ON THE HURWITZ ACTION ON
QUASIPOSITIVE FACTORIZATIONS OF 3-BRAIDS

S. Yu. OREVKOV

Let B3 be the group of braids with three strings: Bz = (01,02 | 010201 =
090102). A quasipositive factorization of X € Bg is a collection (X1,..., Xy) € B’?f
such that X;... X, = X, and each of the X;’s is conjugate in B3 to the standard
generator o;. Note that o1 and o9 are conjugate to each other in Bs. A braid X
is called quasipositive if it admits at least one quasipositive factorization.

Let G be a group. We define the mappings ¥; : G¥ — G*, 1 < i < k, by
setting ¥;(X1,...,X%) = (Y1,...,Ys) where (Y;,Yiy1) = (X; X1 X, ', X;) and
Y; = X; for j & {i,i+ 1}. These mappings are invertible because (X;, X;11) =
(Y7;+1,Y¢:_11Y7;Y1+1)- If (X1,...,Xx) is a quasipositive factorization of a braid X,
then it is easy to see that X;( X1, ..., Xj) is also a quasipositive factorization of the
same braid. The correspondence o; — 3; is an action of the braid group By on the
set G*. This action is called the Hurwitz action. Factorizations belonging to the
same orbit of the Hurwitz action are called Hurwitz equivalent.

If U, V are words over the alphabet A = {01,02} (such words, as well as the
braids represented by them, are called positive), then U = V stands for letterwise
coincidence and U = V stands for equality in B3. We set A = 010907.

If W=a;...a, is a positive word and I = {iy,... ik}, 1 <i3 < --- < i <mn,
then we set W\ I = Wy...Wy_1 and W; = (AlxlAl_l, e AkxkA,zl) where
xj = a;,, Wi,..., Wy are pieces into which W is split by x1,..., 25 (i. e., W; =
aj...amy wherel =i;_1+1, m=1i;—1,i0 =0, ixy41 =n+1)and A; =W;...W,.
It is easy to see that W is a quasipositive factorization of WA™P if and only if
w \ I=AP Ifi—1 Q I,v€1I,and a;_1 = a;, then W = W{Z_l}u(I\{Z}) When 1

does not contain such i, we say that I is W-minimal.

Theorem 1. Let W be a positive word and p > 0. Suppose that the braid X =
WA™P is quasipositive. Then every orbit of the Hurwitz action on quasipositive
factorizations of X contains an element of the form Wy with W-minimal I.

Corollary 1. (see [3]). A braid X € Bgs is quasipositive if and only if any posi-
tive word W such that X = WA™P admits a removal of some letters so that the
remaining word is equal to AP in Bs. [

Since any 3-braid can be presented as WA™P, Theorem 1 provides an algorithm
for finding representatives of all orbits of the Hurwitz action. The algorithm can
be optimized in the ‘branch and bound’ spirit by analogy with [4; §6].

Corollary 2. The number of orbits of the Hurwitz action for any 3-braid is fi-
nite.! O

1(Added in 2019) There is a mistake here in the published version of this article.
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Corollary 3. Any two quasipositive factorizations of a positive 3-braid are Hurwitz
equivalent.

Proof. 2 By Theorem 1, it is enough to check that the factorizations (o1, o2, 01) and

(02,01,02) are Hurwitz equivalent. Indeed, (o1, 02, 01) =3 (01, 020102_1, 02) =
(01020102_101_1, o1, 03) = (09, 01, 02). O

The Birman-Ko-Lee (BKL) presentation for Bj is
B3 = (00,01,02 | 0201 = 0100 = 0002) (2)

where 0, and o2 are the same as above, and hence o9 = o Looo1. Words over
the alphabet {og, 01,02} and the braids represented by them will be called BKL-
positive. Any 3-braid can be written in the form W~P with a BKL-positive W
and § = 09201.

Theorem 2. Let W be a BKL-positive word and p > 0. Suppose that the braid
X = WP is quasipositive. Then every orbit of the Hurwitz action on quasipositive
factorizations of X contains an element of the form Wy with W-minimal I.

Corollary 4. Any two quasipositive factorizations of a BKL-positive 3-braid are
Hurwitz equivalent.

Of course, a BKL analog of Corollary 1 holds as well. In spite of the similarity
between Theorems 1 and 2, their proofs are very different. Our proof of Theorem
1 is more geometric. It is inspired by the proof of the main result in [2]. The proof
of Theorem 2 is purely combinatorial, it is in the spirit of [3].

Let e : B3 — Z be the group homomorphism such that e(o1) = e(03) = 1.

Theorem 3. If X € B3 and e(X) = 2, then X has at most two orbits of the
Hurwitz action.

Example. Let W = 0%?030305. Then Wiy # Wysry. Hence, by Theorems 1

and 3, the braid WA~2 has exactly two orbits of the Hurwitz action.

Remark. Theorem 2 and its proof extend without changes to the case of Artin-
Tits groups of type Is(p) if one defines BKL-positive words as positive words in
the generators of the presentation (ai,...,ap, | apap—1 = ap_1ap—2 = -+ = agaq =
ajap).

§1. Admissible graphs and quasipositive factorizations. We fix a disk D
and a point ¢ on its boundary dD. Let I' be an oriented graph embedded in D\ {¢}
and let the numbers 1 and 2 be assigned to every edge of I'. Let V(I') be the set
of all vertices of I' and let V,,(I") be the set of the vertices adjacent to n edges. We
set O =T'NaD, R(I") = Vg(T'), and B(I") = V1(I") \ OT". Elements of B(I") will be
called branch points.

We say that I' is an admissible graph if 0OT' C V1(I"), V(I') = V4(I") U R(T"), and
the edges incident to any vertex v € R(I") are oriented and labeled as in Fig. 1. An
admissible graph I' will be called quasipositive if the edge incident to any branch
point b is oriented towards b (see Fig. 1).

If  is a path in D \ V(I') transversal to the edges of I', then we define the

word I'(a) as ailail ... where 41,13,... are the numbers assigned to the edges

2(Added in 2019) In fact it is enough to observe that I is unique.
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successively crossed by a and the signs are chosen according to the orientation of
these edges, so that a positively oriented loop around a branch point labeled by ¢
corresponds to ;. The word corresponding to the positive circuit along 9D starting
from ¢ will be called the boundary word of I'. We denote it by I'(0D). If I' is an
admissible graph, then it is easy to see that paths which are homotopic in D\ B(T)
define the same braid.

Every quasipositive graph I' uniquely determines a Hurwitz equivalence class
of quasipositive factorizations of the boundary braid as follows. Let B(I') =
{b1,...,bx}. We choose pairwise distinct paths aq,...,q; as in Fig. 2. Then
(T'(a1), ..., I'(ax)) is a quasipositive factorization of I'(0D). The collection of
paths («;) is defined up to a diffeomorphism of the disk identical on the boundary,
i. e., up to the action of the braid group Bx. One can check that this is the Hurwitz
action.

Lemma 1. Any quasipositive factorization of a given word can be represented by
a quasipositive graph.

Proof. 1f words W7 and W5 are equal in B3 and a disk D5 is inside Dy, then there
exists a branch point free admissible graph I' in the annulus D; \ D2 such that

['(0D;) = W;, i = 1,2. It is enough to check this fact when W5 is obtained from
W1 either by a braid group relation or by inserting or removing ail jFl. Let us
construct a graph which defines a given quasipositive factorization (X 15+, Xg) of
a given word W, X; = aialai_l. We consider nested disks D3 C Dy C D1 C D. In
D\ Dy, we construct a graph realizing the equality W = X; ... X,. In Dy \ Do,
we complete the edges corresponding to the central o;’s by adding branch points.
Finally, in Dy \ D3, we realize the equality (a;a;"')...(ara; ') =1. O

Lemma 2. If two quasipositive graphs coincide outside a disk U C D and if each
of them has at most one branch point in U, then the graphs define the same quasi-
positive factorization of the boundary braid. [

) <’ %\ LI/ J \Ii i ZI/\J{/\‘Ii
/\ j N i//j j\\ /j

Fig. 3. i £ j

~

In fact, we need Lemma 2 only in two cases: when one graph is obtained from
the other by the modifications shown in Fig. 3.

§2. Proof of Theorem 1. Let A_, be the word o toy o ot (3p alternat-
ing letters). It represents the braid A~P. By Lemmas 1 and 2, it suffices to prove
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that the modifications in Figure 3 allow us to transform any quasipositive graph
with the boundary word WA_, so that every branch point of the new graph is
connected by an edge to a point on dD. We say that such branch points are good
and the others are bad.

We prove this fact by induction on the weight of the graph which we define as
|R(T")| plus the number of bad branch points. If the weight is zero, then all branch
points are good. Let us prove the required result for a graph I' assuming that it
is proven for all graphs of smaller weight. If there are no bad points, we are done.
So, we assume that they exist. Suppose that no modification reduces the weight.
Let b be a bad branch point. Without loss of generality, we may assume that the
edge bv incident to b is labeled by 1. In a neighbourhood of this edge, I is oriented
as in Fig. 1 with ¢ = 1 and j = 2 because otherwise modification A in Fig. 3 would
reduce |R(I")|. Let P be the closure of the component of D\ I' that contains b. Let
€1, ...,en be the edges of I' lying on 0P, numbered in the order of a positive circuit
along 0P starting from v.

Let us prove by induction on i that if e; has a positive (resp. negative) orientation
with respect to OP, then it is labeled by 2 (resp. by 1). Since this fact contradicts
the orientation of e, in Fig. 1, this will complete the proof of Theorem 1. The
assertion is true for ¢ = 1. Suppose that it is true for some 7. To deduce it for ¢ + 1,
it suffices to exclude all the cases shown in Fig. 4.

Fig. 4.

The left upper case is impossible due to our choice of A_,. The two right upper
cases are impossible because modification A applied to the disk U reduces the
number of bad branch points. The others are impossible because modification A
applied to U followed by modification B applied to V' reduces |R(I')|. Theorem 1
is proven.

§3. Proof of Theorem 2. Let A = {0¢,01,02} and let P be the set of BKL-
positive words. Recall that U = V is the equality in Bs whereas U = V is the
letterwise coincidence of words. We follow the convention that if the notation = is
used, then all factors on both sides of the equality belong to P. We set 7 : B; — B
and 7(X) = §"1X§. Since 7(A) = A, we can define 7: P — P.

Lemma. (see [1; Theorem 2.7]). If U =V for U,V € P, then V is obtained from
U by relations (2) (without inserting o; ). O

Lemma 4. Ifay...a, =0by...b,, a;,b; € A, then (ay,...,a,) ~ (b1,...,b,). O
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Lemma 5. Let 0» = W = AuB, u € A. Then there exist v € A and k > 0
such that either A = A1vAs, Ay = 6%, vAsu = "1 or B = BjvB,, By = 6,
uBv = 6k,

Proof. If p = 1, the statement is obvious. Assume that it is true for p — 1. By
Lemma , either we have W = (0201)P, or at least one relation can be applied to W.
In both cases we have W = CxyD where zy = 6. If A= C or A = Cx, then we set
v =y or v = x respectively and we are done. Otherwise we have either C' = AuC',
or D = DyuB. We consider only the former case (the latter one is similar). Let
E = 77 Y(D). Then AuC1E = CE = C6D5 ' = W1 = P71, Hence, by
the induction hypothesis, we have either 1) A = AjvAy, Ay = 6k, vAu = 6F 1,
or 2) C; = BwCy, By = 6%, uBiv = 61, or 3) E = EywE,, C1E; = ™,
uC1 Eyw = §™*1. In Cases 1) and 2), the statement of the lemma is evident. In
Case 3), we set By = Ciazy7(E1), v =71(w), Bo =71(E3), k=m+1. O

Let To(W) = {I | W\ T =6%,p >0, |1 = k}.

Lemma 6. Let W =ay...a, € P, I € Zi,(W). Suppose that a;a;41 = 0 for some
t and that one of the numbers i, i+ 1 belongs to I and the other one does not. Then
there exists J € Iy,(W) such that Wy ~ Wy and {i,i+1}NJ = @.

Proof. Leti ¢ I and i+1 € I (inthe casei € I and i+1 ¢ I the proof is similar). Let
W = Wiz, .. WixpWi1 where z1, ...,z are the letters whose positions belong
to I. Then, for some m, we have xm = a;41 and W,,, = Au where u = a;. Let
A;j =W ... W, and X; _Ax]A ,j=1,...,k. Let v = q; be the letter in W'\ I
matching u Whose existence is proven in Lemma 5, and let Wy be the subword that
contains it. Let J = {l} U (I \ {¢ + 1}). We are going to prove that W; ~ Wj. Let
Wj; = Y1,...,Y%). It is clear that ¥; = X; when j < min(m, s).

Case 1. s < m. Then W,...W,, = BvDu, D = §9, vDu = §9!, and if,
moreover, s < m, then Wy = BvC and D = CWyyq...W,,_1A. Since uz,, = 5,
it follows that vDu = Duz,,, hence X, = A, 1Bv(Duxm)(vDu)_1B_1As_ .=
A, 1BvB7'AY, = Y, If j > m, then we have Y; = Bjz;B; ' where B,
As_1B(Duxpy)) Wiy ... W, = As_lB(vDu)WmH W = A;, whence Y; = X‘7
If s < j < m, then Y;Y}HYS_l = Bjij._ where B; = YA, 1BCWyiq ... W, =
(As_1BvB™rA7' A 1BCWgyy...W; = Ay 1BvCWyyy...W; = A;, whence
Y;ij_FlYS_l = Xj. Thus WJ = (Xl, ceey Xs—laXm; Xle Xm, ceey Xlem_le,
Xit, o Xp) =270 .8 (W)).

Case 2. s > m. Then W, = BvC, uz,, = 6, D = 69, uDv = §97! where D =
Wit1 ... Ws_1B. Hence uDv = ux,, D and, by canceling u, we obtain Dv = x,, D.
Therefore, Y,_ 1= = Apxm(Dv)(x, D) LA = AmxmA_1 = X, If j > s, then
Y; = B; xJB_ where B; = A, (27, D)CWsiq ... W; (Dv)CWS+1 Wi =
Aj, whence V; = X;. If m < j < s, then Y;_; = B]x]Bj_ where B; =
AT Wit .. .Wj = (AmxmAgll)Aj = X,nA;, whence Y;_1 = X, X;X,,'. Thus
W= (Xl, ey, X1, Xme+1Xn_,Ll, ceey Xme_an_,Ll, Xm, Xs, ., Xk) =
Y1 . Xm(Wyp). O

Lemma 7. Let zy =0, x,y € A, and either 1) W = AzyB and V = AuvB where
uwv =29, or (ii) W =AB and V = Azy7(B), or (iii) W\ I # 1, W = AxyB, and
V = A77Y(B). Suppose that I € I,(W). Then there exists J € Ii,(V) such that
Vy ~ Wry.
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Proof. Let i — 1 be the letter length of A and let m = [{i,i+ 1} NI|.

(i). If m =0, then Vi = W;. If m = 2, then the result follows from Lemma 4.
The case when m = 1 reduces to the case when m = 0 by Lemma 6.

(ii). Vy=Wrfor J=(IN[1,i—1))U 2+ (I N]i,k])).

(iii). The case when m = 0 follows from (ii). The case when m = 1 reduces to
the case when m = 0 by Lemma 6. Let us consider the case when m = 2, i. e.,
{i,i+ 1} C I. Let W = a;...a,. The condition W \ I # 1 means that either
{1,...;i—=1}y ¢ I,or {i+2,...,n} ¢ I. We consider only the former case (the
latter is similar). Let | = max({1,...,i — 1} \ I). Without loss of generality we
may assume that a; = 03. Set C =aq...a;-1, D =a;41...,a;,_1, E = 7(D). Since
Dzxy =D =0F = og100F, we have W ~ Uy by Lemma 4 where U = Coy0100EB.
By Lemma 6, we have Uy ~ Ux where {l,l + 1} N K = &. Since Coy7 }(EB) =
Coy D77 Y(B) =V, we have reduced the case when m = 2 to the case when m = 1
with (A, zy, B; I) being replaced by (Cos, 0100, EB; K). O

Now Theorem 2 follows from Lemma 7. Indeed, any quasipositive factorization
(ijjAj_l)";-’:l of a given braid can be represented in the form W; where W =

Wizy .. . WizgWiga, Wy € P, A7 A; = W67 (Ag = Agyr = 1) and the
replacements (i)—(iii) of Lemma 7 allow us to transform W to any given word.

§4. Proof of Theorem 3. Let |1, Al = {01, 02, 0102, 0201}, 7(X) = ATLXA.
For uw € ]1,A[, we denote the first and the last letter of u by S(u) and F(u)
respectively. Any 3-braid can be written in the form ug ... u, A™P with u; € |1, A|
and F(u;) = S(u;11) (the right normal form). Any conjugacy class except oy A2m+1
and 0102A%™ contains an element of this form such that, moreover, 77(F(u,,)) =
S(u1). Let X be such an element. We identify wuq,...,u, (in this order) with the
vertices of a regular polygon P. We define an antisymmetry of P as a reflection
s such that its axis passes though the midpoints of two sides ab and cd, so that
e(u;) = 2 for u; € {a,b,c,d}, and e(u;) # e(s(u;)) otherwise. It is not difficult to
derive the following fact from Theorem 1.

Lemma 8. If X is as above and e(X) = 2, then the number of orbits of the Hurwitz
action on quasipositive factorizations of X is equal to the number of antisymmetries

of P. U
Thus, Theorem 3 follows from:
Lemma 9. P has at most two antisymmetries.

Proof. Suppose that P has three different antisymmetries s1, s2, s3. We number
them so that the angle a between the axes of s; and s, is minimal, in particular,
a<m/3.

Case 1. a =27 /n. Let u_jup and upuy be the invariant sides for s; and s5. We
assume here that the indices are defined mod n. Then the antisymmetricity of s;
and so implies e(ug) = e(u+1) = 2, e(ut2) = 3—e(ux1) =1, e(urz) = 3—e(ux2) =
2, etc. till the vertices antipodal to u41. Since the values of e alternate, it follows
that there is no room for the axis of sj3.

Case 2. a > 27w /n. Let r = sy 0 51 (a rotation by 2«a) and let ab, cd be the sides
invariant by s3. Let a* = r¥1(a), b* = r*!(b). The condition 27/n < a < 7/3
implies that {a,b, c,d}N{a™,bT} = @. Since s3(a™) = b~ it follows that e(a™) = 1
or e(b”) = 1. We assume that e(b~) = 1 (the case when e(a™) = 1 is similar).
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Note that if e(u;) = 1, then always e(s;(u;)) = 2. Hence e(s1(b™)) = 2. Since
s2(b) = s2(r(b7)) = s1(b7) and e(b) = 2, it follows that e(b) = e(s2(b)) = 2.
Therefore, b and s,(b) are consecutive vertices and the axis of sy passes between
them. Hence the angle between the axes s, and s3 is equal to 2w /n. This contradicts
the minimality of «.
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