ìä . �â® ª®¯à¥¤áâ ¢«¥­¨¥ ¥áâì ¢á¥£®

«¨èì ¨­â¥à¯à¥â æ¨ï ª« áá¨ç¥áª®£® ª®¯à¥¤áâ ¢«¥­¨ï � à¨áª®£®{¢ ­� ¬Ä

¯¥­ , ¨ ®­® ï¢«ï¥âáï ¤®á«®¢­ë¬ ®¡®¡é¥­¨¥¬ ¤«ï ¡®«ìè¥© à §¬¥à­®áâ¨ ª®Ä

¯à¥¤áâ ¢«¥­¨ï �¨àâ¨­£¥à  £àã¯¯ë ã§« . (�¤­ ª®, ¢ [6℄ ¯®ª § ­®, çâ® íâ®

ª®¯à¥¤áâ ¢«¥­¨¥ áà §ã¤ ¥â¤®ª § â¥«ìáâ¢®â¥®à¥¬ë�ã«â®­ {�¥«¨­ï (£¨Ä

¯®â¥§  � à¨áª®£®) ® â®¬, çâ® £àã¯¯  ¤®¯®«­¥­¨ï ­®¤ «ì­®© ªà¨¢®© ¢ P

2

 ¡¥«¥¢ .) � ª¨¬®¡à §®¬,¬ë¤®ª §ë¢ ¥¬£®¬¥®¬®àä­®áâì IntX�M ' R

4

â®«ìª® ¯® ¬®¤ã«î £¨¯®â¥§ë Ǳã ­ª à¥. �¤­ ª®, á íâ¨¬ ¥¤¨­áâ¢¥­­ë¬ (­®

áãé¥áâ¢¥­­ë¬!) ¨áª«îç¥­¨¥¬, ¢ áâ âì¥ ¤ ¥âáï  «ìâ¥à­ â¨¢­®¥ ¯®«­®¥ ¨§Ä

«®�¥­¨¥ ¢á¥å à¥§ã«ìâ â®¢ (á ¤®ª § â¥«ìáâ¢ ¬¨) ¨§ [1℄.
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�®â ä ªâ, çâ® IntX �M ¤¨ää¥®¬®àä­® ®âªàëâ®¬ã è àã, ¬®�¥â ¡ëâì

á¢¥¤¥­, â®�¥ áâ ­¤ àâ­ë¬¨ â®¯®«®£¨ç¥áª¨¬¨ ¬¥â®¤ ¬¨, ª â¥®à¥¬¥ �«¨Ä

 è¡¥à£  [4, â¥®à¥¬  5.1℄, ãâ¢¥à�¤ îé¥©, çâ® ¥á«¨ £à ­¨æ  ª®¬¯«¥ªá­®Ä

£® ¬­®£®®¡à §¨ï áâà®£® ¯á¥¢¤®¢ë¯ãª«  ¨ ¤¨ää¥®¬®àä­  áä¥à¥ S

3

, â® á Ä

¬® ¬­®£®®¡à §¨¥ ¤¨ää¥®¬®àä­® «¨¡® B

4

, «¨¡® B

4

, à §¤ãâ®¬ã ¢ ­¥áª®«ìÄ

ª¨å â®çª å. (�á­®, çâ® ¯®á«¥¤­¥¥ ¢ ­ è¥¬ á«ãç ¥ ­¥¢®§¬®�­®, â ª ª ª

­ ªàëâ¨¥ ­ ¤ è à®¬ ­¥ ¬®�¥â á®¤¥à� âì ª®¬¯ ªâ­ëå ªà¨¢ëå.) �â®¡ë

¤®ª § âì íâã à¥¤ãªæ¨î, ¤®áâ â®ç­® ¢ëç¨á«¨âì à §«®�¥­¨¥ �¥£®à  ¤«ï

�

�

X � (âàã¡ç â ï ®ªà¥áâ­®áâìM )

�

, ¨ ¯®ª § âì, çâ® ®­® íª¢¨¢ «¥­â­®

áä¥à¥ S

3

(á¬. § ¬¥ç ­¨¥ 4.3 ­¨�¥). Ǳ®áª®«ìªã ¤ ­­®¥ ¬­®£®®¡à §¨¥ ¯®Ä

«ãç¥­® ª ª à §¢¥â¢«¥­­®¥ ­ ªàëâ¨¥ ­ ¤ S

3

¢¤®«ì ï¢­® § ¤ ­­®£® ã§« , á

¯®á«¥¤ãîé¥© ¯¥à¥áâà®©ª®© ¢¤®«ì àãçª¨, à §«®�¥­¨¥ �¥£®à  ¬®�¥â ¡ëâì

¢ëç¨á«¥­® ¯à¨ ¯®¬®é¨ áâ ­¤ àâ­®© â¥å­¨ª¨ (á¬., ­ ¯à¨¬¥à, [7℄). �¤­ ª®,

íâ¨ ¢ëç¨á«¥­¨ï ­¥ ¯à¥¤áâ ¢«ïîâáï ¡®«¥¥ ¯à®áâë¬¨, ç¥¬ ¢ [1℄, ¯®íâ®¬ã¬ë

¨å ­¥ ¯à¨¢®¤¨¬.

� x1 ¤ ­® ®¯à¥¤¥«¥­¨¥ ¤¨ £à ¬¬ë �ã¤®«ìä  ¬­®£®§­ ç­®© ª®¬¯«¥ªáÄ

­®© äã­ªæ¨¨. x2 ¯®á¢ïé¥­ â¥®à¥¬¥ ® à¥ «¨§ã¥¬®áâ¨ £« ¤ª®© ¤¨ £à ¬¬ë

�ã¤®«ìä   «£¥¡à ¨ç¥áª®© äã­ªæ¨¥©. � ªâ¨ç¥áª¨, íâ  â¥®à¥¬  ¡ë«  ¤®Ä

ª § ­  ¢ [5℄, å®âï ¨ ­¥ ¡ë«  â ¬ ï¢­® áä®à¬ã«¨à®¢ ­ . � x3 áâà®¨âáï ­ Ä

ªàëâ¨¥ f :X ! B

4

ª ª à¥ «¨§ æ¨ï ­¥ª®â®à®© ¤¨ £à ¬¬ë�ã¤®«ìä . � x4

¤®ª § ­  ®¤­®á¢ï§­®áâì ¬­®£®®¡à §¨ï IntX � M ¨ ¥£® ®¤­®á¢ï§­®áâì ­ 

¡¥áª®­¥ç­®áâ¨. � x5 ¤®ª § ­®,çâ®X�M áâï£¨¢ ¥¬®. � x6¯®ª § ­ íª¢¨Ä

¢ «¥­â­®áâì ¤¨ £à ¬¬ë �ã¤®«ìä  ­ ªàëâ¨ï ¨§ [1℄ ¤¨ £à ¬¬¥, ¯à¨¢¥¤¥­Ä

­®© ¢ x3. xx1{5 ­¥ § ¢¨áïâ ®â [1℄ ¨ á®¤¥à� â ¤®ª § â¥«ìáâ¢® â¥®à¥¬ë 1 ¯®

¬®¤ã«î £¨¯®â¥§ë Ǳã ­ª à¥; x6 ­¥ § ¢¨á¨â ®â xx3{4 ¨ á®¤¥à�¨â á¢¥¤¥­¨¥

â¥®à¥¬ë 1 ª [1℄ ¨ [5℄.

� ¯à¨«®�¥­¨¨ á¨áâ¥¬ â¨§¨à®¢ ­ë à¥§ã«ìâ âë ¨§ [6℄, [8℄ ® áãé¥áâ¢®Ä

¢ ­¨¨ ­¥¢ëà®�¤¥­­ëå ¤¨ £à ¬¬�ã¤®«ìä  ¤«ï  «£¥¡à ¨ç¥áª¨å äã­ªæ¨©.

�â¨ à¥§ã«ìâ âë ¢ áâ âì¥ ­¥ ¨á¯®«ì§ãîâáï.

� ¡« £®¤ à¥­�.�. �¨âãèª¨­ã §  ¯®áâ ­®¢ªã § ¤ ç¨¨ ¬­®£®ç¨á«¥­­ë¥

¯®«¥§­ë¥ ®¡áã�¤¥­¨ï. � ¡« £®¤ à¥­ �¨ �ã¤®«ìäã §  ¯®«¥§­®¥ ®¡áã�¤¥Ä

­¨¥, ¯à¨¢¥¤è¥¥ ª ¯®ï¢«¥­¨î íâ®© à ¡®âë,   â ª�¥�.�.� ©¬ ­®¢ã§  ãª Ä

§ ­¨¥ ­ à ¡®âã [7℄. � áâ®ïé ï áâ âìï ¡ë«  ­ ¯¨á ­ , ª®£¤ ï ¡ë« ¯à¨£« Ä

è¥­ ¢ �­¨¢¥àá¨â¥â �®à¤® I ¢ à ¬ª å ¯à®£à ¬¬ë \PAST", ¨ ï ¯à¨§­ â¥«¥­

íâ¨¬ ®à£ ­¨§ æ¨ï¬ §  £®áâ¥¯à¨¨¬áâ¢®.

x1. �¨ £à ¬¬ë �ã¤®«ìä 

Ǳ®¤ á«®¢ ¬¨¬­®£®§­ ç­ ï ª®¬¯«¥ªá­ ï äã­ªæ¨ï ¬ë ¡ã¤¥¬ ¯®¤à §ãÄ

¬¥¢ âì ¬­®£®§­ ç­ãî äã­ªæ¨î á® §­ ç¥­¨ï¬¨ ¢ C , ­¥ ®¡ï§ â¥«ì­®  ­ «¨Ä

â¨ç¥áªãî, ­® ¯®å®�ãî ­   «£¥¡à ¨ç¥áªãî ¢ â®¬ á¬ëá«¥, çâ® ®­  ¨¬¥¥â

¨§®«¨à®¢ ­­ë¥ â®çª¨ ¢¥â¢«¥­¨ï, ¢­¥ ª®â®àëå ¬®�¥â ¡ëâì ®¤­®§­ ç­® ¨
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­¥®£à ­¨ç¥­­®¯à®¤®«�¥­ ¢¤®«ì«î¡®£®¯ãâ¨¢®¡« áâ¨®¯à¥¤¥«¥­¨ï. �¥Ä

¯¥àì ¤ ¤¨¬ ä®à¬ «ì­®¥ ®¯à¥¤¥«¥­¨¥.

Ǳãáâì C { ­¥ª®â®à ï ª â¥£®à¨ï ¬­®£®®¡à §¨© (£« ¤ª ï, ªãá®ç­®-£« ¤-

ª ï, ¢¥é¥áâ¢¥­­®- ¨«¨ ª®¬¯«¥ªá­®- ­ «¨â¨ç¥áª ï ¨ â.¤.). Ǳãáâì D 2 C ¨

pr

D

:D�C ! D { ¯à®¥ªæ¨ï ­  ¯¥à¢ë© á®¬­®�¨â¥«ì (ª ª ¯à ¢¨«®, ¢ ¤ «ìÄ

­¥©è¥¬ D ¡ã¤¥â ®¡« áâìî ¢ C ). n-§­ ç­®© ª®¬¯«¥ªá­®© C-äã­ªæ¨¥©

­ D ­ §ë¢ ¥âáï ª« áá íª¢¨¢ «¥­â­®áâ¨F = [K; j℄ ¯ à (K; j), £¤¥K 2 C {

¬­®£®®¡à §¨¥ â®©�¥ à §¬¥à­®áâ¨,çâ® ¨D,   j :K ! D�C ¥áâìC-®â®¡à -

�¥­¨¥ â ª®¥, çâ® pr

D

Æj :K ! D ¥áâì à §¢¥â¢«¥­­®¥ ­ ªàëâ¨¥ áâ¥¯¥­¨ n.

Ǳ àë (K; j) ¨ (K

1

; j

1

) íª¢¨¢ «¥­â­ë, ¥á«¨ áãé¥áâ¢ã¥â C-¨§®¬®àä¨§¬

': K ! K

1

â ª®©, çâ® j = j

1

Æ '. �¡à § j(K) ­ §ë¢ ¥âáï £à ä¨ª®¬

äã­ªæ¨¨ F , ¨ ¬­®�¥áâ¢® §­ ç¥­¨© äã­ªæ¨¨ F ¢ â®çª¥ z

0

2 D ®¯à¥¤¥«ïÄ

¥âáï ª ª F (z

0

) = graph(F ) \ (z

0

� C ). � «î¡®¬ ®¤­®á¢ï§­®¬ ¯®¤¬­®�¥áÄ

â¢¥ ¬­®£®®¡à §¨ïD, ­¥ á®¤¥à� é¥¬ â®ç¥ª ¢¥â¢«¥­¨ï, F à á¯ ¤ ¥âáï ­  n

®¤­®§­ ç­ëå ¢¥â¢¥©.

�á­®, çâ® ¥á«¨D { ®ªàã�­®áâì á ¢ë¤¥«¥­­®© â®çª®©, â® ¯®­ïâ¨¥ ¬­®£®Ä

§­ ç­®© äã­ªæ¨¨ á®¢¯ ¤ ¥â á ¯®­ïâ¨¥¬ ª®áë. Ǳ®íâ®¬ã, ¢®§¬®�­®, à §ã¬Ä

­® ¡ë«® ¡ë ­ §ë¢ âì ¬­®£®§­ ç­ãîäã­ªæ¨î ­ D (¬­®£®¬¥à­®©) ª®á®©

­ ¤ D.

�¡®§­ ç¨¬ ç¥à¥§ B(F ) ¬­®�¥áâ¢® ¢á¥å z 2 D, ¤«ï ª®â®àëå F (z) á®Ä

¤¥à�¨â ¬¥­¥¥, ç¥¬ n í«¥¬¥­â®¢. �­® á®áâ®¨â ¨§ â®ç¥ª ¢¥â¢«¥­¨ï äã­ªæ¨¨

F ¨ ¨§ â®ç¥ª, ¢ ª®â®àëå á®¢¯ ¤ îâ ª ª¨¥-­¨¡ã¤ì ¤¢¥ ®¤­®§­ ç­ë¥ ¢¥â¢¨.

�¡®§­ ç¨¬

B

+

= B

+

(F ) := B(ReF )

= B(F ) [

�

z 2 D j 9w

1

6= w

2

2 F (z); Rew

1

= Rew

2

	

:

�â® ¬­®�¥áâ¢® § ¤ ­® ®¤­¨¬ ¢¥é¥áâ¢¥­­ë¬ ãà ¢­¥­¨¥¬, §­ ç¨â, ¢ ®¡é¥¬

¯®«®�¥­¨¨, { íâ® ¢¥é¥áâ¢¥­­ ï £¨¯¥à¯®¢¥àå­®áâì ¢D, ¢®§¬®�­®, á £à ­¨Ä

æ¥©.

Ǳà¥¤¯®«®�¨¬ â¥¯¥àì, çâ®D ®à¨¥­â¨àã¥¬®,   äã­ªæ¨ï F ªãá®ç­® £« ¤Ä

ª ï. �®£¤  ®¯à¥¤¥«¨¬ ¤¨ £à ¬¬ã �ã¤®«ìä  äã­ªæ¨¨ F ª ª ¬­®�¥áâ¢®

B

+

, ­ ¤¥«¥­­®¥ á«¥¤ãîé¥© ¤®¯®«­¨â¥«ì­®© áâàãªâãà®© (á¬. [5℄). �®çª 

z 2 B

+

� B ­ §ë¢ ¥âáï à¥£ã«ïà­®©, ¥á«¨ ReF (z) á®¤¥à�¨â ¢ â®ç­®áâ¨

n � 1 í«¥¬¥­â, ¨ ¯¥à¥á¥ç¥­¨¥ £à ä¨ª®¢ Re f

1

¨ Re f

2

âà ­á¢¥àá «ì­®, £¤¥

ç¥à¥§ f

1

¨ f

2

®¡®§­ ç¥­ë â¥ ®¤­®§­ ç­ë¥ ¢¥â¢¨ äã­ªæ¨¨ F ¢ ®ªà¥áâ­®áâ¨

â®çª¨ z, ¤«ï ª®â®àëå Re f

1

(z) = Re f

2

(z). � ¯à®â¨¢­®¬ á«ãç ¥ â®çª  z {

®á®¡ ï. �¡®§­ ç¨¬ ¬­®�¥áâ¢® ®á®¡ëå â®ç¥ª B

+

ç¥à¥§ Sing(B

+

). � �Ä

¤ãî ª®¬¯®­¥­âã á¢ï§­®áâ¨ L ¬­®�¥áâ¢  B

+

� Sing(B

+

) ¯®¬¥â¨¬ æ¥«ë¬

ç¨á«®¬ k â ª¨¬, çâ® Rew

1

< � � � < Rew

k

= Rew

k+1

< � � � < Rew

n

¤«ï fw

1

; : : : ; w

n

g = F (z), z 2 L. �àã£¨¬¨ á«®¢ ¬¨, ¬ë ®¯à¥¤¥«¨«¨ «®Ä

ª «ì­® ¯®áâ®ï­­ãî äã­ªæ¨î N :B

+

� Sing(B

+

) ! Z

+

, N (z) = k. � ¤ Ä

¤¨¬ ­ B

+

�Sing(B

+

) ®à¨¥­â æ¨îO á«¥¤ãîé¨¬ ®¡à §®¬. �á«¨ ¯¥à¥á¥çì
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ãç áâ®ªL ­¥®á®¡®© ç áâ¨B

+

, ¯®¬¥ç¥­­ë©ç¨á«®¬ k, ­¥ª®â®àë¬ âà ­á¢¥àÄ

á «ì­ë¬ ¯ãâ¥¬�(t), â® ¯®«ãç¨âáï ª®á , íª¢¨¢ «¥­â­ ï «¨¡® �

k

, «¨¡®�

�1

k

.

Ǳ¥à¥á¥ç¥­¨¥ � á L áç¨â ¥âáï ¯®«®�¨â¥«ì­ë¬ ¢ ¯¥à¢®¬ á«ãç ¥ ¨ ®âà¨æ Ä

â¥«ì­ë¬ { ¢® ¢â®à®¬.

�âà â¨ä¨ª æ¨ïB � Sing(B

+

) � B

+

� D ®¡« áâ¨D ¢¬¥áâ¥ á ¤ ­­ë¬¨

(O;N; n) ­ §ë¢ ¥âáï ¤¨ £à ¬¬®© �ã¤®«ìä  ­ D, ¯à¨ íâ®¬ ç¨á«® n ­ §ëÄ

¢ ¥âáï ¥¥ áâ¥¯¥­ìî. �á«¨ ®­  ¡ë«  ¯®«ãç¥­  ¢ëè¥®¯¨á ­­ë¬ á¯®á®¡®¬ ¯®

¬­®£®§­ ç­®©äã­ªæ¨¨ F , â® ®­  ­ §ë¢ ¥âáï ¤¨ £à ¬¬®©�ã¤®«ìä  äã­ªÄ

æ¨¨ F . �ë ¡ã¤¥¬ ®¡®§­ ç âì ¤¨ £à ¬¬ã �ã¤®«ìä  â®�¥ ç¥à¥§ B

+

(F ).

�§®¡à � ï ­  à¨áã­ª å ®à¨¥­â æ¨î ¤¨ £à ¬¬ �ã¤®«ìä  ­  ¤¢ã¬¥àÄ

­ëå ®¡« áâïå, ¬ë ¡ã¤¥¬ ¯®«ì§®¢ âìáï á®£« è¥­¨¥¬, ¯® ª®â®à®¬ã ­ 

B

+

(

p

z) áâà¥«ª  ­ ¯à ¢«¥­  ®â1 ª 0,   ­  B

+

(

p

�z) { ®â 0 ª1 (¢ ®¡®¨å

á«ãç ïå B

+

¥áâì ¯®«ã¯àï¬ ï ­¥¯®«®�¨â¥«ì­ëå ¢¥é¥áâ¢¥­­ëå ç¨á¥«).

�

j

j

k

k

 

�

j

j

k

k

k

j

¡

�¨á. 1

� «¥¥ ®£à ­¨ç¨¬áï á«ãç ¥¬ dim

R

D = 2. �ã¤¥¬ £®¢®à¨âì, çâ® B(F )

­¥¢ëà®�¤¥­®, ¥á«¨ ®­® ¤¨áªà¥â­® ¨ «î¡ ï â®çª  z 2 B ®¡« ¤ ¥â ®ªà¥áâÄ

­®áâìî U , ¢ ª®â®à®© ¢á¥ ª®¬¯®­¥­âë á¢ï§­®áâ¨ £à ä¨ª  F j

U

, ªà®¬¥ ®¤Ä

­®©, ï¢«ïîâáï £à ä¨ª ¬¨ ®¤­®§­ ç­ëåäã­ªæ¨©. �ª �¥¬, çâ® B

+

(F ) ­¥Ä

¢ëà®�¤¥­®, ¥á«¨ ¬­®�¥áâ¢® Sing(B

+

) ¤¨áªà¥â­®, B(F ) ­¥¢ëà®�¤¥­®, ¨

¤«ï «î¡®£® z 2 B ¢¥é¥áâ¢¥­­ë¥ ç áâ¨ ¢á¥å §­ ç¥­¨© äã­ªæ¨¨ F ¢ â®çª¥

z à §«¨ç­ë. � §®¢¥¬ B

+

áâà®£® ­¥¢ëà®�¤¥­­®©, ¥á«¨ ®­  ­¥¢ëà®�¤¥­ ,

¨ ¢®§«¥ ª �¤®© â®çª¨ ¨§ Sing(B

+

) � B ï¢«ï¥âáï «¨¡® âà ­á¢¥àá «ì­ë¬

¯¥à¥á¥ç¥­¨¥¬ ¤¢ãå «¨­¨©, ¯®¬¥ç¥­­ëå ç¨á« ¬¨ k; j ¯à¨ jk � jj > 2, (á¬.

à¨á. 1 ), «¨¡® âà ­á¢¥àá «ì­ë¬ ¯¥à¥á¥ç¥­¨¥¬ âà¥å «¨­¨©, ®à¨¥­â¨à®¢ ­Ä

­ëå ¨ ¯®¬¥ç¥­­ëå, ª ª ­  à¨á. 1¡, ¯à¨ jk � jj = 1. (� ª¨¥ â®çª¨ á®®â¢¥âÄ

áâ¢ãîâ áâ ­¤ àâ­ë¬ á®®â­®è¥­¨ï¬ £àã¯¯ë ª®á �

k

�

j

= �

j

�

k

, jk � jj > 2,

¨ �

j

�

k

�

j

= �

k

�

j

�

k

, jj � kj = 1, á®®â¢¥âáâ¢¥­­®.)

�¨ £à ¬¬ �ã¤®«ìä  ­ §ë¢ ¥âáï £« ¤ª®©, ¥á«¨ B

+

{ £« ¤ª®¥ ¬­®£®®¡Ä

à §¨¥ á ªà ¥¬, ¯à¨ç¥¬ �B

+

= B [ (�D \ B

+

) ¨ Sing(B

+

) = B. �« ¤ª¨¥

¤¨ £à ¬¬ë, ®ç¥¢¨¤­®, áâà®£® ­¥¢ëà®�¤¥­ë. �¨ £à ¬¬  �ã¤®«ìä  ­ §ëÄ

¢ ¥âáï ª¢ §¨¯®«®�¨â¥«ì­®©, ¥á«¨ ¢®§«¥ ª �¤®© z

0

2 B ¢á¥ ¥¥ «¨­¨¨

®à¨¥­â¨à®¢ ­ë ¢ áâ®à®­ã z

0

(ª ª ¤«ï

p

z � z

0

); ¤¨ £à ¬¬ ¯®«®�¨â¥«ìÄ

­ , ¥á«¨ ¢®§«¥ �D ¢á¥ ¥¥ «¨­¨¨ ®à¨¥­â¨à®¢ ­ë ¢­ãâàìD.
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�ë ¯à¨¢®¤¨¬ ¡¥§ ¤®ª § â¥«ìáâ¢  á«¥¤ãîé¥¥ ®ç¥¢¨¤­®¥ ãâ¢¥à�¤¥­¨¥

(¢ ®áâ ¢è¥©áï ç áâ¨ áâ âì¨ ­¨ ®­®, ­¨ ¯®­ïâ¨¥ áâà®£®© ­¥¢ëà®�¤¥­­®áâ¨

­¥ ¨á¯®«ì§ãîâáï).

Ǳà¥¤«®�¥­¨¥ 1.1. Ǳãáâì D { (¢¥é¥áâ¢¥­­®) ¤¢ã¬¥à­®¥ ªãá®ç­®

£« ¤ª®¥ ¬­®£®®¡à §¨¥, ¨ F { ªãá®ç­® £« ¤ª ï ª®¬¯«¥ªá­ ï ¬­®£®§­ çÄ

­ ï äã­ªæ¨ï ­  D. �®£¤  áª®«ì ã£®¤­® ¬ «ë¬ ¢®§¬ãé¥­¨¥¬ £à ä¨ª 

äã­ªæ¨¨ F ¬®�­® ¤®¡¨âìáï â®£®, çâ®¡ë B

+

(F ) áâ «  áâà®£® ­¥¢ëÄ

à®�¤¥­­®©. �î¡ãî áâà®£® ­¥¢ëà®�¤¥­­ãî ¤¨ £à ¬¬ã �ã¤®«ìä  ­ 

D ¬®�­® à¥ «¨§®¢ âì ¢ ¢¨¤¥ B

+

(F ) ¤«ï ­¥ª®â®à®© ªãá®ç­® £« ¤ª®©

äã­ªæ¨¨ F , ª®â®à ï ¢ íâ®¬ á«ãç ¥ ®¯à¥¤¥«¥­  ®¤­®§­ ç­® á â®ç­®áÄ

âìî ¤® ¨§®â®¯¨¨ ¯à®áâà ­áâ¢  D� C , á®åà ­ïîé¥© ¯à®¥ªæ¨î ­  D.

� ¬¥ç ­¨¥ 1. �¨ £à ¬¬ë�ã¤®«ìä  ¡ë«¨ ¢¢¥¤¥­ë ¢ [5℄ ¤«ï ¨§ãç¥­¨ï

ª®á, ¯®«ãç îé¨åáï ¨§ ¬­®£®§­ ç­ëåäã­ªæ¨© ¢¨¤ F Æ
, £¤¥ F {  «£¥¡à Ä

¨ç¥áª ï äã­ªæ¨ï ­ D � C , ¨ 
 : S

1

! D { ­¥ª®â®àë© ¯ãâì. �á«¨ D = S

1

,

â® ­¥¢ëà®�¤¥­­ ï ¤¨ £à ¬¬ B

+

¥áâì â® �¥ á ¬®¥, çâ® à §«®�¥­¨¥ ª®áë

¢ ¯à®¨§¢¥¤¥­¨¥ áâ ­¤ àâ­ëå ®¡à §ãîé¨å £àã¯¯ë ª®á.

� ¬¥ç ­¨¥ 2. �¥¢ëà®�¤¥­­ë¥¤¨ £à ¬¬ë�ã¤®«ìä ª®¬¯«¥ªá­®- ­ -

«¨â¨ç¥áª¨å äã­ªæ¨© ¢á¥£¤  ª¢ §¨¯®«®�¨â¥«ì­ë (á¬. [5℄), ¨ ¢¤®«ì à¥£ãÄ

«ïà­®© ç áâ¨B

+

(F ) à ááâ®ï­¨¥ ¬¥�¤ã â¥¬¨ ¤¢ã¬ï §­ ç¥­¨ï¬¨F ,¢¥é¥áâÄ

¢¥­­ë¥ ç áâ¨ ª®â®àëå á®¢¯ ¤ îâ, ã¡ë¢ îâ ¢ ¯®«®�¨â¥«ì­®¬ ­ ¯à ¢«¥Ä

­¨¨ (á¬. [6℄), ¢ ç áâ­®áâ¨, B

+

­¥ ¬®�¥â á®¤¥à� âì § ¬ª­ãâëå ª®¬¯®­¥­â

(æ¨ª«®¢). �¨ �ã¤®«ìä á®®¡é¨« ¬­¥, çâ® �. �®©è¥§®­ ¤®ª § « ­¥ª®â®àë¥

¬¥­¥¥ ®ç¥¢¨¤­ë¥ ®£à ­¨ç¥­¨ï ¤«ï á«ãç ï, ª®£¤  £à ä¨ªF { ª á¯¨¤ «ì­ ï

ªà¨¢ ï.

� ¬¥ç ­¨¥ 3. � ¯à¨«®�¥­¨¨ ®¡áã�¤ ¥âáï áãé¥áâ¢®¢ ­¨¥ ­¥¢ëà®�Ä

¤¥­­ëå ¤¨ £à ¬¬ �ã¤®«ìä  ¤«ï  «£¥¡à ¨ç¥áª¨å äã­ªæ¨©.

x2. �¥ «¨§ã¥¬®áâì £« ¤ª¨å ¤¨ £à ¬¬ �ã¤®«ìä 

 «£¥¡à ¨ç¥áª¨¬¨ äã­ªæ¨ï¬¨

ǱãáâìD { ¤¨áª ¨B

+

{ £« ¤ª ï ¤¨ £à ¬¬ �ã¤®«ìä  ­ D. � §®¢¥¬B

+

¯à¨¢¥¤¥­­®©, ¥á«¨ ®­  ­¥ á®¤¥à�¨â æ¨ª«®¢, ¨ â®çª¨ ¬­®�¥áâ¢  B

+

\ �D

¬®�­®à §¡¨âì­ ¯®á«¥¤®¢ â¥«ì­ë¥ (®â­®á¨â¥«ì­®®¡å®¤ ¢¤®«ì�D) £àã¯Ä

¯ë á ­¥ç¥â­ë¬ ª®«¨ç¥áâ¢®¬ â®ç¥ª ¢ ª �¤®© £àã¯¯¥ â ª, çâ®¡ë æ¥­âà «ìÄ

­ ï â®çª ª �¤®©£àã¯¯ë ¡ë«  ª®­æ®¬«¨­¨¨ ¨§B

+

, ¤àã£®©ª®­¥æ ª®â®à®©

¢­ãâà¨ D, ¨ k-ï â®çª  á¯à ¢  ¡ë«  á®¥¤¨­¥­  «¨­¨¥© ¨§ B

+

á k-© â®çª®©

á«¥¢ . (Ǳà¨¬¥à: ¤¨ £à ¬¬  ­  à¨á. 2 { ¯à¨¢¥¤¥­­ ï.)

� ªâ¨ç¥áª¨, ¢ [5℄ ¡ë«® ¤®ª § ­® (å®âï ¨ ­¥ ¡ë«® áä®à¬ã«¨à®¢ ­®, ¯®Ä

áª®«ìªã íâ®£® ­¥ âà¥¡®¢ «®áì), çâ® «î¡ ï ª¢ §¨¯®«®�¨â¥«ì­ ï ¯à¨¢¥¤¥­Ä

­ ï ¤¨ £à ¬¬  �ã¤®«ìä  ¤¨ää¥®¬®àä­  ¤¨ £à ¬¬¥ ­¥ª®â®à®©  «£¥¡à ¨Ä

ç¥áª®© äã­ªæ¨¨ ¡¥§ ¯®«îá®¢ ¢ ¥¤¨­¨ç­®¬ ªàã£¥. � ¤® ¢á¥£® «¨èì § ¬¥Ä
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�

2

3

2

3

2

1

2

3

1

2

1

2

1

2

3

�¨á. 2

­¨âì \ã­¨¢¥àá «ì­ãî äã­ªæ¨î", § ¤ ­­ãî ãà ¢­¥­¨¥¬ (w � z)P (w) + "

(á¬. [5, ¯à¨¬¥à 3.3℄), äã­ªæ¨¥©, § ¤ ­­®© ãà ¢­¥­¨¥¬

(w � z)(1 �w)(2� w) � � � (n� w) + "p(z) = 0; (2.1)

£¤¥ " > 0 ¤®áâ â®ç­® ¬ «®, ¨ p(z) { ¬­®£®ç«¥­ áâ¥¯¥­¨ n, §­ ç¥­¨ï ª®â®Ä

à®£® ¢ ­¥ç¥â­ëå â®çª å ®âà¥§ª  [1; n℄ ¯®«®�¨â¥«ì­ë,   §­ ç¥­¨ï ¢ ç¥â­ëå

â®çª å íâ®£® ®âà¥§ª  ®âà¨æ â¥«ì­ë.

�¤¨­áâ¢¥­­®¥, çâ®âà¥¡ã¥âáï¤«ï¤ «ì­¥©è¨å æ¥«¥©­ áâ®ïé¥©áâ âì¨, {

íâ® à¥ «¨§ã¥¬®áâì ¤¨ £à ¬¬ë ­  à¨á. 2, ª®â®à ï ï¢«ï¥âáï ¯à¨¢¥¤¥­­®©.

�¥¬ ­¥ ¬¥­¥¥, ¬ë ¤ ¤¨¬ ­¥¬­®£® ¡®«¥¥ ®¡é¥¥ ãâ¢¥à�¤¥­¨¥, ¤®ª § â¥«ìáâÄ

¢® ª®â®à®£® ¯®çâ¨ ¤®á«®¢­® ¯®¢â®àï¥â ¤®ª § â¥«ìáâ¢® ®á­®¢­®© â¥®à¥¬ë

¨§ [5℄.

Ǳà¥¤«®�¥­¨¥ 2.1. �î¡ ï £« ¤ª ï ¤¨ £à ¬¬  �ã¤®«ìä  B

+

¢ ¥¤¨Ä

­¨ç­®¬ ªàã£¥ D � C ¡¥§ æ¨ª«®¢ (ª®¬¯®­¥­â, ¤¨ää¥®¬®àä­ëå S

1

) ¤¨äÄ

ä¥®¬®àä­  B

+

(F ) ¤«ï ­¥ª®â®à®©  «£¥¡à ¨ç¥áª®© äã­ªæ¨¨ F ­  D ¡¥§

¯®«îá®¢, £à ä¨ª ª®â®à®© ¥áâì £« ¤ª®¥  ­ «¨â¨ç¥áª®¥ ¯®¤¬­®£®®¡à Ä

§¨¥ ¬­®£®®¡à §¨ï D � C .

�®ª § â¥«ìáâ¢®. ǱãáâìU

1

; : : : ; U

k

{ ª®¬¯®­¥­âë á¢ï§­®áâ¨D�B

+

.

�ë¡¥à¥¬ ¯® â®çª¥ a

i

¢ ª �¤®© U

i

¨ ¯ãáâì B = fb

1

; : : : ; b

m

g. �®¥¤¨­¨¬

ª �¤ãî a

i

á® ¢á¥¬¨ â®çª ¬¨ ¬­®�¥áâ¢  B \ U

i

­¥¯¥à¥á¥ª îé¨¬¨áï ¯ãÄ

âï¬¨ p

i1

; : : : ; p

ik

i

¢­ãâà¨ U

i

,   § â¥¬ á®¥¤¨­¨¬ ¬¥�¤ã á®¡®© ª �¤ãî ¯ àã

â®ç¥ª a

i

; a

j

, ¤«ï ª®â®àëåL

ij

= �U

i

\�U

j

6= ?, ¯ãâ¥¬ q

ij

, âà ­á¢¥àá «ì­®

¯¥à¥á¥ª îé¨¬L

ij

¢ ¥¤¨­áâ¢¥­­®© â®çª¥, â ª¨¬ ®¡à §®¬,çâ®¡ë ¯ãâ¨ q

ij

­¥

¯¥à¥á¥ª «¨áì ­¨ ¬¥�¤ã á®¡®©, ­¨ á ¯ãâï¬¨ p

ij

. �ë¡¥à¥¬ ¢®ªàã£ ¢á¥å a

i

¨

b

i

¤®áâ â®ç­®¬ «ë¥ ¤¨áª¨A

i

¨B

i

á®®â¢¥âáâ¢¥­­®,   ¢¤®«ì ¯ãâ¥© p

ij

; q

ij

{

ã§ª¨¥ ¯®«®áª¨ P

ij

; Q

ij

(è¨à¨­  ¯®«®á®ª ¬ «  ¯® áà ¢­¥­¨î á à ¤¨ãá ¬¨
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¤¨áª®¢). �¡®§­ ç¨¬ ç¥à¥§ D

0

®¡ê¥¤¨­¥­¨¥ ¢á¥å A

i

; B

i

; P

ij

¨ Q

ij

. �á­®,

çâ® ¯ àë (D;B

+

) ¨ (D

0

; B

+

\D

0

) ¤¨ää¥®¬®àä­ë.

�¡®§­ ç¨¬ ç¥à¥§ n áâ¥¯¥­ì ¤ ­­®© ¤¨ £à ¬¬ëB

+

. Ǳãáâì w = F

"

(z) {

¬­®£®§­ ç­ ï «£¥¡à ¨ç¥áª ïäã­ªæ¨ï,­¥ï¢­® § ¤ ­­ ïãà ¢­¥­¨¥¬ (2.1),

¨D

u

{ªàã£, á®¤¥à� é¨©â®çª¨f0; : : : ; ng. �®£¤ ¤«ï­¥¢®§¬ãé¥­­®©äã­ªÄ

æ¨¨F

0

(ª®â®à ï ¥áâì ¯à®áâ® F

0

(z) = fz; 1; 2; : : : ; ng) ¬ë ¨¬¥¥¬B(F

0

) = f1; : : : ; ng,

¨ B

+

(F

0

) ¥áâì ®¡ê¥¤¨­¥­¨¥ ¢¥àâ¨ª «ì­ëå ¯àï¬ëå L

k

= fz j Re z = kg,

k = 1; : : : ; n, ¯à¨ç¥¬ L

k

¯®¬¥ç¥­  ç¨á«®¬ k. �«¥¤®¢ â¥«ì­®, ¤«ï

¢®§¬ãé¥­­®© äã­ªæ¨¨, ¡« £®¤ àï ¢ë¡®àã §­ ª®¢ ¢®§¬ãé¥­¨ï ¢®§«¥ B,

¤«ï ¤®áâ â®ç­® ¬ «®£® " > 0, ¤¨ £à ¬¬ã B

+

(F

"

j

D

u

) á â®ç­®áâìî ¤®

®¡ê¥¬«îé¥£® ¤¨ää¥®¬®àä¨§¬  ¬®�­® ¯®«ãç¨âì ¨§ B

+

(F

0

) ã¤ «¥­¨Ä

¥¬ á¥£¬¥­â®¢ ¤«¨­ë O("

1=2

) ¢®ªàã£ â®ç¥ª ¯¥à¥á¥ç¥­¨ï á ¢¥é¥áâ¢¥­­®©

®áìî. �¡®§­ ç¨¬ ª®­æë ¢¥àå­¨å «ãç¥© ¤¨ £à ¬¬ë B

+

(F

"

) ç¥à¥§

z

1

; : : : ; z

n

á®®â¢¥âáâ¢¥­­®.

�¥¯¥àì ¯®áâà®¨¬ ¯®£àã�¥­¨¥D

0

¢D

u

, ¯®£àã� ï, ï æ¨â¨àãî [5℄, \àãçÄ

ªã §  àãçª®©" (àãçª¨ { íâ®, ¥áâ¥áâ¢¥­­®, ¢ëè¥¢ë¡à ­­ë¥ ¤¨áª¨ ¨ ¯®«®áÄ

ª¨). �­ ç « ®â®¡à §¨¬ª �¤ë©¤¨áªB

i

­ ¬ «¥­ìª¨©¤¨áª¢®ªàã£ z

k

, £¤¥

k { ¯®¬¥âª  ­  B

+

¢®§«¥ b

i

, â ª, çâ®¡ë B

+

\ B

i

®â®¡à §¨«®áì ¢ B

+

(F

"

).

� â¥¬ ®â®¡à §¨¬ ¢á¥ ¤¨áª¨ A

i

­  ­¥ª®â®àë© ¤¨áª ¢­¥ B

+

(F

"

) ¨ ¯®£àã§¨¬

¢á¥ ¯®«®áª¨ P

ij

, â ª�¥ ¨§¡¥£ ï ¯¥à¥á¥ç¥­¨© á B

+

(F

"

). � ª®­¥æ, ¯®£àãÄ

§¨¬ ª �¤ãî ¯®«®áªã Q

ij

á«¥¤ãîé¨¬ ®¡à §®¬. Ǳãáâì k { ç¨á«®, ª®â®Ä

àë¬ ¯®¬¥ç¥­  «¨­¨ï L

ij

. Ǳ®£àã§¨¬ q

ij

, á¤¥« ¢ ®¤¨­ ®¡®à®â ¢®ªàã£ z

k

(¯®

¨«¨ ¯à®â¨¢ ç á®¢®© áâà¥«ª¨ ¢ § ¢¨á¨¬®áâ¨ ®â ®à¨¥­â æ¨¨ L

ij

), ¨ ¡®«ìÄ

è¥ ­¨£¤¥ ­¥ ¯¥à¥á¥ª ï B

+

(F

"

). �¡®§­ ç¨¬ ç¥à¥§ q ¯®«ãç¥­­®¥ ¯®£àã�¥Ä

­¨¥ ¤¨áª D

0

. �­® \âà ­á¯®àâ¨àã¥â"  ­ «¨â¨ç¥áªãî áâàãªâãàã ­ D

0

. �

íâ®© áâàãªâãà¥F

"

Æq { ¬­®£®§­ ç­ ï ­ «¨â¨ç¥áª ï äã­ªæ¨ï ­ D

0

á ¤ ­Ä

­®© ¤¨ £à ¬¬®©�ã¤®«ìä . Ǳ® â¥®à¥¬¥ �¨¬ ­ D

0

¨§®¬®àä­  ¥¤¨­¨ç­®¬ã

ªàã£ã. �â®¡ë ¯®«ãç¨âì  «£¥¡à ¨ç¥áªãî äã­ªæ¨î á ¤ ­­®© ¤¨ £à ¬¬®©

B

+

, ¯à¨¡«¨§¨¬ q Æ ', £¤¥ ' { ¨§®¬®àä¨§¬ ¥¤¨­¨ç­®£® ¤¨áª  ­ D

0

, ¬­®£®Ä

ç«¥­®¬. �à ä¨ª ¯®áâà®¥­­®© äã­ªæ¨¨£« ¤ª¨©, â ª ª ª ªà¨¢ ï (2.1) £« ¤Ä

ª ï.

x3. Ǳ®áâà®¥­¨¥ ­ ªàëâ¨ï

Ǳãáâì w = F (z) { ª®¬¯«¥ªá­ ï ­¥¯à¥àë¢­ ï n-§­ ç­ ï äã­ªæ¨ï ­  ®¤Ä

­®á¢ï§­®© ®¡« áâ¨D � C á ­¥¢ëà®�¤¥­­®© ¤¨ £à ¬¬®© �ã¤®«ìä  B

+

, ¨

¯ãáâì K { £à ä¨ª äã­ªæ¨¨ F . �®£¤  ¬®�­® ï¢­® ­ ¯¨á âì ª®¯à¥¤áâ ¢«¥Ä

­¨¥ £àã¯¯ë �

1

(D�C �K) á ¯®«®�¨â¥«ì­®© ¡¥áª®­¥ç­® ã¤ «¥­­®© â®çª®©

®á¨ Imw ¢ ª ç¥áâ¢¥ ¡ §¨á­®© â®çª¨ (á¬. [6℄).

� ¨¬¥­­®, ª �¤®© ª®¬¯®­¥­â¥ á¢ï§­®áâ¨ U ¬­®�¥áâ¢  D � B

+

á®®âÄ

¢¥âáâ¢ãîâ ®¡à §ãîé¨¥ a

1

(U ); : : : ; a

n

(U ), § ¤ ­­ë¥ á«¥¤ãîé¨¬ ®¡à §®¬.

�ë¡¥à¥¬ ¯à®¨§¢®«ì­ãî â®çªã z

0

2 U , ¨ ¯ãáâì fw

1

; : : : ; w

n

g = F (z

0

),

¯à¨ç¥¬ Rew

1

< � � � < Rew

n

. �®£¤  a

j

(U ) ¯à¥¤áâ ¢«¥­  ¯ãâ¥¬ ¢ á«®¥
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z = z

0

, ª®â®àë© ¯à¨å®¤¨â ¨§ ¡¥áª®­¥ç­®áâ¨ ¢¤®«ì ¢¥é¥áâ¢¥­­®£® «ãç 

Rew = Rew

j

, Imw > Imw

j

, ®¡å®¤¨â ¢®ªàã£w

i

¢ ¯®«®�¨â¥«ì­®¬ ­ ¯à ¢Ä

«¥­¨¨ ¨ ¢®§¢à é ¥âáï ­  ¡¥áª®­¥ç­®áâì.

� �¤®© ª®¬¯®­¥­â¥ á¢ï§­®áâ¨ L ¬­®�¥áâ¢  B

+

� Sing(B

+

) á®®â¢¥âÄ

áâ¢ãîâ á«¥¤ãîé¨¥ n á®®â­®è¥­¨©. Ǳãáâì U ¨ V { ª®¬¯®­¥­âë á¢ï§­®áâ¨

¬­®�¥áâ¢  D � B

+

, à á¯®«®�¥­­ë¥ á«¥¢  ¨ á¯à ¢  ®â L á®®â¢¥âáâ¢¥­­®

(­ ¯®¬­¨¬, çâ® B

+

®à¨¥­â¨à®¢ ­­®). Ǳãáâì i { ç¨á«®, ª®â®àë¬ ¯®¬¥ç¥­

ãç áâ®ª L ¤¨ £à ¬¬ë B

+

, â.¥. w

i

¨ w

i+1

{ â¥ §­ ç¥­¨ï F , ¢¥é¥áâ¢¥­­ë¥

ç áâ¨ ª®â®àëå á®¢¯ ¤ îâ ­  L. �®£¤  á®®â­®è¥­¨ï ¨¬¥îâ ¢¨¤

a

j

(U ) = a

j

(V ); j 6= i; i+ 1; (3.1)

a

i+1

(U ) = a

i

(V ); (®¡®§­ ç¨¬ íâ®â í«¥¬¥­â ç¥à¥§ b) (3.2)

a

i

(U ) = ba

i+1

(V )b

�1

: (3.3)

Ǳà¥¤«®�¥­¨¥ 3.1. �á«¨ K { £à ä¨ª ªãá®ç­® £« ¤ª®© ¬­®£®§­ çÄ

­®© äã­ªæ¨¨ á ­¥¢ëà®�¤¥­­®© (­¥®¡ï§ â¥«ì­® áâà®£®) ¤¨ £à ¬¬®©

�ã¤®«ìä  B

+

, â® ®¡à §ãîé¨¥ a

i

(U ), i = 1; : : : ; n, U 2 �

0

(D � B

+

), ¨

á®®â­®è¥­¨ï (3.1){(3.3), ­ ¯¨á ­­ë¥ ¤«ï ¢á¥å L 2 �

0

(B

+

�Sing(B

+

)),

§ ¤ îâ ª®¯à¥¤áâ ¢«¥­¨¥ £àã¯¯ë �

1

(D � C �K).

�®ª § â¥«ìáâ¢® ®¯ãáª ¥âáï, â ª ª ª ®­® á«®¢® ¢ á«®¢® ¯®¢â®àï¥â ¤®ª Ä

§ â¥«ìáâ¢® ¤«ï ª®¯à¥¤áâ ¢«¥­¨ï �¨àâ¨­£¥à  £àã¯¯ë ã§«  (á¬., ­ ¯à¨¬¥à,

[9℄). Ǳ®áâà®¥­­®¥ ª®¯à¥¤áâ ¢«¥­¨¥ â ª�¥, ®ç¥¢¨¤­®, íª¢¨¢ «¥­â­® ª« áÄ

á¨ç¥áª®¬ã ª®¯à¥¤áâ ¢«¥­¨î � à¨áª®£®{¢ ­ � ¬¯¥­  ¤«ï äã­¤ ¬¥­â «ìÄ

­®© £àã¯¯ë ¤®¯®«­¥­¨ï ª ¯«®áª®©  «£¥¡à ¨ç¥áª®© ªà¨¢®©.

Ǳãáâì â¥¯¥àì w = F (z) { ç¥âëà¥å§­ ç­ ï  ­ «¨â¨ç¥áª ï äã­ªæ¨ï ¢

¥¤¨­¨ç­®¬ ªàã£¥ D á ¤¨ £à ¬¬®© �ã¤®«ìä , ¨§®¡à �¥­­®© ­  à¨á. 2 (áãÄ

é¥áâ¢®¢ ­¨¥ â ª®© äã­ªæ¨¨ ¡ë«® ¤®ª § ­® ¢ x2), ¨ ¯ãáâìK { ¥¥ £à ä¨ª.

Ǳà¥¤«®�¥­¨¥ 3.2. �­®£®®¡à §¨¥ K, ¯®«ãç¥­­®¥ ¯® ¤¨ £à ¬¬¥ ­ 

à¨á. 2, £®¬¥®¬®àä­® ªàã£ã.

�®ª § â¥«ìáâ¢®. �£à ­¨ç¥­¨¥ ­ K ¯à®¥ªæ¨¨D�C ! D ï¢«ï¥âáï

à §¢¥â¢«¥­­ë¬ ç¥âëà¥å«¨áâ­ë¬ ­ ªàëâ¨¥¬ ­ ¤D á âà¥¬ï â®çª ¬¨ ¢¥â¢Ä

«¥­¨ï ¢â®à®£® ¯®àï¤ª . �à ­¨æ K { íâ® § æ¥¯«¥­¨¥, § ¤ ­­®¥ ª®á®©

(�

1

�

�1

2

�

1

�

2

�

�1

1

)(�

�1

2

�

3

�

2

�

�1

3

�

2

)(�

3

�

�1

2

�

1

�

2

�

�1

3

): (3.4)

�¥£ª® ¢¨¤¥âì, çâ® ®­® ï¢«ï¥âáï ã§«®¬, ç¥âëà¥åªà â­® ­ ªàë¢ îé¨¬ �D.

�âï£¨¢ ï ¢ â®çªã �K ¨ �D, ¯®«ãç ¥¬ ¥é¥ ®¤­ã â®çªã ¢¥â¢«¥­¨ï 4-£® ¯®Ä

àï¤ª . �à¥¡ã¥¬®¥ ãâ¢¥à�¤¥­¨¥ á«¥¤ã¥â ¨§ ä®à¬ã«ë �¨¬ ­ {�ãà¢¨æ .

�¡®§­ ç¨¬ ç¥à¥§ U

0

æ¥­âà «ì­ãî ª®¬¯®­¥­âã ¬­®�¥áâ¢  D � B

+

¨

¯ãáâì

a = a

1

(U

0

); b = a

2

(U

0

); 
 = a

3

(U

0

); d = a

4

(U

0

):
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Ǳà¨¯®¬®é¨á®®â­®è¥­¨© (3.1){(3.3), á®®â¢¥âáâ¢ãîé¨åè¥áâ¨ ¤ã£ ¬á®¡®Ä

¨¬¨ ª®­æ ¬¨ ­  �D, ¬®�­® ¢ëà §¨âì ¢á¥ a

i

(U ) ç¥à¥§ a; b; 
; d. Ǳ®¤áâ ¢«ïï

íâ¨ ¢ëà �¥­¨ï ¢ á®®â­®è¥­¨ï, á®®â¢¥âáâ¢ãîé¨¥ ®áâ ¢è¨¬áï âà¥¬ ¤ã£ ¬,

¯®«ãç ¥¬ b = b

�1

ab
b

�1

a

�1

b, a = bdb

�1

, d = b
b

�1

. � ª¨¬ ®¡à §®¬,

�

1

(D � C �K) = ha; b; 
; d : ab
 = bab; ab = bd; b
 = dbi: (3.5)

� ª¨§¢¥áâ­®, ª« ááëíª¢¨¢ «¥­â­®áâ¨m-«¨áâ­ëå­¥à §¢¥â¢«¥­­ëå ­ Ä

ªàëâ¨© p:

e

Y ! Y ¤ ­­®£® ¯à®áâà ­áâ¢  Y ¢§ ¨¬­® ®¤­®§­ ç­® á®®â¢¥âÄ

áâ¢ãîâ £®¬®¬®àä¨§¬ ¬ £àã¯¯ë �

1

(Y; y

0

) ¢ á¨¬¬¥âà¨ç¥áªãî £àã¯¯ã S

m

á«¥¤ãîé¨¬ ®¡à §®¬: ¥á«¨ í«¥¬¥­â g ¯à¥¤áâ ¢«¥­ ¯ãâ¥¬ � ¨ p

�1

(y

0

) =

fy

1

; : : : ; y

m

g, â® '(g) ®â®¡à � ¥â i ¢ j, £¤¥ y

j

{ ª®­¥æ ¯®¤­ïâ¨ï ¯ãâ¨ �,

­ ç¨­ îé¥£®áï ¢ y

i

. �ë §¤¥áì ¯®«ì§ã¥¬áï á®£« è¥­¨¥¬, ¯® ª®â®à®¬ã S

m

¤¥©áâ¢ã¥â ­  f1; : : : ;mg á¯à ¢ , â.¥. ¯à¨¬¥­ïï ¯à®¨§¢¥¤¥­¨¥ ¯¥à¥áâ ­®¢®ª

s

1

s

2

, ­ ¤® á­ ç «  ¯à¨¬¥­¨âì s

1

,   § â¥¬ s

2

.

� áá¬®âà¨¬ £®¬®¬®àä¨§¬ ': �

1

(D � C � K) ! S

m

(¤«ï K, ¯®áâà®¥­Ä

­®£® ¢ëè¥), § ¤ ­­ë© ­  ®¡à §ãîé¨å á«¥¤ãîé¨¬ ®¡à §®¬:

'(a) = (12); '(b) = (23); '(
) = (12); '(d) = (13): (3.6)

�â® ®¯à¥¤¥«¥­¨¥ á®£« á®¢ ­® á á®®â­®è¥­¨ï¬¨ (3.5), §­ ç¨â,' ®¯à¥¤¥«¥­

ª®àà¥ªâ­®. �ë ¯®«ãç¨«¨ ­¥à §¢¥â¢«¥­­®¥ ­ ªàëâ¨¥ ­ ¤ D � C �K, ª®Ä

â®à®¥ ¥¤¨­áâ¢¥­­ë¬ á¯®á®¡®¬ ¯à®¤®«� ¥âáï ¤® à §¢¥â¢«¥­­®£® ­ ªàëâ¨ï

­ ¤ æ¨«¨­¤à®¬D�C . �â®¡ë ¯®«ãç¨âì íª¢¨¢ «¥­â­®¥ ­ ªàëâ¨¥ ­ ¤ ¥¤¨Ä

­¨ç­ë¬ è à®¬ B

4

=

�

(z; w)

�

�

jzj

2

+ jwj

2

= 1

	

, ¤®áâ â®ç­® § ¬¥â¨âì, çâ®

¤«ï ¤®áâ â®ç­® ¬ «®£® " > 0 ¯ à  (B

4

; £à ä¨ª("F )) ¤¨ää¥®¬®àä­  ¯ à¥

(D � C ;K).

�¡®§­ ç¨¬ ¯®áâà®¥­­®¥ ­ ªàëâ¨¥ f :X ! B

4

.

Ǳ®áª®«ìªã ¯¥à¥áâ ­®¢ª , á®®â¢¥âáâ¢ãîé ï ¬ «®© ¯¥â«¥ ¢®ªàã£K, á®Ä

áâ®¨â ¨§ ¤¢ãå æ¨ª«®¢ ¤«¨­®©®¤¨­¨ ¤¢ , ¯à®®¡à §K à á¯ ¤ ¥âáï ¢ ­¥á¢ï§Ä

­®¥ ®¡ê¥¤¨­¥­¨¥ ¤¢ãå ª®¬¯®­¥­â f

�1

(K) = M [M

1

, â ª¨å, çâ® ¢¤®«ìM

1

®â®¡à �¥­¨¥ f ï¢«ï¥âáï «®ª «ì­ë¬ £®¬¥®¬®àä¨§¬®¬,   ¢¤®«ì M ¨¬¥¥â

¢¥â¢«¥­¨¥ ¢â®à®£® ¯®àï¤ª .

Ǳà¥¤«®�¥­¨¥ 3.3. �£à ­¨ç¥­¨ï f ­  M ¨ ­  M

1

ï¢«ïîâáï ¤¨äÄ

ä¥®¬®àä¨§¬ ¬¨.

�®ª § â¥«ìáâ¢®. �­ ç¥K ¨¬¥«® ¡ë ®á®¡¥­­®áâì.

x4. �¤­®á¢ï§­®áâìX � M

¨ ¥£® ®¤­®á¢ï§­®áâì ­  ¡¥áª®­¥ç­®áâ¨

�®¤¥à� ­¨¥ ¤ ­­®£® ¯ à £à ä  { íâ® ­¥¯®áà¥¤áâ¢¥­­®¥ ¯à¨¬¥­¥­¨¥ â¥Ä

®à¥¬ë �¥©¤¥¬¥©áâ¥à {�à¥©¥à  ® äã­¤ ¬¥­â «ì­®© £àã¯¯¥ ª®­¥ç­®£® ­ Ä

ªàëâ¨ï (á¬. [10, â¥®à¥¬  2.9℄, [9℄).
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�á«¨ p:

e

Y ! Y { ­¥ª®â®à®¥ ­¥à §¢¥â¢«¥­­®¥ m-«¨áâ­®¥ ­ ªàëâ¨¥, § Ä

¤ ­­®¥ £®¬®¬®àä¨§¬®¬ ': G ! S

m

, G = �

1

(Y; y

0

) (á¬. x3), â® p

�

¨§®Ä

¬®àä­® ®â®¡à � ¥â �

1

(

e

Y ; y

1

) ­  ¯®¤£àã¯¯ã H � G, á®áâ®ïéãî ¨§ ¢á¥å

h 2 G, â ª¨å, çâ® ¯¥à¥áâ ­®¢ª  '(h) ®áâ ¢«ï¥â ­  ¬¥áâ¥ 1. �®¬®¬®àä¨§¬

' ¬®�­® ¨­â¥à¯à¥â¨à®¢ âì ª ª ¤¥©áâ¢¨¥ G á¤¢¨£ ¬¨ ­  ¯à ¢ëå á¬¥�­ëå

ª« áá å £àã¯¯ë G ¯® ¯®¤£àã¯¯¥ H. Ǳà ¢ë¥ á¬¥�­ë¥ ª« ááë G=H { íâ®

H

1

= H;H

2

; : : : ;H

m

, £¤¥H

j

=

�

g 2 G

�

�

'(g) ®â®¡à � ¥â 1 ¢ j

	

.

Ǳãáâì ha

1

; : : : ; a

n

j R

1

= 1; : : : ; R

r

= 1i { ­¥ª®â®à®¥ ª®­¥ç­®¥ ª®¯à¥¤Ä

áâ ¢«¥­¨¥ £àã¯¯ë G, ¨ ¯ãáâì 1 = K

1

; : : : ;K

m

{ á¨áâ¥¬  á«®¢ ®â ®¡à §ãîÄ

é¨å a

�

, ª®â®àë¥ § ¤ îâ¯® ®¤­®¬ã¯à¥¤áâ ¢¨â¥«î ¢ ª �¤®¬¯à ¢®¬ á¬¥�Ä

­®¬ ª« áá¥. Ǳà¥¤¯®«®�¨¬, çâ® «î¡®© ­ ç «ì­ë© ®âà¥§®ª «î¡®£® á«®¢ 

K

�

â®�¥ ï¢«ï¥âáï ­¥ª®â®àë¬ á«®¢®¬K

�

0
(â ª ï á¨áâ¥¬  ¯à¥¤áâ ¢¨â¥«¥©

­ §ë¢ ¥âáï èà¥©¥à®¢áª®©). �®£¤  â¥®à¥¬  �¥©¤¥¬¥©áâ¥à {�à¥©¥à  ¤ Ä

¥â ª®­¥ç­®¥ ª®¯à¥¤áâ ¢«¥­¨¥ £àã¯¯ëH á ®¡à §ãîé¨¬¨ s

��

, � = 1; : : : ; n,

� = 1; : : : ;m ¨ á®®â­®è¥­¨ï¬¨

s

��

= 1; ¥á«¨ K

�

a

�

= K

�

0
¤«ï ­¥ª®â®à®£® �

0

; (4.1)

� (K

�

R

�

K

�1

�

) = 1; � = 1; : : : ;m; � = 1; : : : ; r; (4.2)

£¤¥ � { ¯¥à¥¯¨áë¢ îé¨© ¯à®æ¥áá �¥©¤¥¬¥©áâ¥à , ª®â®àë©ª �¤®¥ á«®¢®

W ®â ®¡à §ãîé¨å a

�

¯¥à¥¯¨áë¢ ¥â ¢ á«®¢® ®â ®¡à §ãîé¨å s

��

á«¥¤ãîÄ

é¨¬ ®¡à §®¬. �á«¨ W =

Q

i

a

"

i

�

i

, "

i

= �1, â® � (W ) =

Q

i

s

"

i

�

i

�

i

, £¤¥K

�

i

{

èà¥©¥à®¢áª¨© ¯à¥¤áâ ¢¨â¥«ì ¯à ¢®£® á¬¥�­®£® ª« áá , á®®â¢¥âáâ¢ãîé¥Ä

£® ­ ç «ì­®¬ã ®âà¥§ªã á«®¢ W ¢¯«®âì ¤® a

"

i

�

i

, ­¥ ¢ª«îç ï a

"

i

�

i

¥á«¨ "

i

= 1,

¨ ¢ª«îç ï, ¥á«¨ "

i

= �1. Ǳà¨ íâ®¬ ¢«®�¥­¨¥ H ! G § ¤ ­® ¯®áà¥¤áâ¢®¬

s

��

7! K

�

a

�

K

�1

�

0

, £¤¥ K

�

0
{ èà¥©¥à®¢áª¨© ¯à¥¤áâ ¢¨â¥«ì ¯à ¢®£® á¬¥�Ä

­®£® ª« áá HK

�

a

�

.

Ǳãáâì â¥¯¥àì f :X ! B

4

� C

2

{ ­ ªàëâ¨¥, ¯®áâà®¥­­®¥ ¢ x3. �¡®§­ Ä

ç¨¬ G = �

1

(B

4

� K), G

�

= �

1

(S

3

� �K), £¤¥ S

3

= �B

4

, �K = K \ S

3

.

�®£¤  G § ¤ ­  ¯®áà¥¤áâ¢®¬ (3.5) ¨ f { ¯®áà¥¤áâ¢®¬ (3.6), ¯à¨ ¯®¬®é¨

£®¬®¬®àä¨§¬  ': G ! S

3

. �ë¡¥à¥¬ ¢ ª ç¥áâ¢¥ èà¥©¥à®¢áª®© á¨áâ¥¬ë

¯à¥¤áâ ¢¨â¥«¥© 1; a; d. �®£¤  â¥®à¥¬  �¥©¤¥¬¥©áâ¥à {�à¥©¥à  ¤ ¥â ª®Ä

¯à¥¤áâ ¢«¥­¨¥ £àã¯¯ë �

1

(X � f

�1

(K)) á ®¡à §ãîé¨¬¨

a

�

; b

�

; 


�

; d

�

; � = 1; 2; 3; (4.3)

¨ á®®â­®è¥­¨ï¬¨

a

1

= d

1

= 1; (4.4)

a

1

b

2




3

b

�1

2

a

�1

1

b

�1

1

; a

1

b

2

d

�1

1

b

�1

1

; b

1




1

b

�1

3

d

�1

1

;

a

2

b

1




1

b

�1

3

a

�1

3

b

�1

2

; a

2

b

1

d

�1

3

b

�1

2

; b

2




3

b

�1

2

d

�1

2

;

a

3

b

3




2

b

�1

1

a

�1

2

b

�1

3

; a

3

b

3

d

�1

2

b

�1

3

; b

3




2

b

�1

1

d

�1

3

;

(4.5)
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£¤¥ (4.4) á®®â¢¥âáâ¢ã¥â (4.1),   (4.5) á®®â¢¥âáâ¢ã¥â (4.2), ¯à¨ç¥¬ áâà®ª¨

¢ (4.5) á®®â¢¥âáâ¢ãîâ èà¥©¥à®¢áª¨¬ ¯à¥¤áâ ¢¨â¥«ï¬ 1; a; d,   áâ®«¡æë {

âà¥¬ á®®â­®è¥­¨ï¬ ¨§ (3.5).

�â®¡ë ¯®«ãç¨âì ª®¯à¥¤áâ ¢«¥­¨¥ ¤«ï�

1

(X�M ), ­ ¤® ¯à¨à ¢­ïâì ¥¤¨Ä

­¨æ¥ á«®¢®, ¯à¥¤áâ ¢«ïîé¥¥ ¬ «ãî ¯¥â«î ¢®ªàã£M

1

. � ª¨¬ á«®¢®¬ ï¢Ä

«ï¥âáï ¯à®áâ® b

1

. �¥©áâ¢¨â¥«ì­®, ¯® ®¯à¥¤¥«¥­¨î b

1

¥áâì ¯®¤­ïâ¨¥ b ­ 

­ ªàëâ¨¥, ­ ç¨­ îé¥¥áï ¨§ ¡ §¨á­®© â®çª¨ y

1

, ã¬­®�¥­­®¥ á¯à ¢  ­  ­ Ä

ªàëâ¨¥ èà¥©¥à®¢áª®£® ¯à¥¤áâ ¢¨â¥«ï K

�1

'(b)(1)

= K

�1

1

= 1. �­ ç¨â, b

1

á®¯àï�¥­® ¬ «®© ¤ã£¥ ¢®ªàã£ f

�1

(K), ®¡à § ª®â®à®© { ¯à®áâ ï (­¥ ¤¢®©Ä

­ ï) ¯¥â«ï ¢®ªàã£ K. �â® §­ ç¨â, çâ® b

1

{ ®¡å®¤ ¢®ªàã£ â®© ª®¬¯®­¥­âë

f

�1

(K), ¢¤®«ì ª®â®à®© f ­¥à §¢¥â¢«¥­®.

� ª¨¬ ®¡à §®¬,�

1

(X �M ) ¯®à®�¤¥­® ®¡à §ãîé¨¬¨ (4.3) á á®®â­®è¥Ä

­¨ï¬¨ (4.4), (4.5) ¨ b

1

= 1. Ǳ®¤áâ ¢«ïï (4.4) ¨ b

1

= 1 ¢ (4.5), ¯®«ãç ¥¬

�

1

(X �M )= h


1

; a

2

; : : : ; d

2

; a

3

; : : : ; d

3

j 


3

=1; b

2

=1; 


1

=b

3

; a

2




1

=b

2

a

3

b

3

;

a

2

= b

2

d

3

; b

2




3

= d

2

b

2

; a

3

b

3




2

= b

3

a

2

; a

3

b

3

= b

3

d

2

; b

3




2

= d

3

i = � � � (¨áÄ

ª«îç ¥¬ 


3

; b

2

; 


1

¨§ á®®â­. 1, 2, 3) � � � = ha

2

; 


2

; d

2

; a

3

; b

3

; d

3

j a

2

= a

3

;

a

2

= d

3

; 1 = d

2

; a

3

b

3




2

= b

3

a

2

; a

3

b

3

= b

3

d

2

; b

3




2

= d

3

i = � � � (¨áª«îÄ

ç ¥¬ a

3

; d

3

; d

2

¨§ á®®â­. 1, 2, 3) � � � = ha

2

; 


2

; b

3

j a

2

b

3




2

= b

3

a

2

; a

2

= 1;

b

3




2

= a

2

i = h1i.

� ª¨¬ ®¡à §®¬, ¬ë ¤®ª § «¨

Ǳà¥¤«®�¥­¨¥ 4.1. �

1

(X �M ) = 1.

�â®¡ë ¤®ª § âì ®¤­®á¢ï§­®áâìX �M ­  ¡¥áª®­¥ç­®áâ¨, ¬ë ¯à®¤¥« Ä

¥¬  ­ «®£¨ç­ë¥ ¢ëç¨á«¥­¨ï ¤«ï £àã¯¯ë ã§«  �K � S

3

, ª®â®àë© § ¤ ­

\£à ­¨ç­®© ª®á®© ¤¨ £à ¬¬ë�ã¤®«ìä " (3.4).

Ǳà¥¤«®�¥­¨¥ 4.2. �

1

(�(X � N )) = 1, £¤¥ N { (®âªàëâ ï) âàã¡Ä

ç â ï ®ªà¥áâ­®áâì ¯®¤¬­®£®®¡à §¨ï M ¢ X.

�®ª § â¥«ìáâ¢®. �á­®, çâ®ª®¯à¥¤áâ ¢«¥­¨¥�¨àâ¨­£¥à £àã¯¯ë�K

íª¢¨¢ «¥­â­®ª®¯à¥¤áâ ¢«¥­¨î(3.1){(3.3), ­ ¯¨á ­­®¬ã¤«ïâ®­ª®£®ª®«ìÄ

æ A ¢¤®«ì �D. �¡®§­ ç¨¬ª®¬¯®­¥­âë á¢ï§­®áâ¨ ¬­®�¥áâ¢ A�B

+

ç¥à¥§

U

1

; : : : ; U

15

, ¤¢¨£ ïáì ¯à®â¨¢ ç á®¢®© áâà¥«ª¨ (¢ á®®â¢¥âáâ¢¨¨ á à¨á. 2),

¨ ­ ç¨­ ï á ­¨�­¥© ª®¬¯®­¥­âë ¬­®�¥áâ¢  A \ U

0

, £¤¥ U

0

{ æ¥­âà «ìÄ

­ ï ª®¬¯®­¥­â  ¬­®�¥áâ¢ D�B

+

(â®â�¥ ¯®àï¤®ª, ª®â®àë© ¨á¯®«ì§®¢ ­

¯à¨ § ¯¨á¨ ª®áë (3.4)). �¡®§­ ç¨¬ ç¥à¥§ a; b; 
; d áâ ­¤ àâ­ë¥ ®¡à §ãîÄ

é¨¥ a

i

(U

1

) ¨ á®åà ­¨¬ ¢á¥ ®áâ «ì­ë¥ ®¡®§­ ç¥­¨ï.

�® ª®­æ  íâ®£® ¯ à £à ä  ¤«ï £àã¯¯®¢ëå í«¥¬¥­â®¢ a; b ¬ë ¡ã¤¥¬ ®¡®Ä

§­ ç âì a

�1

ç¥à¥§ �a, ¨ b

�1

ab ç¥à¥§ a

b

. �ëà §¨¬ ¢á¥ ®áâ «ì­ë¥ a

i

(U

j

) ç¥Ä

à¥§ a; b; 
; d, ¨á¯®«ì§ãï á¥¬ì ¯¥à¥á¥ç¥­¨© á B

+

¯® ç á®¢®© áâà¥«ª¥ ¨ á¥¬ì {
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¯à®â¨¢:

j : 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

a

1

(U

j

) : a b b 


�

b�ab




�

b�ab

a

W

1

a

W

1

a

W

1

d

�

b�a

d

�

b�a

d

�

b�a

d

�

b�a

d

�

b�a

a a

a

2

(U

j

) : b a

b




�

b�ab

b

ab
�a

b

a

b




�

b�ab

b

W

2

b

W

2




d

�

b�a




d

�

b�a

b b a d

�

b

b

a

3

(U

j

) : 
 
 a

b

a

b

b

ab


b

ab





�

b�ab

d a

b

b 


d

�

b�ab

a

b

b b d

a

4

(U

j

) : d d d d d d d 


�

b�abd

b

ab

a

b

a

b




d




d




d




d

;

£¤¥W

1

= b�


�

b�ab,W

2

= ab


�

bab�


�

b�ab. Ǳ®á«¥¤­¥¥ ¯¥à¥á¥ç¥­¨¥ (¬¥�¤ã U

8

¨U

9

)

¤ ¥â á®®â­®è¥­¨ï: d

�

b�a

�a

W

1

= 


d

�

b�a

�

d = a

b

�

b

W

2

= b

ab

�


�

b�abd

= 1.

Ǳ®áª®«ìªã áâ àë¥ a; b; 
; d ï¢«ïîâáï ®¡à § ¬¨ ­®¢ëå, £®¬®¬®àä¨§¬

': G

�

! S

3

¯®-¯à¥�­¥¬ã § ¤ ­ ¯®áà¥¤áâ¢®¬ (3.6). �®¡ ¢«ïï, ª ª ¨ ¢ëè¥,

á®®â­®è¥­¨¥ b

1

= 1 ª ª®¯à¥¤áâ ¢«¥­¨î �¥©¤¥¬¥©áâ¥à {�à¥©¥à  £àã¯¯ë

�

1

�

f

�1

(S

3

� �K)

�

(á â®©�¥ á ¬®© èà¥©¥à®¢áª®© á¨áâ¥¬®© 1; a; d), ¬ë ¯®Ä

«ãç¨¬­¥ª®â®à®¥ ª®¯à¥¤áâ ¢«¥­¨¥ £àã¯¯ëG

1

= �

1

�

�X�(�X\N )

�

á ®¡à Ä

§ãîé¨¬¨ a

1

; a

2

; a

3

; b

1

; : : : ; d

3

. �áª«îç ï ¯®á«¥¤®¢ â¥«ì­® a

1

= 1, b

1

= 1,

d

1

= 1, § â¥¬ a

3

= 1, 


3

= 1, ¨ § â¥¬ d

2

= 1, ¯®«ãç ¥¬ G

1

= h


1

; a

2

; b

2

; 


2

;

b

3

; d

3

j d

3

�a

2




2

�a

2

b

2

; a

2

�

b

2

�


2

; b

2




1

�

b

3

; b

3




2

�

b

2

�

d

3

;

�

b

2

a

2

�

d

3

�

b

2




2

; �a

2

b

2

b

3

�


1

�a

2

b

2

d

3

; a

2

�

�

d

3

�

b

2

a

2

�


2

i (®¡®§­ ç¨¬ íâ¨ á®®â­®è¥­¨ï á®®â¢¥âáâ¢¥­­® ç¥à¥§ R

1

; : : : ; R

7

).

� «¥¥, ¯®á«¥¤®¢ â¥«ì­® ¨áª«îç ï 


1

=

�

b

2

b

3

¨§ R

3

, 


2

= a

2

�

b

2

¨§ R

2

,

d

3

=

�

b

2

a

2

b

2

¨§ R

1

, a

2

= b

3

2

¨§ R

5

¨ b

3

= b

2

2

¨§ R

4

, ¯®«ãç ¥¬, çâ® G

1

{

¡¥áª®­¥ç­ ï æ¨ª«¨ç¥áª ï £àã¯¯ , ¯®à®�¤¥­­ ï í«¥¬¥­â®¬ b

2

, ¨ ®áâ «ì­ë¥

®¡à §ãîé¨¥ ¢ëà � îâáï ç¥à¥§ b

2

â ª:

a

1

= b

1

= d

1

= d

2

= a

3

= 


3

= 1; 


1

= b

2

; 


2

= b

3

= b

2

2

; a

2

= d

3

= b

3

2

:

(4.6)

Ǳ® ®¯à¥¤¥«¥­¨î âàã¡ç â®© ®ªà¥áâ­®áâ¨ áãé¥áâ¢ã¥â ¤¨ää¥®¬®àä¨§¬

t:M � D

2

! N . �à¥¡ã¥¬®¥ ¬­®£®®¡à §¨¥ �(X � N ) ¯®«ãç ¥âáï ¨§

�X�(�X\N ) ¯à¨ª«¥¨¢ ­¨¥¬ àãçª¨M�S

1

¢¤®«ì â®à  �M�S

1

, ª®â®àë©

®â®�¤¥áâ¢«ï¥âáï ¯à¨ ¯®¬®é¨ t á �(�X \ N ). � á¨«ã ¯à¥¤«®�¥­¨© 3.2

¨ 3.3 M ¨§®¬®àä­® ¤¨áªã, ¯®íâ®¬ã, ¤«ï â®£®, çâ®¡ë ¤®ª § âì, çâ®

�

1

(X � N ) = 1, ­ ¤® ¯®ª § âì, çâ® ®¡à § ¢ G

1

£®¬®â®¯¨ç¥áª®£® ª« áá 

¯¥â«¨ �M � p ¤«ï p 2 S

1

á®¢¯ ¤ ¥â á b

2

.

�¡®§­ ç¨¬ ç¥à¥§ K

"

£à ä¨ª äã­ªæ¨¨ F + "i (â.¥.K, á¤¢¨­ãâ®¥ á«¥£ª 

¢¢¥àå). �®£¤  ¤«ï ¤®áâ â®ç­® ¬ «®£® " ¨­¤¥ªá ¯¥à¥á¥ç¥­¨ï K �K

"

à ¢¥­

âà¥¬, ¯®â®¬ã çâ® ¨¬¥îâáï à®¢­® âà¨ â®çª¨ ¯¥à¥á¥ç¥­¨ï, { ¯® ®¤­®© ¢®§«¥

ª �¤®© â®çª¨ ¢¥â¢«¥­¨ï äã­ªæ¨¨ F (®ç¥¢¨¤­®, çâ® íâ¨ â®çª¨ «¥� â ­ ¤

B

+

). �§¢¥áâ­®, çâ® ¨­¤¥ªá ¯¥à¥á¥ç¥­¨ï ¤¢ãå ¯®¢¥àå­®áâ¥© ¢ ç¥âëà¥å¬¥àÄ

­®¬è à¥ à ¢¥­ ¨­¤¥ªáã § æ¥¯«¥­¨ï ¨å£à ­¨æ. �­ ç¨â, link(�K; �K

"

) = 3.

�¡®§­ ç¨¬ ç¥à¥§ � § ¬ª­ãâë© ¯ãâì, ¯ à ¬¥âà¨§ãîé¨© �K

"

, ¨ ç¥à¥§

� { ¬ «ãî ¯®«®�¨â¥«ì­ãî ¯¥â«î ¢®ªàã£ K. Ǳà¥¤¯®«®�¨¬, çâ® ®­¨ ­ Ä

ç¨­ îâáï ¢ ®¤­®© ¨ â®© �¥ â®çª¥. �®£¤ 

link(��

�3

; �K) = 0 = link

�

f(�M � p); �K

�

;
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¨, §­ ç¨â, íâ¨ ¤¢  ¯ãâ¨ £®¬®â®¯­ë. Ǳ®«®�¨¬ � = a ¨ á®¥¤¨­¨¬ ­ ç «ìÄ

­ãî â®çªã ¯ãâ¨ � á ¡ §¨á­®© â®çª®© äã­¤ ¬¥­â «ì­®© £àã¯¯ë â¥¬ �¥ ¯ãÄ

â¥¬, ª®â®àë© á®¥¤¨­ï¥â ¡ §¨á­ãî â®çªã á ­ ç «®¬ ¯¥â«¨ a (¢¥àâ¨ª «ì­ ï

¬­¨¬ ï ¯®«ã¯àï¬ ï).

�ëà §¨¬ � ç¥à¥§ ®¡à §ãîé¨¥ a

i

(U

j

). �«ï íâ®£® ­ ¤® ­ ç âì á ¯ãáâ®Ä

£® á«®¢ , ¢ë¡à âì ®¤­®§­ ç­ãî ¢¥â¢ì äã­ªæ¨¨ F ¨ ¯à®¤®«�¨âì ¥¥ ¢¤®«ì

�D ¢¯«®âì ¤® ¢®§¢à é¥­¨ï ª ¨áå®¤­®¬ã §­ ç¥­¨î. Ǳà¨ íâ®¬ ª �¤ë©à §,

ª®£¤  ª ª®¥-­¨¡ã¤ì ¤àã£®¥ §­ ç¥­¨¥ äã­ªæ¨¨ F ¯à®å®¤¨â ­ ¤ â¥¬ §­ ç¥Ä

­¨¥¬, ª®â®à®¥ ¬ë ¯à®¤®«� ¥¬ (ª �¤®¥ â ª®¥ á®¡ëâ¨¥ ®â¢¥ç ¥â ¯¥à¥á¥ç¥Ä

­¨î á B

+

, ­® ­¥ ­ ®¡®à®â), ¬ë ¯à¨¯¨áë¢ ¥¬ ¢ ª®­¥æ á«®¢  ®¡à §ãîéãî

a

i

(U

j

), á®®â¢¥âáâ¢ãîéãî ¢¥àå­¥¬ã §­ ç¥­¨î F , ¥á«¨ ¯¥à¥á¥ç¥­¨¥ á B

+

¯®«®�¨â¥«ì­®, ¨ a

i

(U

j

)

�1

, ¥á«¨ ®âà¨æ â¥«ì­®. �á­®, çâ® ¡¥§à §«¨ç­®,

¡à âì «¨ U

j

¤® ¨«¨ ¯®á«¥ ¯¥à¥á¥ç¥­¨ï á B

+

(íâ® ¨ ¡ë«® ¯à¨ç¨­®© á®®â­®Ä

è¥­¨ï (3.2)).

�« £®¤ àï ¢ë¡®àã ¯ãâ¨ �, ­ ç¨­ âì ­ ¤® á â®çª¨ ­ ¤ U

1

¢®§«¥ ¯¥à¢®©

(â.¥. á ¬¨­¨¬ «ì­®© ¢¥é¥áâ¢¥­­®© ç áâìî) ®¤­®§­ ç­®©¢¥â¢¨ äã­ªæ¨¨F .

�ë¯®«­¨¬ ®¯¨á ­­ãî ¯à®æ¥¤ãàã. Ǳ®«ãç¨¬

� =

�

a

2

(U

1

)a

1

(U

5

)

�1

a

1

(U

14

)a

2

(U

15

)

�

�

�

a

2

(U

11

)a

3

(U

12

)a

4

(U

1

)

�

�

�

a

2

(U

2

)

�1

a

4

(U

7

)a

4

(U

10

)

�1

��

a

2

(U

3

)a

3

(U

4

)a

2

(U

6

)

�1

a

3

(U

8

)a

3

(U

13

)

�1

�

;

¨ ¢ â¥à¬¨­ å a; b; 
; d, íâ® à ¢­® � = ab�


�

b�ababab

�

d

�

b�abd


�

bab�


�

b�abd

�

b (¬ë §¤¥áì

¢®á¯®«ì§®¢ «¨áì ¢ëè¥¯à¨¢¥¤¥­­®© â ¡«¨æ¥© ¤«ï a

i

(U

j

)). Ǳ®áª®«ìªã ¯ãâì

��

�3

âà¨¢¨ «¥­ ¢ �

1

(D � C � K), ¢á¥ ¥£® ¯®¤­ïâ¨ï § ¬ª­ãâë, ¯à¨ç¥¬

®¤­® ¨§ ­¨å ¨¤¥â ¢¤®«ì M

1

,   ¤¢  ¤àã£¨å { ¢¤®«ì M . � ª ®¡êïá­ï«®áì

¢ëè¥, �M � p £®¬®â®¯­® «î¡®¬ã ¨§ â¥å ¤¢ãå, ª®â®àë¥ ¨¤ãâ ¢¤®«ì M .

Ǳ®áª®«ìªã ��

�3

á®¥¤¨­¥­ á ¡ §¨á­®© â®çª®© â¥¬ �¥ ¯ãâ¥¬, çâ® ¨ a, ¨ ¯®Ä

áª®«ìªã '(a) = (12) { æ¨ª«, á®¤¥à� é¨© á¨¬¢®« \1", â® â¥ ¤¢  ¯®¤­ïâ¨ï,

ª®â®àë¥ ¨¤ãâ ¢¤®«ì M , § ¤ îâáï á«®¢ ¬¨ � (��

�3

) ¨ � (a��

�3

a

�1

), £¤¥

� { ¢ëè¥ã¯®¬ï­ãâë© ¯¥à¥¯¨áë¢ îé¨© ¯à®æ¥áá �¥©¤¥¬¥©áâ¥à . �ëç¨áÄ

«ïï � (��

�3

), ¨ ¯à¨¬¥­ïï (4.6), ã¡¥�¤ ¥¬áï, çâ® íâ®â í«¥¬¥­â à ¢¥­ b

2

.

Ǳà¥¤«®�¥­¨¥ 4.2 ¤®ª § ­®.

� ¬¥ç ­¨¥ 4.3. � ª ã¯®¬¨­ «®áì ¢® ¢¢¥¤¥­¨¨, ¯à¨¬¥­ïï áâ ­¤ àâÄ

­ãî â¥å­¨ªã, ®¯¨á ­­ãî, ­ ¯à¨¬¥à, ¢ [7℄, ¬®�­® ï¢­® ¢ë¯¨á âì à §«®�¥Ä

­¨¥ �¥£®à  ¤«ï �(X � N ) ¨ ¯®ª § âì, çâ® ®­® ¤¨ää¥®¬®àä­® áä¥à¥ S

3

. �

­ è¥¬ á«ãç ¥ íâ® á¤¥« âì ¥é¥ ¯à®é¥, â ª ª ª ¢¥â¢«¥­¨¥ ¨¬¥¥â ¢â®à®© ¯®Ä

àï¤®ª. �¥©áâ¢¨â¥«ì­®, ¥á«¨ § ¤ âìã§¥« �K ¤¨ £à ¬¬®©á ¯à®å®¤ ¬¨¨ ¯¥Ä

à¥å®¤ ¬¨,¬®�­® à §à¥§ âìR

3

¯«®áª®áâìîH â ª, çâ®¡ë ¢á¥ ¯à®å®¤ë¡ë«¨

¯®¤H,   ¢á¥ ¯¥à¥å®¤ë { ­ ¤H. �â® ¤ ¥â à §«®�¥­¨¥ �¥£®à  ­ ªàë¢ îé¥Ä

£® ¬­®£®®¡à §¨ï, ¢ ª®â®à®¬¤¨áª¨, à §à¥§ îé¨¥ ¢¥àå­¥¥ (á®®â¢¥âáâ¢¥­­®,

­¨�­¥¥) â¥«® á àãçª ¬¨, áãâì íâ® ­ ªàëâ¨ï ¯®«ã¤¨áª®¢, à á¯®«®�¥­­ëå

¬¥�¤ã ¯¥à¥å®¤ ¬¨ (á®®â¢¥âáâ¢¥­­®, ¯à®å®¤ ¬¨) ¨H.
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x5. �âï£¨¢ ¥¬®áâì X � M

�¥¯¥àì áâï£¨¢ ¥¬®áâì ¬­®£®®¡à §¨ïX�M ­¥¯®áà¥¤áâ¢¥­­® á«¥¤ã¥â ¨§

â®£®, çâ® í©«¥à®¢  å à ªâ¥à¨áâ¨ª  �(X �M ) à ¢­  1 («¥¬¬  5.3 ­¨�¥),

¨ ¨§ á«¥¤ãîé¥© ¯à®áâ®© «¥¬¬ë.

�¥¬¬  5.1. Ǳãáâì Y { ®¤­®á¢ï§­®¥ ®à¨¥­â¨àã¥¬®¥ ç¥âëà¥å¬¥àÄ

­®¥ ¬­®£®®¡à §¨¥ á® á¢ï§­ë¬ ªà ¥¬ �Y 6= ? â ª®¥, çâ® �(Y ) = 1.

�®£¤  Y áâï£¨¢ ¥¬®.

�®ª § â¥«ìáâ¢®. Ǳ® â¥®à¥¬¥ �ãà¥¢¨ç  ¤®áâ â®ç­® ¤®ª § âì, çâ®

H

q

(Y ;Z) = 0 ¯à¨ q > 0. Ǳ® ä®à¬ã«¥ ã­¨¢¥àá «ì­ëå ª®íää¨æ¨¥­â®¢

íâ® á«¥¤ã¥â ¨§ â®£®, çâ® H

q

(Y ; k) = 0, q > 0, ¤«ï «î¡®£® ¯®«ï

ª®íää¨æ¨¥­â®¢ k ¯à®¨§¢®«ì­®© å à ªâ¥à¨áâ¨ª¨. Ǳ® ãá«®¢¨î íâ® â ª

¯à¨ q = 1 ¨ ¯à¨ q > 4. Ǳ® ¤¢®©áâ¢¥­­®áâ¨ �¥äè¥æ {Ǳã ­ª à¥ ¨¬¥¥¬

H

3

(Y ; k) = H

1

(Y; �Y ; k), ¨ ¨§ â®ç­®© ¯®á«¥¤®¢ â¥«ì­®áâ¨ ¯ àë

� � � ! H

0

(Y ; k)

í¯¨

�!H

0

(�Y ; k)! H

1

(Y; �Y ; k)! H

1

(Y ; k) = 0! � � �

¬ë ¢¨¤¨¬, çâ® H

1

(Y; �Y ; k) = 0. �áâ ¥âáï ¤®ª § âì, çâ® H

2

(Y; k) = 0.

�â® á«¥¤ã¥â ¨§ 1 = �(Y ) =

P

q

(�1)

q

dim

k

H

q

(Y ; k). �¥¬¬  ¤®ª § ­ .

�â ­¤ àâ­ë© á¯®á®¡ ¯®¤áç¥â  í©«¥à®¢®© å à ªâ¥à¨áâ¨ª¨ à §¢¥â¢«¥­Ä

­®£® ­ ªàëâ¨ï ã¤®¡­® áä®à¬ã«¨à®¢ âì ¢¢¨¤¥ á«¥¤ãîé¥© «¥¬¬ë,ª®â®àãî

¬ë¢®á¯à®¨§¢®¤¨¬(¢ ­¥¬­®£® ¨§¬¥­¥­­®¬ ¢¨¤¥), ¢¬¥áâ¥ á ¤®ª § â¥«ìáâ¢®¬

¨§ [11℄. �«ï à¨¬ ­®¢ëå ¯®¢¥àå­®áâ¥© íâ  «¥¬¬  ¯à¥¢à é ¥âáï ¢ ä®à¬ã«ã

�¨¬ ­ {�ãà¢¨æ .

�«ï ­¥¯à¥àë¢­®£® ®â®¡à �¥­¨ï â®¯®«®£¨ç¥áª¨å ¯à®áâà ­áâ¢ g :A!B

­ §®¢¥¬ «®ª «ì­®© ªà â­®áâìî ®â®¡à �¥­¨ï g ¢ â®çª¥ a 2 A (®¡®§­ Ä

ç¥­¨¥: �

a

g) ¬ ªá¨¬ «ì­®¥ ç¨á«® k â ª®¥, çâ® ¢ ª �¤®© ®ªà¥áâ­®áâ¨ â®çª¨

a áãé¥áâ¢ãîâà §«¨ç­ë¥ â®çª¨ a

1

; : : : ; a

k

, ¤«ï ª®â®àëå g(a

1

)= : : :=g(a

k

).

�ª �¥¬, çâ® ®â®¡à �¥­¨¥ g ¨¬¥¥â ¯®áâ®ï­­ãî áâ¥¯¥­ì, ¥á«¨ áãé¥áâ¢ãÄ

¥â ç¨á«® (®¡®§­ ç ¥¬®¥ ç¥à¥§ deg g) â ª®¥, çâ® ¤«ï «î¡®© b 2 B ¨¬¥¥â

¬¥áâ®

X

a2g

�1

(b)

�

a

g = deg g: (5.1)

�á­®, çâ® à §¢¥â¢«¥­­ë¥ ­ ªàëâ¨ï ¨¬¥îâ ¯®áâ®ï­­ãî áâ¥¯¥­ì.

�¥¬¬  5.2 (á¬. [11, «¥¬¬  4.1℄). Ǳãáâì g : A! B { á¨¬¯«¨æ¨ «ì­®¥

®â®¡à �¥­¨¥ ¯®áâ®ï­­®© áâ¥¯¥­¨ ª®­¥ç­ëå á¨¬¯«¨æ¨ «ì­ëå ª®¬¯Ä

«¥ªá®¢. Ǳãáâì A

k

=

�

a 2 A j �

a

g > k

	

. (�á­®, çâ® ª �¤®¥ A

k

¥áâì

§ ¬ª­ãâë© ¯®¤ª®¬¯«¥ªá ª®¬¯«¥ªá  A.) �®£¤ 

�(A) = �(B) deg g �

X

k>1

�(A

k

):

2 � â¥¬ â¨ç¥áª¨¥ § ¬¥âª¨, â. 60, ¢. 2



��������� �������� � �������� ���������

221

�®ª § â¥«ìáâ¢®. �«®¢®\á¨¬¯«¥ªá"¡ã¤¥â®§­ ç âì\®âªàëâë©á¨¬Ä

¯«¥ªá". �«ï á¨¬¯«¥ªá  � ¨§ B ®¡®§­ ç¨¬ ç¥à¥§ N (� ) ç¨á«® á¨¬¯«¥ªá®¢

¢ g

�1

(� ). �á«¨ C { ®¡ê¥¤¨­¥­¨¥ (®âªàëâëå) á¨¬¯«¥ªá®¢ �, ®¡®§­ ç¨¬

�

0

(C) =

P

��C

(�1)

dim �

. �á­®, çâ® ¥á«¨ C { § ¬ª­ãâë© ¯®¤ª®¬¯«¥ªá,

â® �

0

(C) = �(C). Ǳãáâì A

0

k

=

�

a 2 A j �

a

g = k

	

. �§ (5.1) ¨¬¥¥¬

N (� ) = deg g �

X

��g

�1

(�)

(�

�

g � 1):

�­ ç¨â,

�(A) =

X

��B

(�1)

dim �

N (� ) =

X

��B

(�1)

dim �

�

deg g �

X

��g

�1

(�)

(�

�

g � 1)

�

=

X

��B

(�1)

dim �

deg g �

X

��A

(�1)

dim �

(�

�

g � 1)

= �(B) deg g �

X

k

(k � 1)�

0

(A

0

k

)

= �(B) deg g �

X

k

(k � 1)

�

�(A

k

) � �(A

k+1

)

�

= �(B) deg g �

X

k>1

�(A

k

):

�¥¬¬  ¤®ª § ­ 

�¥¬¬  5.3. �(X) = 2; �(X �M ) = 1.

�®ª § â¥«ìáâ¢®. Ǳ® ¯à¥¤«®�¥­¨ï¬ 3.2 ¨ 3.3 M ¥áâì ªàã£. �­ Ä

ç¨â, ¯à¨¬¥­ïï «¥¬¬ã 5.2 ª ­ ªàëâ¨î f : X ! B

4

, ¨¬¥¥¬ �(X) =

�(B

4

) deg f � �(M ) = 3 � 1 = 2. Ǳãáâì N { ®âªàëâ ï âàã¡ç â ï

®ªà¥áâ­®áâì M . Ǳ®áª®«ìªã M ' D

2

, N £®¬¥®¬®àä­® ç¥âëà¥å¬¥à­®©

ª«¥âª¥, §­ ç¨â, ¬®�­® ¢ë¡à âì ª«¥â®ç­®¥ à §¡¨¥­¨¥ X, á®¤¥à� é¥¥ N

¢ ª ç¥áâ¢¥ ®âªàëâ®© ª«¥âª¨. Ǳ®íâ®¬ã, �(X � N ) = �(X) � 1 = 1. �®

X �N £®¬¥®¬®àä­® X �M . �¥¬¬  ¤®ª § ­ .

x6. �¨ £à ¬¬  �ã¤®«ìä  ­ ªàëâ¨ï �¨âãèª¨­ 

� íâ®¬ ¯ à £à ä¥ ¬ë ¨á¯®«ì§ã¥¬ ®¡®§­ ç¥­¨ï ¨§ [1, x1℄ ¨ ááë« ¥¬áï ­ 

à¨áã­ª¨ [1, à¨á. 1{4℄.

�«ï ­ ç «  § ¬¥â¨¬, çâ® ¥á«¨ F { ¬­®£®§­ ç­ ï ª®¬¯«¥ªá­ ï äã­ªæ¨ï

¢ ¤¨áª¥ D,D

0

� D { ®¡« áâì, ®£à ­¨ç¥­­ ï �®à¤ ­®¢®© (â.¥. ¯à®áâ®© § Ä

¬ª­ãâ®©) ªà¨¢®© �D

0

� D, ¨ F ­¥ ¨¬¥¥â ­¨ ¢¥â¢«¥­¨©, ­¨ â®ç¥ª ¯¥à¥á¥ç¥Ä

­¨ï ®¤­®§­ ç­ëå ¢¥â¢¥© ¢ D � D

0

, (â.¥. B(F ) \ (D � D

0

) = ?), â® ¯ àë

�

D � C ; £à ä¨ª(F )

�

¨

�

D

0

� C ; £à ä¨ª(F j

D

0

)

�

£®¬¥®¬®àä­ë.
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Ǳ®íâ®¬ã ¤®áâ â®ç­® ¢ëç¨á«¨âì ¤¨ £à ¬¬ã�ã¤®«ìä  ¤«ï f j

D

0

, £¤¥ f {

ç¥âëà¥å§­ ç­ ï äã­ªæ¨ï, ¯®áâà®¥­­ ï ¢ [1, x1℄, ¨ D

0

{ "

1

-à §¤ãâ¨¥ ¬­®Ä

�¥áâ¢  K

1

[K

2

[K

3

[ I

1

[ I

2

[ I

3

(á¬. [1, à¨á. 1℄ ¨ à¨á. 3 ­¨�¥). � á®� Ä

«¥­¨î, ¤¨ £à ¬¬  �ã¤®«ìä  ¤«ï f ¢ëà®�¤¥­ . �¤­ ª®, ¥á«¨ ¢®§¬ãâ¨âì

f , § ¬¥­¨¢ ¥¥ ­  e

i"

2

f ¨ ¢á¥ ¢å®�¤¥­¨ï ¢ëà �¥­¨© \2i" ¨ \�2i" ¢ ®¯à¥Ä

¤¥«¥­¨¨ äã­ªæ¨¨ f , ¯à¨¢¥¤¥­­®¬ ¢ [1, x1℄, á®®â¢¥âáâ¢¥­­® ­  ¢ëà �¥­¨ï

\2i+ "

3

" ¨ \�2i+ "

3

", â® ¯à¨ 0 < "

1

� "

2

� "

3

� 1 ¬ë ¯®«ãç¨¬¤¨ £à ¬Ä

¬ã, ¨§®¡à �¥­­ãî ­  à¨á. 3. �ç¥¢¨¤­®, çâ® ¤¨ £à ¬¬ë ­  à¨á. 2 ¨ à¨á. 3

¤¨ää¥®¬®àä­ë.

�

2

3

3

2

1 2

1

1

2

2

3

3

�¨á. 3

�â®¡ë ã¡¥¤¨âìáï ¢ â®¬, çâ® ¤¨ £à ¬¬  �ã¤®«ìä  (®¡®§­ ç¨¬ ¥¥ B

+

)

¤¥©áâ¢¨â¥«ì­® ¢ë£«ï¤¨â, ª ª ­  à¨á. 3, ¬®�­® ¢ë¯¨á âì ï¢­ë¥ ä®à¬ã«ë

¤«ï ¢¥é¥áâ¢¥­­ëå ¬­®£®ç«¥­®¢, ¯ à ¬¥âà¨§ãîé¨å ¢á¥ á¥£¬¥­âë B

+

. �ë

¯®ª �¥¬ íâ® â®«ìª® ¤«ï B

+

\K

3

(®áâ «ì­ë¥ ¢ëç¨á«¥­¨ï «¨¡®  ­ «®£¨çÄ

­ë, «¨¡® ¯à®é¥).

�¡®§­ ç¨¬: � = e

i"

2

, a

1

= 2i+"

3

,a

2

= �2i+"

3

. Ǳ® ®¯à¥¤¥«¥­¨î¨¬¥¥¬

B

+

\K

3

= L

0

[L

1

[L

2

[L

3

, £¤¥L

0

=

�

x j Re

�

�

p

x+ 2

�

=�Re

�

�

p

x+ 2

�	

,

L

j

=

�

x j Re

�

�

p

x+ 2

�

= Re(�a

j

)

	

, j = 1; 2, ¨ L

3

=

�

x j Re(�a

1

) =

Re(�a

2

)

	

= ?. �á­®, çâ®

L

0

=

�

x 2 K

3

j Arg

�

�

p

x+ 2

�

=

�

2

�

=

�

x 2 K

3

j Arg(x + 2) = � � 2Arg�

	

=

�

�2 + te

i(��2"

2

)

j t 2 R

+

	

\K

3

;

L

j

=

�

x 2 K

3

j 9t 2 R; �

�
p

x+ 2� a

j

�

= it

	

=

�

�2 +

�

it

�

+ a

j

�

2

j t 2 R

�

\K

3

:

2

*
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�â®¡ë ­ ©â¨ æ¥«ë¥ ç¨á« , ¯®¬¥ç îé¨¥ á¥£¬¥­âë ¤¨ £à ¬¬ëB

+

, ¤®áâ Ä

â®ç­® ¯à®á«¥¤¨âì, ¢ ª ª®¬­ ¯à ¢«¥­¨¨ §­ ç¥­¨ï f ¯à®å®¤ïâ®¤­®¯®¤ ¤àãÄ

£¨¬ (á¬. [1, à¨á. 4℄ ¤«ï à §®¡à ­­®£® á«ãç ïK

3

¨ [1, à¨á. 2, 3℄ ¤«ïK

1

¨K

2

).

Ǳà¨«®�¥­¨¥.

�ãé¥áâ¢®¢ ­¨¥ ­¥¢ëà®�¤¥­­ëå ¤¨ £à ¬¬ �ã¤®«ìä 

¤«ï  «£¥¡à ¨ç¥áª¨å ªà¨¢ëå

� ¤ ­­®¬ ¯à¨«®�¥­¨¨ áã¬¬¨à®¢ ­ë à¥§ã«ìâ âë ¨§ [6℄, [8℄ ® ¢®§¬®�­®áÄ

â¨ ¯à¥¤áâ ¢¨âì¯«®áªãî  «£¥¡à ¨ç¥áªãîªà¨¢ãî¬­®£®§­ ç­®©äã­ªæ¨¥©

á­¥¢ëà®�¤¥­­®©¤¨ £à ¬¬®©�ã¤®«ìä . �¡ê¥¤¨­ïï¢¬¥áâ¥«¥¬¬ë2.3, 2.4

¨§ [6℄ ¨ «¥¬¬ë 1, 2 ¨§ [8℄, ¯®«ãç ¥¬

Ǳà¥¤«®�¥­¨¥. Ǳãáâì K { ¯à¨¢¥¤¥­­ ï (â.¥. ¡¥§ ªà â­ëå ª®¬¯®Ä

­¥­â)  «£¥¡à ¨ç¥áª ï ªà¨¢ ï ¢ C

2

, ª®â®à ï ­¥ á®¤¥à�¨â ­¨ ®¤­®©

¯ àë ª®¬¯®­¥­â ¢¨¤ 

�

Q(z; w)�a

��

Q(z; w)�b

�

= 0; Q 2 C [z; w℄; degQ = 2; a 6= b 2 C ;

(A.1)

®â«¨ç­®© ®â ®¡ê¥¤¨­¥­¨ï ç¥âëà¥å ¯ à ««¥«ì­ëå ¯àï¬ëå. �®£¤  áãÄ

é¥áâ¢ãîâ ª®®à¤¨­ âë (z; w), ¯®«ãç¥­­ë¥ ¨§ ¨áå®¤­ëå áª®«ì ã£®¤Ä

­® ¬ «ë¬ «¨­¥©­ë¬ ¯à¥®¡à §®¢ ­¨¥¬ C

2

, â ª¨¥, çâ® ¬­®£®§­ ç­ ï

äã­ªæ¨ï F (z) =

�

w j (z; w) 2 K

	

¨¬¥¥â ­¥¢ëà®�¤¥­­ãî ¤¨ £à ¬Ä

¬ã �ã¤®«ìä  B

+

(F ), ã¤®¢«¥â¢®àïîéãî á«¥¤ãîé¥¬ã ¤®¯®«­¨â¥«ì­®Ä

¬ã ãá«®¢¨î. B

+

(F ) � B(F ) ¥áâì ®¡ê¥¤¨­¥­¨¥ ¯®£àã�¥­­ëå ¢¥é¥áâÄ

¢¥­­ëå ¯àï¬ëå á â®«ìª® âà ­á¢¥àá «ì­ë¬¨ ¯¥à¥á¥ç¥­¨ï¬¨, ¨ ¥á«¨

j : R! C { ®¤­® ¨§ íâ¨å ¯®£àã�¥­¨©, â® ¤«ï «î¡®£® t 2 R áãé¥áâ¢ãÄ

¥â ¥¤¨­áâ¢¥­­ ï ¯ à  f

1

; f

2

à®áâª®¢ ®¤­®§­ ç­ëå ¢¥â¢¥© F ¢ â®çÄ

ª¥ j(t) â ª ï, çâ® Re f

1

� Re f

2

«®ª «ì­® § ¤ ¥â j([t � "; t + "℄) ª ª

£« ¤ªãî ¢¥é¥áâ¢¥­­®- ­ «¨â¨ç¥áªãî ªà¨¢ãî. �á¥ â ª¨¥ ¯ àë à®áâÄ

ª®¢, á®®â¢¥âáâ¢ãîé¨¥ ®¤­®¬ã ¨ â®¬ã �¥ ¯®£àã�¥­¨î j, ¯®«ãç Ä

îâáï ®¤­  ¨§ ¤àã£®© ®¤­®¢à¥¬¥­­ë¬  ­ «¨â¨ç¥áª¨¬ ¯à®¤®«�¥­¨¥¬

¢¤®«ì j.

�á­®, çâ® ªà¨¢ ï, á®¤¥à� é ï ª®¬¯®­¥­âë ¢¨¤  (A.1), ®â«¨ç­ë¥ ®â ­ Ä

¡®à  ¨§ ç¥âëà¥å ¯àï¬ëå, ¯à¨ «î¡®¬ ¢ë¡®à¥ ª®®à¤¨­ â ¨¬¥¥â ¢ëà®�¤¥­Ä

­ãî ¤¨ £à ¬¬ã�ã¤®«ìä , â ª ª ª á®®â¢¥âáâ¢ãîé ï ¬­®£®§­ ç­ ï äã­ªÄ

æ¨ï ¢á¥£¤  ¨¬¥¥â ¤¢¥ ¯ àë ®¤­®§­ ç­ëå ¢¥â¢¥© f

1

; f

2

¨ f

3

; f

4

, à §­®áâ¨ ª®Ä

â®àëå f

2

� f

1

¨ f

4

� f

3

â®�¤¥áâ¢¥­­® á®¢¯ ¤ îâ,  , §­ ç¨â, ®¡à é¥­¨¥ ¢

­ã«ì Re f

2

�Re f

1

¢«¥ç¥â ®¡à é¥­¨¥ ¢ ­ã«ì Re f

4

�Re f

3

. �¬¥¥âáï ¤¢  ¯ãÄ

â¨, çâ®¡ë ®¡®©â¨ íâã ¯à®¡«¥¬ã. � ®¤­®© áâ®à®­ë, â ª¨¥ ¯ àë ¨áç¥§ îâ

¯à¨ § ¬¥­¥ ¡¥áª®­¥ç­® ã¤ «¥­­®© ¯àï¬®© (¥á«¨ ¬ë ¨­â¥à¥áã¥¬áï ¯à®¥ªÄ

â¨¢­ë¬ á«ãç ¥¬) ¨«¨ ¯à¨  ää¨­­®© ­¥«¨­¥©­®© § ¬¥­¥ ª®®à¤¨­ â (¥á«¨
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¬ë ¨­â¥à¥áã¥¬áï  ää¨­­ë¬ á«ãç ¥¬). � ¤àã£®© áâ®à®­ë, ¬®�­® à áá¬ âÄ

à¨¢ âì ¤¨ £à ¬¬ë�ã¤®«ìä  á ¡®«¥¥, ç¥¬ ®¤­¨¬ æ¥«ë¬ ç¨á«®¬ ­  ­¥ª®â®Ä

àëå á¥£¬¥­â å. �á«¨ ¬®¤ã«ì à §­®áâ¨ «î¡ëå ¤¢ãå ¯®¬¥â®ª ®¤­®£® ¨ â®£®

�¥ á¥£¬¥­â  ¢á¥£¤  ¡®«ìè¥ 2, ¨­ë¬¨ á«®¢ ¬¨, ¢¥é¥áâ¢¥­­ë¥ ç áâ¨ ­¨ª Ä

ª¨å âà¥å §­ ç¥­¨© F ­¥ á®¢¯ ¤ îâ (  «¥¬¬ë ¨§ [6℄, [8℄ ®¡¥á¯¥ç¨¢ îâ áãÄ

é¥áâ¢®¢ ­¨¥ â ª®© ¯à®¥ªæ¨¨ ¤«ï «î¡®© ªà¨¢®©), â® â ª¨¥ ¤¨ £à ¬¬ë­¨Ä

ç¥¬ ­¥ åã�¥, ¨ ®­¨ ®¡« ¤ îâ ¢á¥¬¨ áãé¥áâ¢¥­­ë¬¨ á¢®©áâ¢ ¬¨ ¤¨ £à ¬¬

�ã¤®«ìä , ¢ª«îç ï ¥¤¨­áâ¢¥­­®áâì £à ä¨ª  äã­ªæ¨¨ ¨ ­ «¨ç¨¥ ª®¯à¥¤Ä

áâ ¢«¥­¨ï äã­¤ ¬¥­â «ì­®© £àã¯¯ë ¤®¯®«­¥­¨ï, ¤ ¢ ¥¬®£® ¯à¥¤«®�¥­¨Ä

¥¬ 3.1.

��� á¨áâ¥¬­ëå¨áá«¥¤®¢ ­¨©��� Ǳ®áâã¯¨«®
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