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A real algebraic curve in RP? is called M -curve if it has the maximal possible
number (m — 1)(m — 2)/2 + 1 of connected components where m is the degree.
In this note we construct an M -curve of degree 8 which is arranged up to isotopy
as in Figure 1 where (n) means that there are n ovals outside each other in the
corresponding region. Realizability of this arrangement was not previousely known.
After this result (together with the recent results of [1, 3] and earlier results of
Fiedler, Viro, Korchagin, Shustin, and others, see the surveys [2, 3]) it remains 6
arrangements of 22 ovals whose realizability by M-curves is still unknown.

We shall denote RP! x RP* (resp. RP? blown-up at one point) by R¥ (resp.
by RY;). We shall depict RY,, as a rectangle whose opposite sides are identified
according the arrows. If n = 0 then the sides are 2 x RP! and RP! xy; if n = 1 then
the horizontal sides represent the exceptional curve and the vertical ones represent
a fiber (the proper transform of a line passing through the center of the blow-up).

Lemma 1. There exists a real algebraic curve Cy on RXq of bidegree (2,4) which
is arranged with respect to horizontal lines Ly, Lo, Ls and vertical lines Ly, ..., Ly
as in Figure 2, (in particular, (Co - L1)p, = 3) and which has an ordinary double
point at po with non-real tangents and two cusps at p1 and ps.
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Proof. The genus formula implies that Cy must be rational. So, we shall define it
by a parametrization f : P1 — 3¢, f(t: 1) = ((z cu), (y: z)) where

r=t,  u=1,  y=t(t+1)(t—t3), z=(t—1t1)(t—ta),
t =27 %0219, =217~ 0163, 3= 11T ~ 3781,
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Let us introduce also the affine coordinates X = x/u, ¥ = y/z. One has

y(t) +az(t) = (t+t)(t —1)°, Y(to) =Y(~to) =—%, Y(1)=Y(-t)=—-a
where to =i/ 17 £ 0.203i,  a =2+ 17 ~6.123.

Let us define the lines Ly = {y + az = 0}, Ly = {y = 0}, Ly = {z = 0},
Ly = {z =0}, Ly = {z = t3u}, L¢ = {x = u}, Ly = {u = 0} and the points
(in the affine coordinates) py = (t%,f%), p1 = (0,0), p2 = (#2,00), p3 = (1, —a),
by = (t%,O) b5 = (O0,00), be = (1,0), pbr = (t%afa)v pg = (t%,oo). The above
formulas imply (£to,0,t1,1,¢3,00, —1, —t1,t2) — (po, ..., ps). Since L; - Cp =4 or
2, we have Cy N (U Lj) ={p1,...,ps}. Moreover, by the genus formula, Cy has no
self-crossings except pg. Thus, one can trace Cj in a unique way. [

Lemma 2. There exists a real algebraic curve Cy; on RXq of bidegree (4,4) which
s arranged with respect to horizontal lines L1, Ey and vertical lines L3, Ey as in
Figure 8. Moreover, (C - L1)qs = 4 and Cy has the singularity of the type X0
(ordinary tangency of three smooth branches) at gqs.
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Proof. The blow-up (resp. blow-down) which transforms a point p into a line F
(resp. vice versa) will be denoted below by p T E (resp. E | p).

Step 1. Smooth out Cy as in Figure 3.

Step 2. ps T Eg, then Lg | g6 (we obtain RY; shown in Figures 4 and 5).

Step 3. pa T Es, then Ly | g2 (we obtain RY; shown in Figure 6).

Step 4. pr T E7, then Ls | g5 (we obtain RXy shown in Figures 7 and 8). O

Smoothing out the singularity X1 in Figure 8 (possibility of such a smoothing
follows from [4; Lemma 8]) we can obtain a curve defined by a polynomial whose
Newton polygon is [(0,0), (4,0), (4,3),(0,4)] and whose chart in the sense of [5]
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is shown in the middle hexagon in Figure 9. Gluing it together with charts of
the triangles [(4,0), (10,0), (4,3)] and [(10,0), (16,0), (4,3)], we obtain the chart
of the triangle [(0,0), (16,0), (0,4)] depicted in Figure 9. The charts in the small
triangles are taken from [5, 6]; the both of them are birational transforms of the
same smoothing of X1 (the one used above).

To complete the construction of the curve in Figure 1, we proceed as in [1].
Namely, we start with four real conics in RP? which maximally touch each other
at the same point and we glue the chart in Figure 9 into the point of the tangency,
see Figure 10.
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