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ABsTRACT. We show that there exists a real non-singular pseudoholomorphic sextic
curve in the affine plane which is not isotopic to any real algebraic sextic curve. This
result completes the isotopy classification of real algebraic affine M-curves of degree
6. Comparing with the isotopy classification of real affine pseudoholomorphic sextic
M-curves, obtained earlier by the first author, one finds three pseudoholomorphic
isotopy types which are algebraically unrealizable. In a similar way we find a real
pseudoholomorphic, algebraically unrealizable (M — 1)-curve of degree 8 on a qua-
dratic cone with a special position with respect to a generating line. The proofs are
based on the Hilbert-Rohn-Gudkov approach developed by the second author and
the cubic resolvent method developed by the first author.

INTRODUCTION

This paper can be considered as a continuation of [15]. The study of plane
real pseudoholomorphic curves has been initiated by the first author [11, 3, 12].
It gives a new insight on the classical Hilbert 16th problem whose first part is
the question of classification of the oval arrangements of real plane non-singular
algebraic curves. This classification is completed only for small degrees. The global
rigidity of the symplectic structure, which especially becomes apparent in Gromov’s
theory of pseudoholomorphic curves [5], makes the isotopy classification® of real
pseudoholomorphic and algebraic curves rather similar. On the other hand, the
difference between pseudoholomorphic and algebraic curves and methods which
allow one to distinguish these classes are of a natural interest. This can be viewed
as an analogue of the question of Viro [25], who introduced flexible curves and
asked if there is a real flexible non-singular curve in RP? which is not isotopic to
a homologous real algebraic curve, the question which still is open.

In the present paper, we provide two examples of real pseudoholomorphic curves
which are not isotopic to any real algebraic curve in the corresponding class. One
example is an affine M-curve of degree 6, and this is a completion of the iso-
topy classification of real algebraic affine M-sextics. The other example is a real
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(M — 1)-curve of degree 8 on a quadratic cone. Previously known examples of real
pseudoholomorphic, algebraically unrealizable curves have been found in [3,15,13].
We should like also to mention an infinite series of examples of real flexible curves on
Hirzebruch surfaces found by Welschinger [26] which are are not realizable neither
algebraically, nor pseudoholomorphically.

Similarly to [15], we prove the nonexistence of a real algebraic curve with a
specific arrangement of its connected components in two steps. First, we show
that a hypothetical curve of such a type must degenerate into a highly singular
real algebraic curve (Section 2). A degeneration is obtained in the framework
of the Hilbert-Rohn-Gudkov approach: we consider a one-parametric equisingular
deformation of a given curve such that some of the curve geometric characteristics
changes monotonically, and this necessarily leads to a degeneration. If the classical
Hilbert-Rohn-Gudkov method deals with only one-dimensional families of nodal
curves passing through fixed points [7,17,18,21,15], in the present paper we use
higher-dimensional equisingular families of curves with arbitrary singularities Ay,
k > 1. One cannot reduce the dimension of the latter families to 1 by fixing extra
points without loss of nice geometric properties (like smoothness), thus, inside these
families, we construct piece-wise algebraic one-dimensional paths which may consist
of infinitely many pieces. The construction of such paths and the study of their
limits as the main technical novelty in our development of the Hilbert-Rohn-Gudkov
method. Notice also that a rather complicated tree of possible degenerations in the
above deformations can be substantially reduced by applying prohibitions provided
by the braid group techniques from [11]. The second step of our consideration (see
Section 3) is the prohibition of the hypothetical singular algebraic curves obtained
in the first stage. In contrast to [15], the main tool used here is rather simpler and
is based on the cubic resolvent method suggested by the first author (this method
was used already in [13]). Namely, a hypothetical algebraic curve is represented as
a ramified four-fold covering of the line, i.e., as an algebraic family of real equations
of degree 4, and the contradiction is extracted from the properties of the family of
the cubic resolvents of these equations.

1. STATEMENT OF RESULTS

1.1. Real plane affine sextic M-curves. A real plane non-singular pseudoholo-
morphic or algebraic curve of degree m is called M-curve if its real part has the
maximal possible for degree m number of connected components. This number is
g+1=(m—1)(m—2)/2+1 for a projective curve, and g+m = (m—1)(m—2)/2+m
for an affine curve. The projective closure of an affine M-curve is a projective M-
curve which has a connected component crossing the infinite line at m points. The
isotopy classification of real plane projective M-curves is known for degree < 7
in the algebraic case [23,24], and for degree < 8 in the pseudoholomorphic case
[12]. The isotopy classification of real plane affine M-curves has been known for
degree < 5 in the algebraic case [16], and for pseudoholomorphic curves of degree
< 6 [11]. We complete the classification of affine algebraic M-sextics and, for the
reader convenience, formulate both algebraic and pseudoholomorphic classification.
The notation for isotopy types of affine M-sextics, which we represent as pairs of a
projective sextic and a real line in RP? (the line at infinity) is shown in Figure 1,
where a, b, ¢ denote the number of empty ovals? in the corresponding domains.

2An oval is called empty if it does not surround any other oval.
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Theorem 1.1. (a) Any real affine pseudoholomorphic M -sextic belongs to one of
the following 35 isotopy types:

( Ai(a,b), (a,b) = (1,8),(5,4),
As(a,b,c), (a,b,c) = (1,8,1),(8,1,1),(0,5,5),(1,4,5),
(4,1,5),(5,0,5),(0,1,9),(1,0,9),
As(a,b,c), (a,b,c) = (4,5,1),(7,2,1),(2,3,5),(4,1,5),(0,1,9),
(0,5,5),
Ayq(a, b, c), (a,b,c) = (1,8,1),(5,4,1), (1)
Bi(a,b), (a,b) = (1,8),(5,4),
Bs(a,b,c), (a,b,c) = (1,8,1),(0,5,5),(5,0,5),(0,1,9),(1,0,9),
Bs(a,b,c), (a,b,c) = (3,6,1),(1,4,5),(2,3,5),
Cy(a, b, c), (a,b,c) = (0,9,1),(7,2,1),(0,5,5),(3,2,5),(0,1,9),
\ Cs(a,b,c), (a,b,c) =(1,7,2),(5,3,2)
and
A4(1,4,5), By(1,4,5), (C3(1,3,6) . (2)

Each of the types (1), (2) is represented by a real affine pseudoholomorphic sextic.
(b) Each of the types (1) is represented by a real affine algebraic sextic. The
types (2) are not realizable by real affine algebraic sextics.
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The nonexistence of pseudoholomorphic sextics of the types different from (1)
and (2) is proved in [11], a construction of algebraic sextics of types (1) can be
found in [9, 10], a construction of pseudoholomorphic sextics of types (2) can be
found in [3, 11]

The nonexistence of algebraic sextics of type Bz (1,4, 5) is proved in [3] by means
of the use of pencils of algebraic cubics, the nonexistence of algebraic sextics of type
A4(1,4,5) is proved in [15]. Thus, to complete the proof of Theorem 1.1, we have
to prohibit only algebraic sextics of type C3(1,3,6), what is done in the present
paper (combine Lemma 2.10 and Section 3.4).

1.2. Real curves on a quadratic cone. In [15], we studied curves of bidegree
(4,8) on a quadratic cone which have an oval arranged in a certain way with respect
to a generating line of the cone. We have completely classified the M-curves (both,
algebraic and pseudoholomorphic) and also pseudoholomorphic (M — 1)-curves.
Algebraic realizability of two pseudoholomorphically realizable (M — 1)-curves re-
mained open. Here we exclude one of them.

Blowing up the singular point of a cone, we obtain the Hirzebruch surface Fs.
We recall that the Hirzebruch surface (relatively minimal rational ruled surface) F,
(n > 1) is the fiberwise compactification of the line bundle O(n) over P1. There
is a fibration m, : F, — P! with fibers isomorphic to P!. This fibration has one
exceptional section which we denote by E. Its self-intersection is equal to (—n). The
surface F,, can be defined by gluing of four copies of C? with coordinate systems
(Z0,Y0),---,(x3,y3) and the coordinate changes

Ty =137, Y1 =yoxry" Ty =T, Y2 =1y w3 =15, Y3 = yaah.
The projection 7 is defined by (z;,y;) — x; for each j =1,...,4. The exceptional
section E is defined by y» = 0 and by y3 = 0. The coordinate system (xg,1q) is
called standard.

The group of classes of divisors (the Picard group) of F,, is generated by E and
a fiber F'. If a curve belongs to the linear system |[nE + kF|, we say that it has
bidegree (n, k).

So, we consider curves of bidegree (4,8) on F5, which have 9 ovals located with
respect to some fibre Fy as shown in Figure 2(a) (type A(3,1,4) in the notation of
[15]). These curves can be represented as affine plane curves defined by a polyno-
mial with Newton triangle spanned by the points (0,0), (8,0), (0,4), and having
branches located as shown in Figure 2(b). Such a pseudoholomorphic curve has
been constructed in [15]. We state

D

Fy

(@) (b)

FIGURE 2
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Theorem 1.2. There is no real algebraic curve of bidegree (4,8) on Fy realizing
the isotopy type A(3,1,4).

2. DEGENERATION OF REAL ALGEBRAIC CURVES:
THE HILBERT-ROHN-GUDKOV APPROACH

2.1. Equisingular families of curves with singularities of type Aj.

Let z be a singular point of type A, k£ > 1, on an algebraic curve C' in a smooth
algebraic surface . In appropriate local coordinates z,y in a small neighborhood
U(z) of z = (0,0) in ¥, the curve C is given by an equation y? + z¥*1 = 0. We
identify Oy, , with the ring C{z, y} of germs of holomorphic functions in z,y at the
origin. Any curve C' € |C| defines a non-trivial element of Os, , up to a non-zero
constant factor, and without further confusion we shall denote one of these elements
by the same symbol.

Introduce the ideals in the ring Oy ,

I(C,2) = (y?, yal®=VPL 2h) 10(C,2) = (y?, yal PV gt

I5(C,2) = (y?, yalP/AHT, g+t

Clearly, C € I|(C,z) C Iy(C,z) C I(C,z), and elements C' € I|(C, z) close to C
have at z singularity Ax. Observe also that Iy(C, z) = I} (C, z) as k is odd. Denote
by Vo(C, z) and V(C, z) germs at C of the subsets of Oy,

{p(z,y +uzl*TVA) e [1(C,2), ue C}, (3)

{o(z + t,y + uglFTD/2 L [(B=D72) o e (O, 2), tiu,v e CY,  (4)

respectively, where, for each ¢ € I)(C,2), t,u,v are obstructed by the condition
that the elements of V(C, z), V(C, z) remain holomorphic at z.

Proposition 2.1. (a) If A C Os, is a finite-dimensional linear subspace, which
contains C and intersects transversally with the ideal I(C,z) (resp., Io(C,z)) then
V(C,z) N A (resp. Vo NA)is a germ at C of a smooth subvariety with the tangent
space To(V(C,z) NA) = I(C,z) N A (resp., Tc(Vo(C,z) NA) = I1(C,z) NA).

(b) Any element C' € Vy(C, z) has singularity Ay at z, and any element C' €
V(C, z) has a singular point of type Ay in U(z), which lies on the line v, = {y = 0}
as k > 3. In addition, the total intersection of C and C' in U(z) (which reduces
here to a common convergence neighborhood) is

E+1

1, C' e Vu(C, 2),
(C'.c)U(z)zk+2[T]+{ (C,2)

-1, C'eV(C,2), (5)

where U(z) reduces up to z if C' € Vo(C, z) and u(C, z) is odd.

Remark 2.2. (1) Theideals I(C, z), Iy (C, z) define zero-dimensional schemes Z(C, z),
Zy(C,z) C L of degreesdeg Z(C, z) = k—1+[(k+1)/2], deg Zp = k+1+[(k+1)/2].

(2) The line 7y, depends in general on the choice of local coordinates. We fix just
one of these lines.

Proof of Proposition 2.1. Since we consider finite-dimensional subspaces in Oy .,
we can restrict this ring up to the ring (denoted by the same symbol) of functions
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¢(z,y), which are holomorphic in a fixed neighborhood U of z in ¥ and such that
o(x +t,y + urF+1/2 4 yz(E=1)/2) are holomorphic in U as well, for all sufficiently
close to zero t,u,v € C. Similarly we restrict I(C, z), I\(C,z), I(C,z), I'(C, z),
VO(Ca Z), V(Ca Z)

For k odd, it is easy to check that V5(C,z) = Iy(C, z), and statement (a) of
Proposition becomes trivial. For k even, (3) reads as

VO(Ca z) = {(p(x,y) € OE,Z : (P(xay"i_uxk/z) € I[I)(Ca Z)} :

Any element ¢ of V5 (C, z) uniquely determines the parameter u, which is just the
coefficient, of yz*/2 in the power series expansion of . The fibers of the projection
Y= u,

L,(C,2) = {p(z,y) € Os,. : p(z,y —uz"?) € [H(C,2)}

are germs of ideals in Oyg , of the same codimension as I)(C,z). Consider the
intersection ANVy(C, z). Since A intersects with Iy(C, z) transversally, so does the
linear space A’ = A + Span{yz*/?} with I}(C, z), which means dim A’/I}(C,z) =
codim I} (C, z) = 3k/2 4+ 1. Thus, A’ N V,(C, z) fibers over (C,0) into the germs of
equidimensional linear spaces A’ N T, (C, z), which are disjoint in a neighborhood of
C. If Ay C A’ is a linear subspace, containing yz*/2, which is transverse to Iy(C, z)
and has dimension dim Ay = codim Iy (C, z), then it meets each ideal I,,(C, z) only at
zero. Thus, C'+ Ay meets each ideal I,,(C, z) at only one point, and the intersection
points form a smooth curve with the tangent line spanned by

oC (z,y + uz"/?)

= 2yzF/?
ou u=0 4

Hence A’ N V4(C, 2) is a germ of a smooth variety of codimension 3k/2 and the
tangent space A’ N (I5(C, z) + Span{yz*/2}) = A’ N Iy(C, z). Finally, notice that A
is transverse to T (A" NVH(C, z)) = A' N IH(C, z) in A’, which completes the proof
of statement (a) of Proposition in the case considered.

The proof of this statement for V(C,z) is a word-for-word copy of the above
reasoning with the following changes:

(i) If k£ is odd then

(1) V(C,2) = {p(z,y) € Os,. : p(z+ty+vzF~17%) € [[(C,2)},

(2) the fibers of the projection ¢ € V(C,z) — (t,v) € (C2,0) are the germs of

ideals

It,v(Ca Z) = {so(xay) € 62,2 : (p($ - tay - vx(k_l)/2) € I0(07 Z)} ’

(3) A’ = A + Span {yx(k_l)/z, z*},
(4) the intersection points of C' + Ay with I; ,(C, z) form a smooth surface with
the tangent plane spanned by

OC(x + t,y + vak—1/2)

= (k+1)z"*
8t ‘t:v:O ( + ):L. ’

OC(x + t,y + vak—1/2)

-9 (k—1)/2 .
ov ‘t:v:O yr
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(ii) If k is even then

(1) V(C,2) = {p(z,y) € Oz = p(z +t,y +ua®/? +va*/>71) € [H(C, )},
(2) the fibers of the projection ¢ € V(C, 2) = (t,u,v) € (C3,0) are the germs
of ideals

Ii w0 (C,2) = {p(z,y) € (/9\2,2 sl —ty — uzk/? — vxk/z_l) € Iy(C,2)},

(3) N =A+ Span{ymk/z_l, yzk/2, z*},
(4) the intersection points of C' + Ay with I;, ,(C,z) form a smooth three-
manifold with the tangent space spanned by

OC (z + t,y + uzk/? 4 vzk/2-1)

= (k+1)2*
8t t=u=v=0 ( + ):I; ’
k/2 k/2—1
OC (z + t,y + uz®/? 4 v/ )‘ _yutl?
au t=u=v=0
OC(z + 1,y +uzt/? 4 vat/271) = gyat/?>1
a’U t=u=v=0

The statement (b) follows from that fact that, for any local branch C®) of C' at
z,and C' € ANV(C,z),

C" - CY iy > min{(¢-CY), : peTa(AN'NV(C,2)}
(2)

(see [6]), and elementary computations with the generators of I(C,z). O

Remark 2.3. Theideals I(C, z), I(C, z) can be described via their generic elements.
Namely, if k£ is odd, then generic elements of Iy(C, z) have (k4 1)/2 infinitely near
points common with C, all of multiplicity 2, and generic elements of I(C, z) have
the same infinitely near points, (kK — 1)/2 of them of multiplicity 2 and the last
one of multiplicity 1. If k is even then generic elements of I(C, z) have k/2 + 1
infinitely near points common with C, among them k/2 points of multiplicity 2 and
one point of multiplicity 1, respectively, generic elements of I(C, z) have the same
infinitely near points, among them k/2 — 1 points of multiplicity 2 and two points
of multiplicity 1. Furthermore, Iy(C, z) and I(C, z) are characterized by the above
properties.

For zero-dimensional schemes determined by infinitely near points wy, ..., w;, and
multiplicities k1, ..., k, at them (so called cluster schemes) we introduce the notation
Z(kwwy, ..., kywy). Namely, the local ideal defining Z(kyws, ..., kyw,) is generated
by power series convergent in a neighborhood of w; which determine germs of
analytic curves, having multiplicity k; at w; and multiplicity k; at the infinitely
near point w; (appearing after (i — 1) blow-ups), i = 2, ..., p.

Proposition 2.4. (a) Let C be an irreducible algebraic curve in a linear system |D|
on a smooth algebraic surface ¥ with singular points z1, ..,z of types Ay, , ..., Ag,.,
respectively. Assume that a germ of |D| at C is embedded in a natural way into
Osx,,, for any i = 1,...,r. Fiz distinct non-singular points wy,...,ws € C. If, for
somep <r,

T
> ki+2-r+s<-DKsg, (6)
i=1
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then the germ W at C of the set of curves in |D|, passing through wy, ...,ws and
belonging to Vo(C, 2;), 1 <1 <p, and to V(C, z), p < i < r, is smooth of dimension

i D? - DKy « ki +1
iy = PP S (o [

(b) Under condition (6), the configuration S(C') consisting of the points wy, ..., w
and, for each 1 < i < p, the first [(k; + 1)/2] infinitely near to z; points of C, can
be moved in general position when varying C in its equisingular stratum in |C|.

Proof. Let Z be a zero-dimensional subscheme of ¥ concentrated at the points
Zlyeeey Zpy Wi, ..., Ws, and defined as follows. At w;, 1 < i < s, Z is a reduced
point, i.e., defined by the maximal ideal in Oy 4, ); at z;, 1 < i < p, Z coincides
with Zy(C, z;); at 2z, p < i < r, Z coincides with Z(C,z;) (see Remark 2.2(1)
for the definition of Zy(C,2) and Z(C, z)). Denote by Jz/5 the ideal sheaf of the
subscheme Z in the surface 3. We claim that

H (2,75 ® 0s(D)) = 0. (8)

Assuming condition (8), which will be proven later, we shall derive the statements
of Proposition 2.4.

The meaning of (8) is that H°(Z, Og(D)) intersects transversally with Io(C, z;)
in Oy ,, for each i = 1,...,p, and intersects transversally with I(C, z;) in Oy ,, for
each p < ¢ < r. In particular, by Proposition 2.1, all the intersections |D|NV,(C, 2;),
1<i<p, |DINV(C,z),p < i <r,aresmooth of regular codimension deg Zy(C, z; ),
1<i<p,degZ(C,z), p <i<r, respectively. Moreover, (8) implies that all the
above variety germs and all the linear systems of curves C’ € |D| passing through
each of the points wy, ..., ws intersect transversally in |D|. In addition, under (8),
[4], Theorem 6.1(ii), implies the formula dim |D| = (D? — DKy)/2, the smoothness
of W, and formula (7).

To prove statement (b) of Proposition, introduce the germ W at C of the set of
curves in |D|, belonging to V(C, z;) for each p < i < r, and having a singular point
of type Ag, in U(z;) for each 7 = 1,...,p. The (projective) Zariski tangent space to
the germ of curves on |D| having a singular point of type Ay, in U(z;) is the linear
system |Jzes /s ® Os(D)] (see, for instance [4]), where the zero-dimensional scheme
Z¢% is defined at z; by the Jacobian ideal generated by the derivatives of a local
equation of C'. Then

dim |Jzes ;s ® Os(D)| > dim |D| — deg Z°° = dim |D| — k; ;

hence

p
dimW > dim|[D| =) " codimV(C,2) — Y codim|Jzes /s ® Ox(D)|

=1 p<ilr

p
>dim|D] =Y k- Y degZ(C,z)

=1 p<i<r
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zw—iki— 3 (ki—1+ k;1]> . (9)

i=1 p<i<r
A germ of the configuration space of [(k;+1)/2] infinitely near points to z; is smooth
and has dimension [(k; + 1)/2] + 1. Consider the natural projection II: W — C,
where C is the product of straight lines L, ..., Ls, respectively passing through
w1, ..., ws and transverse to C', and germs of the configuration spaces of [(k; +1)/2]

infinitely near points to z;, for each i = 1, ..., p (here W — L; is defined as the unique
intersection point of ¢’ € W and L; in U(z)). Combining (9) with the formula
dimC = s+ >.7_,[(ki +1)/2] + p, and comparing them with the dimension formula
(7) for the central fibre W of II, we derive that I is a submersion, completing
statement (b) of Proposition.

Now we prove (8). Let us blow up the following points:

® wi,...,ws each once,

e z; we blow up [(k;+1)/2] times if 1 < i < p, or [(ky—1)/2] times if p < i < r.
The strict transform C* of C' passes through the points z;, 1 < ¢ < p, with even
k;, has nodes at the points z;, p < ¢ < r, with odd k;, and has cusps at the
points z;, p < ¢ < r, with even k;. Furthermore, C* belongs to the linear system
|7*D =37, By — 2357, Ef'| on the blown-up surface £*, where 7 : ¥* — ¥ is the
total blowing up, E} are exceptional divisors coming from wy, ..., ws, and Ej’ are the
exceptional divisors coming from 21, ..., z,.. In view of Remark 2.3, the linear system
| T2/ ® Og(D)| on X transforms into the linear system |7z« /5« ® Oz« (C*)| on ¥*,
where Z* is the union of the scheme U::p+1 Z(C*, z) with the scheme of simple
points z;, 1 <i < p, having even k;. Using the formula Ky- = 7* K+ Ej+>° B/,
one can easily compute that

D
ki +1 ki — 1
—C*KE*:—CKE—ZZ[ ;]—22—3[ 5 ]
=1

p<i<r

= —-DKy — i:kz —2p+r—s+#{i=1,...,7 : k;is even}
i=1
>#{i=1,...,7 : k;is even}
the latter inequality being equivalent to (6). On the other hand, the relation ob-
tained can be rewritten as
#{i=1,...,p : k;is even} + #(cusps of C*) < —C*Kyx- ,
which by [4], Theorem 6.1, implies
HY (S, Tz /5 ® Os<(C*)) =0 . (10)
Next, (10) yields that
dim |Jz/s ® Os(D)| = dim |Jz+ /5« ® Os-(C*)|
(C*)? — C* K-

= 5 — #(nodes of C*) — 2#(cusps of C*)

—#{i=1,...,p : k; is even} .

At last, by a routine computation one can transform the right-hand side of (7) into
dim |D| — deg Z, what finally gives (8). O
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Proposition 2.5. In the notations of Proposition 2.4, assume that the curve C' and
the points 21, ..., 2, W1, ...,ws are real. Suppose that C is rational (resp. elliptic)
with one (resp., two) one-dimensional real component and such that

.
> ki+2p—r+s=-DKg—2 (resp, =-DEKg—1). (11)

i=1

Then:

(a) W is smooth, one-dimensional, and all (resp., all but one) of the intersection
points of C with C' € W are concentrated at wy,...,ws and in neighborhoods of
21y ..y 2p a8 defined in Proposition 2.1(b).

(b) There is an one-dimensional connected component ¢ of C such that the in-
tersection points of C with C' € W\{C} in a neighborhood of ¢ are located in
neighborhoods of singular points of c; moreover, the intersection numbers of C' and
C' in neighborhoods of singular points of ¢ are equal to the corresponding right-hand
sides of (5).

(c) Let ¢ be as in parts (b). Assume that all its singular points have odd Milnor
numbers, and ¢ contains a chain of loops, bounding | > 1 discs, as shown in Figure
3(a). If all the singular points in this chain belong to {z1,...,2p}, then ¢ changes as
shown on Figure 3(b) if moving along the real part of W in a certain direction, and
changes as shown in Figure 3(c) if mowing along W in the opposite direction. If
all but one of the singular points of the chain considered belong to {z1,...,z,}, then
¢ changes as shown in Figure 3(d,e) depending on the direction of motion along
W. At last, if all but two neighboring of the singular points of the chain belong to
{#1,..., 2p }, then c changes as shown in Figure 3(f,g) depending on the direction of
motion along W.

@ (b) - ©

@ © : 0

9

FI1GURE 3

(d) Let c be as in parts (b). Assume that it has a singular point z;, 1 < i < p,
with an even Milnor number. Then, in a neighborhood of z;, C' € W\{C} crosses
c at z; and at one more point z # z;. The germ of ¢ at z; deforms as shown in
Figure 3(h) when moving along W.
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Proof. (a) Smoothness of W follows from Proposition 2.4, dim W = 1 follows from
(7), (11) and the formula for the geometric genus

2 2 2

i=1 =1

C?+CK d C?+CK [k +1
9(C>:¥+1—Z5(0’%>:¥+1—Z[ + ]

At last, by (5) the total intersection of C' and C’' € W\{C} at wy,...,ws; and
neighborhood of zy, ..., 2, is

>s+Z(k +2[ki;_1]>+2p—7“:02—g(0).

=1

(b) The second statement immediately follows from the preceding argument.

(c) Let the tangent line to W at C passes through C' and Cj € |C|\{C}. Clearly,
for any singular point z; € ¢ of C, the intersection multiplicity of C,Cy at z; is
given by the right-hand side of (5), and thus, Cy meets ¢ at only singular points
of ¢. Introducing some coordinates in the (simply connected) part of ¥, containing
the considered chain of loops of ¢, describe C' and Cj as zero loci of some functions.
Then Cj does not change sign along any component of the non-singular part of c.
Another consequence of formulas (5) is that Cy does not change sign when passing
along C through a singular point z;, 1 < i < p, of ¢, and does when passing through
a singular point z; € ¢, ¢ < p. This completes the proof.

(d) Let z; be of type As;, m > 1. Formula (3) shows that C and C' intersect
at z; with multiplicity 4m if v # 0, and with multiplicity > 4m + 2 if v = 0
In the situation considered, the total intersection multiplicity of C' and C’ in a
neighborhood of z; is 4m + 1. Hence u # 0 and the statement follows. [

In the situation of Proposition 2.5, we observe a strongly monotone change of
some characteristics of the real part of C' when moving along W in a certain direc-
tion. We want to extend it as much as possible.

Definition 2.6. Assume that k; < 2,4 = p+ 1,...,r. Then, for any C' € W,
the germ of W at C’ is the intersection of Vo(C', %), i = 1,...,p, V(C',2]) 3
1 =p+1,...,r, with the linear system of curves passing through wi, ..., ws. So, we
can consider W as a germ of an one-dimensional algebraic subvariety M of |C|. The
above mentioned monotonicity means that one necessarily comes to a degeneration
when moving along M from C' in a certain direction. By the extension of W we
call the respectively oriented segment of M with endpoints at C and at the first
occurring degeneration.

Assume that there is k; > 2, p < i < r. Then the germ of W at C' € W\{C} is
no longer inside V(C’, z}), and we construct an extension of W in a different way.
First, fix an orientation of W. Consider the set M of real curves in |C|, isotopic and
equisingular to C, passing through wy, ..., ws and belonging to V4(C, z;),i = 1,.

For any C' € M, one can define a similar smooth one-dimensional germ W' C |C |
which we orient as . Introduce a partial order in M by C'<C", C',C" € M, if

there is a continuous path [«, 5] — M, connecting C(a) = C' and C(B) = C", and
a subdivision @ = tp < t; < ... < t, = [ such that [t;,¢;4+1] is embedded into the

3Here 2z} denotes the new position of a moving singular point z; of C
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respectively oriented half of the germ W; defined for C(#;). In particular, the discs
bounded by some loops of the real part of the current curve C(t) grow or contract
monotonically when moving along such paths. This yields that any well ordered
set of curves in M has a maximal element belonging to the closure of M , i.e., the
existence of a well ordered line C(t) € ]Tf, t € o, ), whose closed segments are
paths like described above and satisfying lim;_, 3 C(t) = C(5) & M. Any such line
we call an extension of W.

2.2. Auxiliary restrictions to curves in CP? and 7.

Proposition 2.7. Let zy € Fo\E, 21, ..., z5 successive infinitely near to zy points in
general position. Then there is neither curve of bidegree (1,3) containing the scheme
Z (20, ..y 25), mor curve of bidegree (3,6) containing the scheme Z(2z, ..., 225)*.

Proof. The first fact follows from dim |E 4+ 3F| = 5.

Now assume that Z(2z,...,225) C C € [3E + 6F|. Since dim|E + 3F| = 5
there is a unique non-singular curve C’ € |E + 3F| through 2o, ..., z4, which thereby
does not pass through zs in view of general position. Then (C'-C"),, > 2-5 =
10 > 3E +6F)(E +3F) = 9. Hence C D C', and thereby C = C' + C" +
E, C" € |E 4+ 3F|. Observe that, in appropriate local coordinates, the ideal of
Z (220, 225) s I = {32 165512 ai;z'y’} and the germ of C’ is given by y +z°. Let
C be given by Y b;jatyd. Then the condition C'C" D> Z(2z, ..., 225), equivalent
to (y + 2°) (> bijz'y’) € I, reads as bjp = 0, i < 6, and bs g + bp,1 = 0, implying
bor = 0, and hence C D Z(2z0,21,...,25). On the other hand, (C'-C"),, >
24+4=6>(F+3F)? = 4. Hence C" = C' and cannot contain Z (22, 21, ..., 25)-
Contradiction. [

Proposition 2.8. There is no real algebraic projective plane sextic with a singular
point of type Az and nine connected components located with respect to the tangent
at the singular point as shown in Figure 4(b).

(a) (®)
FIGURE 4

4The relation Z C C for a curve C and a zero-dimensional scheme Z, concentrated at a point
w, means that a power series, defining the germ C,w) in local coordinates, belongs to the ideal of
the scheme Z
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For the proof see [15], Remark in Section 1.3.

Proposition 2.9. Assume that there exists a non-singular real sextic curve with
11 owals located with respect to a certain real straight line L as shown in Figure
4(1). Then, for any reduced degeneration of such a curve, its arcs ay,as,as,ayq in
the complement to the straight line (see Figure 4(a)) remain non-singular.

This follows from the results of [8].
2.3 Degeneration of plane sextics.

Lemma 2.10. Assume that there exists a real non-singular plane curve C with 11
ovals located with respect to some straight line as shown in Figure 4(a). Then there
exists one of the rational real sextic curves with singularities of type Ay located with
respect to the fized straight line L as shown in Figure 5.

(b)

FIGURE 5

Proof. First, we degenerate C into an elliptic sextic with 9 nodes and with one of
the shapes shown in Figure 6, and further on prove that they either do not exist,
or necessarily degenerate to one of the sextics shown in Figure 5.

Denote by M the set of non-singular real plane sextics located with respect to
the line L as shown in Figure 4(a) and passing through the point p. Let M be its
(metric) closure.

Step 1. To obtain one of the nodal degenerations shown in Figure 6, we deform
the given curve C' along a broken line in the space of real plane sextics, consisting
of segments C’ 4 tC%, t > 0, where C' € M is an irreducible sextic with m < 8
nodes, the cubic C3 passes through the nodes of C’ and the point p (see Figure
4(a)), and it is assumed that the oriented domain bounded by the branch crossing
the line L grows as t > 0 grows. Arguing exactly as in [15], section 3.8, we can
obtain and irreducible sextic Cy € M with 9 nodes. The only possible dispositions
of nodes, by Proposition 2.9, are shown in Figure 6.

Step 2. We shall deform the curve Cyy along a continuous path in M, constructed
as extensions in the sense of Definition 2.6. For the limit curve C*, we have few
possibilities: (i) C* is non-reduced, (ii) C* is reduced and reducible, (iii) C* is
irreducible elliptic, (iv) C* is irreducible rational. The fact that a non-reduced
C* cannot occur in the degenerations considered, will be proved below in Step 6.
Proposition 2.9 implies that C* cannot be reducible and, moreover, that C* must
be an irreducible curve with singular points of type Ay.
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Step 3. Now we shall analyze the case of rational irreducible curve C*. Since
C™* has only singularities of type Ax and their number is at least three, one can
easily check that the total Milnor number is less than 20 = 4(6 — 1); hence by [22],
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any deformations of singular points of C* can independently be realized. Since C*
can be deformed into one of the elliptic nodal curves shown in Figure 6, one can
deform C* into one of the rational curves shown in Figure 7(see also Proposition
2.9 imposing necessary restrictions).

Assume that Cj has a form depicted in Figure 7(a). Consider the germ W
at Cp consisting of sextics belonging to V(Cy, z;), ¢+ = 1,2,3 (see Figure 8(a)),
Vo(Co, 2), z € Sing(Cy)\{z1, 22, 23), and passing through p, q. By Proposition
2.5, W is smooth one-dimensional and admits an extension realizing a deformation
shown in Figure 8(a) by dashes. Such an extension cannot have a non-reduced limit
endpoint, and the reduced one could only be a degeneration of collision of nodes
21, 22, impossible by Proposition 2.8, thereby prohibiting a sextic of the form in
Figure 7(a).

FIGURE 8

Similarly, one can prohibit sextics shown in Figures 7(b,c): we consider a germ
W centered at a sextic of the form shown in Figures 7(b,c), and necessarily come to
a curve prohibited by Proposition 2.8, or to collision of an isolated singular point
with the one-dimensional real component, but the latter curve could be deformed
into the prohibited above nodal curve in Figure 7(a).

Let Cy have a form depicted in Figure 7(e). Consider the germ Wy at Cy of
the family of sextics belonging to V(Cy, 2;), i = 1,2, 3 (see Figure 8(b)), V5 (Cy, 2),
z € Sing(Cy)\{#1, 22, z3), and passing through p, q. As above, by Proposition 2.5,
Wy is smooth one-dimensional and admits an extension realizing a deformation
shown in Figure 8(b) by dashes. Such an extension cannot have a non-reduced
limit endpoint, and the reduced one could only be a degeneration of collision of
nodes 21, 29, resulting in a rational sextic C; shown in Figure 8(c) (as above, a
collision of an isolated singular point with the one-dimensional real component is
impossible, since the resulting curve could be deformed into a curve depicted in
Figure 7(a) which is already prohibited). Then we consider the germ W; at C; of
the family of sextics belonging to V(Cy, z;), ¢ = 1,2, 3 (see Figure 8(b)), Vo(Cy, 2),
z € Sing(Co)\{z1, 22, 23), and passing through p, ¢q. By Proposition 2.5, W is
smooth one-dimensional and admits an extension realizing a deformation shown in
Figure 8(c) by dashes. Again such an extension cannot have a non-reduced limit
endpoint, and the reduced one could only be a degeneration of collision of the node
z1 and the tacnode 29, resulting in a sextic shown in Figure 5(a).

Similarly, the existence of a curve depicted in Figure 7(d) implies the existence
of a sextic shown in Figure 5(b).
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Step 4. Let C be an irreducible elliptic nodal curve of one of the types depicted
in Figure 6(c,d,e). It has two one-dimensional real connected components, ¢; which
crosses L and ¢y which does not. Consider the germ W at C consisting of sextics
belonging to V(C, z;), i = 1,2 (see Figure 6(c,d,e)), Vo (C, z), z € Sing(C)\{z1, 22),
and passing through p, ¢, and one more point on c3. By Proposition 2.5, W
is smooth one-dimensional and admits an extension realizing a deformation of ¢;
shown in Figure 6(c) by dashes. Since no collision of points 21, 25 can happen in view
of Proposition 2.8, and no rational degeneration can occur by the results of Step 3,
the only possibility is a degeneration of one of the nodes on ¢, into a cusp. Then we
consider the germ W; at the corresponding curve C; consisting of sextics belonging
to V(C1,2;),1=1,2, Vo(C1,z2), z € Sing(C1)\{z1, 22), and passing through p, q. By
Proposition 2.5, W, is smooth one-dimensional and admits an extension realizing
a deformation of ¢; as shown in Figure 6(c) by dashes. Again the only possible
degeneration is turning one more node on ¢y into a cusp. Then we consider the
germ W5 at the obtained curve Cj, consisting of sextics belonging to V(Cs, z;),
i =1,2,3, where z3 is one of the cusps on ¢z, Vo(Cs, 2), z € Sing(C3)\{z1, 22, 23),
and passing through p, ¢, and one more nonsingular point on ¢5. By Proposition 2.5,
W5 is smooth one-dimensional and admits an extension realizing a deformation of
c1 as shown in Figure 6(c) by dashes. Further possible degenerations are collisions
of z3 with remaining nodes of ¢y, until we come to the curve with exactly two cusps
on ¢ as only singularities, which then does not allow degeneration in contrary to
the monotone deformation of ¢;. This contradiction prohibits sextics of the form
shown in Figure 6(c,d,e).

Step 5. Let C' be an irreducible elliptic sextic of one of the forms shown in
Figure 6(a,b). Define ¢; and ¢y as in Step 4. Consider the germ W at C consisting
of sextics belonging to V(C, z;), i = 1,2, where 2z is the isolated node, 25 is one of
the nodes on ¢y, V5(C, 2), z € Sing(C)\{z1, 22), and passing through p, ¢, and one
more nonsingular point on ¢s. By Proposition 2.5, W is smooth one-dimensional
and admits an extension realizing a deformation of ¢; as shown in Figure 6(a) by
dashes. The case of a rational degeneration was considered in Step 3, so we shall
concentrate on possible elliptic degenerations, which can consist in only collision
of singular points on ¢ or their turning into cusps. As in the previous step the
maximal possible elliptic degeneration, which can be obtained along extensions of
equisingular family germs we consider, is a curve C; with ¢ = 1 or 2 cusps as the
only singularities on cy. The we consider the germ Wi at C; consisting of sextics
belonging to V(C1, z), z € Sing(C1)\c1, Vo(C1, 2), z € Sing(C1) N ¢1, and passing
through p, ¢ and o — 1 non-singular points on ¢s. By Proposition 2.5, W; is smooth
one-dimensional and admits an extension realizing a deformation of ¢; as shown in
Figure 6(a) by dashes. The only possible reduced degeneration which may occur
on the extension of W is rational.

Step 6. To complete the proof we have to exclude non-reduced degenerations in
the above one-parametric deformations. In all the cases we use the same argument,
and to save the space we shall demonstrate it in one situation, which is the most
involved. Namely, consider the one-dimensional deformation M of the sextic shown
in Figure 8(c), described in the last paragraph of Step 3. Assume that the limit
curve C* of M is non-reduced, and derive a contradiction.

Let C be the initial curve of M (see Figure 9(a)). Here ¢1,¢2 are the fixed
points of C' € M. By Bézout’s theorem, the singular point z4 of type A;; lies in
the domain A; = A1(C) bounded by the arc a; and the two tangent lines Iy, 15 to C,
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which pass through the singular point z; of type A3 and the point g2, respectively, as
shown in Figure 9(a). Furthermore, since the domain A;(C"), similarly defined for
a curve C' € M\{C*}, monotonically shrinks (see Figure 8(c)), the moving singular
point z4(C’) always belongs to A;(C). Similarly, the moving singular point 25 (C")
remains inside the domain, bounded by the loop of the curve C' with endpoints at
z1 = z1(C). In particular, zj = limgr o+ 24(C') # 2} = limgr Lo+ 21 (C).

Now pick up a point ¢ in the interval (¢1,¢2) in L\C and draw a line [3 through
q and z4(C"). Since z4(C") € A1(C), the line I3 does not tend to L, and, on the
other side, no intersection point of I3 with C' approaches ¢ (see Figure 8(b)). Hence
L ¢ C*.

As one can see in Figure 8(b), the intersection points of C’ € M with L, dif-
ferent from ¢y, ¢go, do not approach ¢1, g2, and hence g1, g2 do not lie on a multiple
component of C*. Further on, no three intersection points of C' € M with L can
merge into one point, and hence the multiplicity of any component of C* is at most
2. Altogether this means that either C* = 0226’2, where Cs, C’z are reduced conics
with no component in common, or C* = Cfé’4, where C1 is a line, 6’4 2 Cyis a
reduced quartic.

Given C' € M, denote by z4,1(C") the first infinitely near to z4(C") point of C’.

Let the straight line Iy pass through z4(C’), z4,1(C’), i.e., is tangent to C’ at
24(C"), the singular point of type Aj;. By Bézout’s theorem, I, must cross C’ as
shown in Figure 9(b). Consider now the conic K passing through ¢s, 24(C"), 24,1 (C"),
and 21(C"), 22(C"). In view of the disposition of I; and by Bézout’s theorem, K
must cross C’ as shown in Figure 9(b). Put K* = lim¢r, ¢« K. Since K cannot
approach the (growing) segment [go,q1] of L (see Figure 9(b)), L ¢ K*. Further-
more, the intersection points of K with L do not approach the intersection point of
L with the straight line l5 through 21(C’), 24(C"). Hence K* does not contain the
line [} = lim¢r, o+ 5 through 27, 23.

The preceding consideration implies that the conic K* is non-singular at z7, 2}
and intersects with I} D {zf,z}} transversally. In particular, the line [}, tangent
to K* at zj, does not pass through zi. By Bézout’s theorem, the lines /4 and I5
cross the line L in the same interval [qo, 4] C L\{q1,¢2} (see Figure 9(b)). Since
I3 # 1% and I} NI = {z}}, the intersection points L NI} and L NI} are distinct,
and hence the interval [qo, 4] C L does not collapse as C’ — C*. This means that
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the multiple component of C* might be only a straight line C crossing L in the
interval [g2, g5] C L\{q1,q2}.

Since the point ¢; cannot lie on a multiple component of C* as noticed above,
the limit I§ of the line lg, passing through ¢; and 21(C’), differs from C;. Note
also that no arc of C’ approaches lg in the growing domain bounded by the arcs
a1, az and the line L (see Figures 8(b), 9(b)). Hence lg ¢ C*. On the other hand,
the only 27 might be a multiple intersection point of I§ with C*. Hence 2] € C},
and thus, z; ¢ C7, that means the reduced quartic (4 must have at least A;; as a
singularity at z}, what is impossible. [

2.4. Degeneration of a curve of type A(3,1,4). We shall prove the non-
existence of curves of type A(3,1,4) arguing by contradiction. In Lemma 3.3 [15],
it was shown that the existence of such a curve yields the existence of the nodal
rational curve on the surface F pictured in Figure 10(a).

e

€Y (b)

FIGURE 10

Lemma 2.11. If there exists a real nodal algebraic curve C' of bidegree (4,8) on Fo
as shown in Figure 10(a), then there exists a real rational curve with a disposition
and singularity collection as in Figure 10(b) (a fibre passing through two singular
points of such a curve is shown by dashes).

Proof. We start with a real nodal curve Cy of bidegree (4,8) shown in Figure 10(a),
and we shall describe how it degenerates into a curve shown in Figure 10(b).

Step 1. Denote by zy the isolated node of Cy and by z1, ..., zs the non-isolated
nodes of Cy as indicated in Figure 11(a). By Proposition 2.5(a), the germ

Ny = V5(Co,20) N ... N V5 (Co, 26) NV (Co, z7) NV (Co, 23)

is smooth of dimension 1, and extends up to an one-dimensional variety ]\Nfg C
|4E + 8F|. Furthermore, the movement along Ny in a certain direction implies a
deformation shown in Figure 11(b) by dashes. The monotone change of some com-
ponents of the complement of a curve in F> yields the existence of a degeneration
C1, which is reduced by Proposition 2.12 below, and by Lemmas 3.5, 3.6, Corollary
2.9 and Proposition 2.11 [15], must have nodes at zp, ..., z5, a singular point 2} of
type Az and the real part as shown in Figure 11(c).

Step 2. Denote by N; the germ at C; of the set of real rational curves of bidegree
(4,8) having nodes at z, ..., 25, a node at some point zg, a singular point 25 of type
Az, and the real part as shown in Figure 11(c). It is smooth, one-dimensional and
admits an extension N; along which the current curve is deformed as shown in
Figure 11(c) by dashes. The monotone changes of the current curve in Ny implies
the existence of a degeneration C; which is reduced by Proposition 2.12, and the
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only possible singularities of Cy are nodes at zg, ..., z5 and Aj at some point z§, and
the real part is shown in Figure 11(d).

In a similar manner we perform two more degenerations of Cy, first, gluing up
the node z; and the singular point z; of type Aj into a singular point of type Az
(denoted again by z5 for the sake of notation) and resulting in a degeneration Cj
shown in Figure 11(h), and then moving C3 along an appropriate one-dimensional
family N3, which realizes a deformation shown by dashes in Figure 11(h) and leads
to gluing up the (travelling) node z4 and the (travelling) singular point z5 of type
A7 into one singular point 2} of type Ag, and obtaining a curve Cy with real part
shown in Figure 11(e).

Step 3. Next consider the smooth one-dimensional germ

N4 = V0(04, Zl) N VU(C4, 22) N V0(04, Z:l) N V(C4, Zo) N V(C4, Zg)

and extend in up to an one-dimensional variety Ny C |4E + 8F|. Furthermore, the
movement of Cy along ]V4 in a certain direction induces a deformation shown in
Figure 11(e) by dashes. The monotone change of some components of the comple-
ment of the current curve C’ € ]V4 in F5 yields the existence of a degeneration.
However no degeneration is possible before the travelling node z; appears on one
fibre with 2z} (see the resulting curve Cy in Figure 11(f)). The reason is that C'
cannot become non-reduced by Proposition 2.12, the projection of the travelling
node z3 on E\F;, where F} is the fibre through z1, goes away from the projection
of 23, and the travelling isolated node z{, cannot join the real branch of C'.
Then consider the smooth one-dimensional germ

N5 = Vo(Cs,21) NVo(Cs, 25) NV (Cs, 24) NV (Cs, 25) NV (Cs, 22)
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and extend it up to an one-dimensional variety N5 C |4E + 8F|. The above argu-
ment ensures that, moving C5 along JV5 in a certain direction (the corresponding
deformation is shown in Figure 11(f) by dashes), one necessarily obtains a collision
of the travelling node 2z}, with the singular point 23, i.e., a real rational curve Cg of
bidegree (4, 8) with a node at z1, an isolated node at some point z{,, singularity As
at z4 and singularity Ag at zj, where 2%, 2} lie on the same fibre.

Finally, in the same manner, one considers the extension Ng C |[4E + 8F| of the
smooth one-dimensional germ

Ne = VO(Cﬁ, Zé) N V[)(CG, ZZL) N V(CG, Zl) N V(CG, Z6) .

Then one moves Cy along ]Vg so that the deformation of Cg looks as shown in Figure
11(g) by dashes. The only possible (first) degeneration is a real rational curve C7
shown in Figure 10(b), obtained as result of collision of the travelling node z] with
the singular point 2. O

Proposition 2.12. The curves C;, i = 1,...,7, appearing in the proof of Lemma
2.11 cannot be non-reduced.

Proof. The curves C;, i = 1,...,7, appear as the first degeneration in some defor-
mations. We intend to show that these deformations do not lead to a non-reduced
curves.

First of all, we notice that all our deformations consist of one-parametric arcs
inside varieties of type Vo(C,wy1) N ... N Vo(Cyw,) NV(Ciwi) N...NV(Ciw),) C
|[4E + 8F'|, where C € |4E + 8F| is an irreducible curve with some singular points
Wy ooy Wy, Why.,wl, of types Ao, 41,..., A2i, +1, A2ji+1, ..., A2j,, +1, respectively,
with

(21 +2)+ ..+ (20, +2) + 241 + ... + 2§, < 14 < —CKx, .

Hence, by Proposition 2.4(b), the configuration
wi, wlyl, veey wl,il s eeny Wp, wn,l, veey wn,in

of singular points wi, ..., w, with the corresponding infinitely near points of C at
them can be moved in general position keeping C in its equisingular stratum. In
the sequel we always assume such a general position.

All the cases are treated in a similar way, and we consider in detail only the most
difficult cases, Cy and C7.

Case (4. Assume that C4 contains a multiple component different from E. The
two situations are possible (see the deformation along N leading to the degenera-
tion Cy4 in Figure 11(h)):

(1) the limit positions Zy, 25 of the travelling points 2 (node) and z{ (singularity
A7) of a current curve C' € ]\73, approaching Cjy, are different,
(2) in the above notations z4 = Z5.

We consider the latter situation.

On any fibre F' of F5, crossing the loop with the endpoints at z1, or at z1, 23, or
at 23,23, of a current curve C' € N3 (see Figure 11(h)), at most two intersection
points with C’ can merge to a common limit point outside F. Hence a multiple
component of Cy different from E and a fibre could only be a non-singular curve
of bidegree (1,m), 2 <m < 4.
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Step 1. Assume that Cj contains a double irreducible curve D) of bidegree
(1,m), 2 < m < 4. Then the intersection of the unique real branch of that compo-
nent with fibres F' € [Fy, Fi], where F; is tangent to the loop of C3 with endpoints
at z1, lies in the domain A, bounded by Fj, F; and the corresponding arcs of C’
(see Figure 12(a)). Since there is no smooth arc in A passing through z1, z2 or z3
and transversal to the fibres F' € [Fy, Fi], DWW does not contain 21, 2, z3. That
means the domain A contracts to a (doubled) arc of D(Y), and, on the other hand,
contains the points z1, 22, z3. Hence Cy splits off double fibers through 21, 2o and z3,
and thus, cannot contain a double curve of bidegree (1, m), m > 2. Contradiction.
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FIGURE 12

Step 2. Assume that multiple components of C4 different from FE are fibres
of . We claim that in this case, the scheme Zo(C', z}) U Z(225,225 1, 25 5) C
Zy(C', 24) U Zy(C', 25), where zf 1,25 5 are two infinitely near points of C” at z;
(recall that Zy(C’, z5) imposes an extra condition of multiplicity 2 at zg 3), has a
flat limit Z(224, 2241, 224,2, 224,3), where 24 ;, are certain infinitely near points to 2.
We derive such a result showing that there is a smooth curve through 2y, 25, 25 1, 25 o
which has a smooth limit transversal to the fibre through z4 as C' — Cy.

Let ' € N3. Consider the (unique) curve Cy 2 of bidegree (1,2) passing through
the singular points z3,2j, 25 of C'. It is non—smgular and, since C'Ch 2 = 8, is
located with respect to C' as shown in Figure 12(a) (C} 2 is dashed) In particular,
(C12-C")zy = (C12-C")yy = (Cr2- C"),; = 2. Furthermore, the intersection of
C1,2) with the subsegment [F3, Fy] C [Fl,FO], where F3 is the fibre through z3, is
an arc in the domain A (see Figure 12(a)). Therefore, this arc cannot approach
FE, and hence the limit 6’1,2 of C1 as C! — (4 is non-singular and transverse to
the fibres of F». This means that the points 2}, z; merge into a zero-dimensional
scheme consisting of z4 and its first infinitely near point z4 1, which does not belong
to the fibre through z;. Notice in addition that 5’1,2 does not pass through zy, zs,
since the pair of non-singular intersection points of C1,2 and C" do not approach
each other as C' — (4. By the same reason (Cl 2 - Cy4)z, < 6, since, in addition,
Cl 2 ¢ C4. The latter holds, because Cl 2 crosses C3 as shown in Figure 12(b), and
on any fibre between the points w, ws € 01,2 N Cjs (fibre is shown dotted in Figure
12(b)), the intersection points with the current curve C’ do not approach Cy 5. At
last, C o separates the loop od C’ with endpoints at z; from E (see Figure 12(a)),
and hence Cy cannot contain E as a multiple component.

The same argument results in similar statements when replacing z3 by 21 or zs.

Step 3. Since dim |E + 3F| = 5, there is a curve Cy 3 of bidegree (1,3) passing
through the points 2y, 23, 23,25 and 25, of a current curve C' € Ns. It cannot
split off a fibre, since there is no curve of bidegree (1,2) passing through four of
the above five points. Also C 3 is unique, since Cig = 4. Let 61,3 be the limit



22 S. YU. OREVKOV AND E. I. SHUSTIN

of C; 3 a8 C' tends to C4. It passes through 72, z3 and satisfies (Cl 3-C4)z > 6.
Then Cl ,3 is non-singular. Indeed, if Cl ,3 splits off a fibre then the remaining curve
of bldegree (1, 2) has at least three common pomts with Cy .2, and hence coincides
with C; 2, but (01 2 - C4)z, < 6 contradicting (01 3-C4)z, > 6. Note also that the
real branch of Cy 3 crosses twice the boundary of the domain A’, bounded by Fy
and arcs of C’, and one of these intersection points does not approach zy, whereas
the other point does not approach z;, when C’ tends to Cy. Hence 61,3 does not
pass through z;. The same reason yields that (61,3 - C4)z, < 8, since, in addition
5’1,3 ¢ C4. The latter can be shown in the same way as the relation 5’1,2 ¢ C4
above. The properties of 61,3 altogether imply that the points zj, 25, 25 ; of C'
merge into a zero-dimensional scheme consisting of z4 and its two infinitely near
points 24,1, 24,2 outside the fibre through zj.

Again we observe that the same is valid when replacing the pair 2o, 23 by 21, 23
or z1, 2y in the above construction.

Step 4. Since dim |E + 4F| = 7 there is a curve Cy 4 € |E + 4F| passing through
the points 21, 22, 23, 24, 25, 25 1, 25 » Of a current curve C’ € Ns. Reasoning as in the
study of C 2, 3, one can show that C; 4 is non-singular, unique and has a non-
singular limit 5’1,4 as C' — C4. Notice that 61,4 ¢ Cy. Indeed, otherwise Cy would
contain 61,4 as multiple component, or would contain together with C~’1,4 either a
double curve D of bidegree (1,2) or a multiple fibre, and the only latter situation
is allowed by the results of Step 1. If D, contains 61,4 and a double fibre through
Z4, then it contains a curve D of bidegree (1, 2) through 21, 22, 23 and Z4, but this is
impossible, since then D would intersect C5 at least at 9 > D(C3 = 8 points: twice
at each of z1, 2o, 23, once the boundary of A’ at a point different from z;, and twice
the domain bounded by the arcs joining zj and z{ (the domain containing z4). If
C4 contains 61 .4 and a double fibre through z1, 23 or z3, then it contains a curve D
of bidegree (1,2) passing through two points of z1, 2o, 23 and tangent to C’1 4 at Zy,
but then D must coincide with C; .2 contradicting the fact that Cy .2 passes through
exactly one of the points z1, 22, 23.

Thus, we obtain that the configuration of the points 2y, 25, 25 1, 25 » of a current

curve C' € N. 3 has a limit consisting of Z; and its infinitely near points 24 1, 24,2, 24,3
on C; 4. We, furthermore, conclude that

(1) C4 cannot have four pairs of double fibres since there are > 5 singular points
with distinct projections to F,

(2) C4 cannot have three pairs of double fibres, since otherwise the remaining
curve of bidegree (1,2) must have > 2 singular points with distinct projec-
tions to F, what is impossible,

(3) C4 cannot have two pairs of double fibres, since otherwise the remaining
reduced curve of bidegree (2,4) must have singular points with total J-
invariant > 6 what is impossible,

(4) at last, C4 cannot split into a double fibre, E' and a reduced curve D of
bidegree (3,6), since otherwise D must have in 5\ E singular points with
the total §-invariant > 7 what is impossible.

Case C7. The curve C7; is a degeneration of a family of curves C’ € ]\76 shown
in Figure 11(g). Evolution of intersection points of C’ with fibres close to that
through 2§, zj ensures that C7 is disjoint with E. On the other hand, evolution of
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intersection points of C” with fibres which cross the growing domain, bounded by
a loop containing 2], leaves the only non-reduced form of C7 to be a double non-
singular curve C7 s of bidegree (1,2) and a reduced curve Cs 4 of bidegree (2,4).
If C1 2 passes through 2§, then it does not go through z}, where C5 4 must have
singularity with § > 4 what is impossible. If C; 5 passes through 2z} then it cannot
go through 24 and does not contain all four common infinitely near points of curves

C' € Ng at 2, which are in general position. Thus, C5,4 passes through 2} and is
singular at z45; hence splits off a fibre through 24, 2} in contrary to CyNE =@. O

3. APPLICATION OF THE CUBIC RESOLVENT

3.1. Cubic resolvent of a polynomial in one variable.

Definition 3.1. Let F(y) be a polynomial of the form
F(y) = y* + agy® + a3y + a4. (12)
Let y1,...,y4 be its roots. The cubic resolvent of F' is the polynomial
R(z) = (z — z1)(z = 22)(z — 23),
where
z1= (1 +y2)(ys +ya), 22=(y1+ys)(y2+ys), z3=(y1 +ya)(y2+ys). (13)
Since y1 + -+ + y4 = 0, one has

21 = —(y1 + y2)2, 2y = —(y1 + ya)z, z3 = —(y1 + 3/4)2- (14)

One can easily check that
R(z) = 22 +b12> + byz + b3, where by = —2ay, by = a3 —4ay, b3 = a%. (15)
Lemma 3.2. yy,...,ys are distinct if and only if z1, 22, z3 are distinct.
Proof. By (14), one has
21— 2= —(y1+y2)> + (Y1 +y3)> = (y3 — ¥2) (201 + 2 + y3) = (Y3 — y2) (41 — ya)-
Similarly, zp — 23 = (y4 — y3)(y1 — ¥2) and 21 — 23 = (ya — y2)(y1 —y3). O
Lemma 3.3. Suppose that the coefficients as, a3, aq are real.

(a). Suppose that all yi,...,ys are real. Then:

(1) if y1 <y2 <ys <ya then z1 < zp < 23 < 0;

(2) if y1 = y2 < yz < ya then 21 < zp = 23 < 0;

(3) ify1 <ya =y3z < yg then z; = 29 < 23 < 0;

(4) if y1 < ya < ysz =yq then z1 < 29 = 23 < 0.
(b). Suppose that y1,y> are real but ys,ys are not (y3 = Ya, ys # ya). Then 2z is
real non-positive and Re zo = Re z3. Moreover,

(1) if y1 # ya then zo = Z3, 23 # 23, i.e. zo and z3 are non-real;

(2) if y1 = yo then zo = 23 > 0.
(c). Suppose that all y1,...,ys are distinct and not real. Let y1 = ¥z, Y3 = Va,

Imy; >0 >Imys, Imyz > 0> Imyy. Then 21 < 0 < 23 < 2z2. Moreover, z3 = 0 if
and only if either Imy; = Imys or Rey; = Reys.

Proof. This follows from (14) and the identities in the proof of Lemma 3.2. O
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3.2. Cubic resolvent of a curve.

Definition 3.4. Let C be a curve on F,, of bidegree (4,4n) which does not contain
E as an irreducible component. Let us choose a standard system of coordinates
(z,y). Then the equation of C'is F' = 0 where F is defined by (12) with a; = a;(z),
deg, a; = nj (one can always kill the coefficient of y> by the standard trick). We
define the cubic resolvent of C as the curve in Fay, of bidegree (3,6n) given in some
standard coordinates (z, z) by the equation R(z,z) = 0 where R(z, z) is defined by
(15). The curve in Fy, which is defined in the same coordinates by the equation
z = 0 will be called the core of C.

It is easy to check that the definition of the resolvent of a curve on F,, does not
depend on the choice of a standard coordinate system.

Lemma 3.5. Let C be a curve of bidegree (4,4n) on F,. Let L and R be the core
and the the cubic resolvent of C' respectively. Suppose that C' has singularities of
types An_1 and Ag_1 (k > n) on the fiber w ' (zo). Then

(1) R has a singularity of the type Apyn_1 at the point p = LN w5t (w0);
(2) (R.L), = 2n.

Proof. Without loss of generality we may assume that o = 0. The Puiseux expan-
sion of the singular branches y1, ..., y4 has the form:

Y12 = f(z) £t"g(), ys.a = —f(z) £t"h(z) (16)

where ¢ is some branch of \/z and f, g, h are non-vanishing at 0 analytic functions.
Putting (16) into (13), we get

a=—f(@)?  zmp=—a"(g(@)? + 2" h(2)?) F 20" Fg(2)h(x)

and the result follows (recall that L is given by z =0). O

Definition 3.6. Let y = f(z) be a 4-valued real algebraic function. Suppose that
the segments I; = [a1,b;] and I = [ag, bo] of the real axis are such that

(1) I C I and f has no pole on Iy;

(2) f has simple branching at the ends of the both segments and the values of
f(x) are distinct for any other z € Iy;

(3) f has no real branch on Int I and two real branches on each component of
(Int I]_) \ .[2.

Let f; : [aj,c;] = C, j = 1,2, be the maximal single-valued analytic branch
of f such that Im f; > 0 (thus, (c1,c2) is some permutation of (bq,bs)). Let V =
RxC = {(z,y)| Imz = 0} and let S; C V be the union of the graph of f; with the
segments [(aj,0), (a;, fj(a;))] and [(¢;,0), (¢;, fi(cj))], 7 = 1,2. Under the above
assumptions, we define the self-linking number of f on Iy as the linking number of
the circles S; Ur(S1) and Sy Ur(S2) where r is the rotation of V' around the axis
y = 0 by 180°. The self-linking number is even when (c1,c2) = (b1,b2) and it is
odd when (C]_, 02) = (b2, bl)
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Lemma 3.7. Let C be a real algebraic curve on F, of bidegree (4,4n) which does
not contain E as an irreducible components. Let y = f(x) be the 4-valued algebraic
function whose graph is C. Suppose that the conditions (1)—(3) of Definition 3.6
are satisfied for some intervals I C I and let k be the self-linking number of f on
I;. Then

2|kl —1<3n (17)

Proof. We may suppose that C' is defined by (12) where a; is a polynomial in z
of degree < mj. Let R(z,z) be the cubic resolvent of F(z,y). Let fi,f> be as
in Definition 3.6. By Lemma 3.3(c), there are > 2|k| — 1 values of = such that
R(z,0) = 0. Indeed, at least k values where Im f; = Im f> and at least |k| — 1
values where Re f; = Re fo. By the same reason, R(x,0) cannot be identically zero
unless £ = 0. Indeed, if Im f; = Im f5 or Re fi = Re f> identically, then the graphs
of f1 and f are not linked. It remains to note, that R(x,0) = az(z)?, hence R(z,0)
cannot have more than degas(z) = 3n distinct roots. [J

3.3. Prohibition of the curve in Figure 10(b).

Lemma 3.8. Let C be a curve of bidegree (4,8) on Fs. Suppose that C' has singu-
larities Ay, As, Ag and C' is arranged on Fy as in Figure 10(b), in particular, As,
Ag lie on the same fiber. Let L and R be the core and the the cubic resolvent of C
respectively. Then

(a). R has a singularity of the type A5 at some point p, and (R.L), = 12.

(b). R is arranged in Fy as in Figure 13,

Proof. (a). Follows from Lemma 3.5. (b). Follows from Lemma 3.3.

%AE’N
FIGURE 13

Lemma 3.9. Let R and L be irreducible curves of bidegrees (3,12) and (1,4),
respectively, on Fy. Suppose that R has a singularity of the type A, with n > 15 at
a point p and (R - L), = 12. Then there is a standard coordinate system (x,y) on
Fy4 with the origine at p such that L is the horizontal axis y = 0 and R is symmetric
with respect to the vertical axis x = 0.

Proof. Let us choose a standard coordinate system (z,y) on Fy so that p =
(0,0) and L is defined by y = 0. Then R is defined by a polynomial f(z,y) =
Do (kleA ay ¥yt with A = [(12,0), (0,4), (0,3)]. We may assume that ago = 1.
After the change of coordinates

z Y 01,2
— h = —
(z9) <1—ax’(1—aa:)4>’ where @ 4
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we get a;o = 0. Note, that this change of coordinates is the composition of
(z,y) = (=74 27%), (z,y) = (z - a,y), and (z,y) — (27,27 %y). Hence, the
new coordinate system is also standard and L is still defined by y = 0.

The fact that R has a singularity of the type A,, with n > 15 means that there
exists a germ of analytic function y(z) = cg2® + c7z” + ... such that the Newton
diagram of f(z,z—v(z)) = 3 b 12* 2! is contained in [(0, 00), (0,2), (16, 0), (o0, 0)],
ie. bpo=0for k=0,...,15 and b,y =0 for £ =0,...,7. Rescaling z, y, and f,
one can achieve that cg = 1.

Expanding f(z,z —y(z)) = f(z,2 — 2% — ¢;27 — ...), we can express each by,
as a polynomial in ay;’s and ¢;’s. In particular,
be 1= 0,1 — 2, hence ag,1 = 2.

Substituting this into the expression for bi3 o, we get
bi2,0 = a12,0 — 1, hence a1z = 1.

Continuing this process, we get successively:

bizo = —ar, hence a7 =0;
b7,1 = —2c¢7, hence c¢; = 0;
514,0 = a22 — as,1, hence Q22 = Ag,1;
1)15,0 = a3,2, hence a3,2 = 0.

Thus, a71 = a3 = 0, hence, f(z,y) is a polynomial in 2% and y. O
Corollary 3.10. The arrangement in Figure 10(b) is algebraically unrealizable
Proof. Combine Lemmas 3.8 and 3.9 with the fact that Figure 13 is asymmetric.

3.4. Prohibition of the affine sextic. Throughout this subsection we shall
suppose that Cg is a real pseudoholomorphic sextic curve on RP? which has a
singular point p of the type A5 and which is arranged with respect to a real line L
as in Figure 14(a) up to isotopy (note, that Figures 14(a) and 14(b) represent the
same arrangement of Cg U L). The goal of this subsection is to prove that such an
arrangement is algebraically unrealizable. Let T" be the tangent line to Cg at p.

Lemma 3.11. The interior epmty oval of Cg is separated from the exterior ones
by LUT.

(b)

FIGURE 14
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Proof. Let us sooth out the singularity As so that three ovals appear. Then we
obtain a projective M-sextic of the isotopy type (9U 1(1)) (Harnack M-sextic). At
least two its exterior empty ovals (we denote them by V; and V3) are connected by
a vanishing cycle to the non-empty oval: the rightmost oval in Figures 14(a,b) and
one of the ovals coming from As. Here a wanishing cycle between two ovals of a
real curve A is a disk D C CP? such that DN CA = 9D and D N RP? is an arc
between the ovals.

If the interior empty oval were on the other side of T then the ovals V; and V3
would be consecutive in the pencil of lines through the interior empty oval. This is
impossible by [8]. O

Corollary 3.12. The common arrangement of Cg, L, and T on RP? up to isotopy
is either as in Figure 14(a) or as in Figure 14(b). O

Let us blow up twice the singular point of Cs and then blow down the proper
transform of T'.5 Let us denote the exceptional curves of the blowups by E; and
E5 (F, is the transform of a point of Ey).

We obtain a curve Cy on Fy of bidegree (4,8) which has two nodes on the same
fiber F5 (which is the transform of E5). Let us denote the proper transforms on F»
of the curves L and F; by F5 and E. These are a fiber and the exceptional section
respectively. The arrangements of C¢ULUT in Figures 14(a) and 14(b) correspond
to the arrangements of Cy U F} U F5 U E in Figures 15(a) and 15(b) respectively.

@ (®)
FIGURE 15

In the proof of the following lemma we use the approach based on braids (see
[11]). We shall denote by o1, ...,0,,—1 the standard generators of B,,, the group of
braids with m strings. For a braid b =[], 0;-“; we denote e(b) = ). k; (the exponent
sum). A braid is called quasipositive if it can be presented as [] ai_laji a;. To any
arrangement of a curve of bidegree (m,nm) on F, with respect to the pencil of
vertical lines we asociate a certain braid with m strings (this braid may depend on
some unknown parameters; see detais in [11]). The arrangement is realizable by a
pseudoholomorphic curve if and only if the corresponding braid is quasipositive.

Lemma 3.13. (a) The arrangement in Figure 15(a) is realizable by a real pseudo-
holomorphic curves. For any such a realization, the self-linking number of Cy on
the shadowed segment (see Definition 3.6) is equal to —4.

5To do this in pseudoholomorphic case, we need to assume that the almost complex structure
is standard (integrable) in some neighbourhood of T'. Note, that pseudoholomorphic realizability
of an isotopy type of Cg U L UT does not depend on this assumption.
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(b) The arrangement in Figure 15(b) is not realizable by a real pseudoholomorphic
curves.

Proof. (a). The braid associated to this arrangement (see [11]) is

1 1 -1 1—k0_§+k 1

b=o5 01_103_ 0y 03 oy 7'2,30'1_103_102_17'2’303_6A2

where 153 = 03_102, A = 010203010201, and k is the self-linking number of C; on
the shadowed segment. We have e(b) = 0. Thus, b is quasipositive if and only if b is
trivial. The linking number of the first two strings is k& 4+ 4. Hence, b is non-trivial
for k # —4. One easily checks that b is trivial for k = —4.

(b). The braid is

1 1 1 _—-1 _1-k 1+k

- -1 _—2
03 0o 07 03 0Oy 0

S ~1 —6 A2
b=o0, 0] 0g T1,305 A

where A and k are as above and 7y 3 = 02_103_10102. We have e(b) = 0, but b is not
trivial for any k. Indeed, let ¢ : B,, — S, be the standard homomorphism to the
symmetric group: o; — (7,7 + 1). Then ¢(b) = (124) for k£ odd and ¢(b) = (234)
for k even. 0O

Corollary 3.14. The arrangement in Figure 15(a) is algebraically unrealizable.
Hence, the arrangement in Figure 14(a) is also algebraically unrealizable.

Proof. Combine Lemmas 3.7 and 3.13 (the inequality (17) does not hold for |k| = 4
andn=2). O

Remark 3.15. The arrangements in Figures 14(a) and 15(a) are pseudoholomorphi-
cally realizable.
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