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On germs of mappings C2 → C2

We describe germs of mappings (C2, 0) → (C2, 0) ramified along a germ of
irreducible curve whose image is of the form 𝑥𝑝 = 𝑦𝑞.

This paper is an addendum to Kulikov’s paper [6]. In [6; Thm. 4], are described

germs of mappings (C2, 0) → (C2, 0) which have quadratic ramification along an

irreducible germ of curve whose image has one characteristic pair. In the present

paper we give another proof of this result (based on the techniques from [8; §1])

and generalize it to an arbitrary order of ramification.

Beside that, the extra property (see [6; § 0.1]) is proven in §6 for a larger class

of germs. Hence (see [6; Corollary 1]) the results of [5] extend to this class. These

results generalize the Chisini conjecture on sufficient conditions for a surface 𝑆 to

be uniquely determined by the image of the ramification curve of a regular mapping

𝑆 → CP2.

I am grateful to Vik. S. Kulikov, M.G Zaidenberg, and A.K. Zvonkin for useful

discussions and advise for improving the manuscript.

§ 1. The main context

Let 𝑈 be an open ball in C2 centered at the origin and 𝐶 be a curve 𝑢𝑑1 = 𝑣𝑑2 ,

gcd(𝑑1, 𝑑2) = 1, min(𝑑1, 𝑑2) > 1. Let 𝐹 : ̃︀𝑈 → 𝑈 be a covering of a finite degree 𝑁 ,

branched over 𝐶. Let ̃︀𝐶 ⊂ ̃︀𝑈 be the singular locus of 𝐹 (the set of points where 𝐹

is not a local diffeomorphism). Suppose that the following conditions hold.

(A1) ̃︀𝑈 is a domain in C2, the mapping 𝐹 is analytic, and 𝐹 (0) = 0;

(A2) the restriction of 𝐹 to each irreducible component of 𝑓−1(𝐶) (in particular,

to ̃︀𝐶) is bijective.
Let 𝑛 be the order of ramification of 𝐹 along ̃︀𝐶. This means that the divisor of the

Jacobian of 𝐹 is (𝑛− 1) ̃︀𝐶.
Let 𝑓 : ̃︀𝑋 → 𝑋 be a simple normal crossing model (SNC-model) of 𝐹 in the

sense that 𝜎 : 𝑋 → 𝑈 and ̃︀𝜎 : ̃︀𝑋 → ̃︀𝑈 is a composition of blowups of the origin and

its infinitely near points, 𝜎−1(𝐶) is a simple normal crossing curve (SNC-curve),

and 𝑓 : 𝑋̃ → 𝑋 is a holomorphic mapping such that 𝐹 ∘ ̃︀𝜎 = 𝜎 ∘ 𝑓 . We assume

that the SNC-model is minimal, i.e. 𝐸 := 𝜎−1(0) does not contain (−1)-curves

whose valence in 𝜎−1(𝐶) is 1 or 2 and ̃︀𝐸 := ̃︀𝜎−1(0) does not contain (−1)-curves

contracted by 𝑓 to a point.

It is well known that a minimal SNC-model exists and is unique up to equivalence.

It can be obtained as follows. First, we construct an embedded SNC-resolution of

the singularity of 𝐶, and then resolve the indeterminacy points of 𝐹 by blowups oñ︀𝑈 . We keep the notation 𝐶 and ̃︀𝐶 for the proper transforms of 𝐶 and ̃︀𝐶 on 𝑋 and̃︀𝑋 respectively.
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Given a compact SNC-curve 𝐷 = 𝐷1 + · · · +𝐷𝑘, where the 𝐷𝑖 are irreducible,

denote

𝑑(𝐷) = det ‖ −𝐷𝑖 ·𝐷𝑗‖𝑖,𝑗=1,...,𝑘.

We say that 𝐷 is a rational linear chain, if all the 𝐷𝑖 are rational, 𝐷𝑖 ·𝐷𝑖+1 = 1 for

all 𝑖, and 𝐷𝑖 ·𝐷𝑗 = 0 when |𝑖− 𝑗| > 1. Then we call 𝐷1 and 𝐷𝑘 the ends of 𝐷.

Easy to see that 𝐸 is a rational linear chain. Let 𝐸0 be the component of 𝐸 that

intersects 𝐶, and let 𝐸1 and 𝐸2 be the closures of connected components of 𝐸 ∖𝐸0

(they are also rational linear chains). Denote the intersection points as follows:

𝑝0 = 𝐸0 ∩ 𝐶, 𝑝𝑖 = 𝐸0 ∩ 𝐸𝑖, 𝑖 = 1, 2. It is well known (see, e.g., [4; ch. 5]) that

𝑑(𝐸𝑖) = 𝑑𝑖, 𝑖 = 1, 2 (recall that 𝐶 = {𝑢𝑑1 = 𝑣𝑑2}). This fact also immediately

follows from [8; Prop. 1.5(d)] applied to the toric resolution (see, e.g., [2; §8.2]) of

the singularity of 𝐶.

§ 2. Belyi functions and Zannier’s theorem

Denote the Riemann sphere C ∪ {∞} by ̂︀C. We need the following result.

Theorem 1. (Zannier [11; Theorem 1].) Let 𝛼 = (𝛼1, . . . , 𝛼𝑘) and 𝛽 = (𝛽1, . . . , 𝛽𝑙)

be two tuples of positive integers such that
∑︀
𝛼𝑖 =

∑︀
𝛽𝑗 = 𝑁 , 𝑛 := 𝑘 + 𝑙 − 1 ⩽ 𝑁 ,

and gcd(𝛼1, . . . , 𝛼𝑘, 𝛽1, . . . , 𝛽𝑙) = 1. Then there exists a rational function 𝑔 : ̂︀C → ̂︀C
with three critical values1 with the sequences of multiplicities 𝛼, 𝛽, and (𝑛, 1, . . . , 1)

at their preimages.

This theorem is proven in [11] in terms of products of permutations (see also [3]).

A simple and elegant proof based on “dessins d’enfants” is given in [9; Theorem 3.3],

[1; Theorem 3.3].

Remark 1. In [9], Pakovich and Zvonkin found all the pairs (𝛼, 𝛽) in Theorem 1

which define 𝑔 uniquely up to automorphisms of ̂︀C. In [10] they found an explicit

form of 𝑔 for each such pair.

Remark 2. Under the hypothesis of Theorem 1, one can choose coordinates

on ̂︀C such that 0, 1,∞ are the critical values, (𝑛, 1, ..., 1) are the multiplicities at

𝑔−1(∞), and 𝑛 is the multiplicity of ∞. Then 𝑔 = 𝑃/𝑄 where 𝑃 (𝑡) =
∏︀
(𝑡− 𝑎𝑖)

𝛼𝑖 ,

𝑄(𝑡) =
∏︀
(𝑡− 𝑏𝑖)

𝛽𝑖 , and deg(𝑃 −𝑄) = 𝑁 − 𝑛. Such pairs of polynomials (𝑃,𝑄) are

called in [1, 10] Davenport–Zannier pairs (DZ-pairs).

§ 3. The main lemma: an application of results from [8]

The definition and statements of results from [8; §1] are not presented here,

because §1 of that paper is completely independent of the rest of the paper, moreover,

the most of its content are definitions, notation, and statements.

Lemma 3.1. (See Fig. 1.) There exists an irreducible component ̃︀𝐸0 of ̃︀𝐸 such

that:

(i) ̃︀𝐸0 is the closure of 𝑓−1(𝐸 ∖ (𝐸1 ∪ 𝐸2 ∪ 𝐶)).
1Such functions are called Belyi functions.
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Рис. 1. Graphs of 𝐸 and ̃︀𝐸. Bold lines represent linear chains; 𝑚
(𝑗)
𝑖 is

the degree of the restriction of 𝑓 to the 𝑗-th connected component of the

preimage of a small neighborhood of 𝐸𝑖.

(ii) 𝑓−1(𝐸𝑖), 𝑖 = 1, 2, is a union of disjoint rational linear chains ̃︀𝐸(1)
𝑖 , . . . , ̃︀𝐸(ℓ𝑖)

𝑖 .

Each chain ̃︀𝐸(𝑗)
𝑖 transversally intersects ̃︀𝐸0 at a point 𝑝

(𝑗)
𝑖 which belongs to

one of the ends of ̃︀𝐸(𝑗)
𝑖 .

(iii) 𝑓−1(𝑝0) is a finite set of points, one of which is ̃︀𝑝0 := ̃︀𝐶 ∩ ̃︀𝐸0 (recall that

𝑝0 = 𝐸0 ∩ 𝐶).
(iv) 𝑓 is not ramified along ̃︀𝐸0.

(v) The numbers 𝑑
(𝑗)
𝑖 := 𝑑

(︀ ̃︀𝐸(𝑗)
𝑖

)︀
are positive, pairwise coprime, and at most two

of them are greater than 1;

(vi) The restriction 𝑓 | ̃︀𝐸0
is a covering of degree 𝑁 ramified at the points 𝑝

(𝑗)
𝑖 and̃︀𝑝0 (these points are defined in (ii), (iii)). Denote the order of ramification of

𝑓 | ̃︀𝐸0
at these points by 𝑚

(𝑗)
𝑖 and 𝑚0 respectively. Recall that 𝑛 is the order

of ramification of 𝑓 along ̃︀𝐶. Then:
𝑚

(1)
1 + · · ·+𝑚

(ℓ1)
1 = 𝑚

(1)
2 + · · ·+𝑚

(ℓ2)
2 = 𝑁, 𝑚0 = 𝑛, (3.1)

ℓ1 + ℓ2 = 𝑛+ 1, (3.2)

𝑚
(𝑗)
𝑖 𝑑

(𝑗)
𝑖 = 𝑑𝑖, 𝑖 = 1, 2, 𝑗 = 1, . . . , ℓ𝑖, (3.3)

𝑁
(︁
𝑑
(1)
1 . . . 𝑑

(ℓ1)
1

)︁(︁
𝑑
(1)
2 . . . 𝑑

(ℓ2)
2

)︁
= 𝑑1𝑑2. (3.4)

Proof. (i)–(iv). If 𝐷 is a rational linear chain with negative definite intersection

form and 𝑉 is the union of small tubular neighborhoods of its components, then

𝜋1(𝑉 ∖𝐷) ∼= Z𝑑(𝐷) (see [7; §I]). Hence a proper analytic mapping of a smooth surfacẽ︀𝑉 → 𝑉 which is a covering over 𝑉 ∖𝐷 is determined up to equivalence by its degree

as soon as ̃︀𝑉 does not contain (−1)-curves. It is easy to derive from this fact that

all such coverings are equivalent to mappings of toric surfaces described in [8; §1.4],

whence Conditions (i)–(iv) follow.

Indeed, 𝐷 is defined by a fun Σ which is the primitive subdivision of the cone

spanned by the vectors (1, 0) and (𝑒, 𝑑), 𝑑 = 𝑑(𝐷), gcd(𝑒, 𝑑) = 1 (see [8; Prop. 1.5(e)]).

For each divisor 𝑚 of 𝑑, consider the homomorphism 𝐴 : Z2 → Z2, (𝑥, 𝑦) ↦→ (𝑥,𝑚𝑦)

and define ̃︀Σ as the primitive subdivision of the fan 𝐴−1(Σ). Then 𝐴* : 𝑋̃︀Σ → 𝑋Σ
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Рис. 2. Graph of ̃︀𝐸 in Cases (a) and (b) of Theorem 2 (cf. Fig. 1). The

labels near the linear chains ̃︀𝐸(𝑗)
𝑖 are 𝑑( ̃︀𝐸(𝑗)

𝑖 ).

is a mapping of toric surfaces, which is a covering of degree 𝑚 over the complement

of 𝐷 (see [8; Prop. 1.6]).

(v). The positivity of 𝑑
(𝑗)
𝑖 follows from the negative definiteness of the intersection

form. The fact that all of them, maybe except two, are equal to 1 can be proven by

induction on the number of blowups, since 𝑑(𝜎−1(𝐷)) = 𝑑(𝐷) when 𝜎 is a blowup

of a point on an SNC-curve 𝐷 (see also [4; ch. 5]).

(vi). The equation (3.1) is evident; (3.2) follows from the Riemann–Hurwitz

formula; (3.3) follows from [8; Prop. 1.6]; (3.4) follows from [8; Prop. 1.2].2

§ 4. The main theorem

Theorem 2. (I). Suppose that one of the following two cases (a) or (b) takes

place.

(a). 𝑙1, 𝑘1, 𝑘2 ⩾ 1, 𝑙2 ⩾ 0, 𝑙1𝑘1𝑘2 ⩾ 2, and gcd(𝑘1, 𝑘2) = gcd(𝑙1, 𝑑1) = 1, where

𝑑1 = 𝑘1 + 𝑘2 + 𝑙2𝑘1𝑘2. Then we set 𝑑2 = 𝑙1𝑘1𝑘2, 𝑚1 = 𝑙1𝑘2, 𝑚2 = 𝑙1𝑘1,

𝑁 = 𝑙1𝑑1, and 𝑛 = 𝑙1 + 𝑙2 + 1.

(b). 𝑘1, 𝑘2 ⩾ 1, 𝑙1, 𝑙2 ⩾ 0, 𝑘1 + 𝑙2 > 1, 𝑘2 + 𝑙1 > 1, and gcd(𝑘1, 𝑘2) =

gcd(𝑚1,𝑚2) = 1, where 𝑚1 = 𝑘2𝑙2 + 1, 𝑚2 = 𝑘1𝑙1 + 1. Then we set

𝑑1 = 𝑘1𝑚1, 𝑑2 = 𝑘2𝑚2, 𝑁 = 𝑚1𝑚2, and 𝑛 = 𝑙1 + 𝑙2 + 1.

Let 𝑔 : ̂︀C → ̂︀C be a Belyi function (see Theorem 1) with critical values ∞, 1, 0 and

ramification orders 𝛼, (𝑛, 1, . . . , 1), 𝛽 respectively, where

(𝛼;𝛽) =

{︃
(d1; 𝑚1,𝑚2,d2) в случае (a),

(𝑚1,d1; 𝑚2,d2) в случае (b),

d𝑖 = 𝑑𝑖, . . . , 𝑑𝑖⏟  ⏞  
𝑙𝑖

,

and 𝑚1, 𝑚2, and 𝑛 are the ramification orders at ∞, 0, and 1 respectively, which

means that 𝑔(𝑡) = 𝑡𝑚2𝑔2(𝑡)
𝑑2/𝑔1(𝑡)

𝑑1 where 𝑔𝑖 is a polynomial of 𝑙𝑖 (𝑖 = 1, 2),

𝑔1(1) = 𝑔2(1) = 1, and the numerator of the rational function 𝑔(𝑡)− 1 is a multiple

of (𝑡− 1)𝑛. Set 𝐺𝑖(𝑥, 𝑦) = 𝑔𝑖(𝑦
𝑘2/𝑥𝑘1)𝑥𝑘1𝑙𝑖 (𝑖 = 1, 2).

Then the mapping 𝐹 : C2 → C2, (𝑥, 𝑦) ↦→ (𝑢, 𝑣) defined by

𝑢 = 𝑥𝜈𝐺1(𝑥, 𝑦), 𝑣 = 𝑥1−𝜈𝑦 𝐺2(𝑥, 𝑦), 𝜈 =

{︃
0 in Case (a),

1 in Case (b),

2There is a misprint in [8; §1.2]: two different numbers are denoted by 𝑛. It is corrected in the
version of the paper available at https://www.math.univ-toulouse.fr/~orevkov/jci-e.pdf.

https://www.math.univ-toulouse.fr/~orevkov/jci-e.pdf
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is a covering of degree 𝑁 , branched over 𝐶 = {𝑢𝑑1 = 𝑣𝑑2} with ramification of order

𝑛 along ̃︀𝐶 = {𝑥𝑘1 = 𝑦𝑘2}. The papameters of the SNC-model of 𝐹 in the notation

of Lemma 3.1 are, respectively (see Fig. 2),

(a). ℓ1 = 𝑙1, ℓ2 = 𝑙2 + 2; 𝑑
(𝑗)
2 = 𝑘𝑗 , 𝑚

(𝑗)
2 = 𝑚𝑗 (𝑗 = 1, 2);

𝑑
(𝑗)
1 = 1, 𝑚

(𝑗)
1 = 𝑑1 (1 ⩽ 𝑗 ⩽ ℓ1); 𝑑

(𝑗)
2 = 1, 𝑚

(𝑗)
2 = 𝑑2 (3 ⩽ 𝑗 ⩽ ℓ2).

(b). ℓ𝑖 = 𝑙𝑖+1, 𝑑
(1)
𝑖 = 𝑘𝑖, 𝑚

(1)
𝑖 = 𝑚𝑖, 𝑑

(𝑗)
𝑖 = 1, 𝑚

(𝑗)
𝑖 = 𝑑𝑖 (𝑖 = 1, 2; 2 ⩽ 𝑗 ⩽ ℓ𝑖).

(II). Up to the swapping 𝑑1 ↔ 𝑑2, any branched covering satisfying Conditions

(A1) and (A2) is as in Part (I) of this theorem.

Proof. (I). The only critical values of 𝑔 are 0, 1,∞, and the function 𝑔(𝑡) − 1

vanishes with multiplicity 𝑛 at 𝑡 = 1 while the other zeros of it are simple. It follows

that 𝑔′ = 𝜆 𝑡𝛼𝑔𝛽1 𝑔
𝛾
2 (𝑡− 1)𝑛−1, where 𝛼, 𝛽, 𝛾 ∈ Z, 𝜆 ∈ C×. Then, since

𝑔′ = 𝑡𝑚2−1𝑔−𝑑1−1
1 𝑔𝑑2−1

2 ℎ, where ℎ = 𝑚2𝑔1𝑔2 − 𝑑1𝑡𝑔
′
1𝑔2 + 𝑑2𝑡𝑔1𝑔

′
2

and ℎ is coprime with 𝑡𝑔1𝑔2, we conclude that ℎ(𝑡) = 𝜇(𝑡 − 1)𝑛−1, 𝜇 ∈ C×. A

computation shows that, in both cases (a) and (b), we have

𝐽(𝐹 ) :=
𝜕(𝑢, 𝑣)

𝜕(𝑥, 𝑦)
= 𝑥𝑘1(𝑛−1)ℎ

(︁𝑦𝑘2

𝑥𝑘1

)︁
, whence 𝐽(𝐹 ) = 𝜇(𝑦𝑘2 − 𝑥𝑘1)𝑛−1,

and 𝐹 (𝑠𝑘2 , 𝑠𝑘1) = (𝑠𝑑2 , 𝑠𝑑1), i.e. 𝐹 is a covering branched over {𝑢𝑑1 = 𝑣𝑑2} with

ramification order 𝑛 along {𝑥𝑘1 = 𝑦𝑘2}. It is easy to see that the point (1, 0) has 𝑁

preimages, hence the degree of 𝐹 is 𝑁 .

In order to find the parameters of the SNC-model, we decompose 𝜎 and ̃︀𝜎 as

follows:

𝑋
𝜎2−→ 𝑋Σ

𝜎1−→ C2, ̃︀𝑋 ̃︀𝜎2−→ 𝑋̃︀Σ ̃︀𝜎1−→ C2,

where 𝑋Σ and 𝑋̃︀Σ are toric resolutions of the singularities (see, e.g., [2; §8.2]) of

𝐶 and ̃︀𝐶. In the notation of [8; §1.4], this means that the coordinates (𝑥, 𝑦) and

(𝑢, 𝑣) in C2 associated with the cone ⟨𝑒1, 𝑒2⟩, where 𝑒1, 𝑒2 is the standard base of

Z2, while Σ and ̃︀Σ are minimal primitive subdivisions of the fans (𝑒1, 𝑒0, 𝑒2) and

(𝑒1, ̃︀𝑒0, 𝑒2), where 𝑒0 = 𝑑2𝑒1 + 𝑑1𝑒2 and ̃︀𝑒0 = 𝑘2𝑒1 + 𝑘1𝑒2. The mappings 𝜎1 and ̃︀𝜎1
are induced by the identity mapping Z2 → Z2. Then 𝐸0 and ̃︀𝐸0 are the divisors on

𝑋Σ and 𝑋̃︀Σ corresponding to the vectors 𝑒0 and ̃︀𝑒0 respectively.

Let 𝑒+0 = 𝑎1𝑒1 + 𝑎2𝑒2 ∈ Σ and ̃︀𝑒+0 = 𝑏1𝑒1 + 𝑏2𝑒2 ∈ ̃︀Σ be such that 𝑒0 ∧ 𝑒+0 =̃︀𝑒0 ∧ ̃︀𝑒+0 = 1. Let (𝑧, 𝑤) denote the coordinates on 𝑋Σ and (𝑠, 𝑡) be those on 𝑋̃︀Σ,
associated with the cones ⟨𝑒0, 𝑒+0 ⟩ and ⟨̃︀𝑒0, ̃︀𝑒+0 ⟩ respectively. In these coordinates

we have 𝐸0 = {𝑧 = 0}, 𝐶 = {𝑤 = 1}, ̃︀𝐸0 = {𝑠 = 0}, ̃︀𝐶 = {𝑡 = 1}, hence 𝑤 is a

coordinate on 𝐸0 and 𝑡 is a coordinate on ̃︀𝐸0. The mappings ̃︀𝜎1 : (𝑠, 𝑡) ↦→ (𝑥, 𝑦)

and 𝜎−1
1 : (𝑢, 𝑣) ↦→ (𝑧, 𝑤) has the form (see [8; §1.4.1]){︃

𝑥 = 𝑠𝑘2𝑡𝑎2 ,

𝑦 = 𝑠𝑘1𝑡𝑎1 ,

{︃
𝑧 = 𝑢 𝑏1 𝑣−𝑏2 ,

𝑤 = 𝑢−𝑑1𝑣 𝑑2 .

Plugging these expressions into the formula of 𝐹 yields, after simplifications, that

𝜎−1
1 (𝐹 (̃︀𝜎1(𝑠, 𝑡))) = (𝑠 𝜑(𝑡), 𝑔(𝑡)) in both cases (a) and (b), where 𝜑 is a certain
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rational function. In particular, 𝑓 | ̃︀𝐸0
(in the coordinates 𝑡 on ̃︀𝐸0 and 𝑤 on 𝐸0)

takes the form 𝑤 = 𝑔(𝑡), hence it has the required orders of ramification.

(II). Follows from Lemma 3.1. Indeed, in virtue of Condition (v), one of the

following cases (a) or (b) takes place up to swapping 𝑑1 ↔ 𝑑2.

(a). 𝑑
(1)
1 = · · · = 𝑑

(ℓ1)
1 = 𝑑

(3)
2 = · · · = 𝑑

(ℓ2)
2 = 1. Set 𝑙1 = ℓ1, 𝑙2 = ℓ2 − 2,

𝑚𝑗 = 𝑚
(𝑗)
2 , 𝑘𝑗 = 𝑑

(𝑗)
2 , 𝑗 = 1, 2. Then 𝑚

(𝑗)
1 = 𝑑1 (1 ⩽ 𝑗 ⩽ ℓ1) and 𝑘1𝑚1 = 𝑘2𝑚2 =

𝑚
(𝑗)
2 = 𝑑2 (3 ⩽ 𝑗 ⩽ ℓ𝑖) by (3.3). Since gcd(𝑘1, 𝑘2) = 1 (see (v)), the fact that

𝑘1𝑚1 = 𝑘2𝑚2 implies 𝑚1 = 𝑎𝑘2, 𝑚2 = 𝑎𝑘1, 𝑎 ∈ Z. Thus 𝑑2 = 𝑎𝑘1𝑘2. Further,

𝑁 = 𝑑1𝑙1 (see (3.1)), hence (3.4) takes the form (𝑑1𝑙1)(𝑘1𝑘2) = 𝑑1(𝑎𝑘1𝑘2), whence

𝑎 = 𝑙1. Finally, 𝑑1𝑙1 = 𝑁 = 𝑚1+𝑚2+ 𝑙2𝑑2 = 𝑎𝑘1+𝑎𝑘2+ 𝑙2𝑎𝑘1𝑘2 (see (3.1)), hence

𝑑1 = 𝑘1 + 𝑘2 + 𝑙2𝑘1𝑘2 because 𝑎 = 𝑙1.

(b). 𝑑
(2)
1 = · · · = 𝑑

(ℓ1)
1 = 𝑑

(2)
2 = · · · = 𝑑

(ℓ2)
2 = 1. Set 𝑘𝑖 = 𝑑

(1)
𝑖 , 𝑚𝑖 = 𝑚

(1)
𝑖 , and

𝑙𝑖 = ℓ𝑖 − 1, 𝑖 = 1, 2. Then 𝑑𝑖 = 𝑘𝑖𝑚𝑖 (see (3.3)), hence gcd(𝑚1,𝑚2) = 1. Since

𝑁 = 𝑚𝑖𝑘𝑖𝑙𝑖+𝑚𝑖 (see (3.1)), the fact that gcd(𝑚1,𝑚2) = 1 implies 𝑘𝑖𝑙𝑖+1 = 𝑎𝑚3−𝑖,

𝑎 ∈ Z, thus 𝑁 = 𝑎𝑚1𝑚2. Hence (3.4) takes the form (𝑎𝑚1𝑚2)(𝑘1𝑘2) = 𝑑1𝑑2,

whence 𝑎 = 1, which concludes the proof of the theorem.

Remark 3. It is clear that the covering in Case (a) with 𝑘1 = 1 is equivalent to

the covering in Case (b) with 𝑘1 = 1 and the same 𝑘2 (after an evident correction of

𝑙1 and 𝑙2). The coverings also remain equivalent after swapping 𝑘1 with 𝑘2 in Case

(a), and after swapping all the subscripts 1 and 2 in Case (b). One can get rid of

this ambiguity by imposing the following additional restrictions: 𝑘1 ⩽ 𝑘2 (in both

cases) and 𝑘1 ⩾ 2 in Case (a). It is easy to check that all the coverings become

pairwise non-equivalent under these restrictions. The covering type ((a) or (b)) and

the parameters 𝑘1, 𝑘2, 𝑙1, 𝑙2 are also uniquely determined by the numbers 𝑑1, 𝑑2, 𝑁 ,

and 𝑛 (for example, Type (b) occurs when 𝑑1 divides 𝑁).

Remark 4. All the cases when 𝑓 | ̃︀𝐸0
is determined by the ramification orders

uniquely up to equivalence (and hence 𝐹 is determined by 𝑑1, 𝑑2, 𝑁 , and 𝑛)

are presented in Table 1. This fact can be easily derived from [9; Theorem 5.1]

(see Remark 1). In particular, we see that the uniqueness takes place for 𝑛 = 2.

Combined with Theorem 2, this fact completes the proof of [6; Theorem 4].

Table 1. (𝑟 is defined in [10; §5.3] as #(
𝑠
−−∘

𝑡
−−) in [10; Fig. 15].)

Series in [9, 10] Parameters 𝑠, 𝑡, 𝑘, 𝑙, 𝑟 in [9, 10]

(a), 𝑙2 = 0 𝐸4 but 𝑘 = 0 and 𝑙 = 0 𝑟 = 1; 𝑠, 𝑡, 𝑘, 𝑙 are defined

is allowed, i.e. 𝐸4 via the Euclidean division:

includes 𝐵2 and 𝐸2 𝑚2 = 𝑑1𝑘 + 𝑠, 𝑚1 = 𝑑1𝑙 + 𝑡

(b), 𝑙2 = 0 𝐴 𝑠 = 𝑘1, 𝑡 = 1, 𝑘 = 𝑙1

(b), 𝑑1 = 5, 𝑑2 = 3, 𝑃

(𝑘1, 𝑘2; 𝑙1, 𝑙2) = (1, 1; 2, 4)
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§ 5. Explicite formulas for 𝐹 in some particular cases

By an appropriate change of coordinates, explicite formulas for all coverings from

Table 1 can be obtained from the formulas for DZ-pairs given in [10] (see Remarks

1, 2).

For the 1-st row of Table 1, the mapping 𝐹 : (𝑥, 𝑦) ↦→ (𝑢, 𝑣) has the form [10;

§5.3]

𝑢 = 𝐽𝑙1

(︁
− 𝑚1

𝑑1
, −𝑚2

𝑑1
;
𝑦𝑘2 + 𝑥𝑘1

𝑦𝑘2 − 𝑥𝑘1

)︁
(𝑦𝑘2 − 𝑥𝑘1)𝑙1 , 𝑣 = 𝑥𝑦,

where 𝐽𝑘(𝑎, 𝑏;𝑥) is the 𝑘-th Jacobi polynomial. Using [10; (5.2)], the expression for

𝑢 can be transformed into 𝑢 = 𝑥𝑚2𝑆(𝑦𝑘2/𝑥𝑘1 − 1) where 𝑆(𝑇 ) is the 𝑙1-jet of the

power series of (1+𝑇 )𝑚2/𝑑1 . In particular, 𝑢 = (𝑘1𝑦
𝑘2 +𝑘2𝑥

𝑘1)/(𝑘1+𝑘2) for 𝑙1 = 1,

i.e. when 𝐹 has quadratic ramification.

For the 2-nd row of Table 1, the mapping 𝐹 has the form (𝑥, 𝑦) ↦→ (𝑢(𝑥, 𝑦), 𝑦)

where 𝑢′𝑥 = 𝜆(𝑥𝑘1 − 𝑦𝑘2)𝑛−1, 𝑢(0, 𝑦) = 0, and 𝑢(1, 1) = 1, i.e. 𝐽(𝐹 ) = 𝜆(𝑥𝑘1 −
𝑦𝑘2)𝑛−1. In particular, 𝑢 = ((𝑘1 + 1)𝑦𝑘2 − 𝑥𝑘1)𝑥/𝑘1 for 𝑙1 = 1, i.e. for 𝑛 = 2.

For the 3-rd row of Table 1, the mapping 𝐹 : (𝑥, 𝑦) ↦→ (𝑢, 𝑣) has the form

𝑢 = 𝑥3 + 9𝑥𝑦2 + 9𝑦3, 𝑣 = 𝑥5 + 15𝑥3𝑦2 + 15𝑥2𝑦3 + 45𝑥𝑦4 + 90𝑦5

(see [10; §9.6]; in this case ̃︀𝐶 = {𝑦 = 0}).
In particular, this gives an explicit form of 𝐹 in all cases for 𝑛 = 2 and in a half

of cases for 𝑛 = 3. Let us treat the remaining cases for 𝑛 = 3.

In Case (а) with 𝑙1 = 𝑙2 = 1, the mapping 𝐹 : (𝑥, 𝑦) ↦→ (𝑢, 𝑣) has the form{︃
𝑢 = 𝐴− 𝑑2𝐵/𝑠,

𝑣 = 𝑥𝑦(𝐴+ 𝑠𝐵),
𝐴 =

𝑘2𝑥
𝑘1 + 𝑘1𝑦

𝑘2

𝑘1 + 𝑘2
, 𝐵 =

𝑥𝑘1 − 𝑦𝑘2

𝑘1 + 𝑘2
,

where 𝑠 = ±
√
−𝑑1 (recall that 𝑑1 = 𝑘1 + 𝑘2 + 𝑘1𝑘2 and 𝑑2 = 𝑘1𝑘2).

In Case (b) with 𝑙1 = 𝑙2 = 1, the mapping 𝐹 : (𝑥, 𝑦) ↦→ (𝑢, 𝑣) has the form{︃
𝑢 = 𝑥

(︀
𝑎𝑦𝑘2 + (1− 𝑎)𝑥𝑘1

)︀
,

𝑣 = 𝑦
(︀
𝑏𝑥𝑘1 + (1− 𝑏)𝑦𝑘2

)︀
,

𝑎 =
(𝑘1 + 1)(𝑘1 + 𝑠)

𝑘1(𝑘1 − 𝑘2)
, 𝑏 =

(𝑘2 + 1)(𝑘2 + 𝑠)

𝑘2(𝑘2 − 𝑘1)
,

where 𝑠 = ±
√
𝑘1𝑘2.

§ 6. The extra property in Case (b) of Theorem 2 with (𝑙1, 𝑙2) = (1, 0)

Let 𝑓 : C2 → C2 be the mapping (𝑥, 𝑦) ↦→ (𝑢, 𝑣), 𝑢 = (𝑝+1)𝑥𝑦𝑞−𝑥𝑝+1, 𝑣 = 𝑦. Up

to constant factor, this is Case (b) of Theorem 2 with parameters (𝑘1, 𝑘2) = (𝑝, 𝑞),

(𝑙1, 𝑙2) = (1, 0), (𝑑1, 𝑑2) = (𝑞𝑝+ 𝑞, 𝑝), 𝑛 = 2, 𝑁 = 𝑝+ 1 (see §5).

In this section we prove that 𝑓 satisties extra property (see the end of §0.1 in [6]),

which implies that [6; Corollary 1] holds with 𝒢2,N replaced by 𝒢2,𝒟.

Let us introduce notation similar to that in [6; § 0.1], namely, denote the ramification

curve {𝑥𝑝 = 𝑦𝑞} (the zero set of the Jacobian) by 𝑅, denote its image by 𝐵, and

set 𝐶 = 𝑓−1(𝐵) ∖𝑅. Consider the fiber product of two copies of the covering 𝑓 :

C2 ×𝑓 C2 = {(𝑥1, 𝑦1;𝑥2, 𝑦2) | 𝑓(𝑥1, 𝑦1) = 𝑓(𝑥2, 𝑦2)}
∼= {(𝑥1, 𝑥2, 𝑦) | (𝑝+ 1)𝑥1𝑦

𝑞 − 𝑥𝑝+1
1 = (𝑝+ 1)𝑥2𝑦

𝑞 − 𝑥𝑝+1
2 } =𝑊 ′ ∪𝑊 ′′,
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.
 
.
 
.

.
 
.
 
.

𝑒1 𝑒2

𝑒3

𝑒0

𝑒+0

Рис. 3. A plane section of the fan Σ.

where 𝑊 ′ = {𝑥1 = 𝑥2}, 𝑊 ′′ = {Φ(𝑥1, 𝑥2) = 𝑦𝑞} and

(𝑝+ 1)Φ(𝑥1, 𝑥2) =
𝑥𝑝+1
1 − 𝑥𝑝+1

2

𝑥1 − 𝑥2
= 𝑥𝑝1 + 𝑥𝑝−1

1 𝑥2 + · · ·+ 𝑥1𝑥
𝑝−1
2 + 𝑥𝑝2.

Let 𝑔1, 𝑔2 : C2×𝑓C2 → C2 be the natural projections given by 𝑔𝑖(𝑥1, 𝑥2, 𝑦) = (𝑥𝑖, 𝑦),

𝑖 = 1, 2, and let 𝜈 : ̃︁𝑊 →𝑊 ′′ be a resolution of singularities of𝑊 . Denote ℎ𝑖 = 𝑔𝑖∘𝜈.
The proper transform of 𝑅 under ℎ1 splits into a disjoint union of curves 𝑅 and 𝐶

such that ℎ2(𝑅) = 𝑅 and ℎ2(𝐶) = 𝐶. The divisor ℎ*1(𝑅) has the form

ℎ*1(𝑅) = 𝐸 +𝑅+ 𝐶, supp𝐸 = ℎ−1
1 (0) = ℎ−1

2 (0). (6.1)

The extra property of the covering 𝑓 , which we are going to prove, is that 𝐸 is a

sum of effective divisors 𝐸 = 𝐸𝑅 + 𝐸𝐶 such that

(𝐸𝑅 +𝑅,𝐸𝐶 + 𝐶)̃︁𝑊 ⩽ 2𝛿(0,0)(𝑅) + mult(0,0)(𝐵)− 1, (6.2)

where ( , )̃︁𝑊 the intersection index, 𝛿(0,0)(𝑅) is the delta-invariant of the singularity

of 𝑅, and mult(0,0)(𝐵) is the multiplicity of 𝐵 at the origin.

Proposition 1. Let 𝐸𝑅 = 1
𝑝𝐸 and 𝐸𝐶 = 𝑝−1

𝑝 𝐸 (a priori these are divisors with

rational coefficients). Then

(a) the equality in (6.2) holds;

(b) 𝐸𝑅 and 𝐸𝐶 are divisors with integer coefficients.

Proof. We have 2𝛿(0,0)(𝑅) = (𝑝 − 1)(𝑞 − 1) and mult(0,0)(𝐵) = 𝑝, hence the

right hand side in (6.2) is equal to 𝑝𝑞 − 𝑞. Let us prove that the left hand side also

is equal to 𝑝𝑞 − 𝑞.

Let 𝜏 : 𝑋Σ → C3 be the toric resolution of the singularity of 𝑊 ′′ (see [2; §8.2]),

i.e. the fan Σ is a primitive subdivision of the positive octant in R3 which contains

the ray ⟨𝑒0⟩, where 𝑒0 = (𝑞, 𝑞, 𝑝) is the vector orthogonal to the only compact facet

of the Newton diagram of Φ(𝑥1, 𝑥2) − 𝑦𝑞. For Σ we choose the fan which can be

described as follows. Let𝑋Σ′ → C2 be the minimal toric resolution of the singularity

of the curve 𝑦𝑞 = 𝑥𝑝, as in the proof of Theorem 2(I), i.e. Σ′ is the minimal

primitive subdivision of the fan (𝑒′1, 𝑒
′
0, 𝑒

′
2), where (𝑒

′
1, 𝑒

′
2) is the standard base of Z2

and 𝑒′0 = 𝑞𝑒′1 + 𝑝𝑒′2. Then the one-dimensional cones of Σ are positive coordinate
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𝑋(𝑒+0 )

𝑋(𝑒0) 𝑋(𝑒1)
𝑋(𝑒2)

𝑋(𝑒3)

𝜉1
𝜉2

𝜂

Рис. 4. 2D-orbits on 𝑋Σ and their intersections with ̃︁𝑊 and ̃︁𝑊 ′.

half-axes ⟨𝑒1⟩, ⟨𝑒2⟩, ⟨𝑒3⟩ and the images of all the one-dimensional cones of Σ′, except

⟨𝑒′1⟩, under the embedding 𝜄 : Z2 → Z3, (𝑥, 𝑦) ↦→ (𝑥, 𝑥, 𝑦). In particular, 𝑒0 = 𝜄(𝑒′0).

The 2- and 3-dimensional cones of Σ are represented in Fig. 3 by segments and

triangles. The closure of the two-dimensional orbit of the torus (C ∖ 0)3 associated

with ⟨𝑒⟩ will be denoted by 𝑋(𝑒). Let ̃︁𝑊 ′ be the proper transform of 𝑊 ′ (recall

that ̃︁𝑊 is the proper transform of 𝑊 ′′). The mutual arrangement of the 2D-orbits

and the curves which are cut on them by ̃︁𝑊 and ̃︁𝑊 ′ are drawn schematically in

Fig. 4.

Let 𝑒+0 = (𝑎, 𝑎, 𝑏), where 𝑞𝑏−𝑝𝑎 = 1. This is the generator of the one-dimensional

cone of Σ which is next to 𝑒0. Consider coordinates (𝜉1, 𝜉2, 𝜂) on 𝑋Σ associated with

⟨𝑒0, 𝑒2, 𝑒+0 ⟩ (the gray triangle in Fig. 3). In these coordinates, 𝑋(𝑒0) and 𝑋(𝑒+0 ) are

given by the equations 𝜉1 = 0 and 𝜂 = 0 respectively (see Fig. 4).

The mapping 𝜏 has the form (𝜉1, 𝜉2, 𝜂) ↦→ (𝑥1, 𝑥2, 𝑦), 𝑥1 = 𝜉𝑞1𝜂
𝑎, 𝑥2 = 𝜉𝑞1𝜉2𝜂

𝑎,

𝑦 = 𝜉𝑝1𝜂
𝑏, therefore ̃︁𝑊 and ̃︁𝑊 ′ are given by the equations 𝜂 = 𝜙(𝜉2) and 𝜉2 = 1

respectively, where 𝜙(𝑥) = Φ(1, 𝑥). Hence ̃︁𝑊 ∩ 𝑋(𝑒0) is a smooth rational curve

(denote it by 𝐸0) given by the equation 𝜂 = 𝜙(𝜉2) in the coordinates (𝜉2, 𝜂) on

𝑋(𝑒0), and ̃︁𝑊 ′∩𝑋(𝑒+0 ) is given by the equation 𝜙(𝜉2) = 0 in the coordinates (𝜉1, 𝜉2)

on 𝑋(𝑒+0 ), thus it is the union of 𝑝 vertical lines 𝜉2 = 𝑒2𝜋𝑖𝑘/(𝑝+1), 𝑘 = 1, . . . , 𝑝.

Analogous computations in other coordinate charts associated with triangles in

Fig. 3 show that ̃︁𝑊 ∩ 𝜏−1(0) is as in Fig. 4.

Recall that 𝑅 = {𝑥𝑝 = 𝑦𝑞}. Hence the curve (𝑅 ∪ 𝐶) ∖ 𝐸0 is given by the

system of equations (𝜉𝑞1𝜂
𝑎)𝑝 = (𝜉𝑝1𝜂

𝑏)𝑞, 𝜙(𝜉2) = 𝜂 and inequality 𝜂 ̸= 0 in the

coordinates (𝜉1, 𝜉2, 𝜂). Since 𝑏𝑞 = 𝑎𝑝 + 1, by solving this system, we obtain that

𝑅 ∪ 𝐶 consists of 𝑝 components parameterized by 𝑡 ↦→ (𝜉1, 𝜉2, 𝜂) = (𝑡, 𝛼𝑘, 𝜙(𝛼𝑘))

where 𝛼1 = 1, 𝛼2, . . . , 𝛼𝑝 are roots of 𝜙(𝑥) − 1. The curve 𝑅, which is ̃︁𝑊 ∩ ̃︁𝑊 ′,

corresponds to the root 𝛼1 = 1 and the curve 𝐶 corresponds to the other roots (note
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that since 𝜙(𝑥) = (𝑥 − 1)𝜓′(𝑥), where 𝜓(𝑥) = Φ(𝑥, 1), the mapping ℎ2 is ramified

along 𝐶).

Thus (𝑅,𝐸0)̃︁𝑊 = 1, (𝐶,𝐸0)̃︁𝑊 = 𝑝 − 1, and 𝑅 ∪ 𝐶 does not intersect other

components of 𝐸. Consider the curve 𝐷 = {𝑐𝑥𝑝 = 𝑦𝑞} ⊂ C2 for a transcendent

number 𝑐. Let 𝐷 be the proper transform of 𝐷 under ℎ1.figu It is easy to check

that the intersection numbers with the components of 𝐸 are the same for 𝐷 and

for 𝑅+ 𝐶. Moreover, ℎ*1(𝐷) = 𝐸 +𝐷 (cf. (6.1)). Hence

𝑝(𝑅+ 𝐸𝑅, 𝐶 + 𝐸𝐶)̃︁𝑊 = (𝑝− 1)(𝑅, ℎ*1(𝐷))̃︁𝑊 = (𝑝− 1)(𝑅,𝐷)C2 = (𝑝− 1)𝑝𝑞,

which proves Statement (a). Statement (b) can be easily derived from an explicit

expression of ℎ*1(𝑅) written in coordinate charts associated with three-dimensional

cones of Σ.
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