MARKOV THEOREM FOR TRANSVERSAL LINKS

S. Yu. Orevkov, V. V. Shevchishin

Abstract. It is shown that two braids represent transversally isotopic links if and only if one can pass from one braid to another by conjugations in braid groups, positive Markov moves, and their inverses.

Revised version, 12 February 2002

By a well-known theorem of Alexander [1], any oriented link in R^3 is isotopic to the closure of a braid. The question when two braids represent isotopic links is answered by Markov’s theorem [6] (see [3], [2], or [7] for proofs): It is so if and only if one can pass from one braid to another by conjugations in braid groups B_n, the transformations M^±_n : B_n → B_{n+1}, M^+_n : b → b · σ_n, M^−_n : b → b · σ^{−1}_n called positive/negative Markov moves or stabilizations, and their inverses (destabilizations).

In the seminal paper [2] Bennequin established, among other very important results, the analogue of the Alexander theorem for transversal links (i.e., links transverse to the standard contact structure; see below). Namely, any transversal link is transversally isotopic to the closure of a braid. The purpose of this paper is to prove the corresponding analogue of Markov’s theorem.

Theorem. Two braids represent transversally isotopic links if and only if one can pass from one braid to another by conjugations in braid groups, positive Markov moves, and their inverses.

When this paper had been already finished, we learned from Victor Ginzburg that he had announced this result around 1992. However, his proof has never been published. Another proof of the theorem based on completely different ideas was independently obtained by Nancy Wrinkle in her PhD thesis [8].

Let us recall the standard definitions (see e.g. [2]). Consider the 1-form α = dz + x dy − y dx in R^3 with coordinates x, y, z. It defines the standard contact structure in R^3 . In the cylindric coordinates r, θ, z with x = r cos θ, y = r sin θ one has α = dz + r^2dθ.

A link L in R^3 is transversal if the restriction α|_L nowhere vanishes. In this case α|_L defines a canonical orientation on L.

A geometric braid in R^3 is an oriented link L such that the restriction dθ|_L is positive. In particular, L is disjoint from the z-axis Oz. The degree of L, also called the number of strings of L, is the degree of the projection (r, θ, z) → θ restricted to L. There is a canonical one-to-one correspondence between isotopy classes of geometric braids of degree n and conjugacy classes in the braid group B_n.

Any conjugacy class in B_n defines a transversal isotopy class of transversal links. Indeed, any braid b ∈ B_n can be realized as a geometric braid sufficiently C^1-close to the standard circle r = 1, z = 0, which is clearly transversal.

Typeset by AMS-TEX 1

The rest of the paper is devoted to the proof of Theorem. Essentially, our proof is a parametric version of Bennequin’s proof of his result cited above.

Let L_0 and L_1 be two transversal geometric braids and {L_t}_{t∈[0,1]} a transversal isotopy between L_0 and L_1. Denote the interval [0, 1] by I, the number of components of L_0 by m, and the disjoint union of m abstract circles by S. Abusing notation, we shall denote by s a positively oriented (local) coordinate on S, as also a current point of S. The isotopy {L_t}_{t∈I} can be parameterized by a smooth map L : S × I → R^3 such that for every t ∈ I the map L_t : s → L(s, t) is a parameterization of L_t.

Definition 1. Let {L_t}_{t∈I} be a transversal isotopy parameterized by a map L : S × I → R^3 . It is called monotone near the axis if there exists a finite number of parameters 0 < t_1 < · · · < t_k < 1 such that the following holds:

(1) For any t_i there exists a unique s_i ∈ S such that L(s_i, t_i) lies on the z-axis Oz, and L^{−1}(Oz) = {(s_1, t_1), . . . , (s_k, t_k)}.

(2) Up to a rotation of R^3 around Oz, the mapping L is given in a neighborhood of every (s_i, t_i) by x = τ −3s^2, y = sτ −s^3, z = z_i +s, where s is a positively oriented coordinate on S centered at s_i and τ is a coordinate on I centered at t_i and oriented either positively or negatively.

The isotopy {L_t}_{t∈I} is monotone everywhere if additionally (3) L_t is a transversal geometric braid for every t ∉ {t_1, . . . , t_k}.

Note, that if we fix t ≠ 0 and substitute x = τ − 3s^2, y = sτ − s^3 into the 1-form r^2dθ = x dy − y dx, we get r^2dθ = (τ^2 + 3s^4)ds > 0. Thus, conditions (2) and (3) of Definition 1 are consistent.

We shall always assume that isotopies we consider are sufficiently generic outside a small neighborhood of the axis Oz.

Lemma 1. Let b_0 and b_1 be two braids, L_0 and L_1 the transversal geometric braids defined by them. Assume that there exists an everywhere monotone isotopy between L_0 and L_1. Then one can pass from b_0 to b_1 by conjugations in braid groups, positive Markov moves, and their inverses.

Proof. When passing through a critical value t = t_i, the projection of L_t onto the horizontal plane Oxy transforms near the origin as in Figure 1. This is a positive Markov move. □

Figure 1. The curve s → (τ − 3s^2, sτ − s^3)

Lemma 2. Let {L_t}_{t∈I} be a transversal isotopy between transversal geometric braids L_0 and L_1. Then it can be perturbed into an isotopy {L^′_t}_{t∈I} which is monotone near the axis.

Proof. Let L : S×I → R^3 be a smooth mapping which parameterizes {L_t}. Perturbing it if necessary, we can suppose that it is transverse to the axis Oz. Let us consider a point p = (s_0, t_0) ∈ S×I such that L(p) lies on Oz. Let s and t be coordinates on S and I near s_0 and t_0 respectively (with ds > 0). Set L(s, t) = ( x(s, t), y(s, t), z(s, t) ) . Since all L_t’s are transversal braids, we have ∂z/∂s > 0 at p. Hence, there exists a neighborhood U of p such that ∂z/∂s > ε > 0 in U. Let us modify ( x(s, t), y(s, t) ) in U replacing it by the homotopy in Figure 2 (the shaded zone corresponds to the homotopy described in Part (2) of Definition 1 and shown in Figure 1; we assume here that before the modification the homotopy looked as a parallel motion of a vertical line). If U is sufficiently small, then we can achieve that |r^2θ^′_s| < ε in U, which provides that L^∗_t α > 0. □

Figure 2. Making the isotopy monotone near Oz

Definition 2. Let {L_t}_{t∈I} be a transversal isotopy parameterized by a map L : S × I → R^3 . A bad zone of L is a connected component of the set of those points of S × I in which ∂θ/∂s ⩽ 0, where θ(s, t) is the θ-component of L(s, t).

A bad zone V is simple if (1) V_t := (S × t) ∩ V is connected for all t ∈ I; (2) the total increment of θ along V_t is less than 2π.

The shadow of L on a bad zone V is the set of those points (s_0, t_0) ∈ V for which the shortest segment connecting p_0 := L(s_0, t_0) with the axis Oz meets L_{t0} at some point L(s_1, t_0). The set of all such “shading” points (s_1, t_0) will be called the inverse shadow of V .

A bad zone V is called non-shadowed if the shadow of L on V is empty.

Lemma 3. Let {L_t}_{t∈I} be a transversal isotopy between transversal geometric braids L_0 and L_1 parameterized by L : S × I → R^3 which is monotone near the axis. Let V be a simple and non-shadowed bad zone and U an arbitrary open subset of S × I containing V .

Then L can be deformed into a transversal isotopy L̃ : S × I → R^3 which is monotone near the axis, coincides with L outside U, and such that no bad zone of L̃ meets V .

Proof. Let us write in the cylindric coordinates L(s, t) = ( r(s, t), θ(s, t), z(s, t) ) . Then we have z^′_s +r^2 θ^′_s > 0. This implies that z^′_s > 0 on V . Choose a neighborhood V^+ of V contained in U such that z^′_s ⩾ ε > 0 in V^+.

Figure 3. Elimination of a bad zone (projection onto Oxy)

Let [a, b] be the projection of V onto I. We replace the components x(s, t) and y(s, t) of L in V^+ by the homotopy shown in Figure 3, preserving the component z(s, t). In Figure 3, the bold lines represent the part of the homotopy which is not changed; the dashed and resp. thin solid lines depict the isotopy before and after the modification; the “•” represents the origin of the plane Oxy. The first three steps in Figure 3 is a deformation of the homotopy described in Definition 1(2), see Figure 1.

Figure 3 depicts the modified homotopy for t < c for some c ∈ [a, b]. To construct the modified homotopy for t > c we perform the same operations in the reverse order. □

Lemma 4. Let {L_t}_{t∈I} be a transversal isotopy between transversal geometric braids L_0 and L_1 parameterized by L : S × I → R^3 , which is monotone near the axis. Let ( r(s, t), θ(s, t), z(s, t) ) be a representation of L in cylindric coordinate. Let V be a bad zone, l a generic smooth embedded curve in V which is the graph of a function t = φ(s), and U a neighborhood of l in S × I. Let ε > 0.

Then there exist a sufficiently small open tubular neighborhood U^− of l in S × I and a perturbation L̃ of L of the form L̃ = ( r(s, t), θ̃(s, t), z(s, t) ) (i.e., only the θ-component is changed), such that

(1) ∂(V \U^−) is smooth.

(2) L̃ is monotone near the axis and coincides with L outside U. (3) ∂θ̃/∂s is positive in U^− ∩ V for L̃.

(4) the signs of ∂θ/∂s and ∂θ̃/∂s coincide outside U^− ∩ V . (5) max_{U −} (_{∂θ̃} ∂s /_{∂z} ∂s ) < ε. Informally speaking, this means that a bad zone can be cut along any smooth curve. The operation described in the proof of Lemma 4 will be called wrinkling along the curve l. The left hand side of (5) will be called the maximal slope of the wrinkling. The assertion of the lemma in the manifestation of the Gromov’s h-principle in this setting.

Proof. In a neighborhood of every point (s_0, t_0) of l we perturb θ(s, t) by making a small wrinkle on the graph of θ(s, t_0) at s_0 as it is shown in Figure 4, cf. [2], pp.143–144. □

Let {L_t}_{t∈I} be a transversal isotopy. Assume that {L_t} is monotone near the Oz-axis and generic outside a small neighborhood of the axis Oz. Then for a generic value t_0 of the parameter t the projection of the link L_{t0} on the cylinder S^1 × R with the coordinates (θ, z) is an immersion and the only singularities of the image

Figure 4. Wrinkling

are crossings, i.e., ordinary double points. Moreover, there exist only finitely many values 0 < t_1 < · · · < t_k < 1 for which the projection of L_{ti} on θz-cylinder has a unique singularity of one of the following types:

(I) L_{ti} meets the axis Oz at some point in the way described in Definition 1. (II) The projection of L_{ti} on θz-cylinder has a unique ordinary tangency point. (III) The projection of L_{ti} on θz-cylinder has a unique ordinary triple point.

The singularities of types (II) and (III), respectively, are the second and third Reidemeister moves in coordinates (θ, z). The first Reidemeister move in coordinates (θ, z) is impossible for transversal links since the derivatives^{∂z}_{∂s} and^{∂θ}_{∂s} can not both vanish. Instead, a single Reidemeister move of the first kind occurs in every type (I) singularity of a transversal isotopy provided we consider the projection on Oxy-plane, see Figure 1.

When we depict a crossing of the θz-projection of a link L_t, we assume that we look from the axis Oz, i.e. the overpass (resp. underpass) corresponds to the arc with a smaller (resp. bigger) value of r. So, we say that an arc with a smaller value of r passes over or shadows an arc with a bigger value of r (compare with Definition 2). A singularity of the type (II) or (III) is called positive if^{∂θ}_{∂s} > 0 at every point of L_{ti} which projects on the singularity, and non-positive otherwise. A non-positive singularity of the type (II) is called bad if there is a negative arc (with^{∂θ}_{∂s} > 0) which is shadowed by another arc at the singularity.

Lemma 5. Let L be a transversal link. Suppose that the projection onto the θzcylinder has a bad non-positive singularity of the type (II). Then the both branches are negative at this point.

Proof. Let the branches be parametrized by (r_ν (s), θ_ν (s), z_ν (s)), ν = 1, 2, so that r_1 > r_2 at the crossing point. The tangency means that z^′_2/z^′_1 = θ^′_2/θ^′_1 = λ. Since α|_L is positive, we have z^′_j + r^2_j θ^′_j > 0, j = 1, 2. Since the singularity is bad, we have θ^′_1 < 0. Suppose that θ^′_2 > 0. Then λ < 0 and we have

0 < z^′_2 + r^2 θ^′_2 < z^′_2 + r^2_1 θ^′_2 = (z^′_1 + r^2_1θ^′_1)λ < 0. □

Lemma 6. Any transversal isotopy {L_t} monotone near the Oz-axis and generic outside it can be perturbed into a transversal isotopy L̃ without non-positive singularities of type (III) and without bad non-positive singularities of the type (II). Moreover, such a perturbation can be made C^0-small and located in arbitrarily small neighborhoods of the points (s_j , t_j ) for which the thread L(s, t_j ) passes though a singularity of the type (II) or (III) with non-positive derivative^{∂θ}_{∂s} at s = s_j .

Proof. As in Lemma 4, it is sufficient to perturb only the coordinate θ.

Step 1. Elimination of non-positive triple points. At each non-positive triple point, we perturb all negative branches as in Figure 5a. This can be done by replacing θ(s, t) with θ̃(s, t) = θ(s, t) + f(z(s, t), s) where the function f(z, s) is the same for all the negative branches. In the case when there are exactly two negative branches, we take care that for any t the crossing point of the perturbed branches rests on the same place as it was before the perturbation. After such modification the triple point becomes positive and no other triple points apear (a priori, new singularities of the type (II) may appear).

Step 2. Elimination of bad tangencies. Consider a bad non-positive singularity of the type (II). By Lemma 5, the both branches are negative at this point. We perturb them in the same way as in Step 1 (see Figure 5b). □

Figure 5. Elimination of bad non-positive singularities

Proof of Theorem. By Lemma 1, it is sufficient to prove that any transversal isotopy L between transversal geometric braids L_0 and L_1 can be transformed into an everywhere monotone isotopy (see Definition 1). By Lemma 2, we may suppose that L is monotone near the axis Oz.

Wrinkling L along sufficiently many segments s = const as in Lemma 4, we can assume that all the bad zones are simple. Let us denote them by V_1, V_2, . . . , V_n. Fix disjoint neighborhoods U_i’s of V_i’s. We are going to eliminate the bad zones one by one modifying L at the i-th step only in U_i ∪ · · · ∪ U_n. This insures that the procedure will terminate. The isotopy obtained after the i-th modification is denoted by L_i and L_0 = L is the initial isotopy. Every L_i will be monotone near the axis Oz.

To pass from L_i to L_{i+1}, we proceed as follows (compare with [2], Theorem 8, pp.142–144).

Step 1. Eliminate non-positive singularities of L_i of the type (III) and bad nonpositive singularities of the type (II) applying Lemma 6.

Let us consider connected components ℓ_1, ℓ_2, . . . of the inverse shadow of V_i on the other bad zones (a bad zone cannot shadow itself because ∂z/∂s > 0 on it). Any point (s, t) of any ℓ_ν corresponds to a crossing of the projection of L_t onto the θz-cylinder. The crossing is either as in Figure 6a or as in Figure 6b. Step 2. For each component ℓ_ν corresponding to Figure 6b, we wrinkle the corresponding bad zone along it (see Figure 7).

Step 3. Wrinkle V_i along the shadow of L_i (see Figure 8).

Note that crossings as in Figure 6a are eliminated at Step 2 and the fact that crossings as in Figure 9 are impossible, is proved in [2, pp.142–144] (the proof is similar to that of Lemma 5). If the maximal slope of the wrinkling is small enough

Figure 6. Figure 7. Wrinkling at Step 2

Figure 8. Wrinkling at Step 3

Figure 9. Impossible crossing

(see condition (5) of Lemma 4), then no new shadow appears because the wrinkling is performed away from tangencies and triple points.

Step 4. Wrinkle, if necessary, the obtained bad zones along segments s = const to make all the bad zones simple.

Step 5. Apply Lemma 3 to all the newly obtained bad zones in U_i. □

Example. According to [5], two transversal unknots are transversally isotopic iff they have the same Bennequin index. The Bennequin index of a transversal geometric braid L corresponding to a braid b ∈ B_n is equal to ( ∑ i k_i) − n for b = ∏ i σ^{ki}_{ji} (see [2]). Therefore, by our theorem, any braid representing an unknot can be transformed by positive (de)stabilizations and conjugations into the braid σ^{−1}_1 . . . σ^{−1}_{n−1} ∈ B_n for some n. Here is the sequence of transformations for the braid σ^{−1}_1 σ_2σ^{−1}_3 (k and k̄ stand for σ_k and σ^{−1}_k ; M^{−1}_+ for a positive destabilization):

¯12¯3 = ¯1¯332¯3 = ¯3¯132¯3 = ¯3¯1¯232^{conj}−→ ¯1¯232¯3 = ¯1¯2¯232^{conj}−→ 2¯1¯2¯23^{M −1+}−→ 2¯1¯2¯2^{conj}−→ ¯1¯2.

Acknowledgement. The authors were supported by Deutsche Forschungsgemeinschaft Schwerpunkt “Global Methods in Complex Geometry”.

Remark. It appears that our theorem combined with Theorem 5.4 of the paper [4] by Fuchs and Tabachnikov implies the “usual” topological Markov theorem. To see this fact, one should only notice that the negative Markov move M^− is the “braid” realization of the destabilization operation ρ used in [4].

References

1. J. W. Alexander, A lemma on systems of knotted curves, Proc. Nat. Acad. Sci. USA 9 (1923), 93–95.

2. D. Bennequin, Entrelacements et équations de Pfaff, Astérisque 107–108 (1983), 87–161. 3. J. Birman, Braids, links, and mapping class groups, Annals of Mathematics Studies, No. 82, Princeton University Press, Princeton, N.J., 1974.

4. D. Fuchs and S. Tabachnikov, Invariants of Legendrian and transverse knots in the standard contact space, Topology 36 (1997), 1025–1053.

5. Y. Eliashberg, Legendrian and transversal knots in tight contact 3-manifolds, in: Topological methods in modern mathematics, Stony Brook, NY, 1991, Publish or Perish, Houston, TX, USA, 1993, pp. 171–193.

6. A. A. Markov, Über die freie Äquivalenz der geschlossenen Zöpfe, Mat. Sbornik 43 (1936), 73–78.

7. H. R. Morton, Threading knot diagrams, Math. Proc. Cambridge Philos. Soc. 99 (1986), 247– 260.

8. Nancy C. Wrinkle, The Markov Theorem for transverse knots, arXiv:math.GT/0202055.

S. Yu. Orevkov, Steklov Math. Institute, ul. Gubkina 8, Moscow, Russia Laboratoire E.Picard, UFR MIG, Université Paul Sabatier, 118 route de Narbonne, 31062 Toulouse, France

E-mail address: orevkov@picard.ups-tlse.fr

V. V. Shevchishin, Ruhr-Universität, Bochum, Fakultät für Mathematik, Universitätsstrasse 150, 44801 Bochum, Germany

E-mail address: sewa@cplx.ruhr-uni-bochum.de