
MARKOV THEOREM FOR TRANSVERSAL LINKSS. Yu. Orevkov, V. V. Shev
hishinAbstra
t. It is shown that two braids represent transversally isotopi
 links if andonly if one 
an pass from one braid to another by 
onjugations in braid groups, positiveMarkov moves, and their inverses.Revised version, 12 February 2002By a well-known theorem of Alexander [1℄, any oriented link in R3 is isotopi
to the 
losure of a braid. The question when two braids represent isotopi
 links isanswered by Markov's theorem [6℄ (see [3℄, [2℄, or [7℄ for proofs): It is so if and onlyif one 
an pass from one braid to another by 
onjugations in braid groups Bn, thetransformations M�n : Bn ! Bn+1, M+n : b 7! b � �n, M�n : b 7! b � ��1n 
alled posi-tive/negative Markov moves or stabilizations, and their inverses (destabilizations).In the seminal paper [2℄ Bennequin established, among other very important re-sults, the analogue of the Alexander theorem for transversal links (i.e., links trans-verse to the standard 
onta
t stru
ture; see below). Namely, any transversal linkis transversally isotopi
 to the 
losure of a braid. The purpose of this paper is toprove the 
orresponding analogue of Markov's theorem.Theorem. Two braids represent transversally isotopi
 links if and only if one 
anpass from one braid to another by 
onjugations in braid groups, positive Markovmoves, and their inverses.When this paper had been already �nished, we learned from Vi
tor Ginzburgthat he had announ
ed this result around 1992. However, his proof has never beenpublished. Another proof of the theorem based on 
ompletely di�erent ideas wasindependently obtained by Nan
y Wrinkle in her PhD thesis [8℄.Let us re
all the standard de�nitions (see e.g. [2℄). Consider the 1-form � =dz + x dy � y dx in R3 with 
oordinates x; y; z. It de�nes the standard 
onta
tstru
ture in R3 . In the 
ylindri
 
oordinates r; �; z with x = r 
os �, y = r sin � onehas � = dz + r2d�.A link L in R3 is transversal if the restri
tion �jL nowhere vanishes. In this 
ase�jL de�nes a 
anoni
al orientation on L.A geometri
 braid in R3 is an oriented link L su
h that the restri
tion d�jL ispositive. In parti
ular, L is disjoint from the z-axis Oz. The degree of L, also 
alledthe number of strings of L, is the degree of the proje
tion (r; �; z) 7! � restri
tedto L. There is a 
anoni
al one-to-one 
orresponden
e between isotopy 
lasses ofgeometri
 braids of degree n and 
onjuga
y 
lasses in the braid group Bn.Any 
onjuga
y 
lass in Bn de�nes a transversal isotopy 
lass of transversal links.Indeed, any braid b 2 Bn 
an be realized as a geometri
 braid suÆ
iently C1-
loseto the standard 
ir
le r = 1, z = 0, whi
h is 
learly transversal. Typeset by AMS-TEX1



2 S. YU. OREVKOV, V. V. SHEVCHISHINThe rest of the paper is devoted to the proof of Theorem. Essentially, our proofis a parametri
 version of Bennequin's proof of his result 
ited above.Let L0 and L1 be two transversal geometri
 braids and fLtgt2[0;1℄ a transversalisotopy between L0 and L1. Denote the interval [0; 1℄ by I, the number of 
om-ponents of L0 by m, and the disjoint union of m abstra
t 
ir
les by S. Abusingnotation, we shall denote by s a positively oriented (lo
al) 
oordinate on S, asalso a 
urrent point of S. The isotopy fLtgt2I 
an be parameterized by a smoothmap L : S � I ! R3 su
h that for every t 2 I the map Lt : s 7! L(s; t) is aparameterization of Lt.De�nition 1. Let fLtgt2I be a transversal isotopy parameterized by a map L :S � I ! R3 . It is 
alled monotone near the axis if there exists a �nite number ofparameters 0 < t1 < � � � < tk < 1 su
h that the following holds:(1) For any ti there exists a unique si 2 S su
h that L(si; ti) lies on the z-axisOz, and L�1(Oz) = f(s1; t1); : : : ; (sk; tk)g.(2) Up to a rotation of R3 around Oz, the mapping L is given in a neighborhoodof every (si; ti) by x = ��3s2, y = s��s3, z = zi+s, where s is a positivelyoriented 
oordinate on S 
entered at si and � is a 
oordinate on I 
enteredat ti and oriented either positively or negatively.The isotopy fLtgt2I is monotone everywhere if additionally(3) Lt is a transversal geometri
 braid for every t 62 ft1; : : : ; tkg.Note, that if we �x t 6= 0 and substitute x = � � 3s2, y = s� � s3 into the 1-formr2d� = x dy� y dx, we get r2d� = (�2 +3s4)ds > 0. Thus, 
onditions (2) and (3) ofDe�nition 1 are 
onsistent.We shall always assume that isotopies we 
onsider are suÆ
iently generi
 outsidea small neighborhood of the axis Oz.Lemma 1. Let b0 and b1 be two braids, L0 and L1 the transversal geometri
 braidsde�ned by them. Assume that there exists an everywhere monotone isotopy betweenL0 and L1. Then one 
an pass from b0 to b1 by 
onjugations in braid groups, positiveMarkov moves, and their inverses.Proof. When passing through a 
riti
al value t = ti, the proje
tion of Lt onto thehorizontal plane Oxy transforms near the origin as in Figure 1. This is a positiveMarkov move. �
τ < 0 τ = 0 τ > 0Figure 1. The 
urve s 7! (� � 3s2; s� � s3)



MARKOV THEOREM FOR TRANSVERSAL LINKS 3Lemma 2. Let fLtgt2I be a transversal isotopy between transversal geometri
braids L0 and L1. Then it 
an be perturbed into an isotopy fL0tgt2I whi
h is mono-tone near the axis.Proof. Let L : S�I ! R3 be a smooth mapping whi
h parameterizes fLtg. Perturb-ing it if ne
essary, we 
an suppose that it is transverse to the axis Oz. Let us 
onsidera point p = (s0; t0) 2 S�I su
h that L(p) lies on Oz. Let s and t be 
oordinates on Sand I near s0 and t0 respe
tively (with ds > 0). Set L(s; t) = �x(s; t); y(s; t); z(s; t)�.Sin
e all Lt's are transversal braids, we have �z=�s > 0 at p. Hen
e, there exists aneighborhood U of p su
h that �z=�s > " > 0 in U . Let us modify �x(s; t); y(s; t)�in U repla
ing it by the homotopy in Figure 2 (the shaded zone 
orresponds to thehomotopy des
ribed in Part (2) of De�nition 1 and shown in Figure 1; we assumehere that before the modi�
ation the homotopy looked as a parallel motion of averti
al line). If U is suÆ
iently small, then we 
an a
hieve that jr2�0sj < " in U ,whi
h provides that L�t� > 0. �
Figure 2. Making the isotopy monotone near OzDe�nition 2. Let fLtgt2I be a transversal isotopy parameterized by a map L :S � I ! R3 . A bad zone of L is a 
onne
ted 
omponent of the set of those pointsof S � I in whi
h ��=�s 6 0, where �(s; t) is the �-
omponent of L(s; t).A bad zone V is simple if(1) Vt := (S � t) \ V is 
onne
ted for all t 2 I;(2) the total in
rement of � along Vt is less than 2�.The shadow of L on a bad zone V is the set of those points (s0; t0) 2 V forwhi
h the shortest segment 
onne
ting p0 := L(s0; t0) with the axis Oz meets Lt0at some point L(s1; t0). The set of all su
h \shading" points (s1; t0) will be 
alledthe inverse shadow of V .A bad zone V is 
alled non-shadowed if the shadow of L on V is empty.Lemma 3. Let fLtgt2I be a transversal isotopy between transversal geometri
braids L0 and L1 parameterized by L : S � I ! R3 whi
h is monotone near theaxis. Let V be a simple and non-shadowed bad zone and U an arbitrary open subsetof S � I 
ontaining V .Then L 
an be deformed into a transversal isotopy ~L : S � I ! R3 whi
h ismonotone near the axis, 
oin
ides with L outside U , and su
h that no bad zone of~L meets V .Proof. Let us write in the 
ylindri
 
oordinates L(s; t) = �r(s; t); �(s; t); z(s; t)�.Then we have z0s+r2 �0s > 0. This implies that z0s > 0 on V . Choose a neighborhoodV + of V 
ontained in U su
h that z0s > " > 0 in V +.
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t = aFigure 3. Elimination of a bad zone (proje
tion onto Oxy)Let [a; b℄ be the proje
tion of V onto I. We repla
e the 
omponents x(s; t) andy(s; t) of L in V + by the homotopy shown in Figure 3, preserving the 
omponentz(s; t).In Figure 3, the bold lines represent the part of the homotopy whi
h is not
hanged; the dashed and resp. thin solid lines depi
t the isotopy before and afterthe modi�
ation; the \�" represents the origin of the plane Oxy. The �rst threesteps in Figure 3 is a deformation of the homotopy des
ribed in De�nition 1(2), seeFigure 1.Figure 3 depi
ts the modi�ed homotopy for t < 
 for some 
 2 [a; b℄. To 
onstru
tthe modi�ed homotopy for t > 
 we perform the same operations in the reverseorder. �Lemma 4. Let fLtgt2I be a transversal isotopy between transversal geometri
braids L0 and L1 parameterized by L : S � I ! R3 , whi
h is monotone near theaxis. Let �r(s; t); �(s; t); z(s; t)� be a representation of L in 
ylindri
 
oordinate. LetV be a bad zone, l a generi
 smooth embedded 
urve in V whi
h is the graph of afun
tion t = '(s), and U a neighborhood of l in S � I. Let " > 0.Then there exist a suÆ
iently small open tubular neighborhood U� of l in S � Iand a perturbation ~L of L of the form ~L = �r(s; t); ~�(s; t); z(s; t)� (i.e., only the�-
omponent is 
hanged), su
h that(1) �(V nU�) is smooth.(2) ~L is monotone near the axis and 
oin
ides with L outside U .(3) �~�=�s is positive in U� \ V for ~L.(4) the signs of ��=�s and �~�=�s 
oin
ide outside U� \ V .(5) maxU� � �~��sÆ�z�s� < ".Informally speaking, this means that a bad zone 
an be 
ut along any smooth
urve. The operation des
ribed in the proof of Lemma 4 will be 
alled wrinklingalong the 
urve l. The left hand side of (5) will be 
alled the maximal slope ofthe wrinkling. The assertion of the lemma in the manifestation of the Gromov'sh-prin
iple in this setting.Proof. In a neighborhood of every point (s0; t0) of l we perturb �(s; t) by makinga small wrinkle on the graph of �(s; t0) at s0 as it is shown in Figure 4, 
f. [2℄,pp.143{144. �Let fLtgt2I be a transversal isotopy. Assume that fLtg is monotone near theOz-axis and generi
 outside a small neighborhood of the axis Oz. Then for a generi
value t0 of the parameter t the proje
tion of the link Lt0 on the 
ylinder S1 � Rwith the 
oordinates (�; z) is an immersion and the only singularities of the image



MARKOV THEOREM FOR TRANSVERSAL LINKS 5
s 0

θ

s

s 0

θ

sFigure 4. Wrinklingare 
rossings, i.e., ordinary double points. Moreover, there exist only �nitely manyvalues 0 < t1 < � � � < tk < 1 for whi
h the proje
tion of Lti on �z-
ylinder has aunique singularity of one of the following types:(I) Lti meets the axis Oz at some point in the way des
ribed in De�nition 1.(II) The proje
tion of Lti on �z-
ylinder has a unique ordinary tangen
y point.(III) The proje
tion of Lti on �z-
ylinder has a unique ordinary triple point.The singularities of types (II) and (III), respe
tively, are the se
ond and third Rei-demeister moves in 
oordinates (�; z). The �rst Reidemeister move in 
oordinates(�; z) is impossible for transversal links sin
e the derivatives �z�s and ���s 
an notboth vanish. Instead, a single Reidemeister move of the �rst kind o

urs in everytype (I) singularity of a transversal isotopy provided we 
onsider the proje
tion onOxy-plane, see Figure 1.When we depi
t a 
rossing of the �z-proje
tion of a link Lt, we assume that welook from the axis Oz, i.e. the overpass (resp. underpass) 
orresponds to the ar
with a smaller (resp. bigger) value of r. So, we say that an ar
 with a smaller valueof r passes over or shadows an ar
 with a bigger value of r (
ompare with De�nition2).A singularity of the type (II) or (III) is 
alled positive if ���s > 0 at every pointof Lti whi
h proje
ts on the singularity, and non-positive otherwise. A non-positivesingularity of the type (II) is 
alled bad if there is a negative ar
 (with ���s > 0)whi
h is shadowed by another ar
 at the singularity.Lemma 5. Let L be a transversal link. Suppose that the proje
tion onto the �z-
ylinder has a bad non-positive singularity of the type (II). Then the both bran
hesare negative at this point.Proof. Let the bran
hes be parametrized by (r�(s); ��(s); z� (s)), � = 1; 2, so thatr1 > r2 at the 
rossing point. The tangen
y means that z02=z01 = �02=�01 = �. Sin
e�jL is positive, we have z0j+r2j �0j > 0, j = 1; 2. Sin
e the singularity is bad, we have�01 < 0. Suppose that �02 > 0. Then � < 0 and we have0 < z02 + r22�02 < z02 + r21�02 = (z01 + r21�01)� < 0: �Lemma 6. Any transversal isotopy fLtg monotone near the Oz-axis and generi
outside it 
an be perturbed into a transversal isotopy ~L without non-positive sin-gularities of type (III) and without bad non-positive singularities of the type (II).Moreover, su
h a perturbation 
an be made C0-small and lo
ated in arbitrarily smallneighborhoods of the points (sj ; tj) for whi
h the thread L(s; tj) passes though a sin-gularity of the type (II) or (III) with non-positive derivative ���s at s = sj.Proof. As in Lemma 4, it is suÆ
ient to perturb only the 
oordinate �.



6 S. YU. OREVKOV, V. V. SHEVCHISHINStep 1. Elimination of non-positive triple points. At ea
h non-positive triplepoint, we perturb all negative bran
hes as in Figure 5a. This 
an be done byrepla
ing �(s; t) with ~�(s; t) = �(s; t) + f(z(s; t); s) where the fun
tion f(z; s) is thesame for all the negative bran
hes. In the 
ase when there are exa
tly two negativebran
hes, we take 
are that for any t the 
rossing point of the perturbed bran
hesrests on the same pla
e as it was before the perturbation. After su
h modi�
ationthe triple point be
omes positive and no other triple points apear (a priori, newsingularities of the type (II) may appear).Step 2. Elimination of bad tangen
ies. Consider a bad non-positive singularityof the type (II). By Lemma 5, the both bran
hes are negative at this point. Weperturb them in the same way as in Step 1 (see Figure 5b). �
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(a) (b)Figure 5. Elimination of bad non-positive singularitiesProof of Theorem. By Lemma 1, it is suÆ
ient to prove that any transversal isotopyL between transversal geometri
 braids L0 and L1 
an be transformed into aneverywhere monotone isotopy (see De�nition 1). By Lemma 2, we may supposethat L is monotone near the axis Oz.Wrinkling L along suÆ
iently many segments s = 
onst as in Lemma 4, we 
anassume that all the bad zones are simple. Let us denote them by V1; V2; : : : ; Vn.Fix disjoint neighborhoods Ui's of Vi's. We are going to eliminate the bad zonesone by one modifying L at the i-th step only in Ui [ � � � [ Un. This insures thatthe pro
edure will terminate. The isotopy obtained after the i-th modi�
ation isdenoted by Li and L0 = L is the initial isotopy. Every Li will be monotone nearthe axis Oz.To pass from Li to Li+1, we pro
eed as follows (
ompare with [2℄, Theorem 8,pp.142{144).Step 1. Eliminate non-positive singularities of Li of the type (III) and bad non-positive singularities of the type (II) applying Lemma 6.Let us 
onsider 
onne
ted 
omponents `1; `2; : : : of the inverse shadow of Vi on theother bad zones (a bad zone 
annot shadow itself be
ause �z=�s > 0 on it). Anypoint (s; t) of any `� 
orresponds to a 
rossing of the proje
tion of Lt onto the�z-
ylinder. The 
rossing is either as in Figure 6a or as in Figure 6b.Step 2. For ea
h 
omponent `� 
orresponding to Figure 6b, we wrinkle the 
orre-sponding bad zone along it (see Figure 7).Step 3. Wrinkle Vi along the shadow of Li (see Figure 8).Note that 
rossings as in Figure 6a are eliminated at Step 2 and the fa
t that
rossings as in Figure 9 are impossible, is proved in [2, pp.142{144℄ (the proof issimilar to that of Lemma 5). If the maximal slope of the wrinkling is small enough



MARKOV THEOREM FOR TRANSVERSAL LINKS 7
θ

z

θ

z

θ

z

θ

z

(a) (b)Figure 6. Figure 7. Wrinkling at Step 2
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Figure 8. Wrinkling at Step 3
θ
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Figure 9. Impossible 
rossing(see 
ondition (5) of Lemma 4), then no new shadow appears be
ause the wrinklingis performed away from tangen
ies and triple points.Step 4. Wrinkle, if ne
essary, the obtained bad zones along segments s = 
onst tomake all the bad zones simple.Step 5. Apply Lemma 3 to all the newly obtained bad zones in Ui. �Example. A

ording to [5℄, two transversal unknots are transversally isotopi
i� they have the same Bennequin index. The Bennequin index of a transversalgeometri
 braid L 
orresponding to a braid b 2 Bn is equal to (Pi ki) � n forb = Qi �kiji (see [2℄). Therefore, by our theorem, any braid representing an unknot
an be transformed by positive (de)stabilizations and 
onjugations into the braid��11 : : : ��1n�1 2 Bn for some n. Here is the sequen
e of transformations for the braid��11 �2��13 (k and �k stand for �k and ��1k ; M�1+ for a positive destabilization):�12�3 = �1�332�3 = �3�132�3 = �3�1�232 
onj�! �1�232�3 = �1�2�232 
onj�! 2�1�2�23 M�1+�! 2�1�2�2 
onj�! �1�2:A
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ombined with Theorem 5.4 of the paper [4℄by Fu
hs and Taba
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al Markov theorem. To seethis fa
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