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Introdu
tion

The well-known Ja
obian Conje
ture (see surveys [17℄, [3℄) is as follows:

Ja
obian Conje
ture (JC). Let P (x; y) and Q(x; y) be polynomials with 
omplex


oeÆ
ients whose ja
obian P

0

x

Q

0

y

�P

0

y

Q

0

x

is identi
ally equal to one. Then the map-

ping C

2

! C

2

, (x; y) 7! (u; v) =

�

P (x; y); Q(x; y)

�

is one-to-one (or, in algebrai


language: the ring homomorphism C[u; v℄ ! C[x; y℄, u 7! P (x; y), v 7! Q(x; y) is

an isomorphism).

De�nition 0.1. A pair (U; l) where U is a smooth analyti
 surfa
e and l � U

a smooth 
ompa
t (i.e. isomorphi
 to CP

1

) 
urve of self-interse
tion +1, will be


alled a (+1)-pair.

Let us 
all a (+1)-pair (U; l) 
at if U is biholomorphi
ally equivalent to a subset

of CP

2

(it is 
lear, that su
h a biholomorphism maps l onto a line).

A meromorphi
 immersion (respe
tively, embedding) of a (+1)-pair (U; l) into C

2

is a pair fun
tions meromorphi
 on U su
h that the both of them are holomorphi


on U n l and the mapping U n l ! C

2

de�ned by these fun
tions is an immersion

(respe
tively, embedding).

The index of a meromorphi
 immersion of a (+1)-pair f : U nl! C

2

is by de�ned

as the degree of the Gauss mapping G

f

:M ! S

3

whereM = ��V is the boundary

of a tubular neighbourhood V of l with the reversed orientation (the mapping G

f

takes p 2M into the positive normal ve
tor to the hyperplane f

�

(T

p

M)).

The Ja
obian Conje
ture 
an be equivalently reformulated as follows:

Any meromorphi
 immersion of a 
at (+1)-pair into C

2

is an embedding.

Indeed, if (U; l) is a 
at (+1)-pair then one may 
onsider l as the in�nite line in C

2

and U as its neighbourhood. Then any fun
tion, holomorphi
 on U nl, is extendable

to the whole C

2

by the theorem of removing 
ompa
t singularities. Moreover, if it

is meromorphi
 on U , it is a polynomial.

A natural question arises:

1


an one omit the hypothesis that the (+1)-pair is


at? In other words, does the following 
onje
ture hold:

1

This question (maybe, not so 
on
retely formulated) was posed to me by A.G. Vitushkin

when I was his graduate student.

Typeset by A

M

S-T

E

X

1



2 S.YU. OREVKOV

Weak Ja
obian Conje
ture at In�nity (WJC

1

). Any meromorphi
 immer-

sion of a (+1)-pair into C

2

is an embedding.

In the paper [13℄, I 
onstru
ted a 
ounter-example to this 
onje
ture. Later, I


onstru
ted many other analogous 
ounter-examples to WJC

1

(unpublished) but

all of them were not extendable to 
ounter-examples to JC be
ause they had too

big index.

But it is 
lear that The index of a meromorphi
 immersion of a 
at (+1)-pair

is equal to one. Indeed, it is equal to DG(F j

S

3

r

) for r � 1 where F : C

2

! C

2

is a polynomial mapping whose ja
obian is equal to one, S

3

r

is the sphere of radius

r (oriented as the boundary of a ball), and DG(') denotes the degree of Gauss

mapping asso
iated to an immersion '. It remains to note that the fun
tion g(r) =

DG(F j

S

3

r

) is 
ontinuous, hen
e, 
onstant and that F j

S

3

r

is an embedding for r � 1,

i.e. g(r) = 1.

Be
ause of this, I formulated a new 
onje
ture whi
h I announ
ed at several


onferen
es:

Ja
obian Conje
ture at In�nity (JC

1

). Any meromorphi
 immersion of a

(+1)-pair into C

2

whose index is equal to one, is an embedding.

In this paper we 
onstru
t a 
ounter-example to this 
onje
ture also:

Proposition 0.2. There exists a (+1)-pair (U; l) and its meromorphi
 immersion

f : U n l! C

2

of index 1, whi
h is not an embedding.

Su
h a meromorphi
 immersion of a (+1)-pair is 
onstru
ted in x3. The (+1)-

pair (U; l) 
onstru
ted in x3 is not 
at, i.e. it 
an not provide a 
ounter-example to

JC. It is proved in x4, Se
tions 4.1 { 4.2 analysing the 
oeÆ
ients of polynomials

P (x; y) and Q(x; y) whi
h 
ould realize the given immersion. (in Se
t. 4.3, we

give a simple but not rigorous topologi
al explanation of this fa
t). Sin
e we 
an

always 
hoose a stri
tly pseudo-
onvex tubular neighbourhood of l (see. [13; x2℄),

the non-extendibility of the 
onstru
ted 
ounter-example to JC

1

up to a 
ounter-

example to JC implies an amazing 
onsequen
e. To formulate it, we need one more

de�nition.

De�nition 0.3. In immersion f of a smooth oriented (2n � 1)-manifold Z to a


omplex n-manifold Y is 
alled stri
tly pseudo-
onvex if any point z 2 Z has a

neighbourhood V � Z su
h that f(V ) is a part of the boundary (taking in a

ount

the orientations) of some stri
tly pseudo-
onvex domain in Y . Re
all, that a regular

homotopy is su
h a homotopy ff

t

g

t2[0;1℄

that f

t

is an immersion for any t. If in

addition, ea
h f

t

is stri
tly pseudo-
onvex then su
h a homotopy is 
alled stri
tly

pseudo-
onvex.

Proposition 0.4. There exists a stri
tly pseudo-
onvex immersion of the sphere

f : S

3

! C

2

whi
h is regularly homotopi
 to an embedding but is not stri
tly

pseudo-
onvexly homotopi
 to an embedding.

This proposition is proved in x5. At the same time, we prove Proposition 5.6 on

the uniqueness of an extension of a pseudo-
onvex immersion of the 3-sphere up to

an immersion of the 4-ball.

In the paper [13℄, we gave a 
omplete proof that the example 
onstru
ted there

satis�es the required properties. But the 
onstru
tion was exposed, using the s
hool

geometry language, without an "analysis of the problem". Probably, this 
aused
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some diÆ
ulties to understand how the example was 
onstru
ted and how to 
on-

stru
t other similar examples. In this paper, I tried to �ll this gap by adding

Se
t. 2.4. In this se
tion we also dis
uss some parallelism between our approa
h to

JC and those from the papers [10℄ and [9℄.

It is P. Cassou-Nogues who 
alled my attention to some 
orresponden
e between

[13℄ and [9℄. I am grateful to her for this and for other useful dis
ussions. I am

grateful also to my tea
her A.G. Vitushkin due to whom I started to work on the

Ja
obian Conje
ture.

x1. Preliminaries

1.1. Dual graphs of redu
ible 
urves and their spli
e diagrams.

Let D be a 
urve on a smooth analyti
 surfa
e su
h that all its irredu
ible 
ompo-

nents D

1

; : : : ; D

n

are isomorphi
 to CP

1

, meet ea
h other transversally and at most

pairwise. We 
all dual graph or just graph of D the graph �

D

whose verti
es 
orre-

spond to irredu
ible 
omponents of D and edges 
orrespond to their interse
tions.

To ea
h vertex we asso
iate its weight whi
h is equal to the self-interse
tion of the


orresponding irredu
ible 
omponent. If it does not lead to a misunderstanding,

we shall use the same notation for a 
urve and its graph.

If C is a smooth 
urve (not ne
essarily 
ompa
t) meeting transversally D then

we de�ne the graph of C near D as the graph �

D;C

obtained from the graph of

D by adding verti
es 
orresponding to lo
al bran
hes C

1

; : : : ; C

r

of C near D (we

depi
t these verti
es as arrowheads). The vertex 
orresponding to a lo
al bran
h

C

i

is 
onne
ted by a single edge to the vertex 
orresponding to the 
omponent D

j

whi
h meets C

i

. The weight of C

i

is not de�ned.

Example. If D and C are a line and a 
oni
 on CP

2

then �

D;C

= ��

+1

Æ�!.

The determinant of a 
urve D is by de�nition the determinant of the minus

interse
tion matrix: detD = det k�D

i

D

j

k

n

i;j=1

.

From now on, we assume that the graph of D is a tree (i.e. a 
onne
ted graph

without 
y
les). We 
all a bran
h of D at a vertex D

i

a 
onne
ted 
omponent of

the 
losure of D nD

i

.

A linear 
hain is a graph with verti
es v

1

; : : : ; v

n

and edges [v

1

; v

2

℄; [v

2

; v

3

℄; : : : ; [v

n�1

; v

n

℄.

A spli
e diagram of a 
urve D (respe
tively, of a 
urve C near a 
urve D) is

de�ned as a graph �

D

(respe
tively, �

D;C

), obtained from �

D

(respe
tively, from

�

D;C

) by repla
ing some (for instan
e, all) linear 
hains by a single edge. To

ea
h beginning of edge 
oming from a non-end vertex D

i

, we asso
iate the number

equal to the determinant of the bran
h of D at the vertex D

i

whi
h grows to the

dire
tion of this edge (this de�nition slightly di�ers from the original de�nition of

spli
e diagram introdu
ed by Eisenbud and Neumann in [6℄).

Proposition 1.1. (Edge determinant formula; see [6℄, [11℄). Let �

D

be a spli
e

diagram of a tree D of 
urves with simple normal 
rossings. Let u and v be verti
es

of �

D


onne
ted to ea
h other by an edge. Let E be the linear 
hain of irredu
ible


omponents of D 
orresponding to the edge uv (the 
urves 
orresponding to the

verti
es u and v themselves are not in
luded into E). Suppose that � looks as in

Fig. 1 near the edge uv. Then

detD � detE = a

0

b

0

� (a

1

: : : a

k

) � (b

1

: : : b

n

):
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a1 b1

ak

a2 a0

. .
 .

. .
 .

b0
b2

bn

Fig. 1

1.2. Transformation of the determinant of the interse
tion matrix un-

der a proper analyti
 mapping. The obje
t of this subse
tion is to prove the

following not diÆ
ult statement (it was used in [5℄).

Proposition 1.2. Let f :

e

X ! X be a proper analyti
 mapping of smooth 
omplex

surfa
es. Let D = D

1

[ � � � [D

r

be 
ompa
t 
urves on X and

e

D =

e

D

1

[ � � � [

e

D

~r

=

f

�1

(D). Then:

(a). det

e

D = 0 if and only if detD = 0.

(b). Suppose that

e

D

1

is the only irredu
ible 
omponent of the 
urve f

�1

(D

1

)

whi
h is not 
onstru
ted to a single point by f . Let us denote the 
losures of D nD

1

and

e

D n

e

D

1

by D

0

and

e

D

0

respe
tively. Let m be the degree of f j

e

D

1

and n the

bran
hing order of f along

e

D

1

(i.e. the ja
obian of f has zero of order n � 1 on

e

D

1

). Then

det

e

D

0

det

e

D

=

n

m

�

detD

0

detD

: (1)

Moreover, if one of the denominators in (1) is zero then the other also is zero.

Proof. (a). First, let us prove that detD = 0 implies det

e

D = 0. Indeed, if

detD = 0 then there exists a non-zero divisor E =

P

x

i

D

i

su
h that ED

1

= � � � =

ED

r

= 0. Then f

�

(E) is a non-zero divisor whose support is 
ontained in

e

D and

f

�

(E) �

e

D

j

= E � f

�

(

e

D

j

) = 0 for all j. Hen
e, det

e

D = 0.

Now, let us prove that det

e

D = 0 implies detD = 0. Indeed, if det

e

D = 0 then

there exists a non-zero divisor

e

E =

P

~x

i

e

D

i

su
h that

e

E

e

D

1

= � � � =

e

E

e

D

~r

= 0: (2)

Then f

�

(

e

E) is a divisor whose support is 
ontained in D and f

�

(

e

E) � D

j

=

e

E �

f

�

(D

j

) = 0 for all j. Hen
e, the equality detD = 0 would follow from the fa
t that

f

�

(

e

E) 6= 0. Suppose that f

�

(

e

E) = 0. This means that the support of the divisor

e

E

is 
on
entrated in the preimage of a �nite set of points. But the interse
tion matrix

of irredu
ible 
omponents of a 
ompa
t 
urve 
ontra
tible to a point by an analyti


mapping is negative de�nite. Hen
e,

e

E

2

< 0. This 
ontradi
ts to (2).

(b). In virtue of (a), we may assume that the both denominators in (1) are non-

zero. Let us denote by E =

P

x

i

D

i

and

e

E =

P

~x

i

e

D

i

the divisors with rational


oeÆ
ients, dual to D

1

and

e

D

1

respe
tively. It means that

E �D

1

= 1; E �D

i

= 0 for i > 1;

e

E �

e

D

1

= 1;

e

E �

e

D

i

= 0 for i > 1. (3)

The existen
e of the divisors E and

e

E easily follows from the fa
t that the inter-

se
tion matri
es are non-degenerate. Indeed,

(x

1

; : : : ; x

r

) = B(1; 0; : : : ; 0); (~x

1

; : : : ; ~x

~r

) =

e

B(1; 0; : : : ; 0); (4)



COUNTER-EXAMPLES TO THE "JACOBIAN CONJECTURE AT INFINITY" 5

where B = kb

ij

k = A

�1

, A = kD

i

D

j

k

r

i;j=1

,

e

B = k

~

b

ij

k =

e

A

�1

and

e

A = k

e

D

i

e

D

j

k

~r

i;j=1

.

We have f

�

(

e

D

1

) = mD

1

, hen
e, f

�

(

e

E) = m~x

1

D

1

+ F where D

1

62 suppF , and

hen
e, by (3),

E � f

�

(

e

E) = m~x

1

: (5)

Analogously, f

�

(D

1

) = n

e

D

1

+

e

F

1

where

e

D

1

62 supp

e

F

1

and hen
e, f

�

(E) = nx

1

e

D

1

+

e

F

2

where

e

D

1

62 supp

e

F

2

. Hen
e, by (3) we have

f

�

(E) �

e

E = nx

1

: (6)

Putting (5) and (6) into the equality E �f

�

(

e

E) = f

�

(E) �

e

E, we get ~x

1

= (n=m) �x

1

.

Note that x

1

= b

11

and ~x

1

=

~

b

11

by (4). Finally, by Cramer rule, we have

b

11

=

detD

0

detD

and

~

b

11

=

det

e

D

0

det

e

D

:

1.3. A formula for the 
anoni
al 
lass of a blown up (+1)-pair. Let (U; l)

be some (+1)-pair (for example, l is the in�nite line of the aÆne plane C

2

) and let

� : X ! U be a 
omposition of blow-ups "at in�nity", i.e. �j

XnL

: X n L ! U n l

is an isomorphism where L = �

�1

(l). Let L

0

be the proper preimage of the line l.

Pro
laim 1.3. (a). L be the line of rational 
urves, detL = �1.

(b). The determinant of any bran
h of L at the vertex L

0

is equal to one.

(
). Let L

1

is an irredu
ible 
omponent of L, di�erent from L

0

. Consider the

bran
hes of L at the vertex L

1

whi
h does not 
ontain L

0

. Among these bran
hes,

there is at most one whose determinant is not equal to one.

Proof. Indu
tion by the number of the blow-ups. �

Let L

0

; : : : ; L

n

be the irredu
ible 
omponents of L. Suppose that the 
anon-

i
al 
lass K

X

of X is representable by a divisor supported by L, i.e. there is a

meromorphi
 2-form ! on X whi
h neither has zeros nor poles outside of L. Let

K

X

=

X

k

j

L

j

:

We are still assuming that L

0

is the proper transform of l. The irredu
ible 
ompo-

nents are numbered arbitrarily, hen
e any irredu
ible 
omponent di�erent from L

0


an be 
onsidered as the 
urve L

1

in the next proposition.

q0

p0 p1

q1

1

1 ... 1

pm

qm

1 ... 1

. . . . 1

1 ... 1 1 ... 1

11L
0L

Fig. 2
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Proposition 1.4. (see. [14℄). (a). k

0

= �3.

(b). Let us denote the weights of the spli
e diagram of L, situated along the

shortest path from L

0

to L

1

, as in Fig. 2 (see Proposition 1.3). Then

k

1

= �1� q

0

� p

0

+

m

X

j=1

q

0

: : : q

j�1

(q

j

� 1)(p

j

� 1):

1.4. Coverings bran
hed along linear 
hains. As in [13℄, we shall use the

language of tori
 varieties to des
ribe 
overings bran
hed along linear 
hains of

rational 
urves. An equivalent des
ription not involving tori
 varieties see in [2;

III, x5℄. Sin
e we need a very small portion of the theory of tori
 varieties, for the

reader's 
onvenien
e we give all the de�nitions and statements that we use.

1.4.1. Fans and tori
 surfa
es. Let us identify Z

2

^Z

2

= Z, i.e. (a; b)^(
; d) will

denote ad�
b. For e

1

; e

2

2 Z

2

, let us denote the 
one fx

1

e

1

+x

2

e

2

j x

i

2 R; x

i

> 0g

by he

1

; e

2

i, and let hei = he; ei (the ray in the dire
tion e). A ve
tor e 2 Z

2

is 
alled

primitive if it 
annot be presented in the form me

0

, e

0

2 Z

2

, m 2 Z. We 
all a fan

a 
olle
tion of distin
t primitive integral ve
tors � = (e

0

; : : : ; e

r+1

) � Z

2

su
h that

e

i

^ e

i+1

> 0 for all i = 0; : : : ; r and the 
ones he

0

; e

1

i; : : : ; he

r

; e

r+1

i are pairwise

disjoint. If e

i

^ e

i+1

= 1 for all i = 0; : : : ; r then the fan is 
alled primitive.

Let us denote u

j

= e

j

and v

j

= e

j+1

. The tori
 surfa
e asso
iated to a primitive

fan � is the smooth algebrai
 surfa
e X

�

glued out of 
harts U

0

; : : : ; U

r

isomorphi


to C

2

. The 
hart U

j

with 
oordinates (x

j

; y

j

) 
orresponds to the 
one hu

j

; v

j

i and

the transition fun
tions are:

(

x

i

= x

a

j

y




j

y

i

= x

b

j

y

d

j

where

�

u

j

= au

i

+ bv

i

v

j

= 
u

i

+ dv

i

It is 
lear that X 
ontains a Zariski open subset isomorphi
 to T

2

= (Cn0)

2

whi
h

is de�ned by the inequality x

i

y

i

6= 0 in any 
oordinates x

i

; y

i

.

Proposition 1.5. Let � be a primitive fan and E = X

�

n T

2

. Then E = E

0

[

� � � [ E

r+1

. Moreover,

(a). E

j

is de�ned by x

j

= 0 in the 
oordinates (x

j

; y

j

), by y

j�1

= 0 in the


oordinates (x

j�1

; y

j�1

), and E

j

does not meet the other 
harts.

(b). E

0

e=E

r+1

e=C and E

1

e= : : : e=E

r

e=CP

1

.

(
). The self-interse
tion E

2

j

of E

j

is equal to �e

j�1

^ e

j+1

, j = 1; : : : ; r.

(d). det k�E

i

E

j

k

r

i;j=1

= e

0

^ e

r+1

.

Proof. (a) { (
) follow immediately from the de�nitions; (d) is proved by indu
tion,

using (
). �

1.4.2. Mappings of tori
 surfa
es. To a linear mapping A : Z

2

! Z

2

and prim-

itive fans

e

� = (~e

0

; : : : ; ~e

~r+1

) and � = (e

0

; : : : ; e

r+1

), we asso
iate a birational

mapping f = A

�

: X

e

�

! X

�

. In 
oordinates (~x

j

; ~y

j

) on X

e

�

and (x

i

; y

i

) on X

�

, it

is de�ned by

f(~x

j

; ~y

j

) = (x

i

; y

i

);

(

x

i

= ~x

a

j

~y




j

y

i

= ~x

b

j

~y

d

j

where

�

A(~u

j

) = au

i

+ bv

i

A(~v

j

) = 
u

i

+ dv

i
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(As above, here u

i

= e

i

, v

i

= e

i+1

, and also ~u

j

= ~e

j

, ~v

j

= ~e

j+1

). A regular mapping

of a fan

e

� to a fan � is 
alled a linear mapping A : Z

2

! Z

2

su
h that for any


one heu

j

; ev

j

i there is a 
one hu

i

; v

i

i su
h that f

�

h~u

j

; ~v

j

i

�

� hu

i

; v

i

i. It is easy to


he
k that in this 
ase A

�

is a regular (i.e. without indetermina
y points) mapping

X

e

�

! X

�

.

The following properties follow immediately from the de�nitions and from Propo-

sition 1.5.

Proposition 1.6. Let A : Z

2

! Z

2

be a regular mapping of primitive fans

e

�! �,

and let f = A

�

: X

e

�

! X

�

. Suppose also that A(h~e

0

i) = he

0

i and A(h~e

~r+1

i) =

he

r+1

i. Let us denote:

N the degree of f ;

n

0

the order of bran
hing of f along

e

E

0

;

n

1

the order of bran
hing of f along

e

E

~r+1

(i.e. the ja
obian of f has zero of order n

0

� 1 on

e

E

0

and zero of order n

1

� 1 on

e

E

~r+1

);

m

0

the bran
hing order of f j

e

E

0

at the point

e

E

0

\

e

E

1

;

m

1

the bran
hing order of f j

e

E

~r+1

at the point

e

E

~r

\

e

E

~r+1

.

� = det k�E

i

E

j

k

r

i;j=1

,

e

� = det k�

e

E

i

e

E

j

k

~r

i;j=1

Then:

(a). detA = N = m

0

n

0

= m

1

n

1

;

(b). A(~e

0

) = n

0

e

0

and A(~e

~r+1

) = n

1

e

r+1

;

(
).

e

� =

n

0

n

1

N

�:

Corollary 1.7. Let the notation be as in 1.6. If the mapping f is not bran
hed

along

e

E

~r

then � = m

0

e

�. �

A fan �

0

= (e

0

0

; : : : ; e

0

r

0

+1

) is 
alled a subdivision of a fan � = (e

0

; : : : ; e

r+1

), if

e

0

0

= e

0

, e

0

r

0

+1

= e

r+1

and the identity mapping id : Z

2

! Z

2

is a regular mapping

of fans �

0

! �.

Lemma 1.8. Any fan � has a primitive subdivision �

0

.

Proof. For ea
h 2-dimensional 
one �, let us add as new generators all the ve
tors

lying on 
ompa
t sides of the 
onvex hull of the set (Z

2

\ ��) n f0g. �

Propositions 1.9. Let

e

� = (e

0

; : : : ; ~e

~r+1

) and � = (e

0

; : : : ; e

r

) be two fans and let

A : Z

2

! Z

2

be a linear mapping su
h that A(h~e

0

i) = he

0

i and A(h~e

~r+1

i) = he

r+1

i.

Then there exist subdivisions

e

�

0

and �

0

of the fans

e

� and � su
h that A is a regular

mapping

e

�

0

! �

0

.

Proof.

1). Let us add to � the integral generators of the rays A(h~e

0

i); : : : ; A(h~e

~r

1

i) and

subdivide the obtained fan up to a primitive one �

0

= (e

0

0

; : : : ; e

0

r

0

+1

).

2). Let us add to

e

� the integral generators of the rays A

�1

(h~e

0

0

i); : : : ; A

�1

(h~e

0

r

0

1

i)

and subdivide the obtained fan up to a primitive one

e

�

0

. �
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x2. Regular 
ompa
tifi
ation at infinity

of a meromorphi
 immersion of a (+1)-pair

2.1. Compa
ti�
ation at in�nity. Di
riti
al 
omponents. Let us 
onsider

some algebrai
 
ompa
ti�
ation X of the 
omplex plane C

2

with simple normal


rossings of the 
urve at the in�nity, i.e. X is a proje
tive surfa
e whi
h 
ontains

a 
urve L (generally, redu
ible) su
h that X n L = C

2

. All su
h 
ompa
ti�
ations

are obtained from CP

2

with a 
hosen in�nite line by blow-ups and blow-downs at

the in�nity. The dual graph of L is a tree.

Let (U; l) be a (+1)-pair and U n l! C

2

a meromorphi
 immersion of it into C

2

.

Blowing up points of l, it 
an be presented in the form f Æ �

�1

where � :

e

X ! U

is a 
omposition of blow-ups and f :

e

X ! X a holomorphi
 mapping. The triple

(

e

X;X; f) is 
alled a regular 
ompa
ti�
ation of the meromorphi
 immersion of the

(+1)-pair (U; l) into C

2

. Let us denote

e

L = �

�1

(l);

e

L

1

= f

�1

(L);

e

L

FC

=

e

L n

e

L

1

;

D = f(

e

L

FC

);

e

D =

e

D

1

[ � � � [

e

D

d

;

e

L

C

=

e

L

FC

n

e

D

where

e

D

1

; : : : ;

e

D

d

are the di
riti
al 
omponents of the mapping f , i.e. the irredu
ible


omponents of the 
urve

e

L

FC

su
h that f is not 
onstant on them. The 
urve D

will be 
alled the bran
hing 
urve.

Proposition 2.1. (
p. [12℄) (a). Irredu
ible 
omponents of the 
urve

~

L are ratio-

nal 
urves and the dual graph of

~

L is a tree.

(b). The 
urve

e

L

1

is 
onne
ted.

(
).

e

L

FC

has d 
onne
ted 
omponents

e

L

(1)

FC

; : : : ;

e

L

(d)

FC

.

(d). The dual graph of

e

L

(i)

(FC)

(i = 1; : : : ; d) is a linear 
hain (possibly, with a

single vertex) one of whose end verti
es 
orresponds to the di
riti
al 
omponent

e

D

i

.

(e). The 
urve

e

L

(i)

FC

(i = 1; : : : ; d) 
uts

e

L

1

at a single point and this point

belongs to

e

D

i

(i = 1; : : : ; d).

Let n

i

, i = 1; : : : ; d, be the bran
hing order of f along

e

D

i

, i.e. the ja
obian of f

vanishes on

e

D

i

with the multipli
ity n

i

� 1.

Proposition 2.2. The 
anoni
al 
lass K

e

X

of

e

X 
an be represented by a divisor

supported by

e

L and the multipli
ity of a di
riti
al 
omponent D

i

in this divisor is

n

i

� 1.

Proof. K

e

X

is represented by the divisor of the form f

�

(dx ^ dy) where x; y are the

aÆne 
oordinates in C

2

.

2.2. Formula for the index of a meromorphi
 immersion of a (+1)-pair.

De�nition 2.3. The lo
al multipli
ity at a point x 2 X of a 
ontinuous mapping

of topologi
al spa
es � : X ! Y is 
alled �

x

� = min

U

deg

�

�

e

U(x)

�

where the mini-

mum is taken over all neighbourhoods U of �(x) and

e

U(x) denotes the 
onne
ted


omponent of f

�1

(U) whi
h 
ontains x.

Let the notation be as in the previous subse
tion. Let X

�

be the one-point


ompa
ti�
ation of C

2

. Denote by

e

X

�

the singular surfa
e obtained from

e

X if ea
h
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onne
ted 
omponent of ea
h set f

�1

(x), x 2 X is 
ontra
ted to a single point

and also the 
urve

e

L

1

is 
ontra
ted to a single point (whi
h we denote by 1).

Then there exists a unique mapping f

�

: X

�

! X su
h that the following diagram


ommutes

e

X

f

�! X

# #

e

X

�

f

�

�! X

�

(the verti
al arrows are the natural proje
tions). Let us denote the image of

e

D

i

on

e

X

�

by

e

D

�

i

.

Let, as in Se
t. 2.1, n

i

, be the bran
hing order of f along

e

D

i

, i.e. n

i

= �

x

f for

a generi
 point x 2

e

D

i

.

Proposition 2.4. The index ind of the meromorphi
 immersion (U; l) ! C

2

is

equal to

ind = �

1

f

�

�

d

X

i=1

�

n

i

+

X

x2D

�

i

nf1g

(�

x

f

�

� n

i

)

�

: (7)

Proof. Let us 
hoose 
oordinates (z; w) in C

2

in su
h a way that the line z = 0

does not meet the 
urve D at the in�nity under the standard in
lusion of C

2

into

CP

2

. Denote the proje
tion (z; w) 7! z by � : C

2

! C.

Denote the bran
h points of the mapping �j

D

: D ! C by p

1

; : : : ; p

n

, the order

of the bran
hing at p

i

by m

i

(i = 1; : : : ; n), and the degree of the 
urve D by m

1

.

Let B

i

, (i = 1; : : : ; n), be a ball of a suÆ
iently small radius 
entred at p

i

, and let

B

1

be a ball of a suÆ
iently large radius 
entred at the origin.

Let V be a tubular neighbourhood of D whose radius is small with respe
t

to the radii of the spheres S

i

. Let T = B

1

\

�

(��V ) n (B

1

[ � � � [ B

n

)

�

and

S = (��B

1

) [ � � � [ (��B

n

) [ �B

1

(the minus means the orientation reversing).

Let R

i

, i 2 f1; : : : ; n;1g be a hypersurfa
e with a boundary (homeomorphi
 to

several 
opies of S

1

�S

1

� [0; 1℄) whi
h smoothes the 
orner between �B

i

and T as

it is shown in Fig. 3.

Ea
h sphere �B

i

has exa
tly one point where the positive normal ve
tor is equal

to (1; 0), moreover, its index (i.e. the 
ontribution into the degree of the Gauss

mapping) is equal to �1 for i = 1; : : : ; n and +1 for i = 1. If the 
oordinates

(z; w) are generi
 then this points is outside V . The surfa
e T has no su
h points,

and ea
h surfa
e R

i

has m

i

su
h points of index +1 for i = 1; : : : ; n and �1 for

i =1.

By the de�nition, ind is equal to the degree of the Gauss map asso
iated to f j

�M

where M is the boundary of the tubular neighbourhood of l in U or, whi
h is the

same, the boundary of a neighbourhood of

e

D

�

in

e

X

�

. The minus before M means

the reversing of the orientation.

The immersion f j

�M


an be deformed into an immersion whose image is in

S [ R [ T . Extend the mapping � Æ f

�

j

e

D

�

j

n1

:

e

D

�

j

n 1 ! C up to a mapping

f

�

j

:

e

D

�

j

! C[f1g. The 
ontributions of the surfa
es into the degree of the Gauss
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T

S

S

D

p
i

R

iB

i R 8

Fig. 3

mapping are:

S

1

! �

1

f

�

; R

1

! �

d

X

j=1

n

j

� �

1

f

�

j

; T ! 0;

S

i

! �

X

x2

e

D

�

f

�

(x)=p

i

�

x

f

�

; R

i

!

d

X

j=1

X

x2

e

D

�

j

f

�

(x)=p

i

n

j

� �

x

f

�

j

:

Thus, denoting P = fp

1

; : : : ; p

n

g, we have

ind = �

1

f

�

�

n

X

i=1

X

x2

e

D

�

f

�

(x)=p

i

�

x

f

�

�

d

X

j=1

n

j

�

�

1

f

�

j

�

n

X

i=1

X

x2

e

D

�

j

f

�

(x)=p

i

�

x

f

�

j

�

= �

1

f

�

�

d

X

j=1

X

x2

e

D

�

j

f

�

(x)2P

�

x

f

�

�

d

X

j=1

n

j

�

�

1

f

�

j

�

X

x2

e

D

�

j

f

�

(x)2P

�

x

f

�

j

�

= �

1

f

�

�

d

X

j=1

�

X

x2

e

D

�

j

f

�

(x)2P

(�

x

f

�

� n

j

) + n

j

n

�

1

f

�

j

�

X

x2

e

D

�

j

f

�

(x)2P

(�

x

f

�

j

� 1)

o�

:

It remains to note that by Riemann-Hurwitz formula applied to the bran
hed 
ov-

ering f

�

j

, the expression in the bra
es is equal to one. �

Remark. In the 
ase of a meromorphi
 immersion of a 
at (+1)-pair de�ned by a

polynomial mapping C

2

! C

2

with a 
onstant ja
obian, the fa
t that the right

hand side of (7) is equal to one was proved in [12℄ by 
omputing the Euler 
hara
-

teristi
. Proposition 2.4 is a generalization of this fa
t to the 
ase of meromorphi


immersions into C

2

of arbitrary (+1)-pairs.

2.3. Properties of spli
e diagrams of L and

e

L.
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We may assume that L meets D transversally (otherwise we blow up D\L several

times). Then the formulas given in x1 together with Proposition 2.2 impose rather

strong restri
tions for the spli
e diagrams of

e

L and L [D. We apply the formulas

from x1 as follows:

(1) we apply Proposition 1.3 to the spli
e diagrams of L and

e

L;

(2) we apply Proposition 1.6(
) to ea
h edge of the spli
e diagrams;

(3) we apply Proposition 1.1 to ea
h edge of the spli
e diagrams between verti
es

of the valen
e � 3;

(4) we apply Propositions 1.4 and 2.2 to the di
riti
al 
omponents;

(5) we apply Proposition 1.2 (if it is appli
able) to ea
h non-linear 
onne
ted


omponent of the graph of L from whi
h some verti
es of the valen
e � 3

are removed.

In the papers [5℄, [4℄, it is shown that these restri
tions are suÆ
ient to prove that

there are no 
ounter-examples to the Ja
obian Conje
ture provided by a mapping

of the topologi
al degree N � 4 (for N = 2 this is evident, and for N = 3 this

follows from Abhyankar-Moh-Suzuki theorem, see [12℄).

2.4. The 
ase of an irredu
ible bran
hing 
urve with two 
hara
teristi


pairs. Suppose that

e

L has a single di
riti
al 
omponent

e

D, and that the bran
hing


urve D = f(

e

D) has two 
hara
teristi
 pairs at the in�nity. This means that after

the resolution of the singularity of D at the in�nity, its spli
e diagram near L has

the form � Æ

j

�Æ

j

! . Moreover, we shall suppose that the following additional


ondition holds:

(�) There exists an irredu
ible 
omponent of L whose preimage has only one

irredu
ible 
omponent whi
h is not 
ontra
tible by f into a single point

(
ompare with Proposition 1.2(b)).

Under these assumptions, the spli
e diagrams of

e

D near

e

L

1

, of D near L, and

of

e

L have the form depi
ted in Fig. 4, Fig. 5 and Fig. 6. The bla
k vertex denotes

the proper transform of l under the mapping � : (

e

X;

e

L)! (U; l).

k0

D1

~

k1

D2

D2

R1 R2

L1 L2

k1. .
 .

1

1

L2

~
1

~
L

1

1

. .
 .

. . .
1 1

. . .
1 1~

k2

S
~ 1

~
l

1 S
~

D1

1 18

1

8

S
~

2

8

3

Fig. 4. Spli
e diagram �

e

L

1

;

e

D

Fig. 5. Spli
e d. �

L;D

Let us introdu
e the following notation. Let Q

2

and

e

Q

2

be the determinants of

the edges L

1

L

2

and

e

L

1

e

L

2

of the spli
e diagrams �

L

and

e

�

L

, i.e. Q

2

(respe
tively,

e

Q

2

) is the determinant of that 
omponent of the 
losure of the 
urve L n (L

1

[L

2

),

(the 
urve

e

L n (

e

L

1

[

e

L

2

)) whi
h is between L

1

and L

2

(between

e

L

1

and

e

L

2

).
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k0

D1

~

k1

k1. .
 .

1

1

L2

~
1

~
L

D2

1

1

. .
 .

. . .
1 1

. . .
1 1

k2

S
~ 1

~
l

11 S
~

2 1 a-x

~
D

~

Fig. 6. Spli
e diagram �

e

L

For j = 1; 2 let us denote the degree of f j

e

L

j

by m

j

, the bran
hing order of f

along

e

L

1

by n

j

, and let m

0

j

(respe
tively, d

j

) be the bran
hing order of f j

e

L

j

at the

point of interse
tion of

e

L

j

with that bran
h of

e

L at the vertex L

j

whi
h 
ontains

e

l,

(respe
tively, whi
h has the determinant

e

D

j

). Let us also denote the degree of f j

e

D

and the bran
hing order of f along

e

D by m and n.

All the introdu
ed integers are positive (the positivity of R

j

see [11℄; from the

theory of approximation roots[1℄, it follows also that R

j

> 1). They satisfy the

following relations.

g
d(D

1

; R

1

) = g
d(D

2

; R

2

) = 1; (8)

the edge determinant formula (Proposition 1.1) yields

�Q

2

= R

2

�R

1

D

1

D

2

(the edge L

1

L

2

in L); (9)

�x

e

Q

2

=

e

S

1

1

�

e

S

1

2

e

D

1

e

D

2

(the edge

e

L

1

e

L

2

in

e

L

1

): (10)

By Proposition 1.6 and Corollary 1.7, we have

D

1

= d

1

e

D

1

; D

2

= d

2

e

D

2

;

e

Q

2

Q

2

=

n

1

m

2

=

n

2

m

0

1

;

e

S

1

2

=

n

2

m

=

n

m

0

2

; (11)

and also see that the bran
hing orders at the points of

e

L

1

and

e

L

2

, 
orresponding

to the edges of the spli
e diagram are:

R

1

; : : : ; R

1

| {z }

k

0

; d

1

; D

1

; : : : ; D

1

| {z }

k

1

; m

0

1

; 1; : : : ; 1

| {z }

k

0

1

for the 
urve

e

L

1

;

m

2

; d

2

; D

2

; : : : ; D

2

| {z }

k

2

; m

0

2

for the 
urve

e

L

2

;

this implies

k

0

R

1

= d

1

+ k

1

D

1

= m

0

1

+ k

0

1

= m

1

; d

2

+ k

2

D

2

= m

2

; (12)

m

0

1

= k

1

+ k

0

; m

0

2

= k

2

+ 1 (13)

(the relation (13) is obtained from (12) and Riemann-Hurwitz formula).
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Applying Proposition 1.2 to the 
urve L itself and to its bran
h at the vertex L

1


ontaining L

2

, we get

e

D

1

e

S

1

1

x

=

n

1

m

1

�

R

1

D

1

1

;

e

D

2

e

Q

2

e

S

1

2

e

S

1

1

=

n

2

m

2

�

Q

2

D

2

1

: (14)

Finally, by Proposition 2.2, the order of the ja
obian of f on

e

D is equal to n� 1

and by Proposition 1.4 it is equal to �1� a+ x, i.e.

x = a+ n: (15)

If the 
onsidered meromorphi
 immersion is realizable by polynomials P (x; y),

Q(x; y) then (see Se
t. 4.1)

degP (x; y) = k

0

e

D

1

e

D

2

+ aD

1

D

2

; degQ(x; y) = k

1

e

D

1

e

D

2

+

e

D

2

+ aR

1

D

2

: (16)

A �rst arbitrarily found solution of simultaneous equations allowed me to 
on-

stru
t a 
ounter-example to WJC

1

in [13℄.

Proposition 2.5. The simultaneous equations (8) { (15) have a �nite number of

positive integral solutions under the 
ondition that m

1

n

1

= N = 
onst.

Proof. From the equations (11), (14) and k

0

R

0

= m

1

(see (12)) we get m

1

=

mxd

1

d

2

R

1

, n

1

= md

2

e

S

1

1

, hen
e, m

2

xd

1

d

2

2

R

1

e

S

1

1

= N . The other parameters also


an be easily estimated via N . �

I wrote a simple 
omputer program whi
h �nds all positive integral solutions of

(8) { (15) for any given N = m

1

n

1

. For N < 9, there is no solution. For N = 9,

there is a unique solution

R

1

= 3; D

1

=

e

D

1

= 4; m

1

= 9; n

1

= 1;

e

Q

2

= 5; n = 2;

R

2

= 23; D

2

=

e

D

2

= 4; m

2

= 5; n

2

= 1; Q

2

= 25; a = 1:

(17)

This solution allows one to 
onstru
t the simplest 
ounter-example to WJC

1

. If

this solution were a 
ounter-example to JC then, by (16), the degrees of P and

Q would be 48 and 64. The solution (17) is dis
ussed in [9; x3℄. There is exa
tly

four solutions with max(degP; degQ) < 100. They 
orrespond exa
tly to the four

diÆ
ult 
ases in Moh's paper [10℄.

The example whi
h we 
onstru
t in x3 
orresponds to the solution

R

1

= 3; D

1

=

e

D

1

= 20; m

1

= 21; n

1

= 1;

e

Q

2

= 17; n = 4;

R

2

= 112; D

2

=

e

D

2

= 3; m

2

= 4; n

2

= 2; Q

2

= 68; a = 3:

x3. Constru
tion of the example

3.1. The mapping of graphs. We shall 
onstru
t a meromorphi
 immersion of

a (+1)-pair into C

2

with a single di
riti
al 
omponent

e

D whose image D = f(

e

D)

has two 
hara
teristi
 pairs at the in�nity and whose regular 
ompa
ti�
ation at

the in�nity indu
es the mapping of the graphs of

e

L and D [ L depi
ted in Fig. 7.

The bla
k verti
es "�" in Fig. 7 
orrespond to the 
urves whi
h are 
ontra
ted by

f into a single point. The mapping of linear 
hains

e

� ! � is given in Se
t. 3.3.2.
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-1 -1 -1

-6 -1

-1

-1 -2 -3 -2 -2 -2 -2 -1-2

v1 2v

-6 -3

-2

-6 -3

-2

7

-1 -1 -1

-3

-1 -1

-1

-3 -3. . .
-1

-7

-1

-1

-3

-2

-2

-2

-2

-4

-1 -4

-9

7

-42 -5

-1

. .
 . 13

. .
 .

1v

D

D

. .
 .u0

u1 u

2v

2

7
-1

-4

-3

-1
-3

-2-2-3

-1 -3 -2

-2

-7

-2

20:1

1:1

3:1 3:1. . . 6:1 2:1

1:1

1:1

8:1
(4,2)(21,1) 4:1 (4,1)

(6,1)

1:1

5:1
-1-2-3-1

-6

2:1

2:1

(6,1)

(6,1)

2:1

-6 -1

-1

-1 -1 -1

3:1

3:1

3:1

3:1

4:1

4:1

4:1

2:1 2:1

2:1 2:1

2:1 2:1
-3 -2

Γ

Γ

Γ

Γ

Fig. 7

In Fig. 7, we also show the resolutions of lo
al bran
hes of the 
urve D and the

regularization of f over them.

In the pi
ture of the graph of

e

L (Fig. 7, upper part) is also equipped with the

following information 
on
erning the mapping f . A mark of the form N : 1 near

a linear 
hain (an edge of the spli
e diagram) means that the degree of f at its

neighbourhood is N . A mark of the form (m;n) near a vertex of the valen
e � 3

(denote the 
orresponding 
urve by A) means that the degree of f j

A

is m and the

bran
hing order of f along A is n.

3.2. Constru
tion of the bran
hing 
urve.

Lemma 3.1. There exists a 
urve D, parametrized by a polynomial mapping g :

C ! C

2

, t 7!

�

p(t); q(t)

�

where p(t) and q(t) are polynomials of degrees 60 and 9
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respe
tively, and pairwise distin
t points t

1

; : : : ; t

7

2 C n f0g su
h that

(a). g(0) = (0; 0), and gj

Cnf0;t

1

;:::;t

7

g

is an immersion, i.e. p

0

(t) 6= 0 and q

0

(t) 6=

0 for t 62 f0; t

1

; : : : ; t

7

g;

(b). the spli
e diagram of D at the in�nity is as in Fig. 8;

(
). the lo
al bran
h of D parametrized by a neighbourhood of 0 has the spli
e

diagram at the origin depi
ted in Fig. 9, i.e. it has the singularity de�ned

by u

2

= v

5

in some lo
al 
oordinates (the singularity of the type A

4

);

(d). for all k = 1; : : : ; 7, the lo
al bran
h of D, parametrized by a neighbourhood

of t

k

has the spli
e diagram depi
ted in Fig. 10, i.e. it has the singularity

de�ned by u

2

= v

3

in some lo
al 
oordinates (the singularity of the type A

2

);

3

20

3

11 112 5

2

1 3

2

1

Fig. 8 (t =1) Fig. 9 (t = 0) Fig. 10 (t = t

k

)

The 
onditions (b) and (
) of Lemma 3.1 are equivalent to the fa
t that the

graph of resolution of the 
urve at the in�nity (of the lo
al bran
h at t = 0, at

t = t

k

) is as in Fig. 11 (in Fig. 12, in Fig. 13).

-2 -3 -2 -1

-3

-2 -3 -1

-2

-3 -1

-2

-7 -3 -2 -2

-2

-2
21

. . .

Fig. 11 (t =1) Fig. 12 (t = 0) Fig. 13 (t = t

k

)

Proof. By linear 
hanges of 
oordinates, the polynomials p and q 
an be put into

the form p(t) = t

60

+ : : : and q(t) = t

9

+ : : : . The 
ondition (b) of Lemma 3.1

means that there exists a polynomial G(u; v) of the form

G(u; v) = u

3

� v

20

+

X

20i+3j<60

i;j�0

C

ij

u

i

v

j

su
h that

deg

t

G

�

p(t); q(t)

�

= 112: (18)

The 
ondition (
) of Lemma 3.1 means that there exist 
onstants 


1

and 


2

su
h

that

ord

t=0

�

p(t)� 


1

q(t)� 


1

q(t)

2

�

= 5: (19)

The 
ondition (d) of Lemma 3.1 means that for k = 1; : : : ; 7,

p

0

(t

k

) = q

0

(t

k

) = 0; (20)

p

00

(t

k

)q

000

(t

k

) 6= q

00

(t

k

)p

000

(t

k

): (21)
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Sin
e deg q

0

= 8 and q

0

(0) = 0, the 
ondition (20) is equivalent to the fa
t that

f0; t

1

; : : : ; t

7

g are the roots of q

0

, and there exists a polynomial r(t) of degree 51

su
h that

p

0

(t) = r(t) � q

0

(t): (22)

The 
ondition (18), (19), (21) and (22) provide a system of simultaneous equations

and inequalities for the unknowns 


1

, 


2

and for the 
oeÆ
ients of q, r and G (the


oeÆ
ients of p 
an be found from (22) and p(0) = 0).

This system has a solution:




1

= �

32368762111892400

90684846733

; 


2

=

30833889663060

410338673

;

q(t) = t

9

+ 3 t

6

+

54

17

t

3

+ 3�t

2

; where � = �

36

17

3

q

147

34

r(t) =

20

3

�

t

51

+ 17 t

48

+ 137 t

45

+ 17� t

44

+ 681 t

42

+ 238� t

41

+

501054

221

t

39

+

+1561� t

38

+ 119�

2

t

37

+

86262

17

t

36

+ 6160� t

35

+ 1309�

2

t

34

+

1932222

289

t

33

+

+

263516

17

� t

32

+ 6622�

2

t

31

�

90093894

4913

t

30

+

397232

17

� t

29

+ 19250�

2

t

28

�

�

846133035

4913

t

27

+

3005266

289

� t

26

+

543884

17

�

2

t

25

�

49957930891

83521

t

24

�

�

420538624

4913

� t

23

+

353276

17

�

2

t

22

�

91298290787

83521

t

21

�

101367959

289

� t

20

�

�

9780232

289

�

2

t

19

�

1162052993707

1419857

t

18

�

56603024170

83521

� t

17

�

807377032

4913

�

2

t

16

+

766218083922

1419857

t

15

�

45450918051

83521

� t

14

�

1442603701

4913

�

2

t

13

+

46921116263706

24137569

t

12

+

+

230339555352

1419857

� t

11

�

19395246255

83521

�

2

t

10

+

1413944975064438

410338673

t

9

+

+

621393338592

1419857

� t

8

+

6245611218

83521

�

2

t

7

+

554559678398538

410338673

t

6

+

+

8204586193656

24137569

� t

5

+

4273175790

83521

�

2

t

4

�

3524860866785148

6975757441

t

3

+

+

27750500696754

410338673

� t

2

�

4855314316783860

90684846733

�

;

G(u; v) = u

3

+

125694347226670235997

52415841411674

u

2

+

+ u �

�

36795

442

v

12

+

143479380

63869

v

11

�

67444266186

1085773

v

10

�

137300874259560

313788397

v

9

+

+

2580726046707594885

181369693466

v

8

+

12847251951061921800

1541642394461

v

7

�

11121815123928333448500

34271896307633

v

6

�

�

� v

20

+

440

17

v

19

+

137380

289

v

18

�

1557031600

83521

v

17

+

78582704594145

24955406632

v

16

+

+

5956885860588398964

901514064581

v

15

+

15055946520458773867110

260537564663909

v

14

�

�

32867584146876876273273720

75295356187869701

v

13

:

One 
an 
he
k that the polynomial t

�1

q

0

(t) is irredu
ible over Q(�), hen
e, its

roots t

1

; : : : ; t

7

are distin
t. Lemma 3.1 is proved �

Remark 3.2. After the 
hange of 
oordinates t = �s, the 
oeÆ
ients of polynomials

p(t) and q(t) be
omes rational.

Remark 3.3. The number of the unknowns in the system (18), (19), (22) ex
eeds

the number of the equations. Therefore, to simplify the 
omputations, we set the


oeÆ
ients of t

8

, t

7

, t

5

and t

4

in q(t) to be zero from the very beginning.
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3.3. Constru
tion of the 
overing of the edges of the spli
e diagram. For

ea
h linear 
hain in the graphs in Figures 11{13, we shall 
onstru
t a 
overing over

a neighbourhood of the union of the 
orresponding 
urves.

3.3.1. Covering over the edge

�7

Æ���

�3

Æ�� (Fig. 11).

A

ording to Proposition 1.5, a neighbourhood of the 
orresponding 
urve 
an be

embedded into a tori
 surfa
e asso
iated to the fan

� =

�

1 1 6 17

0 1 7 20

�

; and let A =

�

1 17

0 20

�

;

e

� =

�

1 0

0 1

�

:

Here and further, the fans are represented by matri
es whose 
olumns 
orrespond

to the ve
tors. Applying to A,

e

� and � the pro
edure des
ribed in Proposition 1.9,

we obtain primitive fans

�

0

= � and

e

�

0

=

�

1 3 2 1 1 1 1 1 1 1 0

0 1 1 1 2 3 4 5 6 7 1

�

:

Here and further, we use the bold font for the ve
tors ~e

0

j

of the fan

e

�

0

su
h that

A(R~e

0

j

) = Re

0

i

for some e

0

i

2 �

0

. The mapping of graphs has the form:

�1

Æ���

�2

����

�3

����

�2

����

�2

����

�2

����

�2

����

�2

����

�1

Æ�� �

20:1

�!

�7

Æ���

�3

Æ�� :

Here and later in Se
tions 3.3.1 { 3.3.8 the bla
k verti
es 
orrespond to those

irredu
ible 
omponents whi
h are 
ontra
ted to a point by the 
onsidered mapping.

By 1.6, we have N = detA = 20, m

0

= m

1

= 20, n

0

= n

1

= 1.

3.3.2. Covering over the edge ��

�2

Æ� � � � �

�2

Æ

| {z }

21

���

�3

Æ���

�2

Æ�� (Fig. 11).

� =

h

1 1 ::: 1 1 2 3

0 1 ::: 21 22 45 68

i

; A =

h

1 0

0 8

i

;

e

� =

h

1 1 1 2 3 4 5 6

0 1 2 5 8 11 14 17

i

�

0

=

h

1 1 ::: 1 3 2 1 3 5 2 3

0 1 ::: 21 64 43 22 67 112 45 68

i

e

�

0

=

h

1 8 7 6 5 4 3 8 5 2 5 8 3 4 5 6 7 8 1 8 7 6 5 4 3 8 5 2 5 8 3 4 5 6 7 8 1

0 1 1 1 1 1 1 3 2 1 3 5 2 3 4 5 6 7 1 9 8 7 6 5 4 11 7 3 8 13 5 7 9 11 13 15 2

8 7 6 5 4 3 8 5 2 5 8 3 16 13 10 7 4 9 14 19 24 5 16 11 6

17 15 13 11 9 7 19 12 5 13 21 8 43 35 27 19 11 25 39 53 67 14 45 31 17

i

The mapping of graphs has the form:

��

e

�

1

��

�5

Æ��

e

�

2

��

�16

Æ��

e

�

1

��

�5

Æ��

e

�

2

��

�16

Æ��

e

�

1

��

�5

Æ��

e

���

#

8:1

�� �

1

��

�2

Æ�� �

2

��

�2

Æ�� �

1

��

�2

Æ�� �

2

��

�2

Æ�� �

1

��

�2

Æ�����

where

��

e

�

1

�� ��

�1

Æ���

�2

����

�2

����

�2

����

�2

Æ���

�4

����

�1

Æ���

�2

����

# = #

�� �

1

�� ��

�2

Æ���������������

�2

Æ��������

�2

Æ�������
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�

2

,

e

�

2

are the mirror images of �

1

,

e

�

1

, and

��

e

��� ��

�2

����

�1

Æ���

�8

Æ���

�1

Æ���

�2

����

�2

����

�2

����

�4

Æ���

�2

����

�2

����

�2

����

�1

Æ���

�8

Æ���

�1

Æ���

�2

���

# = #

�� ��� �����

�4

Æ���

�1

Æ���

�2

Æ���������������

�5

Æ���������������

�2

Æ���

�1

Æ���

�4

Æ�����

By Proposition 1.6, we have N = detA = 8, m

0

= 8, m

1

= 4, n

0

= 1, n

1

= 2.

3.3.3. Covering over the verti
al edge

�2

Æ���

�2

Æ�� (Fig. 11).

� =

h

1 1 1 1

0 1 2 3

i

; A =

h

1 1

0 3

i

;

e

� =

h

1 0

0 1

i

; �

0

=

h

1 1 2 1 1

0 1 3 2 3

i

;

e

�

0

=

h

1 2 1 1 0

0 1 1 2 1

i

The mapping of graphs has the form:

�1

Æ���

�3

Æ���

�1

Æ�� �

3:1

�!

�3

Æ���

�1

Æ���

�3

Æ�� :

By Proposition 1.6, we have N = detA = 3, m

0

= m

1

= 3, n

0

= n

1

= 1.

3.3.4. Two 
overings over the verti
al edge

�3

Æ��� (Fig. 11).

The �rst 
overing:

� =

h

1 1 2

0 1 3

i

; A =

h

1 4

0 6

i

;

e

� =

h

1 0

0 1

i

; �

0

=

h

1 1 3 2

0 1 4 3

i

;

e

�

0

=

h

1 2 1 1 0

0 1 1 2 1

i

The mapping of graphs has the form:

�1

Æ���

�3

����

�1

Æ��� �

6:1

�!

�4

Æ���

�1

Æ��� :

By Proposition 1.6, we have N = detA = 6, m

0

= 6, m

1

= 3, n

0

= 1, n

1

= 2.

The se
ond 
overing:

� =

h

1 1 2

0 1 3

i

; A =

h

1 1

0 2

i

;

e

� =

e

�

0

=

h

1 1 1 1

0 1 2 3

i

; �

0

=

h

1 1 3 2

0 1 4 3

i

The mapping of graphs has the form:

�2

Æ���

�2

Æ�� �

2:1

�!

�4

Æ���

�1

Æ�� :

By Proposition 1.6, we have N = detA = 2, m

0

= 2, m

1

= 1, n

0

= 1, n

1

= 2.

3.3.5. Covering over the edge "���!" (Fig. 11).

� = �

0

=

h

1 0

0 1

i

; A =

h

2 �1

0 2

i

;

e

� =

e

�

0

=

h

1 1 1

0 1 2

i

The mapping of graphs has the form: ���

�2

���� �

4:1

�! ����� :

By Proposition 1.6, we have N = detA = 4, m

0

= 2, m

1

= 1, n

0

= 2, n

1

= 4.

3.3.6. Covering over the edge

�2

Æ���

�3

Æ�� (Fig. 12).

� = �

0

=

h

1 1 1 2

0 1 2 5

i

; A =

h

1 2

0 5

i

;

e

� =

h

1 0

0 1

i

;

e

�

0

=

h

1 3 2 1 1 0

0 1 1 1 2 1

i

The mapping of graphs has the form:

�1

Æ���

�2

����

�3

����

�1

Æ�� �

5:1

�!

�2

Æ���

�3

Æ��

By Proposition 1.6, we have N = detA = 5, m

0

= m

1

= 5, n

0

= n

1

= 1.

3.3.7. Covering over verti
al the edge

�2

Æ�� (Fig. 12 and Fig. 13).

� = �

0

=

h

1 1 1

0 1 2

i

; A =

h

1 1

0 2

i

;

e

� =

h

1 0

0 1

i

;

e

�

0

=

h

1 1 0

0 1 1

i

The mapping of graphs has the form:

�1

Æ�� �

2:1

�!

�2

Æ�� .

By Proposition 1.6, we have N = detA = 2, m

0

= m

1

= 2, n

0

= n

1

= 1.
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3.3.8. Covering over the edge

�3

Æ�� (Fig. 13).

� = �

0

=

h

1 1 2

0 1 3

i

; A =

h

1 2

0 3

i

;

e

� =

h

1 0

0 1

i

;

e

�

0

=

h

1 1 0

0 1 1

i

The mapping of graphs has the form:

�1

Æ�� �

3:1

�!

�3

Æ�� .

By Proposition 1.6, we have N = detA = 3, m

0

= m

1

= 3, n

0

= n

1

= 1.

3.4. Covering over trivalent verti
es of the spli
e diagram.

Lemma 3.4. Let (m

(1)

1

; : : : ;m

(1)

k

1

; m

(2)

1

; : : : ;m

(2)

k

2

; m

(3)

1

; : : : ;m

(3)

k

3

) be one of the

following 
olle
tions of integers (here n

m

denotes m times n; : : : ; n):

(20; 1; 3

7

; 8; 1

13

); (4; 3; 1; 2; 1

2

); (5; 1; 2

3

; 4; 1

2

); (3

2

; 2

3

; 4; 1

2

):

Then there exists a bran
h 
overing ' : S

2

! S

2

whi
h has three 
riti
al values p

1

,

p

2

, p

3

, i.e. ' is unbran
hed over '

�1

(fp

1

; p

2

; p

3

g), su
h that m

(i)

1

; : : : ;m

(i)

k

i

are the

multipli
ities of ' at the preimages of p

i

.

Proof. Let us 
onne
t the points p

2

and p

3

by an embedded segment I . Let � be

the graph embedded into S

2

in one of the ways depi
ted in Fig. 14. Let us de�ne

a mapping ' : � ! I whi
h takes the bla
k verti
es into p

2

, the white ones into

p

3

, and maps the edges homeomorphi
ally onto I . Let us extend ' to the whole

sphere so that ea
h 
omponent of the 
omplement of � 
oversS

2

n I with a single

bran
h point whi
h is over p

1

. �

Fig. 14

For all the trivalent verti
es of the graph in Fig. 7(lower part) ex
ept v

2

, we

extend the 
overing of the sphere 
onstru
ted in Lemma 3.4 up to a 
overing whi
h

is bran
hed only along the 
urves 
orresponding to the neighbouring verti
es and

unbran
hed along the 
urve 
orresponding to the trivalent vertex itself.

For the vertex v

2

, we should extend the 
overing more 
arefully. It must have

double bran
hing along the 
urve 
orresponding to v

2

(denote it by A) be
ause

n

1

= 2 in the 
overings 3.3.2, 3.3.4 and n

0

= 2 in the 
overings 3.3.5. Let B

1

,

B

2

, B

3

be the 
urves 
orresponding to the neighbouring verti
es and let V be a

suÆ
iently small tubular neighbourhood of A. Let �, �

1

, �

2

, �

3

be the elements of

the fundamental group � = �

1

�

V n (A [ B

1

[ B

2

[ B

3

)

�

de�ned by the meridians

of A, B

1

, B

2

and B

3

respe
tively (we 
all a meridian the positive loop along the

boundary of a small transversal disk). Sin
e A

2

= �2, under a 
ertain 
hoi
e of
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the paths 
onne
ting the meridians to a 
ommon base point, we have the following

relations:

�

2

= �

1

�

2

�

3

; ��

j

= �

j

�; j = 1; 2; 3 (23)

The 
overing is de�ned by a homomorphism to the symmetri
 group �! S(8), i.e.

by an a
tion of � on the preimages of the base point.

Analysing the 
overings from 3.3.2, 3.3.4 and 3.3.5, we see that the monodromy

of the 
overing over some neighbourhoods of the points A \ B

i

should be as in

Fig. 15. It remains to establish a 
orresponden
e between the points so that the

relations (23) are satis�ed. This 
an be a
hieved by the numbering of the verti
es

depi
ted in Fig. 15.

β1β1
β1

β1 β1

β1β1
β2

β2 β2

β2 β2

β2

β2

β3

β3

β3β3

β2

β3

β3β3

β3

β1

α α α α α α

12

7

83

4

2

5 6

4

8

3 1

57 6 3

4

8

7
2

6

1

5

αα

Fig. 15

3.5. Proof of Proposition 0.2. The same way as in [13℄ (or somehow else), one


an 
he
k that the polynomial immersion C ! C

2


onstru
ted in Se
tion 3.2 is

extendable up to an immersion of some neighbourhood of

~

D (see Fig. 7). To see

this, one should 
ompute the degree of the normal bundle of the 
urve D on the

surfa
e 
orresponding to the graph in the lower

Blowing down su

essively the (�1)-verti
es in Fig. 7(upper part), we obtain the

linear 
hain

�2

Æ���

�2

Æ���

0

Æ

~v

2

���

�2

Æ���

�1

Æ

e

D

���

�2

Æ���

�2

Æ .

Blowing up four times the point 
orresponding to the edge to the right of ~v

2

, we

obtain the graph depi
ted in Fig. 16. This graph 
an be blown down to a single

(+1)-vertex

~

l. Thus, we obtain a meromorphi
 immersion of a (+1)-pair.

�2

Æ���

�2

Æ���

�1

Æ

~v

2

���

�4

Æ���

�1

Æ

~

l

���

�2

Æ���

�2

Æ���

�4

Æ���

�1

Æ

e

D

���

�2

Æ���

�2

Æ

Fig. 16

It remains to note that by Proposition 2.4, the index of the 
onstru
ted immer-

sion is equal to one. Indeed, introdu
ing the notation as in Se
t. 2.2, we have

�

1

f

�

= 21; d = 1; n

1

= 4; and

X

x2D

�

1

nf1g

(�

x

f

�

� n

1

) = 8� (6� 4):

x4. Non-existen
e of a 
ounter-example to the Ja
obian

Conje
ture with the given behaviour at the infinity

In this se
tion we prove
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Proposition 4.1. There does not exist a polynomial mapping C

2

! C

2

realiz-

ing the meromorphi
 immersion 
onstru
ted in x3. In parti
ular, the (+1)-pair


onstru
ted in x3 is not 
at.

4.1. Redu
tion to a system of simultaneous equations and inequali-

ties. Suppose, there exist polynomials P (x; y) and Q(x; y) su
h that P

0

x

Q

0

y

�

P

0

y

Q

0

x

= 1 and the mapping (x; y) 7! (u; v) =

�

P (x; y); Q(x; y)

�

at the in�nity

is as it is des
ribed in x3. By linear 
hanges of 
oordinates one 
an a
hieve that

the lines u = 
onst and v = 
onst meets transversally the 
urves 
orresponding to

the verti
es u

0

and u

1

in Fig. 7(lower part).

A

ording to 3.3.1, 3.3.3, the restri
tion of f onto ea
h of the 
urves 
orrespond-

ing to the preimages of u

0

and u

1

is one-to-one. Therefore, ea
h preimage of v

0

(respe
tively, of v

1

) meets the 
urve P (x; y) = 
onst (respe
tively, Q(x; y) = 
onst)

on
e and transversally. All the other interse
tions of P = 
onst and Q = 
onst

with the in�nite 
urve are 
on
entrated in the di
riti
al 
omponent

~

D. Moreover,

sin
e the polynomials parametrizing the bran
h 
urve D are of degrees 9 and 60,

the 
urves P = 
onst and Q = 
onst have 9 and 60 interse
tions with

~

D.

Blowing down su

essively extra (�1)-
urves in Fig. 7(upper part), we obtain a


ommon resolution graph for the 
urves P = 
onst and Q = 
onst at the in�nity

whi
h is depi
ted in Fig. 17. Hen
e, the spli
e diagrams of these 
urves at the

in�nity are as in Figures 18 and 19. This implies, in parti
ular (see [11℄), that

degP (x; y) = 600; degQ(x; y) = 90: (24)

2v

. . .

l
v1

-2-2-2-2

-3-7

Q

Q

-3 -3

-2

-2

-1-4 -2 -2 -4

Q Q

PP
. . .

-1 -2 -2

. . .
PP

7

-1 -2

9

60

D

Fig. 17

l l

. . .

60

1-1 1 -7 3

3

1-77

. . .
1

. . .

1-1 1 -7 3

3

1-77

7

1
20

1

9

20

Fig. 18 Fig. 19
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Let

X

19

�

19

�! X

18

�

18

�! : : :

�

2

�! X

1

�

1

�! X

0

= CP

2

Be the sequen
e of the �-pro
esses whi
h blows down su

essively all the verti
es

in Fig. 17 ex
ept

~

l. Let us denote the in�nite line in CP

2

by E

0

, and let E

j

be

the ex
eptional 
urve of the �-pro
ess (blow-up) �

j

, j = 1; : : : ; 19. We shall use

the same notation for a 
urve and all its proper transforms on the other surfa
es.

The mutual position of the 
urves E

j

is depi
ted in Fig. 20. The numbers in the

parentheses near the verti
es have the following meaning. P Æ �

19

and Q Æ �

19

are

rational fun
tions on X

19

. Let (P ) and (Q) be their divisors. They are of the form

(P ) = (P )

a�

0

�

19

X

j=0

p

j

E

j

; (Q) = (Q)

a�

0

�

19

X

j=0

q

j

E

j

;

where (P )

a�

0

and (Q)

a�

0

are the 
losures of the aÆne 
urves fP = 0g and fQ = 0g.

The numbers in the parentheses near a vertex E

j

in Fig. 20 are (p

j

; q

j

).

E0l =v1=E v1=E

E8

E9

11 18 16 15 14 13 12E E E E E E EE E7 E E E EE1 2 3 5 46D = E17 19 10

(2
0,3

)

(2
0,3

)

(4
0,6

)

(-4
0,-

6)

(-2
0,-

3)(0
,0)

(2
40

,36
)

(1
80

,27
)

(6
00

,90
)

(4
20

,63
)

(6
0,9

)

(1
20

,18
)

(1
00

,15
)

(8
0,1

2)

(6
0,9

)

(2
0,3

)
(7

,1)
(1

,0)

(4
0,6

)(8
0,1

2)

Fig. 20

Let us 
hoose 
oordinates x; y in C

2

so that the 
entre of the blow-ups �

1

and

�

2

are at the in�nite point of the axis y = 0 and the 
entres of the blow-ups �

7

and

�

8

are are at the in�nite point of the axisx = 0. Let us 
hoose 
oordinates 
harts

on X

j


alled standard as follows. As the standard 
harts on X

0

= CP

2

, we 
hoose

(x; y), (1=x; y=x) and (x=y; 1=y). If the 
entre of the blowup �

j

is at the origin of

one of the standard 
oordinate 
harts (x

0

; y

0

) on X

j�1

then we repla
e this 
hart

on X

j

by the two 
harts (x

0

=y

0

; y

0

) and (x

0

; y

0

=x

0

). The only three blow-ups where

the 
hoi
e of the standard 
harts is ambiguous, are �

3

, �

4

and �

11

.

Let (x

2

; y

2

) be the standard 
oordinates on X

2

in whi
h E

2

= fx

2

= 0g and

fy = 0g = fy

2

= 0g, i.e. x

2

= x

�1

, y

2

= xy. In these 
oordinates, the 
urve E

2

is the 
oordinate axis x

2

= 0. Sin
e the 
entre of �

3

lies on E

2

, its 
oordinates

are (x

2

; y

2

) = (0; �

2

). As the standard 
oordinates at this point, we 
hose the


oordinates x

2

0

= x

2

= x

�1

and y

2

0

= y

2

��

2

= xy��

2

. Let (x

3

; y

3

) be the standard


oordinates on X

3

su
h that x

3

= x

2

0

= x

�1

and y

3

= y

2

0

=x

2

0

= (xy � �

2

)x. In

these 
oordinates, the 
urve E

3

is the 
oordinate axis x

3

= 0. Sin
e the 
entre of �

4

lies on E

3

, its 
oordinates are (x

3

; y

3

) = (0; �

3

). As the standard 
oordinates at this

point, we 
hose the 
oordinates x

3

0

= x

3

= x

�1

and y

3

0

= y

3

��

3

= x

2

y��

2

x��

3

.

Analogously, let (x

10

; y

10

) be the standard 
oordinates on X

10

in whi
h E

10

=

fx

10

= 0g and E

7

= fy

10

= 0g, i.e. x

10

= x, y

10

= x

�3

y

�1

. Res
aling if ne
essary,

the axis x, we may assume that the 
entre of �

11

is at the point (x

10

; y

10

) = (0; 1) 2

E

10

. As the standard 
oordinates at this point, we 
hose the 
oordinates x

10

0

= x

10

and y

10

0

= y

10

� 1.
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When depi
ting the Newton polygons, we shall use the following 
onvention. If

the depi
ted polygon � is not 
ompletely known then we show a polygon whi
h


ontains �. In this 
ase, we depi
t the verti
es whi
h are known to belong to �,

as a small bla
k 
ir
le "�".

Lemma 4.1. Let R stands for one of P or Q and let us set a = 20 when R = P

and a = 3 when R = Q.

(a). The Newton polygon of R(x; y) is the quadrangle depi
ted in Fig. 21 (left

upper part).

(b). Passing to the 
oordinates (x

j

; y

j

) for j = 2; 2

0

; 3; 3

0

or 10, the polynomial R

be
omes a Laurent polynomial whi
h we denote by R

j

(x

j

; y

j

). The Newton polygons

of these Laurent polynomials are depi
ted in Fig. 21.

(
). Passing to the 
oordinates (x

10

0

; y

10

0

), the polynomial R be
omes a rational

fun
tion of the form (1+y

10

0

)

�6a

R

10

0

(x

10

0

; y

10

0

), where R

10

0

is a Laurent polynomial

whose Newton polygon is depi
ted in Fig. 22.

R10

-6 a

-9 a

-2 a

12a

R2

9a

-12

2a

a

2R

9a

-12

2a

-3 a

R3

9a

2a

-3 a 2a 4a

R3

9a

-3 4

2

a a

a

12 21

9

a

a

a

R2a

Fig. 21

(-18,21)

(-1,1)

(36,27)(0,27)

(0,0) (36,0)

(0,180) (240,180)

(0,-1) (240,0)

(-120,140)

Q P1010

Fig. 22

Proof. It is suÆ
ient to write expli
itely all the blow-ups in the standard 
oordi-

nates and to tra
e the multipli
ities of P and Q on the ex
eptional 
urves. For

example, q

0

= 90 and q

1

= 27, hen
e the divisor (Q)

a�

0

has the multipli
ity 27
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at the 
entre of �

1

. Therefore, the Newton polygon of Q is 
ontained in the area

x � 63, x+ y � 90. The further arguments are similar. �

The 
ondition that the 
oeÆ
ients of Q

3

0

and Q

10

0

are zero outside the polygons

in Figures 21 and 22 yeilds a system of simultaneous equations for the 
oeÆ
ients

of Q(x; y). A straight-forward 
omputation shows that this system has no solution

providing non-zero 
oeÆ
ients at the verti
es marked as bla
k points �" in Figures

21 and 22. This proves Proposition 4.1. In the next subse
tion we show how to

prove the absen
e of the solutions without tedious 
al
ulations. The idea of the

proof is taken from Heitmann's paper [9℄.

4.2. Proof that there is no solution. We shall pro
eed analogously to [9; x3℄.

Let us 
hange the notation denoting the 
oordinates (x

3

0

; y

3

0

) by (t; u), and the


oordinates (x

10

0

; y

10

0

) by (x; z):

x = t

�1

; y = �

2

t+ �

3

t

2

+ ut

2

; y = x

�3

(1 + z)

�1

;

t = x

�1

; u = x

2

y � �

2

x� �

3

; z = x

�3

y

�1

� 1:

Let us set

� = xu� 1; � = u

3

� 2xyu+ y + 2�

2

u+ �

3

xy � �

2

�

3

; � = �

2

�

3

:

These fun
tions are polynomials in (x; y) and Laurent polynomials in (t; u), their

Newton polygons are depi
ted in Fig. 23. In the 
oordinates (x; z), the fun
tions

(1 + z)�(x; z), (1 + z)

3

�(x; z) and (1 + z)

9

�(x; z) are Laurent polynomials. Their

Newton polygons are also depi
ted in Fig. 23. In parti
ular, we see that the Newton

polygon of �

3

is 
ontained in that of Q in all the three 
oordinate systems (x; y),

(x; z), (t; u).

τ (x,y)

(0,3)

(2,1)

(2,0)(1,0)

σ(t,u) ρ(t,u)

(-1,3)

(-3,9)

(2,0) (4,0)

(4,2)

τ (t,u)

(0,0)

(-1,1)

τ (x,z)(1+z)

(0,1) (2,1)

(2,0)(1,0)

σ(x,z)(1+z)

(0,3)

(-1,0)

(-3,2)

3

(3,3)

(3,0)
9ρ(x,z)(1+z)

(0,9)
(-6,4)

(1,0) (12,0)

(12,9)

(2,0)

(3,1)

(0,0) (3,0)

(6,3)(0,1)

σ(x,y)

(0,0)

(0,2)

(12,0)

(21,9)

ρ(x,y)

(0,0)

Fig. 23
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For a Laurent polynomial 
(t) =

P

n

k=m




k

t

k

su
h that 


m

6= 0 and 


n

6= 0, let

us denote ord

t


 = m and deg

t


 = n.

Lemma 4.2. Let a be a positive integer and R(x; y) a polynomial whose New-

ton polygon is 
ontained in the quadrangle [(0; 0), (12a; 0), (21a; 9a), (0; 2a)℄. Let

R(t; u) and R(x; z) be the result of the substitution into R(x; y) of the expressions

of (x; y) via (x; z) and (t; u). Suppose that the Newton polygon of the Laurent poly-

nomial R(t; u) is 
ontained in the quadrangle [(0; 0), (4a; 0), (4a; 2a), (�3a; 9a)℄

(
ompare with Fig. 21). Let

(1 + z)

9a

R(x; z) =

12a

X

k=�6a

b

k

(z)x

k

:

Suppose that b

k

= 0 for k < m. Then

deg

z

b

m

� ord

z

b

m

� 3=2 (m+ 6a);

and in the 
ase of the equality sign we have b

m

(z) = z

�7=6m

(1 + z)

3=2 (m+6a)

.

Proof. Sin
e b

k

= 0 for k < m, the Newton polygon of (1+z)

9a

R(x; z) is to the right

of the verti
al line x = m. In the 
oordinates (x; y

10

), this 
ondition means that the

Newton polygon of y

9a

10

R(x; y

10

) lies in the area shadowed in the left hand side of

Fig. 24. Passing from the 
oordinates (x; y

10

) to the 
oordinates (t; u) (see Fig. 24)

and ba
k (see Fig. 25), one 
an tra
e that the Newton polygon of R must always

remain in the shadowed area. Therefore, all non-zero monomials of y

9a

10

R(x; y

10

)

lying on the verti
al line x = m must be above the segment [(�6a; 0); (0; 9a)℄ (it is

shown by the dashed line in Figures 24 and 25), i.e. ord

y

10




m

� 3=2 (m+6a), where




m

(y

10

) is the 
oeÆ
ient of x

m

in the Laurent polynomial y

9a

10

R(x; y

10

). It remains

to note that b

m

(z) = 


m

(1 + z), and hen
e, deg

z

b

m

� ord

z

b

m

� ord

y

10




m

. �

(-6a,7a)

(-6a,0)

(0,9a)

(x

10

; y

10

) (x

2

; y

2

) (x

3

; y

3

) (t; u)

Fig. 24

(-6a,7a)

(-6a,0)

(0,9a)

(t; u) (x

3

; y

3

) (x

2

; y

2

) (x

10

; y

10

)

Fig. 25
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Without loss of generality, we may assume that the 
oeÆ
ient of x

63

y

27

in the

polynomial Q(x; y) is equal to one. Applying Lemma 4.2 su

essively to the polyno-

mialQ��

3

, we obtain that in the 
oordinates (x; z), its 
oeÆ
ients of x

�18

; : : : ; x

�13

are zero and the 
oeÆ
ient of x

�12

is 


2

z

14

(z + 1)

9

for some 
onstant 


2

.

Still applying Lemma 4.2, this time to the polynomial Q � �

3

� 


2

�

2

, we see

that its 
oeÆ
ient of x

�12

; : : : ; x

�7

are zero and the 
oeÆ
ient of x

�6

is equal to




1

z

7

(z + 1)

18

for some 
onstant 


1

.

Finally, applying su

essively Lemma 4.2 to the polynomial Q� �

3

� 


2

�

2

� 


1

�,

we obtain that it is identi
ally zero, i.e.

Q = �

3

+ 


2

�

2

+ 


1

�:

It remains to note that the 
oeÆ
ient of x

�1

z in this polynomial is zero while

by Lemma 4.1 it should not be so (see Fig. 22, left hand side). The obtained


ontradi
tion proves Proposition 4.1.

4.3. Se
ond proof of Proposition 4.1 (simple but not rigorous). When


onstru
ting the bran
h 
urveD in Se
t. 3.2, we solved an underdeterminate system

of simultaneous equations (the number of unknowns was greater than the number

of equations: see Remark 3.3). Therefore it is naturally to assume that D admits

deformations in the 
lass of 
urves with the given types of singularities, hen
e, it


an be further degenerated.

Suppose that there exists a degeneration su
h that a singularity of the type A

2

meets a simple double point and transforms into a singularity of the type A

4

as in

the family of 
urves

C

t

= fy

2

= x

3

(x � t)

2

g with t! 0: (26)

Then a 
ounter-example to the Ja
obian Conje
ture is impossible by the following

simple reason of topologi
al nature. Indeed, in this 
ase, there exists a dis
 �


ontinuously embedded into C

2

su
h that

(i ) � meets D along its boundary: � \D = ��;

(ii ) the path �� passes through the simple double point of D and at this point,

it passes from one lo
al bran
h to the other.

For instan
e, in the situation (26) for t 2 R, t > 0, su
h a dis
 
an be 
hosen

as f(x; y) 2 R

2

j 0 � x � t, y

2

� x

3

(x � t)

2

g. Sin
e this dis
 
an be lifted to

the 
overing, the preimages of the both bran
hes meet on the 
overing whi
h is

impossible.

It must be very diÆ
ult (if possible at all) to prove the existen
e of degenerations

of the form (26). Nevertheless, it seems that a 
urve satisfying the 
onditions of

Lemma 3.1 might be obtained by triple appli
ation of degenerations of the form

(26) to a 
urve D

0

whi
h satisfy the 
onditions (a) and (b) of Lemma 3.1 and has

four singular points of the type A

2

and four singular points of the type A

4

. Su
h


urves exist, among them, there is a 
urve whi
h has the symmetry of the fourth

order.

x5. Pseudo-
onvex immersions

Now we shall prove Proposition 0.4.
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5.1. Immersions S

3

! C

2

up to regular homotopy. Let us denote the spa
e of

immersions of a manifold X into a manifold Y by Imm(X;Y ). By Smale's theorem

[16℄, the 
onne
ted 
omponents of Imm(S

k

;R

n

) are in a one-to-one 
orresponden
e

with the elements of the homotopy group �

k

(SO(n)). Hen
e,

�

0

�

Imm(S

3

;R

4

)

�

e=�

3

(SO(4))e=Z

2

: (27)

In this subse
tion, we give an expli
ite geometri
 des
ription of this isomorphism

when R

4

is equipped by a 
omplex stru
ture (identi�ed with C

2

).

For f 2 Imm(S

3

;C

2

), denote the degree of the Gauss mapping (see De�nition

0.1) by DG(f) and let CS(f) be the homotopy 
lass of the pull-ba
k of the 
omplex

tangent �eld, i.e. the �eld of tangent 2-planes

q 7! f

�1

�

(T \ iT ); where q 2 S

3

and T = f

�

(T

q

S

3

):

Proposition 5.1. Two immersions f

1

; f

2

2 Imm(S

3

;C

2

) are regularly homotopi


if and only if DG(f

1

) = DG(f

2

) and CS(f

1

) = CS(f

2

).

Proof. Sin
e the sphere S

3

parallelizable, the Smale's isomorphism (27) and the

invariants DG(f) and CS(f) admit the following interpretation. Let us identify

C

2

with the quaternion body H by the mapping (z; w) 7! z+wj. Then S

3

= fq 2

H j q�q = 1g. Let

~

i,

~

j,

~

k be the tangent ve
tor �elds on S

3

linearly independent at

every point and ~n the �eld of exterior unit normal ve
tors de�ned by

~

i(q) = qi;

~

j(q) = qj;

~

k(q) = qk; ~n(q) = q; where q 2 S

3

:

To an immersion f : S

3

! H, we asso
iate a mapping �(f) : S

3

! SO(4) in

the following way. Let us extend f up to an orientation preserving immersion of

some neighbourhood of the sphere S

3

in su
h a way that ea
h ve
tor f

�

(~n(q)) is

orthogonal to f

�

(T

q

S

3

). Then �(f) : q 7! Q 2 SO(4), where q 2 S

3

and Q is

the matrix whi
h takes the frame (1; i; j; k) to the orthogonalization of the frame

f

�

�

~n(q);

~

i(q);

~

j(q);

~

k(q)

�

. By Smale's theorem, the mapping � indu
es a bije
tion

�

�

: �

0

�

Imm(S

3

;R

4

)

�

! �

3

(SO(4)).

We shall 
onsider S

3

as a subgroup of the multipli
ative group H n 0, and let

S

2

= S

3

\ (iR+ jR+ kR). Let us introdu
e the following notation:

�

1

; �

2

: S

3

! S

3

� S

3

; �

1

(s) = (s; 1); �

2

(r) = (1; r);

� : S

3

� S

3

! SO(4); �(s; r) : q 7! s q �r;

� : SO(4)! S

3

; �(Q) = Q(1);

� : SO(4)! S

2

; �(Q) = Q(i) �Q(1);

(Q 2 SO(4) is 
onsidered as an orthogonal operatorH! H). Let us �x the natural

identi�
ations �

3

(S

3

) = �

3

(S

2

) = Z. The mapping � is a double 
overing be
ause

it is a group homomorphism and Ker � = f�1g. It indu
es an isomorphism

�

�

: Z� Z = �

3

(S

3

� S

3

)! �

3

(SO(4)):

Sin
e ��(s; r) = s �r, we have

�

�

�

�

: Z� Z = �

3

(S

3

� S

3

)! �

3

(S

3

) = Z; (m;n) 7! m� n: (28)
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It is easy to see that ���

1

: S

3

! S

2

takes s into s i �s. It is the Hopf �bration.

Indeed, s

1

i s

1

= s

2

i s

2

if and only if s

1

= s

2

� (x + iy) for some x; y 2 R. Hen
e

there is an isomorphism

(���

1

)

�

: �

3

(S

3

)! �

3

(S

2

):

It is 
lear also that ���

2

: S

3

! S

2

is a 
onstant map r 7! i, i.e.

im

�

(���

2

)

�

: �

3

(S

3

)! �

3

(S

2

)

�

= 0:

Thus, we have

�

�

�

�

: Z� Z = �

3

(S

3

� S

3

)! �

3

(S

2

) = Z; (m;n) 7! m: (29)

By de�nition, DG(f) = �

�

([�(f)℄) 2 �

3

(S

3

) = Z and CS(f) is de�ned be the

homotopy 
lass of the ve
tor �eld q 7! f

�1

�

�

i f

�

(~n(q))

�

. Sin
e S

3

is parallelizable,

non-zero ve
tor �elds 
an be identi�ed with mappings S

3

! S

2

� T

1

(S

3

). Under

this identi�
ation, CS(f) 
orresponds to the homotopy 
lass �

�

([�(f)℄) 2 �

3

(S

2

).

It follows from (28) and (29) that [�(f)℄ is determined by its images under the

homomorphisms �

�

and �

�

. �

5.2. On extendibility of an immersion of a sphere to an immersion of a

ball.

Let X and Y be 
onne
ted n-manifolds su
h that X is 
ompa
t and has a boundary

(not ne
essary 
onne
ted), for example, X = B

n

, Y = R

n

. In this subse
tion,

we give a suÆ
ient 
ondition for an immersion of the boundary �X ! Y to be

extendable to an immersion X ! Y . For n = 2 it was proved by Fran
is [8℄.

De�nition. Let Z and Y be manifolds of dimensions n� 1 and n respe
tively.

1. An immersion f : Z ! Y is 
alled Morse, if for any points z; z

0

2 Z su
h that

f(z) = f(z

0

) and f

�

(T

z

Z) = f

�

(T

z

0

Z) (we shall 
all su
h a pair of points a self-

tangen
y of f), there exist neighbourhoods U and U

0

on whi
h f is an embedding,

a neighbourhood V of y = f(z) and a smooth fun
tion ' : V ! R, su
h that

f' = 0g = V [ f(U

0

) and ' Æ f j

U

is a Morse fun
tion.

2. A normal bundle of an immersion f : Z ! Y is 
alled the line bundle N

f

! Z

whose �bre over z is T

f(z)

Y=f

�

(T

z

Z). A 
oorientation of an immersion f is 
alled

an orientation of its normal bundle.

3. Suppose that f : Z ! Y is a 
ooriented Morse immersion and z; z

0

2 Z its

self-tangen
y points. The self-tangen
y at points z; z

0

2 Z is 
alled 
oherent, if their


oorientations are indu
ed by the same orientation of the spa
e T

f(z)

Y=f

�

(T

z

Z) =

T

f(z

0

)

Y=f

�

(T

z

0

Z), and opposite otherwise.

4. The index of an opposite self-tangen
y is 
alled the index of the singular

point of the fun
tion ' Æ f j

U

(see above) under the 
ondition that the gradient of

' de�nes a positive normal ve
tor �eld V \ f(U

0

) (in the 
ase of a 
oherent self-

tangen
y or in the 
ase of a non 
ooriented immersion, the index is de�ned only up

to the identi�
ation of k and n� k � 1).

5. A regular homotopy fh

t

g

t2[0;1℄

is 
alled Morse, if for all t 2 [0; 1℄, the immer-

sion h

t

is Morse. A triple z; z

0

; t where z; z

0

2 Z are self-tangen
y points of h

t

is


alled a passing through a self-tangen
y.
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6. A passing through a self-tangen
y z; z

0

; t of a regular homotopy fh

t

g is 
alled

transversal if there are neighbourhoods of the points (z; t), (z

0

; t) whose images

under the mapping (z; t) 7! (h

t

(z); t) are transversal to ea
h other in Y � [0; 1℄. A

regular homotopy is 
alled transversal if all its passings through self-tangen
ies are

transversal.

7. A passing through an opposite self-tangen
y of a 
ooriented regular homotopy

is 
alled positive (negative) if the velo
ity of ea
h bran
h with respe
t to the other

is positive (negative) in the sense of the 
oorientation.

Fig. 23 illustrates the de�nitions of the self-tangen
y types. In Fig. 24, positive

passings of self-tangen
ies of di�erent indi
es are depi
ted (the negative ones 
an

be obtained from them by the reversing of time, i.e. for " < 0). The arrows in the

both �gures indi
ate the 
oorientations.

Index 0 Index 1

| {z }

Coherent Opposite

Fig. 23. Self-tangen
ies

t = t

0

� " t = t

0

+ " t = t

0

� " t = t

0

+ "

Index 0 Index 1

Fig. 24. Positive passings through self-tangen
ies (" > 0)

Proposition 5.2. Let X and Y be 
onne
ted n-manifolds su
h that X is 
ompa
t

and has a boundary Z = �X. Let H : X ! Y be an immersion and h

t

: Z ! Y , t 2

[0; 1℄ a transversal Morse homotopy su
h that h

0

= H j

Z

. Let us �x the 
oorientation

of h

0

de�ned by the image under the mapping H

�

of an exterior normal ve
tor �eld

to Z (it it extends by 
ontinuity for all h

t

). If all the passings of opposite self-

tangen
ies of index n � 1 are positive then there exists a homotopy H

t

: X ! Y

su
h that H

t

j

Z

= h

t

and H

0

= H.

For n = 2, Proposition 5.2 is proved in [8℄. In the general 
ase, the proof is more

or less the analogous and we omit it.

Example. In Fig. 25, we depi
ted a regular homotopy of a 
ir
le fh

t

g su
h that h

0

is extendable to an immersion of a dis
 but h

1

is not. One sees that the extendibility

fails at the moment of a negative passing through an opposite self-tangen
y of index

1. By Proposition 5.2, this is the only reason whi
h 
an break the extendibility.
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 = 0t  = 1t

Fig. 25

De�nition 5.3. Let X;Y be 
onne
ted n-manifolds su
h that X is 
ompa
t and

f : Z = �X ! Y is an immersion. Two extensions F;G : X ! Y of f are 
alled

equivalent if there exists an isotopy H

t

: X ! Z, t 2 [0; 1℄ su
h that H

0

= F ,

H

1

= G, and H

t

j

Z

= f for all t.

Corollary 5.4. Let X;Y be 
onne
ted n-manifolds su
h that X is 
ompa
t and

Z = �X. Suppose that h

t

: Z ! Y is a transversal Morse regular homotopy whi
h

has no opposite self-tangen
ies of index n�1. Then the immersions h

0

and h

1

have

the same number of extensions to X up to the equivalen
e from De�nition 5.3. �

Now let us apply Proposition 5.2 to the problem of extension of a stri
tly pseudo-


onvex homotopy of the boundary (see De�nition 0.3) to a regular homotopy of the

whole manifold.

Corollary 5.5. Let Y be a smooth 
omplex (or almost 
omplex) manifold of 
om-

plex dimension k � 2, and let X a smooth 
ompa
t oriented manifold of real di-

mension n = 2k with a boundary Z = �X. Let H : X ! Y be an immersion and

h

t

: Z ! Y , t 2 [0; 1℄ a stri
tly pseudo-
onvex homotopy su
h that h

0

= H j

Z

. Then

there exists a regular homotopy H

t

: X ! Y su
h that H

t

j

Z

= h

t

and H

0

= H.

Proof. By a small perturbation, the homotopy fh

t

g 
an be done Morse and transver-

sal. If the perturbation is suÆ
iently small then the homotopy remains to be stri
tly

pseudo-
onvex. Comparing the Levi forms of the tou
hing bran
hes, it is easy to see

that opposite self-tangen
ies of index n�1 are impossible for Morse pseudo-
onvex

immersions. Hen
e, Proposition 5.5 follows from Proposition 5.2. �

Corollary 5.6. Let Y be a smooth 
omplex and let f : S

3

! Y be a stri
tly

pseudo-
onvex immersion. Then:

(a). The immersion f is extendable to an immersion of a ball if and only if

stri
tly pseudo-
onvexly homotopi
 to the standard embedding.

(b). Up to equivalen
y (see De�nition 5.3), there exists at most one extension

of f to an immersion of the ball B

4

! Y .

Proof. Suppose that f is extendable to an immersion F : B

4

! Y . By a theorem

of Eliashberg [7℄, there exists a pluri-subharmoni
 (with respe
t to the 
omplex

stru
ture pulled ba
k from Y ) fun
tion on B

4

with a single minimum. The level

hypersurfa
es of this fun
tion de�ne a stri
tly pseudo-
onvex homotopy between f

and an embedding. Sin
e an embedding of a the sphere is uniquely extendable to

an embedding of the ball, the required statement follows from Corollary 5.4. �

Remark. For k = 1, the 
on
lusion of the Corollary 5.6(b) is wrong: in Fig. 26, we

give an example of an immersion S

1

! R

2

whi
h is non-uniquely extendable to an

immersion of the dis
. In the paper [15℄, this example is 
alled Milnor example.
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In the 50-th, this example was 
onstru
ted independently by N.N. Konstantinov.

Rotating the 
urve in Fig. 27 around the axis, we obtain examples of non-uniquely

extendable immersions S

n�1

! R

n

for all n � 2, i.e. Corollary 5.6(b) is wrong

without the 
ondition that f is pseudo-
onvex.

Fig. 26 Fig. 27

5.3. Proof of Proposition 0.4.

Proposition 5.1 implies that the immersion f of the sphere �M (see De�nition

0.1) 
orresponding to the meromorphi
 immersion of the (+1)-pair 
onstru
ted in

x3 is regularly homotopi
 to the standard embedding. Indeed, DG(f) = 1 by the


onstru
tion CS(f) = 1 be
ause being holomorphi
, the mapping f preserves the


omplex tangent �eld.

Let us prove that there is no stri
tly pseudo-
onvex homotopy between f and

the standard embedding. Suppose, su
h a homotopy exists. Then, by Proposition

5.6(a), f would be extendable to a homotopy of a ball. Atta
hing the ball to

M , we obtain a 4-manifold di�eomorphi
 to CP

2

, a 2-sphere L embedded into

it, and an immersion X n L ! C

2

. Moreover, X has a 
omplex stru
ture in a

neighbourhood of L, su
h that L is a 
omplex line and the fun
tions de�ning the

immersion into C

2

are meromorphi
. Let us pull ba
k the 
omplex stru
ture from

C

2

to the whole X . Then the obtained 
omplex surfa
e is isomorphi
 to CP

2

, the

des
ribed 
onstru
tion would give a 
ounter-example to the Ja
obian Conje
ture

whi
h is impossible by Proposition 4.1.
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