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Abstra
t. We show that there exists a real non-singular pseudoholomorphi
 sexti



urve in the aÆne plane whi
h is not isotopi
 to any real algebrai
 sexti
 
urve. This

result 
ompletes the isotopy 
lassi�
ation of real algebrai
 aÆne M -
urves of degree

6. Comparing with the isotopy 
lassi�
ation of real aÆne pseudoholomorphi
 sexti


M -
urves, obtained earlier by the �rst author, one �nds three pseudoholomorphi


isotopy types whi
h are algebrai
ally unrealizable. In a similar way we �nd a real

pseudoholomorphi
, algebrai
ally unrealizable (M � 1)-
urve of degree 8 on a qua-

drati
 
one with a spe
ial position with respe
t to a generating line. The proofs are

based on the Hilbert-Rohn-Gudkov approa
h developed by the se
ond author and

the 
ubi
 resolvent method developed by the �rst author.

Introdu
tion

This paper 
an be 
onsidered as a 
ontinuation of [15℄. The study of plane

real pseudoholomorphi
 
urves has been initiated by the �rst author [11, 3, 12℄.

It gives a new insight on the 
lassi
al Hilbert 16th problem whose �rst part is

the question of 
lassi�
ation of the oval arrangements of real plane non-singular

algebrai
 
urves. This 
lassi�
ation is 
ompleted only for small degrees. The global

rigidity of the symple
ti
 stru
ture, whi
h espe
ially be
omes apparent in Gromov's

theory of pseudoholomorphi
 
urves [5℄, makes the isotopy 
lassi�
ation

1

of real

pseudoholomorphi
 and algebrai
 
urves rather similar. On the other hand, the

di�eren
e between pseudoholomorphi
 and algebrai
 
urves and methods whi
h

allow one to distinguish these 
lasses are of a natural interest. This 
an be viewed

as an analogue of the question of Viro [25℄, who introdu
ed 
exible 
urves and

asked if there is a real 
exible non-singular 
urve in RP

2

whi
h is not isotopi
 to

a homologous real algebrai
 
urve, the question whi
h still is open.

In the present paper, we provide two examples of real pseudoholomorphi
 
urves

whi
h are not isotopi
 to any real algebrai
 
urve in the 
orresponding 
lass. One

example is an aÆne M -
urve of degree 6, and this is a 
ompletion of the iso-

topy 
lassi�
ation of real algebrai
 aÆne M -sexti
s. The other example is a real
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(M � 1)-
urve of degree 8 on a quadrati
 
one. Previously known examples of real

pseudoholomorphi
, algebrai
ally unrealizable 
urves have been found in [3,15,13℄.

We should like also to mention an in�nite series of examples of real 
exible 
urves on

Hirzebru
h surfa
es found by Wels
hinger [26℄ whi
h are are not realizable neither

algebrai
ally, nor pseudoholomorphi
ally.

Similarly to [15℄, we prove the nonexisten
e of a real algebrai
 
urve with a

spe
i�
 arrangement of its 
onne
ted 
omponents in two steps. First, we show

that a hypotheti
al 
urve of su
h a type must degenerate into a highly singular

real algebrai
 
urve (Se
tion 2). A degeneration is obtained in the framework

of the Hilbert-Rohn-Gudkov approa
h: we 
onsider a one-parametri
 equisingular

deformation of a given 
urve su
h that some of the 
urve geometri
 
hara
teristi
s


hanges monotoni
ally, and this ne
essarily leads to a degeneration. If the 
lassi
al

Hilbert-Rohn-Gudkov method deals with only one-dimensional families of nodal


urves passing through �xed points [7,17,18,21,15℄, in the present paper we use

higher-dimensional equisingular families of 
urves with arbitrary singularities A

k

,

k � 1. One 
annot redu
e the dimension of the latter families to 1 by �xing extra

points without loss of ni
e geometri
 properties (like smoothness), thus, inside these

families, we 
onstru
t pie
e-wise algebrai
 one-dimensional paths whi
h may 
onsist

of in�nitely many pie
es. The 
onstru
tion of su
h paths and the study of their

limits as the main te
hni
al novelty in our development of the Hilbert-Rohn-Gudkov

method. Noti
e also that a rather 
ompli
ated tree of possible degenerations in the

above deformations 
an be substantially redu
ed by applying prohibitions provided

by the braid group te
hniques from [11℄. The se
ond step of our 
onsideration (see

Se
tion 3) is the prohibition of the hypotheti
al singular algebrai
 
urves obtained

in the �rst stage. In 
ontrast to [15℄, the main tool used here is rather simpler and

is based on the 
ubi
 resolvent method suggested by the �rst author (this method

was used already in [13℄). Namely, a hypotheti
al algebrai
 
urve is represented as

a rami�ed four-fold 
overing of the line, i.e., as an algebrai
 family of real equations

of degree 4, and the 
ontradi
tion is extra
ted from the properties of the family of

the 
ubi
 resolvents of these equations.

1. Statement of results

1.1. Real plane aÆne sexti
 M-
urves. A real plane non-singular pseudoholo-

morphi
 or algebrai
 
urve of degree m is 
alled M -
urve if its real part has the

maximal possible for degree m number of 
onne
ted 
omponents. This number is

g+1 = (m�1)(m�2)=2+1 for a proje
tive 
urve, and g+m = (m�1)(m�2)=2+m

for an aÆne 
urve. The proje
tive 
losure of an aÆne M -
urve is a proje
tive M -


urve whi
h has a 
onne
ted 
omponent 
rossing the in�nite line at m points. The

isotopy 
lassi�
ation of real plane proje
tive M -
urves is known for degree � 7

in the algebrai
 
ase [23,24℄, and for degree � 8 in the pseudoholomorphi
 
ase

[12℄. The isotopy 
lassi�
ation of real plane aÆne M -
urves has been known for

degree � 5 in the algebrai
 
ase [16℄, and for pseudoholomorphi
 
urves of degree

� 6 [11℄. We 
omplete the 
lassi�
ation of aÆne algebrai
 M -sexti
s and, for the

reader 
onvenien
e, formulate both algebrai
 and pseudoholomorphi
 
lassi�
ation.

The notation for isotopy types of aÆne M -sexti
s, whi
h we represent as pairs of a

proje
tive sexti
 and a real line in RP

2

(the line at in�nity) is shown in Figure 1,

where a; b; 
 denote the number of empty ovals

2

in the 
orresponding domains.

2

An oval is 
alled empty if it does not surround any other oval.



PSEUDOHOLOMORPHIC, ALGEBRAICALLY UNREALIZABLE CURVE 3

2A  (a,b,c)A  (a,b)1

a

b

c

a

b

3A  (a,b,c)

c
ba

2B  (a,b,c)4A  (a,b,c)

c

b

a

B  (a,b)1

b

b

c

a

a

2C  (a,b,c)

a

b

c

3B  (a,b,c)
b

ac

1C  (a,b,c)

c

b a

Figure 1

Theorem 1.1. (a) Any real aÆne pseudoholomorphi
 M -sexti
 belongs to one of

the following 35 isotopy types:
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A

1

(a; b); (a; b) = (1; 8); (5; 4);

A

2

(a; b; 
); (a; b; 
) = (1; 8; 1); (8; 1; 1); (0; 5; 5); (1; 4; 5);

(4; 1; 5); (5; 0; 5); (0; 1; 9); (1; 0; 9);

A

3

(a; b; 
); (a; b; 
) = (4; 5; 1); (7; 2; 1); (2; 3; 5); (4; 1; 5); (0; 1; 9);

(0; 5; 5);

A

4

(a; b; 
); (a; b; 
) = (1; 8; 1); (5; 4; 1);

B

1

(a; b); (a; b) = (1; 8); (5; 4);

B

2

(a; b; 
); (a; b; 
) = (1; 8; 1); (0; 5; 5); (5; 0; 5); (0; 1; 9); (1; 0; 9);

B

3

(a; b; 
); (a; b; 
) = (3; 6; 1); (1; 4; 5); (2; 3; 5);

C

1

(a; b; 
); (a; b; 
) = (0; 9; 1); (7; 2; 1); (0; 5; 5); (3; 2; 5); (0; 1; 9);

C

2

(a; b; 
); (a; b; 
) = (1; 7; 2); (5; 3; 2)

(1)

and

A

4

(1; 4; 5); B

2

(1; 4; 5); C

2

(1; 3; 6) : (2)

Ea
h of the types (1), (2) is represented by a real aÆne pseudoholomorphi
 sexti
.

(b) Ea
h of the types (1) is represented by a real aÆne algebrai
 sexti
. The

types (2) are not realizable by real aÆne algebrai
 sexti
s.
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The nonexisten
e of pseudoholomorphi
 sexti
s of the types di�erent from (1)

and (2) is proved in [11℄, a 
onstru
tion of algebrai
 sexti
s of types (1) 
an be

found in [9, 10℄, a 
onstru
tion of pseudoholomorphi
 sexti
s of types (2) 
an be

found in [3, 11℄

The nonexisten
e of algebrai
 sexti
s of type B

2

(1; 4; 5) is proved in [3℄ by means

of the use of pen
ils of algebrai
 
ubi
s, the nonexisten
e of algebrai
 sexti
s of type

A

4

(1; 4; 5) is proved in [15℄. Thus, to 
omplete the proof of Theorem 1.1, we have

to prohibit only algebrai
 sexti
s of type C

2

(1; 3; 6), what is done in the present

paper (
ombine Lemma 2.10 and Se
tion 3.4).

1.2. Real 
urves on a quadrati
 
one. In [15℄, we studied 
urves of bidegree

(4; 8) on a quadrati
 
one whi
h have an oval arranged in a 
ertain way with respe
t

to a generating line of the 
one. We have 
ompletely 
lassi�ed theM -
urves (both,

algebrai
 and pseudoholomorphi
) and also pseudoholomorphi
 (M � 1)-
urves.

Algebrai
 realizability of two pseudoholomorphi
ally realizable (M � 1)-
urves re-

mained open. Here we ex
lude one of them.

Blowing up the singular point of a 
one, we obtain the Hirzebru
h surfa
e F

2

.

We re
all that the Hirzebru
h surfa
e (relatively minimal rational ruled surfa
e) F

n

(n � 1) is the �berwise 
ompa
ti�
ation of the line bundle O(n) over P

1

. There

is a �bration �

n

: F

n

! P

1

with �bers isomorphi
 to P

1

. This �bration has one

ex
eptional se
tion whi
h we denote by E. Its self-interse
tion is equal to (�n). The

surfa
e F

n


an be de�ned by gluing of four 
opies of C

2

with 
oordinate systems

(x

0

; y

0

); : : : ; (x

3

; y

3

) and the 
oordinate 
hanges

x

1

= x

�1

; y

1

= y

0

x

�n

0

x

2

= x

0

; y

2

= y

�1

0

x

3

= x

�1

2

; y

3

= y

2

x

n

2

:

The proje
tion � is de�ned by (x

j

; y

j

)! x

j

for ea
h j = 1; : : : ; 4. The ex
eptional

se
tion E is de�ned by y

2

= 0 and by y

3

= 0. The 
oordinate system (x

0

; y

0

) is


alled standard.

The group of 
lasses of divisors (the Pi
ard group) of F

n

is generated by E and

a �ber F . If a 
urve belongs to the linear system jnE + kF j, we say that it has

bidegree (n; k).

So, we 
onsider 
urves of bidegree (4; 8) on F

2

, whi
h have 9 ovals lo
ated with

respe
t to some �bre F

0

as shown in Figure 2(a) (type A(3; 1; 4) in the notation of

[15℄). These 
urves 
an be represented as aÆne plane 
urves de�ned by a polyno-

mial with Newton triangle spanned by the points (0; 0), (8; 0), (0; 4), and having

bran
hes lo
ated as shown in Figure 2(b). Su
h a pseudoholomorphi
 
urve has

been 
onstru
ted in [15℄. We state

0F

(a) (b)

Figure 2
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Theorem 1.2. There is no real algebrai
 
urve of bidegree (4,8) on F

2

realizing

the isotopy type A(3; 1; 4).

2. Degeneration of real algebrai
 
urves:

The Hilbert-Rohn-Gudkov approa
h

2.1. Equisingular families of 
urves with singularities of type A

k

.

Let z be a singular point of type A

k

, k � 1, on an algebrai
 
urve C in a smooth

algebrai
 surfa
e �. In appropriate lo
al 
oordinates x; y in a small neighborhood

U(z) of z = (0; 0) in �, the 
urve C is given by an equation y

2

� x

k+1

= 0. We

identify O

�;z

with the ring Cfx; yg of germs of holomorphi
 fun
tions in x; y at the

origin. Any 
urve C

0

2 jCj de�nes a non-trivial element of O

�;z

up to a non-zero


onstant fa
tor, and without further 
onfusion we shall denote one of these elements

by the same symbol.

Introdu
e the ideals in the ring O

�;z

I(C; z) = hy

2

; yx

[(k�1)=2℄

; x

k

i; I

0

(C; z) = hy

2

; yx

[(k+1)=2℄

; x

k+1

i ;

I

0

0

(C; z) = hy

2

; yx

[k=2℄+1

; x

k+1

i :

Clearly, C 2 I

0

0

(C; z) � I

0

(C; z) � I(C; z), and elements C

0

2 I

0

0

(C; z) 
lose to C

have at z singularity A

k

. Observe also that I

0

(C; z) = I

0

0

(C; z) as k is odd. Denote

by V

0

(C; z) and V (C; z) germs at C of the subsets of O

�;z

f'(x; y + ux

[(k+1)=2℄

) : ' 2 I

0

0

(C; z); u 2 Cg ; (3)

f'(x+ t; y + ux

[(k+1)=2℄

+ vx

[(k�1)=2℄

) : ' 2 I

0

0

(C; z); t; u; v 2 Cg ; (4)

respe
tively, where, for ea
h ' 2 I

0

0

(C; z), t; u; v are obstru
ted by the 
ondition

that the elements of V

0

(C; z); V (C; z) remain holomorphi
 at z.

Proposition 2.1. (a) If � � O

�;z

is a �nite-dimensional linear subspa
e, whi
h


ontains C and interse
ts transversally with the ideal I(C; z) (resp., I

0

(C; z)) then

V (C; z) \ � (resp. V

0

\ �) is a germ at C of a smooth subvariety with the tangent

spa
e T

C

(V (C; z) \ �) = I(C; z) \ � (resp., T

C

(V

0

(C; z) \ �) = I

0

(C; z) \ �).

(b) Any element C

0

2 V

0

(C; z) has singularity A

k

at z, and any element C

0

2

V (C; z) has a singular point of type A

k

in U(z), whi
h lies on the line 


z

= fy = 0g

as k � 3. In addition, the total interse
tion of C and C

0

in U(z) (whi
h redu
es

here to a 
ommon 
onvergen
e neighborhood) is

(C

0

� C)

U(z)

� k + 2

�

k + 1

2

�

+

�

1; C

0

2 V

0

(C; z);

�1; C

0

2 V (C; z);

(5)

where U(z) redu
es up to z if C

0

2 V

0

(C; z) and �(C; z) is odd.

Remark 2.2. (1) The ideals I(C; z), I

0

(C; z) de�ne zero-dimensional s
hemes Z(C; z),

Z

0

(C; z) � � of degrees degZ(C; z) = k�1+[(k+1)=2℄, degZ

0

= k+1+[(k+1)=2℄.

(2) The line 


z

depends in general on the 
hoi
e of lo
al 
oordinates. We �x just

one of these lines.

Proof of Proposition 2.1. Sin
e we 
onsider �nite-dimensional subspa
es in O

�;z

,

we 
an restri
t this ring up to the ring (denoted by the same symbol) of fun
tions
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'(x; y), whi
h are holomorphi
 in a �xed neighborhood U of z in � and su
h that

'(x+ t; y + ux

(k+1)=2

+ vx

(k�1)=2

) are holomorphi
 in U as well, for all suÆ
iently


lose to zero t; u; v 2 C. Similarly we restri
t I

0

(C; z), I

0

0

(C; z), I(C; z), I

0

(C; z),

V

0

(C; z), V (C; z).

For k odd, it is easy to 
he
k that V

0

(C; z) = I

0

(C; z), and statement (a) of

Proposition be
omes trivial. For k even, (3) reads as

V

0

(C; z) = f'(x; y) 2 O

�;z

: '(x; y + ux

k=2

) 2 I

0

0

(C; z)g :

Any element ' of V

0

(C; z) uniquely determines the parameter u, whi
h is just the


oeÆ
ient of yx

k=2

in the power series expansion of '. The �bers of the proje
tion

' 7! u,

I

u

(C; z) = f'(x; y) 2 O

�;z

: '(x; y � ux

k=2

) 2 I

0

0

(C; z)g ;

are germs of ideals in O

�;z

of the same 
odimension as I

0

0

(C; z). Consider the

interse
tion �\V

0

(C; z). Sin
e � interse
ts with I

0

(C; z) transversally, so does the

linear spa
e �

0

= � + Spanfyx

k=2

g with I

0

0

(C; z), whi
h means dim�

0

=I

0

0

(C; z) =


odim I

0

0

(C; z) = 3k=2 + 1. Thus, �

0

\ V

0

(C; z) �bers over (C; 0) into the germs of

equidimensional linear spa
es �

0

\ I

u

(C; z), whi
h are disjoint in a neighborhood of

C. If �

0

� �

0

is a linear subspa
e, 
ontaining yx

k=2

, whi
h is transverse to I

0

(C; z)

and has dimension dim�

0

= 
odim I

0

(C; z), then it meets ea
h ideal I

u

(C; z) only at

zero. Thus, C+�

0

meets ea
h ideal I

u

(C; z) at only one point, and the interse
tion

points form a smooth 
urve with the tangent line spanned by

�C(x; y + ux

k=2

)

�u

�

�

�

u=0

= 2yx

k=2

:

Hen
e �

0

\ V

0

(C; z) is a germ of a smooth variety of 
odimension 3k=2 and the

tangent spa
e �

0

\ (I

0

0

(C; z) + Spanfyx

k=2

g) = �

0

\ I

0

(C; z). Finally, noti
e that �

is transverse to T

C

(�

0

\ V

0

(C; z)) = �

0

\ I

0

(C; z) in �

0

, whi
h 
ompletes the proof

of statement (a) of Proposition in the 
ase 
onsidered.

The proof of this statement for V (C; z) is a word-for-word 
opy of the above

reasoning with the following 
hanges:

(i) If k is odd then

(1) V (C; z) = f'(x; y) 2 O

�;z

: '(x+ t; y + vx

(k�1)=2

) 2 I

0

0

(C; z)g,

(2) the �bers of the proje
tion ' 2 V (C; z) 7! (t; v) 2 (C

2

; 0) are the germs of

ideals

I

t;v

(C; z) = f'(x; y) 2

b

O

�;z

: '(x� t; y � vx

(k�1)=2

) 2 I

0

(C; z)g ;

(3) �

0

= � + Span

�

yx

(k�1)=2

; x

k

	

,

(4) the interse
tion points of C+�

0

with I

t;v

(C; z) form a smooth surfa
e with

the tangent plane spanned by

�C(x+ t; y + vx

(k�1)=2

)

�t

�

�

�

t=v=0

= (k + 1)x

k

;

�C(x+ t; y + vx

(k�1)=2

)

�v

�

�

�

t=v=0

= 2yx

(k�1)=2

:
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(ii) If k is even then

(1) V (C; z) = f'(x; y) 2 O

�;z

: '(x+ t; y + ux

k=2

+ vx

k=2�1

) 2 I

0

0

(C; z)g,

(2) the �bers of the proje
tion ' 2 V (C; z) 7! (t; u; v) 2 (C

3

; 0) are the germs

of ideals

I

t;u;v

(C; z) = f'(x; y) 2

b

O

�;z

: '(x� t; y � ux

k=2

� vx

k=2�1

) 2 I

0

(C; z)g ;

(3) �

0

= � + Span

�

yx

k=2�1

; yx

k=2

; x

k

	

,

(4) the interse
tion points of C + �

0

with I

t;u;v

(C; z) form a smooth three-

manifold with the tangent spa
e spanned by

�C(x+ t; y + ux

k=2

+ vx

k=2�1

)

�t

�

�

�

t=u=v=0

= (k + 1)x

k

;

�C(x+ t; y + ux

k=2

+ vx

k=2�1

)

�u

�

�

�

t=u=v=0

= 2yx

k=2

;

�C(x+ t; y + ux

k=2

+ vx

k=2�1

)

�v

�

�

�

t=u=v=0

= 2yx

k=2�1

:

The statement (b) follows from that fa
t that, for any lo
al bran
h C

(i)

of C at

z, and C

0

2 � \ V (C; z),

(C

0

� C

(i)

)

U(z)

� minf(' � C

(i)

)

z

: ' 2 T

C

(�

0

\ V (C; z)g

(see [6℄), and elementary 
omputations with the generators of I(C; z). �

Remark 2.3. The ideals I(C; z), I

0

(C; z) 
an be des
ribed via their generi
 elements.

Namely, if k is odd, then generi
 elements of I

0

(C; z) have (k+1)=2 in�nitely near

points 
ommon with C, all of multipli
ity 2, and generi
 elements of I(C; z) have

the same in�nitely near points, (k � 1)=2 of them of multipli
ity 2 and the last

one of multipli
ity 1. If k is even then generi
 elements of I

0

(C; z) have k=2 + 1

in�nitely near points 
ommon with C, among them k=2 points of multipli
ity 2 and

one point of multipli
ity 1, respe
tively, generi
 elements of I(C; z) have the same

in�nitely near points, among them k=2� 1 points of multipli
ity 2 and two points

of multipli
ity 1. Furthermore, I

0

(C; z) and I(C; z) are 
hara
terized by the above

properties.

For zero-dimensional s
hemes determined by in�nitely near points w

1

; :::; w

p

and

multipli
ities k

1

; :::; k

p

at them (so 
alled 
luster s
hemes) we introdu
e the notation

Z(k

1

w

1

; :::; k

p

w

p

). Namely, the lo
al ideal de�ning Z(k

1

w

1

; :::; k

p

w

p

) is generated

by power series 
onvergent in a neighborhood of w

1

whi
h determine germs of

analyti
 
urves, having multipli
ity k

1

at w

1

and multipli
ity k

i

at the in�nitely

near point w

i

(appearing after (i� 1) blow-ups), i = 2; :::; p.

Proposition 2.4. (a) Let C be an irredu
ible algebrai
 
urve in a linear system jDj

on a smooth algebrai
 surfa
e � with singular points z

1

; ::; z

r

of types A

k

1

; :::; A

k

r

,

respe
tively. Assume that a germ of jDj at C is embedded in a natural way into

O

�;z

i

for any i = 1; :::; r. Fix distin
t non-singular points w

1

; :::; w

s

2 C. If, for

some p � r,

r

X

i=1

k

i

+ 2p� r + s < �DK

�

; (6)
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then the germ W at C of the set of 
urves in jDj, passing through w

1

; :::; w

s

and

belonging to V

0

(C; z

i

), 1 � i � p, and to V (C; z

i

), p < i � r, is smooth of dimension

dimW =

D

2

�DK

�

2

�

r

X

i=1

�

k

i

� 1 +

�

k

i

+ 1

2

��

� 2p� s : (7)

(b) Under 
ondition (6), the 
on�guration S(C) 
onsisting of the points w

1

; :::; w

s

and, for ea
h 1 � i � p, the �rst [(k

i

+ 1)=2℄ in�nitely near to z

i

points of C, 
an

be moved in general position when varying C in its equisingular stratum in jCj.

Proof. Let Z be a zero-dimensional subs
heme of � 
on
entrated at the points

z

1

; :::; z

r

, w

1

; :::; w

s

, and de�ned as follows. At w

i

, 1 � i � s, Z is a redu
ed

point, i.e., de�ned by the maximal ideal in O

�;w

i

); at z

i

, 1 � i � p, Z 
oin
ides

with Z

0

(C; z

i

); at z

i

, p < i � r, Z 
oin
ides with Z(C; z

i

) (see Remark 2.2(1)

for the de�nition of Z

0

(C; z) and Z(C; z)). Denote by J

Z=�

the ideal sheaf of the

subs
heme Z in the surfa
e �. We 
laim that

H

1

(�;J

Z=�


O

�

(D)) = 0 : (8)

Assuming 
ondition (8), whi
h will be proven later, we shall derive the statements

of Proposition 2.4.

The meaning of (8) is that H

0

(�;O

�

(D)) interse
ts transversally with I

0

(C; z

i

)

in O

�;z

i

for ea
h i = 1; :::; p, and interse
ts transversally with I(C; z

i

) in O

�;z

i

for

ea
h p < i � r. In parti
ular, by Proposition 2.1, all the interse
tions jDj\V

0

(C; z

i

),

1 � i � p, jDj\V (C; z

i

), p < i � r, are smooth of regular 
odimension degZ

0

(C; z

i

),

1 � i � p, degZ(C; z

i

), p < i � r, respe
tively. Moreover, (8) implies that all the

above variety germs and all the linear systems of 
urves C

0

2 jDj passing through

ea
h of the points w

1

; :::; w

s

interse
t transversally in jDj. In addition, under (8),

[4℄, Theorem 6.1(ii), implies the formula dim jDj = (D

2

�DK

�

)=2, the smoothness

of W , and formula (7).

To prove statement (b) of Proposition, introdu
e the germ

f

W at C of the set of


urves in jDj, belonging to V (C; z

i

) for ea
h p < i � r, and having a singular point

of type A

k

i

in U(z

i

) for ea
h i = 1; :::; p. The (proje
tive) Zariski tangent spa
e to

the germ of 
urves on jDj having a singular point of type A

k

i

in U(z

i

) is the linear

system jJ

Z

es

i

=�


O

�

(D)j (see, for instan
e [4℄), where the zero-dimensional s
heme

Z

es

i

is de�ned at z

i

by the Ja
obian ideal generated by the derivatives of a lo
al

equation of C. Then

dim jJ

Z

es

=�


O

�

(D)j � dim jDj � degZ

es

= dim jDj � k

i

;

hen
e

dim

f

W � dim jDj �

p

X

i=1


odimV (C; z

i

)�

X

p<i�r


odim jJ

Z

es

i

=�


O

�

(D)j

� dim jDj �

p

X

i=1

k

i

�

X

p<i�r

degZ(C; z

i

)
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=

D

2

�DK

�

2

�

p

X

i=1

k

i

�

X

p<i�r

�

k

i

� 1 +

�

k

i

+ 1

2

��

: (9)

A germ of the 
on�guration spa
e of [(k

i

+1)=2℄ in�nitely near points to z

i

is smooth

and has dimension [(k

i

+ 1)=2℄ + 1. Consider the natural proje
tion � :

f

W ! C,

where C is the produ
t of straight lines L

1

; :::; L

s

, respe
tively passing through

w

1

; :::; w

s

and transverse to C, and germs of the 
on�guration spa
es of [(k

i

+1)=2℄

in�nitely near points to z

i

, for ea
h i = 1; :::; p (here

f

W ! L

l

is de�ned as the unique

interse
tion point of C

0

2

f

W and L

l

in U(z

i

)). Combining (9) with the formula

dimC = s+

P

p

i=1

[(k

i

+1)=2℄+ p, and 
omparing them with the dimension formula

(7) for the 
entral �bre W of �, we derive that � is a submersion, 
ompleting

statement (b) of Proposition.

Now we prove (8). Let us blow up the following points:

� w

1

; :::; w

s

ea
h on
e,

� z

i

we blow up [(k

i

+1)=2℄ times if 1 � i � p, or [(k

1

�1)=2℄ times if p < i � r.

The stri
t transform C

�

of C passes through the points z

i

, 1 � i � p, with even

k

i

, has nodes at the points z

i

, p < i � r, with odd k

i

, and has 
usps at the

points z

i

, p < i � r, with even k

i

. Furthermore, C

�

belongs to the linear system

j�

�

D �

P

j

E

0

j

� 2

P

l

E

00

l

j on the blown-up surfa
e �

�

, where � : �

�

! � is the

total blowing up, E

0

j

are ex
eptional divisors 
oming from w

1

; :::; w

s

, and E

00

l

are the

ex
eptional divisors 
oming from z

1

; :::; z

r

. In view of Remark 2.3, the linear system

jJ

Z=�


O

�

(D)j on � transforms into the linear system jJ

Z

�

=�

�


O

�

�

(C

�

)j on �

�

,

where Z

�

is the union of the s
heme

S

r

i=p+1

Z(C

�

; z

�

i

) with the s
heme of simple

points z

i

, 1 � i � p, having even k

i

. Using the formulaK

�

�

= �

�

K

�

+

P

E

0

j

+

P

E

00

l

,

one 
an easily 
ompute that

�C

�

K

�

�

= �CK

�

� 2

p

X

i=1

�

k

i

+ 1

2

�

� 2

X

p<i�r

�s

�

k

i

� 1

2

�

= �DK

�

�

r

X

i=1

k

i

� 2p+ r � s+#fi = 1; :::; r : k

i

is eveng

> #fi = 1; :::; r : k

i

is eveng

the latter inequality being equivalent to (6). On the other hand, the relation ob-

tained 
an be rewritten as

#fi = 1; :::; p : k

i

is eveng+#(
usps of C

�

) < �C

�

K

�

�

;

whi
h by [4℄, Theorem 6.1, implies

H

1

(�

�

;J

Z

�

=�

�


O

�

�

(C

�

)) = 0 : (10)

Next, (10) yields that

dim jJ

Z=�


O

�

(D)j = dim jJ

Z

�

=�

�

O

�

�

(C

�

)j

=

(C

�

)

2

� C

�

K

�

�

2

�#(nodes of C

�

)� 2#(
usps of C

�

)

�#fi = 1; :::; p : k

i

is eveng :

At last, by a routine 
omputation one 
an transform the right-hand side of (7) into

dim jDj � degZ, what �nally gives (8). �
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Proposition 2.5. In the notations of Proposition 2.4, assume that the 
urve C and

the points z

1

; :::; z

r

, w

1

; :::; w

s

are real. Suppose that C is rational (resp. ellipti
)

with one (resp., two) one-dimensional real 
omponent and su
h that

r

X

i=1

k

i

+ 2p� r + s = �DK

�

� 2 (resp., = �DK

�

� 1 ) : (11)

Then:

(a) W is smooth, one-dimensional, and all (resp., all but one) of the interse
tion

points of C with C

0

2 W are 
on
entrated at w

1

; :::; w

s

and in neighborhoods of

z

1

; :::; z

r

as de�ned in Proposition 2.1(b).

(b) There is an one-dimensional 
onne
ted 
omponent 
 of C su
h that the in-

terse
tion points of C with C

0

2 WnfCg in a neighborhood of 
 are lo
ated in

neighborhoods of singular points of 
; moreover, the interse
tion numbers of C and

C

0

in neighborhoods of singular points of 
 are equal to the 
orresponding right-hand

sides of (5).

(
) Let 
 be as in parts (b). Assume that all its singular points have odd Milnor

numbers, and 
 
ontains a 
hain of loops, bounding l � 1 dis
s, as shown in Figure

3(a). If all the singular points in this 
hain belong to fz

1

; :::; z

p

g, then 
 
hanges as

shown on Figure 3(b) if moving along the real part of W in a 
ertain dire
tion, and


hanges as shown in Figure 3(
) if mowing along W in the opposite dire
tion. If

all but one of the singular points of the 
hain 
onsidered belong to fz

1

; :::; z

p

g, then


 
hanges as shown in Figure 3(d,e) depending on the dire
tion of motion along

W . At last, if all but two neighboring of the singular points of the 
hain belong to

fz

1

; :::; z

p

g, then 
 
hanges as shown in Figure 3(f,g) depending on the dire
tion of

motion along W .

(h)(g)

(b)(a) (c)

(e)(d) (f)

Figure 3

(d) Let 
 be as in parts (b). Assume that it has a singular point z

i

, 1 � i � p,

with an even Milnor number. Then, in a neighborhood of z

i

, C

0

2 WnfCg 
rosses


 at z

i

and at one more point z 6= z

i

. The germ of 
 at z

i

deforms as shown in

Figure 3(h) when moving along W .
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Proof. (a) Smoothness of W follows from Proposition 2.4, dimW = 1 follows from

(7), (11) and the formula for the geometri
 genus

g(C) =

C

2

+ CK

�

2

+ 1�

r

X

i=1

Æ(C; z

i

) =

C

2

+ CK

�

2

+ 1�

r

X

i=1

�

k

i

+ 1

2

�

:

At last, by (5) the total interse
tion of C and C

0

2 WnfCg at w

1

; :::; w

s

and

neighborhood of z

1

; :::; z

r

is

� s+

r

X

i=1

�

k

i

+ 2

�

k

i

+ 1

2

��

+ 2p� r = C

2

� g(C) :

(b) The se
ond statement immediately follows from the pre
eding argument.

(
) Let the tangent line toW at C passes through C and C

0

2 jCjnfCg. Clearly,

for any singular point z

i

2 
 of C, the interse
tion multipli
ity of C;C

0

at z

i

is

given by the right-hand side of (5), and thus, C

0

meets 
 at only singular points

of 
. Introdu
ing some 
oordinates in the (simply 
onne
ted) part of �, 
ontaining

the 
onsidered 
hain of loops of 
, des
ribe C and C

0

as zero lo
i of some fun
tions.

Then C

0

does not 
hange sign along any 
omponent of the non-singular part of 
.

Another 
onsequen
e of formulas (5) is that C

0

does not 
hange sign when passing

along C through a singular point z

i

, 1 � i � p, of 
, and does when passing through

a singular point z

i

2 
, i < p. This 
ompletes the proof.

(d) Let z

i

be of type A

2m

, m � 1. Formula (3) shows that C and C

0

interse
t

at z

i

with multipli
ity 4m if u 6= 0, and with multipli
ity � 4m + 2 if u = 0.

In the situation 
onsidered, the total interse
tion multipli
ity of C and C

0

in a

neighborhood of z

i

is 4m+ 1. Hen
e u 6= 0 and the statement follows. �

In the situation of Proposition 2.5, we observe a strongly monotone 
hange of

some 
hara
teristi
s of the real part of C when moving along W in a 
ertain dire
-

tion. We want to extend it as mu
h as possible.

De�nition 2.6. Assume that k

i

� 2, i = p + 1; :::; r. Then, for any C

0

2 W ,

the germ of W at C

0

is the interse
tion of V

0

(C

0

; z

i

), i = 1; :::; p, V (C

0

; z

0

i

)

3

,

i = p+ 1; :::; r, with the linear system of 
urves passing through w

1

; :::; w

s

. So, we


an 
onsiderW as a germ of an one-dimensional algebrai
 subvarietyM of jCj. The

above mentioned monotoni
ity means that one ne
essarily 
omes to a degeneration

when moving along M from C in a 
ertain dire
tion. By the extension of W we


all the respe
tively oriented segment of M with endpoints at C and at the �rst

o

urring degeneration.

Assume that there is k

i

> 2, p < i � r. Then the germ of W at C

0

2 WnfCg is

no longer inside V (C

0

; z

0

i

), and we 
onstru
t an extension of W in a di�erent way.

First, �x an orientation ofW . Consider the set

f

M of real 
urves in jCj, isotopi
 and

equisingular to C, passing through w

1

; :::; w

s

and belonging to V

0

(C; z

i

), i = 1; :::; p.

For any C

0

2

f

M , one 
an de�ne a similar smooth one-dimensional germ W

0

� jCj,

whi
h we orient as W . Introdu
e a partial order in

f

M by C

0

� C

00

, C

0

; C

00

2

f

M , if

there is a 
ontinuous path [�; �℄!

f

M

m


onne
ting C(�) = C

0

and C(�) = C

00

, and

a subdivision � = t

0

< t

1

< ::: < t

n

= � su
h that [t

i

; t

i+1

℄ is embedded into the

3

Here z

0

i

denotes the new position of a moving singular point z

i

of C
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respe
tively oriented half of the germ W

i

de�ned for C(t

i

). In parti
ular, the dis
s

bounded by some loops of the real part of the 
urrent 
urve C(t) grow or 
ontra
t

monotoni
ally when moving along su
h paths. This yields that any well ordered

set of 
urves in

f

M has a maximal element belonging to the 
losure of

f

M , i.e., the

existen
e of a well ordered line C(t) 2

f

M , t 2 [�; �), whose 
losed segments are

paths like des
ribed above and satisfying lim

t!�

C(t) = C(�) 62

f

M . Any su
h line

we 
all an extension of W .

2.2. Auxiliary restri
tions to 
urves in CP

2

and F

2

.

Proposition 2.7. Let z

0

2 F

2

nE, z

1

; :::; z

5

su

essive in�nitely near to z

0

points in

general position. Then there is neither 
urve of bidegree (1; 3) 
ontaining the s
heme

Z(z

0

; :::; z

5

), nor 
urve of bidegree (3; 6) 
ontaining the s
heme Z(2z

0

; :::; 2z

5

)

4

.

Proof. The �rst fa
t follows from dim jE + 3F j = 5.

Now assume that Z(2z

0

; :::; 2z

5

) � C 2 j3E + 6F j. Sin
e dim jE + 3F j = 5

there is a unique non-singular 
urve C

0

2 jE+3F j through z

0

; :::; z

4

, whi
h thereby

does not pass through z

5

in view of general position. Then (C � C

0

)

z

0

� 2 � 5 =

10 > (3E + 6F )(E + 3F ) = 9. Hen
e C � C

0

, and thereby C = C

0

+ C

00

+

E, C

00

2 jE + 3F j. Observe that, in appropriate lo
al 
oordinates, the ideal of

Z(2z

0

; :::; 2z

5

) is I = f

P

i+6j�12

a

ij

x

i

y

j

g and the germ of C

0

is given by y+x

5

. Let

C be given by

P

b

ij

x

i

y

j

. Then the 
ondition C

0

C

00

� Z(2z

0

; :::; 2z

5

), equivalent

to (y + x

5

)(

P

b

ij

x

i

y

j

) 2 I, reads as b

i0

= 0, i � 6, and b

5;0

+ b

0;1

= 0, implying

b

01

= 0, and hen
e C � Z(2z

0

; z

1

; :::; z

5

). On the other hand, (C

0

� C

00

)

z

0

�

2 + 4 = 6 > (E + 3F )

2

= 4. Hen
e C

00

= C

0

and 
annot 
ontain Z(2z

0

; z

1

; :::; z

5

).

Contradi
tion. �

Proposition 2.8. There is no real algebrai
 proje
tive plane sexti
 with a singular

point of type A

3

and nine 
onne
ted 
omponents lo
ated with respe
t to the tangent

at the singular point as shown in Figure 4(b).

a6

a2

a1

a5

a3

a4p

q

A3

(a) (b)

Figure 4

4

The relation Z � C for a 
urve C and a zero-dimensional s
heme Z, 
on
entrated at a point

w, means that a power series, de�ning the germ C;w) in lo
al 
oordinates, belongs to the ideal of

the s
heme Z
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For the proof see [15℄, Remark in Se
tion 1.3.

Proposition 2.9. Assume that there exists a non-singular real sexti
 
urve with

11 ovals lo
ated with respe
t to a 
ertain real straight line L as shown in Figure

4(1). Then, for any redu
ed degeneration of su
h a 
urve, its ar
s a

1

; a

2

; a

3

; a

4

in

the 
omplement to the straight line (see Figure 4(a)) remain non-singular.

This follows from the results of [8℄.

2.3 Degeneration of plane sexti
s.

Lemma 2.10. Assume that there exists a real non-singular plane 
urve C with 11

ovals lo
ated with respe
t to some straight line as shown in Figure 4(a). Then there

exists one of the rational real sexti
 
urves with singularities of type A

k

lo
ated with

respe
t to the �xed straight line L as shown in Figure 5.

A5

A1

A5

A1

(a) (b)

Figure 5

Proof. First, we degenerate C into an ellipti
 sexti
 with 9 nodes and with one of

the shapes shown in Figure 6, and further on prove that they either do not exist,

or ne
essarily degenerate to one of the sexti
s shown in Figure 5.

Denote by M the set of non-singular real plane sexti
s lo
ated with respe
t to

the line L as shown in Figure 4(a) and passing through the point p. Let M be its

(metri
) 
losure.

Step 1. To obtain one of the nodal degenerations shown in Figure 6, we deform

the given 
urve C along a broken line in the spa
e of real plane sexti
s, 
onsisting

of segments C

0

+ tC

2

3

, t � 0, where C

0

2 M is an irredu
ible sexti
 with m � 8

nodes, the 
ubi
 C

3

passes through the nodes of C

0

and the point p (see Figure

4(a)), and it is assumed that the oriented domain bounded by the bran
h 
rossing

the line L grows as t � 0 grows. Arguing exa
tly as in [15℄, se
tion 3.8, we 
an

obtain and irredu
ible sexti
 C

0

2 M with 9 nodes. The only possible dispositions

of nodes, by Proposition 2.9, are shown in Figure 6.

Step 2. We shall deform the 
urve C

0

along a 
ontinuous path inM, 
onstru
ted

as extensions in the sense of De�nition 2.6. For the limit 
urve C

�

, we have few

possibilities: (i) C

�

is non-redu
ed, (ii) C

�

is redu
ed and redu
ible, (iii) C

�

is

irredu
ible ellipti
, (iv) C

�

is irredu
ible rational. The fa
t that a non-redu
ed

C

�


annot o

ur in the degenerations 
onsidered, will be proved below in Step 6.

Proposition 2.9 implies that C

�


annot be redu
ible and, moreover, that C

�

must

be an irredu
ible 
urve with singular points of type A

k

.
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z1

z2
z1

z2

i < 52 <

z2
z1

6 - i

i < 31 <
3 - i

i

qpiqp

(b)

(d) (e)

(c)(a)

Figure 6

i

A11 − 2

i < 42 <

i

A5 − 2i
i

i < 20 <

A 9 A 11

(a) (b) (c)

(d) (e)

Figure 7

Step 3. Now we shall analyze the 
ase of rational irredu
ible 
urve C

�

. Sin
e

C

�

has only singularities of type A

k

and their number is at least three, one 
an

easily 
he
k that the total Milnor number is less than 20 = 4(6� 1); hen
e by [22℄,



PSEUDOHOLOMORPHIC, ALGEBRAICALLY UNREALIZABLE CURVE 15

any deformations of singular points of C

�


an independently be realized. Sin
e C

�


an be deformed into one of the ellipti
 nodal 
urves shown in Figure 6, one 
an

deform C

�

into one of the rational 
urves shown in Figure 7(see also Proposition

2.9 imposing ne
essary restri
tions).

Assume that C

0

has a form depi
ted in Figure 7(a). Consider the germ W

at C

0


onsisting of sexti
s belonging to V (C

0

; z

i

), i = 1; 2; 3 (see Figure 8(a)),

V

0

(C

0

; z), z 2 Sing(C

0

)nfz

1

; z

2

; z

3

), and passing through p, q. By Proposition

2.5, W is smooth one-dimensional and admits an extension realizing a deformation

shown in Figure 8(a) by dashes. Su
h an extension 
annot have a non-redu
ed limit

endpoint, and the redu
ed one 
ould only be a degeneration of 
ollision of nodes

z

1

; z

2

, impossible by Proposition 2.8, thereby prohibiting a sexti
 of the form in

Figure 7(a).

z3
z3

z2

z1

z3

z2

z1qp

A11

qp

z2 z1

qp

A11

A3

(b)(a) (c)

Figure 8

Similarly, one 
an prohibit sexti
s shown in Figures 7(b,
): we 
onsider a germ

W 
entered at a sexti
 of the form shown in Figures 7(b,
), and ne
essarily 
ome to

a 
urve prohibited by Proposition 2.8, or to 
ollision of an isolated singular point

with the one-dimensional real 
omponent, but the latter 
urve 
ould be deformed

into the prohibited above nodal 
urve in Figure 7(a).

Let C

0

have a form depi
ted in Figure 7(e). Consider the germ W

0

at C

0

of

the family of sexti
s belonging to V (C

0

; z

i

), i = 1; 2; 3 (see Figure 8(b)), V

0

(C

0

; z),

z 2 Sing(C

0

)nfz

1

; z

2

; z

3

), and passing through p, q. As above, by Proposition 2.5,

W

0

is smooth one-dimensional and admits an extension realizing a deformation

shown in Figure 8(b) by dashes. Su
h an extension 
annot have a non-redu
ed

limit endpoint, and the redu
ed one 
ould only be a degeneration of 
ollision of

nodes z

1

; z

2

, resulting in a rational sexti
 C

1

shown in Figure 8(
) (as above, a


ollision of an isolated singular point with the one-dimensional real 
omponent is

impossible, sin
e the resulting 
urve 
ould be deformed into a 
urve depi
ted in

Figure 7(a) whi
h is already prohibited). Then we 
onsider the germ W

1

at C

1

of

the family of sexti
s belonging to V (C

0

; z

i

), i = 1; 2; 3 (see Figure 8(b)), V

0

(C

0

; z),

z 2 Sing(C

0

)nfz

1

; z

2

; z

3

), and passing through p, q. By Proposition 2.5, W

1

is

smooth one-dimensional and admits an extension realizing a deformation shown in

Figure 8(
) by dashes. Again su
h an extension 
annot have a non-redu
ed limit

endpoint, and the redu
ed one 
ould only be a degeneration of 
ollision of the node

z

1

and the ta
node z

2

, resulting in a sexti
 shown in Figure 5(a).

Similarly, the existen
e of a 
urve depi
ted in Figure 7(d) implies the existen
e

of a sexti
 shown in Figure 5(b).



16 S. YU. OREVKOV AND E. I. SHUSTIN

Step 4. Let C be an irredu
ible ellipti
 nodal 
urve of one of the types depi
ted

in Figure 6(
,d,e). It has two one-dimensional real 
onne
ted 
omponents, 


1

whi
h


rosses L and 


2

whi
h does not. Consider the germ W at C 
onsisting of sexti
s

belonging to V (C; z

i

), i = 1; 2 (see Figure 6(
,d,e)), V

0

(C; z), z 2 Sing(C)nfz

1

; z

2

),

and passing through p, q, and one more point on 


2

. By Proposition 2.5, W

is smooth one-dimensional and admits an extension realizing a deformation of 


1

shown in Figure 6(
) by dashes. Sin
e no 
ollision of points z

1

; z

2


an happen in view

of Proposition 2.8, and no rational degeneration 
an o

ur by the results of Step 3,

the only possibility is a degeneration of one of the nodes on 


2

into a 
usp. Then we


onsider the germW

1

at the 
orresponding 
urve C

1


onsisting of sexti
s belonging

to V (C

1

; z

i

), i = 1; 2, V

0

(C

1

; z), z 2 Sing(C

1

)nfz

1

; z

2

), and passing through p, q. By

Proposition 2.5, W

1

is smooth one-dimensional and admits an extension realizing

a deformation of 


1

as shown in Figure 6(
) by dashes. Again the only possible

degeneration is turning one more node on 


2

into a 
usp. Then we 
onsider the

germ W

2

at the obtained 
urve C

2

, 
onsisting of sexti
s belonging to V (C

2

; z

i

),

i = 1; 2; 3, where z

3

is one of the 
usps on 


2

, V

0

(C

2

; z), z 2 Sing(C

2

)nfz

1

; z

2

; z

3

),

and passing through p, q, and one more nonsingular point on 


2

. By Proposition 2.5,

W

2

is smooth one-dimensional and admits an extension realizing a deformation of




1

as shown in Figure 6(
) by dashes. Further possible degenerations are 
ollisions

of z

3

with remaining nodes of 


2

, until we 
ome to the 
urve with exa
tly two 
usps

on 


2

as only singularities, whi
h then does not allow degeneration in 
ontrary to

the monotone deformation of 


1

. This 
ontradi
tion prohibits sexti
s of the form

shown in Figure 6(
,d,e).

Step 5. Let C be an irredu
ible ellipti
 sexti
 of one of the forms shown in

Figure 6(a,b). De�ne 


1

and 


2

as in Step 4. Consider the germ W at C 
onsisting

of sexti
s belonging to V (C; z

i

), i = 1; 2, where z

1

is the isolated node, z

2

is one of

the nodes on 


2

, V

0

(C; z), z 2 Sing(C)nfz

1

; z

2

), and passing through p, q, and one

more nonsingular point on 


2

. By Proposition 2.5, W is smooth one-dimensional

and admits an extension realizing a deformation of 


1

as shown in Figure 6(a) by

dashes. The 
ase of a rational degeneration was 
onsidered in Step 3, so we shall


on
entrate on possible ellipti
 degenerations, whi
h 
an 
onsist in only 
ollision

of singular points on 


2

or their turning into 
usps. As in the previous step the

maximal possible ellipti
 degeneration, whi
h 
an be obtained along extensions of

equisingular family germs we 
onsider, is a 
urve C

1

with � = 1 or 2 
usps as the

only singularities on 


2

. The we 
onsider the germ W

1

at C

1


onsisting of sexti
s

belonging to V (C

1

; z), z 2 Sing(C

1

)n


1

, V

0

(C

1

; z), z 2 Sing(C

1

) \ 


1

, and passing

through p; q and ��1 non-singular points on 


2

. By Proposition 2.5, W

1

is smooth

one-dimensional and admits an extension realizing a deformation of 


1

as shown in

Figure 6(a) by dashes. The only possible redu
ed degeneration whi
h may o

ur

on the extension of W

1

is rational.

Step 6. To 
omplete the proof we have to ex
lude non-redu
ed degenerations in

the above one-parametri
 deformations. In all the 
ases we use the same argument,

and to save the spa
e we shall demonstrate it in one situation, whi
h is the most

involved. Namely, 
onsider the one-dimensional deformationM of the sexti
 shown

in Figure 8(
), des
ribed in the last paragraph of Step 3. Assume that the limit


urve C

�

of M is non-redu
ed, and derive a 
ontradi
tion.

Let C be the initial 
urve of M (see Figure 9(a)). Here q

1

; q

2

are the �xed

points of C

0

2 M. By B�ezout's theorem, the singular point z

4

of type A

11

lies in

the domain �

1

= �

1

(C) bounded by the ar
 a

1

and the two tangent lines l

1

; l

2

to C,
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z2

z1

l2
4z 11A

a1

a2

l1

1q q2

l3

z1

z2

0q

q1 q2
q3

l5l4

K

K

5q 6q

z4
l6

(a) (b)

Figure 9

whi
h pass through the singular point z

1

of type A

3

and the point q

2

, respe
tively, as

shown in Figure 9(a). Furthermore, sin
e the domain �

1

(C

0

), similarly de�ned for

a 
urve C

0

2 MnfC

�

g, monotoni
ally shrinks (see Figure 8(
)), the moving singular

point z

4

(C

0

) always belongs to �

1

(C). Similarly, the moving singular point z

2

(C

0

)

remains inside the domain, bounded by the loop of the 
urve C with endpoints at

z

1

= z

1

(C). In parti
ular, z

�

4

= lim

C

0

!C

�

z

4

(C

0

) 6= z

�

1

= lim

C

0

!C

�

z

1

(C

0

).

Now pi
k up a point q in the interval (q

1

; q

2

) in LnC and draw a line l

3

through

q and z

4

(C

0

). Sin
e z

4

(C

0

) 2 �

1

(C), the line l

3

does not tend to L, and, on the

other side, no interse
tion point of l

3

with C

0

approa
hes q (see Figure 8(b)). Hen
e

L 6� C

�

.

As one 
an see in Figure 8(b), the interse
tion points of C

0

2 M with L, dif-

ferent from q

1

; q

2

, do not approa
h q

1

; q

2

, and hen
e q

1

; q

2

do not lie on a multiple


omponent of C

�

. Further on, no three interse
tion points of C

0

2 M with L 
an

merge into one point, and hen
e the multipli
ity of any 
omponent of C

�

is at most

2. Altogether this means that either C

�

= C

2

2

^

C

2

, where C

2

;

^

C

2

are redu
ed 
oni
s

with no 
omponent in 
ommon, or C

�

= C

2

1

^

C

4

, where C

1

is a line,

^

C

4

6� C

1

is a

redu
ed quarti
.

Given C

0

2M, denote by z

4;1

(C

0

) the �rst in�nitely near to z

4

(C

0

) point of C

0

.

Let the straight line l

4

pass through z

4

(C

0

); z

4;1

(C

0

), i.e., is tangent to C

0

at

z

4

(C

0

), the singular point of type A

11

. By B�ezout's theorem, l

4

must 
ross C

0

as

shown in Figure 9(b). Consider now the 
oni
K passing through q

2

, z

4

(C

0

); z

4;1

(C

0

),

and z

1

(C

0

); z

2

(C

0

). In view of the disposition of l

4

and by B�ezout's theorem, K

must 
ross C

0

as shown in Figure 9(b). Put K

�

= lim

C

0

!C

�

K. Sin
e K 
annot

approa
h the (growing) segment [q

0

; q

1

℄ of L (see Figure 9(b)), L 6� K

�

. Further-

more, the interse
tion points of K with L do not approa
h the interse
tion point of

L with the straight line l

5

through z

1

(C

0

); z

4

(C

0

). Hen
e K

�

does not 
ontain the

line l

�

5

= lim

C

0

!C

�

l

5

through z

�

1

; z

�

4

.

The pre
eding 
onsideration implies that the 
oni
 K

�

is non-singular at z

�

1

; z

�

4

and interse
ts with l

�

5

� fz

�

1

; z

�

4

g transversally. In parti
ular, the line l

�

4

, tangent

to K

�

at z

�

4

, does not pass through z

�

1

. By B�ezout's theorem, the lines l

4

and l

5


ross the line L in the same interval [q

0

; q

4

℄ � Lnfq

1

; q

2

g (see Figure 9(b)). Sin
e

l

�

4

6= l

�

5

and l

�

4

\ l

�

5

= fz

�

4

g, the interse
tion points L \ l

�

4

and L \ l

�

5

are distin
t,

and hen
e the interval [q

0

; q

4

℄ � L does not 
ollapse as C

0

! C

�

. This means that
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the multiple 
omponent of C

�

might be only a straight line C

1


rossing L in the

interval [q

2

; q

5

℄ � Lnfq

1

; q

2

g.

Sin
e the point q

1


annot lie on a multiple 
omponent of C

�

as noti
ed above,

the limit l

�

6

of the line l

6

, passing through q

1

and z

1

(C

0

), di�ers from C

1

. Note

also that no ar
 of C

0

approa
hes l

6

in the growing domain bounded by the ar
s

a

1

, a

2

and the line L (see Figures 8(b), 9(b)). Hen
e l

6

6� C

�

. On the other hand,

the only z

�

1

might be a multiple interse
tion point of l

�

6

with C

�

. Hen
e z

�

1

2 C

1

,

and thus, z

�

4

62 C

1

, that means the redu
ed quarti


^

C

4

must have at least A

11

as a

singularity at z

�

4

, what is impossible. �

2.4. Degeneration of a 
urve of type A(3; 1; 4). We shall prove the non-

existen
e of 
urves of type A(3; 1; 4) arguing by 
ontradi
tion. In Lemma 3.3 [15℄,

it was shown that the existen
e of su
h a 
urve yields the existen
e of the nodal

rational 
urve on the surfa
e F

2

pi
tured in Figure 10(a).

(b)(a)

A

A

A
5

9

1

Figure 10

Lemma 2.11. If there exists a real nodal algebrai
 
urve C of bidegree (4; 8) on F

2

as shown in Figure 10(a), then there exists a real rational 
urve with a disposition

and singularity 
olle
tion as in Figure 10(b) (a �bre passing through two singular

points of su
h a 
urve is shown by dashes).

Proof. We start with a real nodal 
urve C

0

of bidegree (4; 8) shown in Figure 10(a),

and we shall des
ribe how it degenerates into a 
urve shown in Figure 10(b).

Step 1. Denote by z

0

the isolated node of C

0

and by z

1

; :::; z

8

the non-isolated

nodes of C

0

as indi
ated in Figure 11(a). By Proposition 2.5(a), the germ

N

0

= V

0

(C

0

; z

0

) \ ::: \ V

0

(C

0

; z

6

) \ V (C

0

; z

7

) \ V (C

0

; z

8

)

is smooth of dimension 1, and extends up to an one-dimensional variety

e

N

0

�

j4E + 8F j. Furthermore, the movement along

e

N

0

in a 
ertain dire
tion implies a

deformation shown in Figure 11(b) by dashes. The monotone 
hange of some 
om-

ponents of the 
omplement of a 
urve in F

2

yields the existen
e of a degeneration

C

1

, whi
h is redu
ed by Proposition 2.12 below, and by Lemmas 3.5, 3.6, Corollary

2.9 and Proposition 2.11 [15℄, must have nodes at z

0

; :::; z

6

, a singular point z

0

7

of

type A

3

and the real part as shown in Figure 11(
).

Step 2. Denote by N

1

the germ at C

1

of the set of real rational 
urves of bidegree

(4; 8) having nodes at z

0

; :::; z

5

, a node at some point z

0

6

, a singular point z

0

7

of type

A

3

, and the real part as shown in Figure 11(
). It is smooth, one-dimensional and

admits an extension

e

N

1

along whi
h the 
urrent 
urve is deformed as shown in

Figure 11(
) by dashes. The monotone 
hanges of the 
urrent 
urve in

e

N

1

implies

the existen
e of a degeneration C

2

whi
h is redu
ed by Proposition 2.12, and the
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z4

z3

(f)

z1

z4

(e)

z4

z3

(g)

(d)

z4

z1 z2 z3

(a)

z0

z5z6z7 z8

(b) (c)

z4

(h)

z5

z1 z2 z3

Figure 11

only possible singularities of C

2

are nodes at z

0

; :::; z

5

and A

5

at some point z

0

6

, and

the real part is shown in Figure 11(d).

In a similar manner we perform two more degenerations of C

2

, �rst, gluing up

the node z

5

and the singular point z

0

6

of type A

3

into a singular point of type A

7

(denoted again by z

5

for the sake of notation) and resulting in a degeneration C

3

shown in Figure 11(h), and then moving C

3

along an appropriate one-dimensional

family

e

N

3

, whi
h realizes a deformation shown by dashes in Figure 11(h) and leads

to gluing up the (travelling) node z

4

and the (travelling) singular point z

5

of type

A

7

into one singular point z

0

4

of type A

9

, and obtaining a 
urve C

4

with real part

shown in Figure 11(e).

Step 3. Next 
onsider the smooth one-dimensional germ

N

4

= V

0

(C

4

; z

1

) \ V

0

(C

4

; z

2

) \ V

0

(C

4

; z

0

4

) \ V (C

4

; z

0

) \ V (C

4

; z

3

)

and extend in up to an one-dimensional variety

e

N

4

� j4E + 8F j. Furthermore, the

movement of C

4

along

e

N

4

in a 
ertain dire
tion indu
es a deformation shown in

Figure 11(e) by dashes. The monotone 
hange of some 
omponents of the 
omple-

ment of the 
urrent 
urve C

0

2

e

N

4

in F

2

yields the existen
e of a degeneration.

However no degeneration is possible before the travelling node z

0

3

appears on one

�bre with z

0

4

(see the resulting 
urve C

5

in Figure 11(f)). The reason is that C

0


annot be
ome non-redu
ed by Proposition 2.12, the proje
tion of the travelling

node z

3

on EnF

1

, where F

1

is the �bre through z

1

, goes away from the proje
tion

of z

2

, and the travelling isolated node z

0

0


annot join the real bran
h of C

0

.

Then 
onsider the smooth one-dimensional germ

N

5

= V

0

(C

5

; z

1

) \ V

0

(C

5

; z

0

3

) \ V

0

(C

5

; z

0

4

) \ V (C

5

; z

0

0

) \ V (C

5

; z

2

)
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and extend it up to an one-dimensional variety

e

N

5

� j4E + 8F j. The above argu-

ment ensures that, moving C

5

along

e

N

5

in a 
ertain dire
tion (the 
orresponding

deformation is shown in Figure 11(f) by dashes), one ne
essarily obtains a 
ollision

of the travelling node z

0

2

with the singular point z

0

3

, i.e., a real rational 
urve C

6

of

bidegree (4; 8) with a node at z

1

, an isolated node at some point z

0

0

, singularity A

3

at z

0

3

and singularity A

9

at z

0

4

, where z

0

3

; z

0

4

lie on the same �bre.

Finally, in the same manner, one 
onsiders the extension

e

N

6

� j4E + 8F j of the

smooth one-dimensional germ

N

6

= V

0

(C

6

; z

0

3

) \ V

0

(C

6

; z

0

4

) \ V (C

6

; z

1

) \ V (C

6

; z

0

0

) :

Then one moves C

5

along

e

N

6

so that the deformation of C

6

looks as shown in Figure

11(g) by dashes. The only possible (�rst) degeneration is a real rational 
urve C

7

shown in Figure 10(b), obtained as result of 
ollision of the travelling node z

0

1

with

the singular point z

0

3

. �

Proposition 2.12. The 
urves C

i

, i = 1; :::; 7, appearing in the proof of Lemma

2.11 
annot be non-redu
ed.

Proof. The 
urves C

i

, i = 1; :::; 7, appear as the �rst degeneration in some defor-

mations. We intend to show that these deformations do not lead to a non-redu
ed


urves.

First of all, we noti
e that all our deformations 
onsist of one-parametri
 ar
s

inside varieties of type V

0

(C;w

1

) \ ::: \ V

0

(C;w

n

) \ V (C;w

0

1

) \ ::: \ V (C;w

0

m

) �

j4E + 8F j, where C 2 j4E + 8F j is an irredu
ible 
urve with some singular points

w

1

; :::; w

n

, w

0

1

; :::; w

0

m

of types A

2i

1

+1

; :::; A

2i

n

+1

, A

2j

1

+1

; :::; A

2j

m

+1

, respe
tively,

with

(2i

1

+ 2) + :::+ (2i

n

+ 2) + 2j

1

+ :::+ 2j

m

� 14 < �CK

F

2

:

Hen
e, by Proposition 2.4(b), the 
on�guration

w

1

; w

1;1

; :::; w

1;i

1

; :::; w

n

; w

n;1

; :::; w

n;i

n

of singular points w

1

; :::; w

n

with the 
orresponding in�nitely near points of C at

them 
an be moved in general position keeping C in its equisingular stratum. In

the sequel we always assume su
h a general position.

All the 
ases are treated in a similar way, and we 
onsider in detail only the most

diÆ
ult 
ases, C

4

and C

7

.

Case C

4

. Assume that C

4


ontains a multiple 
omponent di�erent from E. The

two situations are possible (see the deformation along

e

N

3

leading to the degenera-

tion C

4

in Figure 11(h)):

(1) the limit positions ez

4

, ez

5

of the travelling points z

0

4

(node) and z

0

5

(singularity

A

7

) of a 
urrent 
urve C

0

2

e

N

3

, approa
hing C

4

, are di�erent,

(2) in the above notations ez

4

= ez

5

.

We 
onsider the latter situation.

On any �bre F of F

2

, 
rossing the loop with the endpoints at z

1

, or at z

1

; z

2

, or

at z

2

; z

3

, of a 
urrent 
urve C

0

2

e

N

3

(see Figure 11(h)), at most two interse
tion

points with C

0


an merge to a 
ommon limit point outside E. Hen
e a multiple


omponent of C

4

di�erent from E and a �bre 
ould only be a non-singular 
urve

of bidegree (1;m), 2 � m � 4.
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Step 1. Assume that C

4


ontains a double irredu
ible 
urve D

(1)

of bidegree

(1;m), 2 � m � 4. Then the interse
tion of the unique real bran
h of that 
ompo-

nent with �bres F 2 [F

0

; F

1

℄, where F

1

is tangent to the loop of C

3

with endpoints

at z

1

, lies in the domain �, bounded by F

0

, F

1

and the 
orresponding ar
s of C

0

(see Figure 12(a)). Sin
e there is no smooth ar
 in � passing through z

1

, z

2

or z

3

and transversal to the �bres F 2 [F

0

; F

1

℄, D

(1)

does not 
ontain z

1

; z

2

; z

3

. That

means the domain � 
ontra
ts to a (doubled) ar
 of D

(1)

, and, on the other hand,


ontains the points z

1

; z

2

; z

3

. Hen
e C

4

splits o� double �bers through z

1

, z

2

and z

3

,

and thus, 
annot 
ontain a double 
urve of bidegree (1;m), m � 2. Contradi
tion.

F01F F0

w1

(b)(a)

∆∆

w2

Figure 12

Step 2. Assume that multiple 
omponents of C

4

di�erent from E are �bres

of F

2

. We 
laim that in this 
ase, the s
heme Z

0

(C

0

; z

0

4

) [ Z(2z

0

5

; 2z

0

5;1

; z

0

5;2

) �

Z

0

(C

0

; z

0

4

) [ Z

0

(C

0

; z

0

5

), where z

0

5;1

; z

0

5;2

are two in�nitely near points of C

0

at z

0

5

(re
all that Z

0

(C

0

; z

0

5

) imposes an extra 
ondition of multipli
ity 2 at z

0

5;3

), has a


at limit Z(2ez

4

; 2ez

4;1

; 2ez

4;2

; 2ez

4;3

), where ez

4;i

, are 
ertain in�nitely near points to ez

4

.

We derive su
h a result showing that there is a smooth 
urve through z

0

4

; z

0

5

; z

0

5;1

; z

0

5;2

whi
h has a smooth limit transversal to the �bre through ez

4

as C

0

! C

4

.

Let C

0

2

e

N

3

. Consider the (unique) 
urve C

1;2

of bidegree (1; 2) passing through

the singular points z

3

; z

0

4

; z

0

5

of C

0

. It is non-singular, and, sin
e C

0

C

1;2

= 8, is

lo
ated with respe
t to C

0

as shown in Figure 12(a) (C

1;2

is dashed). In parti
ular,

(C

1;2

� C

0

)

z

3

= (C

1;2

� C

0

)

z

0

4

= (C

1;2

� C

0

)

z

0

5

= 2. Furthermore, the interse
tion of

C

1;2

) with the subsegment [F

3

; F

0

℄ � [F

1

; F

0

℄, where F

3

is the �bre through z

3

, is

an ar
 in the domain � (see Figure 12(a)). Therefore, this ar
 
annot approa
h

E, and hen
e the limit

e

C

1;2

of C

1;2

as C

0

! C

4

is non-singular and transverse to

the �bres of F

2

. This means that the points z

0

4

; z

0

5

merge into a zero-dimensional

s
heme 
onsisting of ez

4

and its �rst in�nitely near point ez

4;1

, whi
h does not belong

to the �bre through ez

4

. Noti
e in addition that

e

C

1;2

does not pass through z

1

; z

2

,

sin
e the pair of non-singular interse
tion points of C

1;2

and C

0

do not approa
h

ea
h other as C

0

! C

4

. By the same reason (

e

C

1;2

� C

4

)

ez

4

< 6, sin
e, in addition,

e

C

1;2

6� C

4

. The latter holds, be
ause

e

C

1;2


rosses C

3

as shown in Figure 12(b), and

on any �bre between the points w

1

; w

2

2

e

C

1;2

\C

3

(�bre is shown dotted in Figure

12(b)), the interse
tion points with the 
urrent 
urve C

0

do not approa
h

e

C

1;2

. At

last, C

1;2

separates the loop od C

0

with endpoints at z

1

from E (see Figure 12(a)),

and hen
e C

4


annot 
ontain E as a multiple 
omponent.

The same argument results in similar statements when repla
ing z

3

by z

1

or z

2

.

Step 3. Sin
e dim jE + 3F j = 5, there is a 
urve C

1;3

of bidegree (1; 3) passing

through the points z

2

; z

3

; z

0

4

; z

0

5

and z

0

5;1

of a 
urrent 
urve C

0

2

e

N

3

. It 
annot

split o� a �bre, sin
e there is no 
urve of bidegree (1; 2) passing through four of

the above �ve points. Also C

1;3

is unique, sin
e C

2

1;3

= 4. Let

e

C

1;3

be the limit
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of C

1;3

as C

0

tends to C

4

. It passes through z

2

; z

3

and satis�es (

e

C

1;3

� C

4

)

ez

5

� 6.

Then

e

C

1;3

is non-singular. Indeed, if

e

C

1;3

splits o� a �bre then the remaining 
urve

of bidegree (1; 2) has at least three 
ommon points with

e

C

1;2

, and hen
e 
oin
ides

with

e

C

1;2

, but (

e

C

1;2

� C

4

)

ez

4

< 6 
ontradi
ting (

e

C

1;3

� C

4

)

ez

4

� 6. Note also that the

real bran
h of C

1;3


rosses twi
e the boundary of the domain �

0

, bounded by F

0

and ar
s of C

0

, and one of these interse
tion points does not approa
h ez

4

, whereas

the other point does not approa
h z

1

, when C

0

tends to C

4

. Hen
e

e

C

1;3

does not

pass through z

1

. The same reason yields that (

e

C

1;3

� C

4

)

ez

4

< 8, sin
e, in addition

e

C

1;3

6� C

4

. The latter 
an be shown in the same way as the relation

e

C

1;2

6� C

4

above. The properties of

e

C

1;3

altogether imply that the points z

0

4

; z

0

5

; z

0

5;1

of C

0

merge into a zero-dimensional s
heme 
onsisting of ez

4

and its two in�nitely near

points ez

4;1

; ez

4;2

outside the �bre through ez

4

.

Again we observe that the same is valid when repla
ing the pair z

2

; z

3

by z

1

; z

3

or z

1

; z

2

in the above 
onstru
tion.

Step 4. Sin
e dim jE +4F j = 7 there is a 
urve C

1;4

2 jE +4F j passing through

the points z

1

; z

2

; z

3

; z

0

4

; z

0

5

; z

0

5;1

; z

0

5;2

of a 
urrent 
urve C

0

2

e

N

3

. Reasoning as in the

study of C

1;2

; C

1;3

, one 
an show that C

1;4

is non-singular, unique and has a non-

singular limit

e

C

1;4

as C

0

! C

4

. Noti
e that

e

C

1;4

6� C

4

. Indeed, otherwise C

4

would


ontain

e

C

1;4

as multiple 
omponent, or would 
ontain together with

e

C

1;4

either a

double 
urve D of bidegree (1; 2) or a multiple �bre, and the only latter situation

is allowed by the results of Step 1. If D

4


ontains

e

C

1;4

and a double �bre through

ez

4

, then it 
ontains a 
urve D of bidegree (1; 2) through z

1

; z

2

; z

3

and ez

4

, but this is

impossible, sin
e then D would interse
t C

3

at least at 9 > DC

3

= 8 points: twi
e

at ea
h of z

1

; z

2

; z

3

, on
e the boundary of �

0

at a point di�erent from z

1

, and twi
e

the domain bounded by the ar
s joining z

0

4

and z

0

5

(the domain 
ontaining ez

4

). If

C

4


ontains

e

C

1;4

and a double �bre through z

1

, z

2

or z

3

, then it 
ontains a 
urve D

of bidegree (1; 2) passing through two points of z

1

; z

2

; z

3

and tangent to

e

C

1;4

at ez

4

,

but then D must 
oin
ide with

e

C

1;2


ontradi
ting the fa
t that

e

C

1;2

passes through

exa
tly one of the points z

1

; z

2

; z

3

.

Thus, we obtain that the 
on�guration of the points z

0

4

; z

0

5

; z

0

5;1

; z

0

5;2

of a 
urrent


urve C

0

2

e

N

3

has a limit 
onsisting of ez

4

and its in�nitely near points ez

4;1

; ez

4;2

; ez

4;3

on

e

C

1;4

. We, furthermore, 
on
lude that

(1) C

4


annot have four pairs of double �bres sin
e there are � 5 singular points

with distin
t proje
tions to E,

(2) C

4


annot have three pairs of double �bres, sin
e otherwise the remaining


urve of bidegree (1; 2) must have � 2 singular points with distin
t proje
-

tions to E, what is impossible,

(3) C

4


annot have two pairs of double �bres, sin
e otherwise the remaining

redu
ed 
urve of bidegree (2; 4) must have singular points with total Æ-

invariant � 6 what is impossible,

(4) at last, C

4


annot split into a double �bre, E and a redu
ed 
urve D of

bidegree (3; 6), sin
e otherwise D must have in F

2

nE singular points with

the total Æ-invariant � 7 what is impossible.

Case C

7

. The 
urve C

7

is a degeneration of a family of 
urves C

0

2

e

N

6

shown

in Figure 11(g). Evolution of interse
tion points of C

0

with �bres 
lose to that

through z

0

3

; z

0

4

ensures that C

7

is disjoint with E. On the other hand, evolution of
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interse
tion points of C

0

with �bres whi
h 
ross the growing domain, bounded by

a loop 
ontaining z

0

1

, leaves the only non-redu
ed form of C

7

to be a double non-

singular 
urve C

1;2

of bidegree (1; 2) and a redu
ed 
urve C

2;4

of bidegree (2; 4).

If C

1;2

passes through z

0

3

, then it does not go through z

0

4

, where C

2;4

must have

singularity with Æ � 4 what is impossible. If C

1;2

passes through z

0

4

then it 
annot

go through z

0

3

and does not 
ontain all four 
ommon in�nitely near points of 
urves

C

0

2

e

N

6

at z

0

4

, whi
h are in general position. Thus, C

2;4

passes through z

0

4

and is

singular at z

0

3

; hen
e splits o� a �bre through z

0

3

; z

0

4

in 
ontrary to C

7

\E = ?. �

3. Appli
ation of the 
ubi
 resolvent

3.1. Cubi
 resolvent of a polynomial in one variable.

De�nition 3.1. Let F (y) be a polynomial of the form

F (y) = y

4

+ a

2

y

2

+ a

3

y + a

4

: (12)

Let y

1

; : : : ; y

4

be its roots. The 
ubi
 resolvent of F is the polynomial

R(z) = (z � z

1

)(z � z

2

)(z � z

3

);

where

z

1

= (y

1

+ y

2

)(y

3

+ y

4

); z

2

= (y

1

+ y

3

)(y

2

+ y

4

); z

3

= (y

1

+ y

4

)(y

2

+ y

3

): (13)

Sin
e y

1

+ � � � + y

4

= 0, one has

z

1

= �(y

1

+ y

2

)

2

; z

2

= �(y

1

+ y

3

)

2

; z

3

= �(y

1

+ y

4

)

2

: (14)

One 
an easily 
he
k that

R(z) = z

3

+ b

1

z

2

+ b

2

z + b

3

; where b

1

= �2a

2

; b

2

= a

2

2

� 4a

4

; b

3

= a

2

3

: (15)

Lemma 3.2. y

1

; : : : ; y

4

are distin
t if and only if z

1

; z

2

; z

3

are distin
t.

Proof. By (14), one has

z

1

� z

2

= �(y

1

+ y

2

)

2

+ (y

1

+ y

3

)

2

= (y

3

� y

2

)(2y

1

+ y

2

+ y

3

) = (y

3

� y

2

)(y

1

� y

4

):

Similarly, z

2

� z

3

= (y

4

� y

3

)(y

1

� y

2

) and z

1

� z

3

= (y

4

� y

2

)(y

1

� y

3

). �

Lemma 3.3. Suppose that the 
oeÆ
ients a

2

, a

3

, a

4

are real.

(a). Suppose that all y

1

; : : : ; y

4

are real. Then:

(1) if y

1

< y

2

< y

3

< y

4

then z

1

< z

2

< z

3

� 0;

(2) if y

1

= y

2

< y

3

< y

4

then z

1

< z

2

= z

3

< 0;

(3) if y

1

< y

2

= y

3

< y

4

then z

1

= z

2

< z

3

< 0;

(4) if y

1

< y

2

< y

3

= y

4

then z

1

< z

2

= z

3

< 0.

(b). Suppose that y

1

; y

2

are real but y

3

; y

4

are not (y

3

= y

4

, y

3

6= y

4

). Then z

1

is

real non-positive and Re z

2

= Re z

3

. Moreover,

(1) if y

1

6= y

2

then z

2

= z

3

, z

2

6= z

3

, i.e. z

2

and z

3

are non-real;

(2) if y

1

= y

2

then z

2

= z

3

> 0.

(
). Suppose that all y

1

; : : : ; y

4

are distin
t and not real. Let y

1

= y

2

, y

3

= y

4

,

Im y

1

> 0 > Im y

2

, Im y

3

> 0 > Im y

4

. Then z

1

< 0 � z

3

< z

2

. Moreover, z

3

= 0 if

and only if either Im y

1

= Im y

3

or Re y

1

= Re y

3

.

Proof. This follows from (14) and the identities in the proof of Lemma 3.2. �
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3.2. Cubi
 resolvent of a 
urve.

De�nition 3.4. Let C be a 
urve on F

n

of bidegree (4; 4n) whi
h does not 
ontain

E as an irredu
ible 
omponent. Let us 
hoose a standard system of 
oordinates

(x; y). Then the equation of C is F = 0 where F is de�ned by (12) with a

j

= a

j

(x),

deg

x

a

j

= nj (one 
an always kill the 
oeÆ
ient of y

3

by the standard tri
k). We

de�ne the 
ubi
 resolvent of C as the 
urve in F

2n

of bidegree (3; 6n) given in some

standard 
oordinates (x; z) by the equation R(x; z) = 0 where R(x; z) is de�ned by

(15). The 
urve in F

2n

whi
h is de�ned in the same 
oordinates by the equation

z = 0 will be 
alled the 
ore of C.

It is easy to 
he
k that the de�nition of the resolvent of a 
urve on F

n

does not

depend on the 
hoi
e of a standard 
oordinate system.

Lemma 3.5. Let C be a 
urve of bidegree (4; 4n) on F

n

. Let L and R be the 
ore

and the the 
ubi
 resolvent of C respe
tively. Suppose that C has singularities of

types A

n�1

and A

k�1

(k > n) on the �ber �

�1

n

(x

0

). Then

(1) R has a singularity of the type A

k+n�1

at the point p = L \ �

�1

2n

(x

0

);

(2) (R:L)

p

= 2n.

Proof. Without loss of generality we may assume that x

0

= 0. The Puiseux expan-

sion of the singular bran
hes y

1

; : : : ; y

4

has the form:

y

1;2

= f(x)� t

n

g(x); y

3;4

= �f(x)� t

k

h(x) (16)

where t is some bran
h of

p

x and f , g, h are non-vanishing at 0 analyti
 fun
tions.

Putting (16) into (13), we get

z

1

= �f(x)

2

; z

2;3

= �x

n

�

g(x)

2

+ x

k�n

h(x)

2

�

� 2t

n+k

g(x)h(x)

and the result follows (re
all that L is given by z = 0). �

De�nition 3.6. Let y = f(x) be a 4-valued real algebrai
 fun
tion. Suppose that

the segments I

1

= [a

1

; b

1

℄ and I

2

= [a

2

; b

2

℄ of the real axis are su
h that

(1) I

2

� I

1

and f has no pole on I

1

;

(2) f has simple bran
hing at the ends of the both segments and the values of

f(x) are distin
t for any other x 2 I

1

;

(3) f has no real bran
h on Int I

2

and two real bran
hes on ea
h 
omponent of

(Int I

1

) n I

2

.

Let f

j

: [a

j

; 


j

℄ ! C, j = 1; 2, be the maximal single-valued analyti
 bran
h

of f su
h that Im f

j

> 0 (thus, (


1

; 


2

) is some permutation of (b

1

; b

2

)). Let V =

R�C = f(x; y) j Imx = 0g and let S

j

� V be the union of the graph of f

j

with the

segments [(a

j

; 0); (a

j

; f

j

(a

j

))℄ and [(


j

; 0); (


j

; f

j

(


j

))℄, j = 1; 2. Under the above

assumptions, we de�ne the self-linking number of f on I

1

as the linking number of

the 
ir
les S

1

[ r(S

1

) and S

2

[ r(S

2

) where r is the rotation of V around the axis

y = 0 by 180

Æ

. The self-linking number is even when (


1

; 


2

) = (b

1

; b

2

) and it is

odd when (


1

; 


2

) = (b

2

; b

1

).
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Lemma 3.7. Let C be a real algebrai
 
urve on F

n

of bidegree (4; 4n) whi
h does

not 
ontain E as an irredu
ible 
omponents. Let y = f(x) be the 4-valued algebrai


fun
tion whose graph is C. Suppose that the 
onditions (1){(3) of De�nition 3.6

are satis�ed for some intervals I

2

� I

1

and let k be the self-linking number of f on

I

1

. Then

2jkj � 1 � 3n (17)

Proof. We may suppose that C is de�ned by (12) where a

j

is a polynomial in x

of degree � nj. Let R(x; z) be the 
ubi
 resolvent of F (x; y). Let f

1

; f

2

be as

in De�nition 3.6. By Lemma 3.3(
), there are � 2jkj � 1 values of x su
h that

R(x; 0) = 0. Indeed, at least k values where Im f

1

= Im f

2

and at least jkj � 1

values where Re f

1

= Re f

2

. By the same reason, R(x; 0) 
annot be identi
ally zero

unless k = 0. Indeed, if Im f

1

= Im f

2

or Re f

1

= Re f

2

identi
ally, then the graphs

of f

1

and f

2

are not linked. It remains to note, that R(x; 0) = a

3

(x)

2

, hen
e R(x; 0)


annot have more than deg a

3

(x) = 3n distin
t roots. �

3.3. Prohibition of the 
urve in Figure 10(b).

Lemma 3.8. Let C be a 
urve of bidegree (4; 8) on F

2

. Suppose that C has singu-

larities A

1

, A

5

, A

9

and C is arranged on F

2

as in Figure 10(b), in parti
ular, A

5

,

A

9

lie on the same �ber. Let L and R be the 
ore and the the 
ubi
 resolvent of C

respe
tively. Then

(a). R has a singularity of the type A

15

at some point p, and (R:L)

p

= 12.

(b). R is arranged in F

4

as in Figure 13,

Proof. (a). Follows from Lemma 3.5. (b). Follows from Lemma 3.3.

A15

A1

Figure 13

Lemma 3.9. Let R and L be irredu
ible 
urves of bidegrees (3; 12) and (1; 4),

respe
tively, on F

4

. Suppose that R has a singularity of the type A

n

with n � 15 at

a point p and (R � L)

p

= 12. Then there is a standard 
oordinate system (x; y) on

F

4

with the origine at p su
h that L is the horizontal axis y = 0 and R is symmetri


with respe
t to the verti
al axis x = 0.

Proof. Let us 
hoose a standard 
oordinate system (x; y) on F

4

so that p =

(0; 0) and L is de�ned by y = 0. Then R is de�ned by a polynomial f(x; y) =

P

(k;l)2�

a

k;l

x

k

y

l

with � = [(12; 0); (0; 4); (0; 3)℄. We may assume that a

0;2

= 1.

After the 
hange of 
oordinates

(x; y)!

�

x

1� ax

;

y

(1� ax)

4

�

; where a =

a

1;2

4
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we get a

1;2

= 0. Note, that this 
hange of 
oordinates is the 
omposition of

(x; y) ! (x

�1

; x

�4

y), (x; y) ! (x � a; y), and (x; y) ! (x

�1

; x

�4

y). Hen
e, the

new 
oordinate system is also standard and L is still de�ned by y = 0.

The fa
t that R has a singularity of the type A

n

with n � 15 means that there

exists a germ of analyti
 fun
tion 
(x) = 


6

x

6

+ 


7

x

7

+ : : : su
h that the Newton

diagram of f(x; z�
(x)) =

P

b

k;l

x

k

z

l

is 
ontained in [(0;1); (0; 2); (16; 0); (1; 0)℄,

i.e. b

k;0

= 0 for k = 0; : : : ; 15 and b

k;1

= 0 for k = 0; : : : ; 7. Res
aling x, y, and f ,

one 
an a
hieve that 


6

= 1.

Expanding f(x; z � 
(x)) = f(x; z � x

6

� 


7

x

7

� : : : ), we 
an express ea
h b

k;l

as a polynomial in a

k;l

's and 


j

's. In parti
ular,

b

6;1

= a

6;1

� 2; hen
e a

6;1

= 2:

Substituting this into the expression for b

12;0

, we get

b

12;0

= a

12;0

� 1; hen
e a

12;0

= 1:

Continuing this pro
ess, we get su

essively:

b

13;0

= �a

7;1

; hen
e a

7;1

= 0;

b

7;1

= �2


7

; hen
e 


7

= 0;

b

14;0

= a

2;2

� a

8;1

; hen
e a

2;2

= a

8;1

;

b

15;0

= a

3;2

; hen
e a

3;2

= 0:

Thus, a

7;1

= a

3;2

= 0, hen
e, f(x; y) is a polynomial in x

2

and y. �

Corollary 3.10. The arrangement in Figure 10(b) is algebrai
ally unrealizable

Proof. Combine Lemmas 3.8 and 3.9 with the fa
t that Figure 13 is asymmetri
.

3.4. Prohibition of the aÆne sexti
. Throughout this subse
tion we shall

suppose that C

6

is a real pseudoholomorphi
 sexti
 
urve on RP

2

whi
h has a

singular point p of the type A

5

and whi
h is arranged with respe
t to a real line L

as in Figure 14(a) up to isotopy (note, that Figures 14(a) and 14(b) represent the

same arrangement of C

6

[ L). The goal of this subse
tion is to prove that su
h an

arrangement is algebrai
ally unrealizable. Let T be the tangent line to C

6

at p.

Lemma 3.11. The interior epmty oval of C

6

is separated from the exterior ones

by L [ T .

C6

(b)

A5

L

T

C6

(a)

5A

T

L

Figure 14
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Proof. Let us sooth out the singularity A

5

so that three ovals appear. Then we

obtain a proje
tiveM -sexti
 of the isotopy type h9t 1h1ii (Harna
k M -sexti
). At

least two its exterior empty ovals (we denote them by V

1

and V

2

) are 
onne
ted by

a vanishing 
y
le to the non-empty oval: the rightmost oval in Figures 14(a,b) and

one of the ovals 
oming from A

5

. Here a vanishing 
y
le between two ovals of a

real 
urve A is a disk D � CP

2

su
h that D \CA = �D and D \RP

2

is an ar


between the ovals.

If the interior empty oval were on the other side of T then the ovals V

1

and V

2

would be 
onse
utive in the pen
il of lines through the interior empty oval. This is

impossible by [8℄. �

Corollary 3.12. The 
ommon arrangement of C

6

, L, and T on RP

2

up to isotopy

is either as in Figure 14(a) or as in Figure 14(b). �

Let us blow up twi
e the singular point of C

6

and then blow down the proper

transform of T .

5

Let us denote the ex
eptional 
urves of the blowups by E

1

and

E

2

(E

2

is the transform of a point of E

1

).

We obtain a 
urve C

4

on F

2

of bidegree (4; 8) whi
h has two nodes on the same

�ber F

2

(whi
h is the transform of E

2

). Let us denote the proper transforms on F

2

of the 
urves L and E

1

by F

2

and E. These are a �ber and the ex
eptional se
tion

respe
tively. The arrangements of C

6

[L[T in Figures 14(a) and 14(b) 
orrespond

to the arrangements of C

4

[ F

1

[ F

2

[ E in Figures 15(a) and 15(b) respe
tively.

F1
F1 F2F1F1

F2

C4

C4

(b)(a)

Figure 15

In the proof of the following lemma we use the approa
h based on braids (see

[11℄). We shall denote by �

1

; : : : ; �

m�1

the standard generators of B

m

, the group of

braids withm strings. For a braid b =

Q

i

�

k

i

j

i

we denote e(b) =

P

i

k

i

(the exponent

sum). A braid is 
alled quasipositive if it 
an be presented as

Q

a

�1

i

�

j

i

a

i

. To any

arrangement of a 
urve of bidegree (m;nm) on F

n

with respe
t to the pen
il of

verti
al lines we aso
iate a 
ertain braid with m strings (this braid may depend on

some unknown parameters; see detais in [11℄). The arrangement is realizable by a

pseudoholomorphi
 
urve if and only if the 
orresponding braid is quasipositive.

Lemma 3.13. (a) The arrangement in Figure 15(a) is realizable by a real pseudo-

holomorphi
 
urves. For any su
h a realization, the self-linking number of C

4

on

the shadowed segment (see De�nition 3.6) is equal to �4.

5

To do this in pseudoholomorphi
 
ase, we need to assume that the almost 
omplex stru
ture

is standard (integrable) in some neighbourhood of T . Note, that pseudoholomorphi
 realizability

of an isotopy type of C

6

[ L [ T does not depend on this assumption.
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(b) The arrangement in Figure 15(b) is not realizable by a real pseudoholomorphi



urves.

Proof. (a). The braid asso
iated to this arrangement (see [11℄) is

b = �

�1

2

�

�1

1

�

�1

3

�

�1

2

�

1�k

1

�

1+k

3

�

�1

2

�

2;3

�

�1

1

�

�1

3

�

�1

2

�

2;3

�

�6

3

�

2

where �

2;3

= �

�1

3

�

2

, � = �

1

�

2

�

3

�

1

�

2

�

1

, and k is the self-linking number of C

4

on

the shadowed segment. We have e(b) = 0. Thus, b is quasipositive if and only if b is

trivial. The linking number of the �rst two strings is k + 4. Hen
e, b is non-trivial

for k 6= �4. One easily 
he
ks that b is trivial for k = �4.

(b). The braid is

b = �

�1

2

�

�1

1

�

�1

3

�

�1

2

�

1�k

1

�

1+k

3

�

�1

2

�

�2

1

�

�1

3

�

1;3

�

�6

3

�

2

where � and k are as above and �

1;3

= �

�1

2

�

�1

3

�

1

�

2

. We have e(b) = 0, but b is not

trivial for any k. Indeed, let ' : B

n

! S

n

be the standard homomorphism to the

symmetri
 group: �

i

7! (i; i + 1). Then '(b) = (124) for k odd and '(b) = (234)

for k even. �

Corollary 3.14. The arrangement in Figure 15(a) is algebrai
ally unrealizable.

Hen
e, the arrangement in Figure 14(a) is also algebrai
ally unrealizable.

Proof. Combine Lemmas 3.7 and 3.13 (the inequality (17) does not hold for jkj = 4

and n = 2). �

Remark 3.15. The arrangements in Figures 14(a) and 15(a) are pseudoholomorphi-


ally realizable.
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