CRITERION OF HURWITZ EQUIVALENCE FOR
QUASIPOSITIVE FACTORIZATIONS OF 3-BRAIDS

S. Yu. OREVKOV

The problem of Hurwitz equivalence of n-tuples of braids appears in the study
of braid monodromy of algebraic curves in C2. It was considered by many authors,
see [1, 3, 4] and references in [3]. We give an answer for the case mentioned in the
title.

Let By = (A | 0201 = 0100 = 0¢02), A = {00,01,02} be the Birman—-Ko-Lee
presentation (see [2]) of the group of braids with three strings. A quasipositive
factorization of a braid X € Bj is a collection (X1,...,X;) € BE such that X =
X1X5 ... X} and for each 7, the braid X; is conjugate to o1. Note that og, o1, and o9
are conjugate to each other. We denote the set of quasipositive factorizations of X
by Q(X). A braid X is called quasipositive if Q(X) # &. The braid group By acts
on Q(X) by ¥ : (Xy,..., Xp) = (Y,..., V%) where (V;, Vi) = (X, X1 X, 1, X))
and Y; = X, for j & {i,7+ 1}. This action is called the Hurwitz action. Elements
belonging to the same orbit are called Hurwitz-equivalent.

It is proven in [4] that each orbit of the Hurwitz action contains an element of a
certain explicitly specified finite set. The purpose of the present paper is to give an
easy criterion to decide if two given elements of this finite set belong to the same
orbit. To give precise statements, we need to introduce some notation which slightly
differs from that in [4]. Let us extend the alphabet A up to A = AU{6¢, 61,62 }. Let
A* and A* be the free monoids generated by A and A respectively. If U,V € A*,
then U = V stands for equality in A* (i. e. letterwise coincidence of words) and
U =YV (when U,V € A*) stands for equality of the corresponding elements of Bs.
For U € A*, we denote the word obtained from U by erasing of all letters &; (resp.
by replacing each &; with o; or by replacing each o; with ;) by U (resp. U’ or U).
For example, if U = 09610261, then U’ = 002, U = 09010201, and U = 60616961.

We set § = 0901 = 0109 = 0goo. It is easy to check that any X € B3 can be
written as

X=UsP  UecA*, pel. (1)

If, moreover, U does not contain any subword which is equal (in B3) to §, then
the presentation of X in the form (1) is unique and it is called the right Garside
normal form.
Let
W = Wi Waiy .. . WipdpWisr € A%, W, € A*, =z € A (2)

If W' = 6P, then [W] stands for the quasipositive factorization of W§~? of the form
(Xl, . ,Xk) where Xz = AZZL‘ZA;l, Al = W1 N Wz

To each X € Bjs we associate a graph Gy(X) in the following way. Let (1) be
the right Garside normal form of X. We define the set of vertices of Go(X) as
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Vo(X) = {W € A* | W' = 6*,W = U}. Two vertices are connected by an edge if
they are of the form AzByC and AxByC, x,y € A where x B’ = B’y and, for some
q > 0, either B’ = 07 (an edge of type (hl)), or 2B’ = §9 (an edge of type (h2)).

Theorem 1. Suppose that the right Garside normal form of a braid X € Bs is (1)
with p > 0. Then each orbit of the Hurwitz action on Q(X) contains an element of
the form (W], W € Vo(X). Two such elements belong to the same orbit if and only
if the corresponding vertices belong to the same connected component of Go(X).

Remark 1. The condition p > 0 in Theorem 1 is not very restrictive. Indeed, if
p < 0, then the Hurwitz action has a single orbit (see [4; Corollary 4]).

The rest of the paper is devoted to the proof of Theorem 1. Let 7 : A — A
be the monoid homomorphism defined on the generators by og — o1 — 09 — 0g,
6o — 61 — 9 — 6. It induces the inner automorphism 7 : X — 61 X4 of Bs.

Lemma 1. If A,Be€ A*, A= B, and A# B, then A =C§ =i7(C), C € A*.

Proof. 1t is known (see [2; Theorem 2.7]) that if A = B, then B is obtained from
A by applying the relations without inserting the inverses of the generators. If
A # B, then a relation can be applied to A, hence A = DOE, D,E € A*. Then
A=Cé=01(C) for C =71(D)E. O

Definition. Let W = aq...a,, a; € /l, W' = 6%, g > 0. We say that letters a;
and a; (i < j) match each other in W if a;,a; € A, (a;...a;) = a;Ba; = §" ! and
B=46,r>0.

Formally speaking, the indices 7 and j rather than the letters a; and a; match
each other in the above definition. However, abusing the language, we shall speak
about matching letters to avoid cumbersome notation.

Lemma 2. (follows from [4; Lemma 5]) Let W € A*, W = §9, ¢ > 0. Then one
can associate parentheses to all letters of W so that the parentheses are balanced
and matching pairs of parentheses correspond to matching pairs of letters.

Lemma 3. Let W = AuBCvD € A*, W = 9, and let v match u in W. Let
Wy = CvD1i(AuB). Then W1 = 69 and 79(u) matches v in W1.

Proof. Let E = AuB, F = CvD. Then 69 = EF, hence W; = F) 1E)? =
F(F'E~YE(EF) = EF = §9. The same computation with £ = Au, F = BCvD
yields BCvD79(Au) = 67. Since BC = 0", we obtain vD77(Au) = §4~". Similarly,
by setting E = A and F = uBCvD, we obtain DT9(A) =§"""1. O

Lemma 4. Let W = ABC € A*, W =%, B =0". Then, for any letter u in A
there is a letter in A or in C which matches u in W.

Proof. Follows from Lemma 3 combined with Lemma 2 applied to 79(C)A. O

Let a braid X satisfies the hypothesis of Theorem 1. We extend the graph
Go(X) up to G(X) as follows. We define the set of vertices as V(X) = U;5V;
where V; = {W € A* | W' = o?t9, WP~ = X}. The weight of a vertex
W € V; is defined as wt(W) = j. We define edges of types (hl) and (h2) in
the same way as in Gp(X) and we add more edges (W, V) in the following cases:
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(h3) W = AB,C, V = AB,C, By, By € A*, By = By;

(vl) W= APB,V = At~ Y(B), P A*, P =;

(v2) either W = APByC and V = A7~ Y(BgC), or W = AyBPC and V =
AyBT~Y(C) where P € {uf,iu}, P = §, and y matches u in W;

(v3) wt(V) = wt(W) — 1, W is connected by an edge of type (h3) to a vertex
which is connected to V' by an edge of type (v2).

We call edges of types (h1-h3) horizontal and edges of types (v1-v3) wvertical. The
notation (W, V') for vertical edges assumes that wt(W) > wt(V). If two vertices W
and V belong to the same connected component of G(W), then we write W ~ V.
If either W = V or there exists an edge (W, V) of type, say, (hl), then we write
W o~y Vo If wtW = wtV oand W is connected to V' by a path in G(X), which
passes through vertices of weight < wt(W') only, then we write W ~y, V.

We define f : (AU A"Y)* — A* by f(1) = 1, f(zA) = zf(A) for 2 € A and
f(x7tA) = 7(7(2) f(A)) for z € A. Note that the braid A=!f(A) is a power of J.

Lemma 5. (a). Let W € V(X). Then W ~ f(Y1...Ys), Yi = A;#; A7 for some
Aie Az, € A, i=1,..., k. (b). If X is conjugate to o1, then Vo(X) contains a
single element and it has the form f(ArA™'), A€ A*, v € A.

Proof. (a). Let W be as in (2) and set A; = Wi...W,;. Then f(Y7...Yy) is
connected to W by a chain of edges of type (v1). (b). Follows from Lemma 2. [

Lemma 6. [4; Lemmas 6 and 7). If W € V(X) then W ~ V for some V €
Vo(X). O

Lemma 7. Let W,V € V(X). Then [W] ~ [V] is equivalent to W ~ V.

Proof. (=) Let W] = (Xy,...,X;). Lemma 5(a) combined with Lemmas 6 and
5(b) applied to Y;’s imply W ~ f(Y7...Yy) where Vo(X;) = {f(Y;)}. Thus [W] =
[V] = W ~ V. It remains to note that if W = f(¥;...Y3), Y; = A4;3;A; ", and

V=f(..Y 1YYV, WY ), Wi=f(..Yi1YYi Y YY),

then X;([W]) = [V], W1 ~n2 V, and W7 is connected to W by a chain of (v1)-edges.

(<) (cp. [4; Lemma 6]). It suffices to consider the cases W ~y; V and
W ~pe V. Let W be as in (2). Then, for some m, s, 1 < m < s < k+ 1,
we have W = Az,,ByC and V = Ax,,ByC where A = Wy:WsZs... W,,, B =
Wini1@mit - Werds_1D, C = EisWyi1@gsr...oxWisr (f s = k + 1, then
C=FE), Wy =DyE. Let W] = (Xy,...,Xk) and [V] = (Y1,...,Y%).

It is clear that Y; = X, for i < m.

Ifm<i<s—1,then Y; = Biz; 1 B; " where B; = Az, Wy iWonio... Wits
= (A/Im(A/)_l)A/Wm+1 e Wi = X)W o0 Wi, whence Y; = XmXiJrlXT;l-

If i =s—1, then Y; = A'z,,,B'y(A'x,,B")~!. Using x,,B" = B'y, we obtain
Y; = Az (2, B) (A2, B~ = Al (A) 7L = X,

If i > s, then Y; = BixiBl-_l where B; = A'z,,B'EF and F = W,q... W,.
Using x,, B’ = B’y, we obtain B; = A’B'yEF = W1W5 ... W;, whence Y; = Xj.

Thus, [V] = (X1,- s Xome 1y Xon X1 X2l ooy X X1 X b X, X,y X30)
=Sy D1 S[W]. O
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Let ¢, : A* — A* be defined as aW — Wr5(a), a € A, W € A*.

Lemma 8. (follows from Lemma 3) (a). Let e = (W,V) = (aA,bB), a,b € A, be
an edge of G(X) of type (h1) or (h2). Let s = p+wt(W). Thene; = (cs(W),cs(V))
is an edge of G(cs(W)d~*) of type (h1) or (h2). If a = b, then e and e are of the
same type. If a # b, then they are not.

(b). Let e = (W, V) be an edge of G(X) of type (v1) or (v2). Let s = p+ wt(W).
Let eq = (c"(W),c (V) where m = 2 if W starts with the word P used in the
definition of e, and m = 1 otherwise. Then ey is an edge of G(c™(W)5~%) of the
same type as e. [J

Lemma 9 (Diamond Lemma). Let ey = (W, V1) and ea = (W, Va) be vertical edges
in G(X). Then Vi ~y Vs.

Proof. By Lemma 8, mutual arrangements of subwords of W used in the definition
of the edges can be considered up to cyclic permutations.

Case 1. Both ey and ey are of type (v1). The statement is evident.

Case 2. Both e; and ey are of type (v2). Let P; € {u;&;, #;u;}, and y;, i = 1,2,
be the subwords of W used in the definition of e;.

Case 2.1. P; coincides with Py, i. e., W = Ay By.CP, V1 = Ay ByC, V5 =
Ay Bj)sC, P € {Zu,uz}, P = §. By definition of edges of type (v2), we have
B'ysC' = §9, C" = 6", y1 B'y2C'v = §97T1, yoC'u = 6”11, The former two identities
imply B’ys = 697 ". The latter two identities imply y; B’ = §79~". Hence Vi ~po V.

Case 2.2. P; and P, have a common letter £ = o = Z. Since uix = xuy = 9,
it follows that u; cannot match us. Hence y; and yo cannot coincide with them.

Case 2.2.1. y1 = y2 = y. W = AyBuiius, Vi = AGB7T 1 (us), Vo = AjBu;.
Then B'u; = 67 and B’ = ", whence u; = §2-". Contradiction.

Case 2.2.2. W = AysByiCuyius, Vi = AyaBihCt7 Y ug), Vo = AfoByi1Cuy.
Since u1d = ujzrus = duz, we have us = 7(uy), whence Vi = Ays By Cuy. Since
B'y1C'up = 879 (ey is of type (v2)) and y;C’u; = 6"1 (eg is of type (v2)), it
follows that B’ = §9~"~!. To conclude that Vi ~y; Vs, it remains to check that
y1 = 777" 1(ys). Indeed, y10"u; = 6" implies 77(y1)u; = 0, and yodluy =
5971 implies 79(y2)uz = 6. Recall that ug = 7(uy). So, we obtain § = 7(§) =
(17 (y1)u) = 7" (y1 )ug, whence 77 (y) = duy T = 79(yo).

Case 2.2.3. W = AleyQCuli“uQ, Vi = AleyQCT_l(UQ), Vo = Ale@QC'ul.
Since es is of type (v2), we have C'u; = §9. Hence, by Lemma 2, we have Cu; =
C1z1Couy where z; matches uy in Cuy. Let V3 = Ay, By2C121Couq. Then ez =
(W, V3) is an edge of type (v2) and the pair (e1,es) (resp. (es,e2)) satisfies the
conditions of Case 2.1 (resp. by Case 2.2.2).

Case 2.3. P; and P> have a common letter u; = us = u, i. e., W = Az uis.
Since 716 = wuxrs = dx2, We have x5 = 7 !(z1). Hence the edge of type (v2)
defined by (Py,ys2) coincides with e;. The problem is reduced to Case 2.1.

Case 2.4. P; and P, are disjoint, y; = uo, and yo = u1. Then W = AP, BP;,
Vi = At Y(BP,), Vo = AP\B, B’ = §9. If ¢ = 0, then V; ~pn3 Va. Let ¢ > 0.
Let B = CzD, z € A and let zy = yz = §. Since P,C = 7 1(C)zy, we have
Vs = AT Y(()29zD ~p3 Vo. Then Vi = Er~Y(2DP,) and V3 = EzjzD for
E = Ar71(C). Since zD’ = (CzD) = B’ = §4, it follows from Lemma 2 that
zD includes a letter u which matches z. Let (V3,Us) be the edge of type (v2)
defined by (§z,u). Then D = DyuDs and Uz = Ei7~Y(D1aDs). We have D] = §"
and zDju = 6", Recall that 2DjuD}, = 67 which implies D} = 697 ""1. Let
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v =79"""Yu) and vw = §. We may assume that P, = vw (otherwise we add an
edge of type (h3)). Then V} ~y1 Vi = ET~1(2D1uDovd). Let us show that 771(2)
matches 771(v) in V,. Indeed, we have D] D) = 67§97 "~ = 697! and uD) = Djv
(by the choice of v), whence zD|D5v = 2D {uD} = B’ = §. Let (Vy,Uy) be the
edge of type (v2) defined by (771 (v),771(2)). Then Uy = Er~1(2D14D3). Tt
remains to note that 26 = xyz = dz, whence z = 771(2) and therefore Uz = Uy.

Case 2.5. Py, P, and y, are pairwise disjoint: W = DD where D1 = AP, B,
Dy = yoCPy, C' = §9, and D) = 69T, Then D] = W/§7971 is a power of 6. By
Lemma 2, this implies that D; has a letter z; which matches uy. Let (W, V3) be
the edge of type (v2) defined by (Py,21). Then we have V; ~y, V3 (see Case 2.1),
Vo = D1Es, and V3 = E177Y(D3) where D; ~y5 F; in the corresponding graphs.
Hence Vo ~yo E177HE) ~yo V.

Case 3. e; is of type (v3) and ey is of type (v2) or (v3). Let W ~y3 W; ~yo Vi,
i=1,2. Let P; € {&;u;,u;Z;} and y; be the subwords of W; used in the definition
of the edge (W;,V;). We may assume that Wy = FEuid1 Fius and Wy = Euy Fodous
where 1 Fy = Fyxzo (otherwise the problem reduces to Case 2). By Lemma 1, we
have z1 Fy = 07(D) = DJ, D € A*. So, we may assume that x1 F) = x1v;7(D) and
Foxo = Dvgxg where x1v1 = voxo = §. Without loss of generality we may assume
also that uix1v1 = 090109.

Case 3.1. y; = up and yo = wuy. Then ul(aﬁlﬁ’l)’ug = ujus = 0. Hence
Wi = Eagfrl&m‘(ﬁ)al and Wy = FosD606901, whence Vi = ET_1(607'(b)5'1) =
E69Dég = Va.

Case 3.2. E = Eyy1E1. Then B} = §9 and y; Eju; = 6971, Hence, by Lemma
4, there is a letter zo in E5 which matches us. Let (W, V3) be the edge of type
(v2) defined by (Ps,z22). Then Vo ~p, V3 (see Case 2.1). By passing to a cyclic
permutation of W, we may assume that W; = AleuljélﬁlT(ﬁ)uQng, Wy =
Ay Buy DiodousCzo, B' = 69, y1 Buy = 09T, O = 67, usC'z9 = "1, For each
possible value of ug, we find Vj such that Vi ~y Vy ~p V3. (for us = 01,09 we just
list the indices which should be inserted into the formulas for V;, V3, and V}).

g = 0p :

Vi= AT_q(ﬁo)BT_l(607(ﬁ)UOCTT(02)) = At 9(60) By Doyt 1 (C) 1" (01),

Vs =A71"900)Boy Dyt (C717(62) = AT 9(00)Boa Doyt 1 (C) 17 (61),

Vi = Ar7%(0¢)Béy Doy H(C) 77 (61);

ugy = o1: V1(0202), V4(0202), V5(0202); g = o9: V1(0210), V4(0210), V53(0210).

Case 4. e; is of type (v1) and eg is of type (v2). Let (W, Vy) = (AP, A), P = 4.
Let P and y be the subwords of W used in the definition of es.

Case 4.1. P; has one common letter with P: W = AyBzuv, zu = uv = 9,
B' = 69, yB'u = 67!V} = AyBz#, and Vo = AgB7t!(v). Then 2§ = zuv = dv
implies 77 !(v) = x, and yd9u = 697! combined with zu = § implies x = 79(y).
Hence Vi ~,1 V5.

Case 4.2. P is disjoint from P. Lemma 4 implies A = BzC PD where z matches
u. Let (W, V3) be the edge of type (v2) defined by (P, z). Then V5 ~p, V3 (see Case
2.1) and there exist vertical edges (V1,Vy) and (V3,V,) where V, = B2CT~1(D).

Case 5. e is of type (vl) and es is of type (v3). Let W ~p3 Wy ~y9 Vo. Then
we have W7 ~y1 V7 which reduces the problem to Case 4. [
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Lemma 10. Let e = (W1, Wa) be a horizontal edge in G(X). If wt(Wy) > 0, then
there exist vertical edges (W1, V1) and (Wa, Va) such that Vy ~y V.

Proof. The condition wt(W;) > 0 implies that W, has a subword P which is equal
to §. By Lemma 8, it suffices to consider edges of type (h1l) and (h3) only.

Case 1. e of type (hl). Let  and y be as in the definition of edges of type (hl).
It is clear that P # xy. If P, x, y are disjoint, then the statement is evident.

Case 1.1. Wi = AjyBux, Wy = AyBuz, ur = 6. Let V3 = AyB. Then
W1 ~y1 Vi. Since e is an edge of type (hl), we have B'u = 69, x = 79(y). Hence,
by Lemma 2, there is a letter z in Bu which matches u, i. e., B = B1zBs, B, = §",
zBhu = 6"t Hence Wo ~yo Vo = AyBi12Bs. Let us show that Vi ~y; Va.
Indeed, BjzB4u = B'u = 67 combined with zBju = §"*! imply B} = §2~""!, and
26"u = §" 1 combined with uz = § imply z = 7771(2). Since z = 79(y), we obtain
z =797 1(y).

Case 1.2. Wy = AyBzu, Wy = AyBiu, xu = 6, B’ = 69, and yB’ = B’x. Then
yB'u = B'(zu) = 67 i. e., (W1, AgB) and (Wy, AjB) are edges of type (v1) and
(v2) respectively.

Case 2. e of type (h3). Without loss of generality we may assume that W; =
AuBl, Wy = AuBQ, u € A, B1,By € A*, and B; = B>. Lemma 1 implies
By = 6B. Let W = AuzdB where uz = zv = §. Then Wi ~n3 Wo~pg Wa.
Let y matches u and let (W, V') be the edge of type (v2) defined by (uz,y). Then
Wi~z Voegs Wao O

Proof of Theorem 1. By Lemma 7, it is enough to show that: if W ~ V and
wt(W) = wt(V), then W ~y, V. Indeed, if a path from W to V in G(X) passes
through vertices whose weight is greater than wt(W), then, by Lemmas 9 and 10,
we can modify the path so that either the number of vertices of the maximal weight
is reduced, or the number of horizontal edges incident to such vertices is reduced.
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