
FLEXIBLE, ALGEBRAICALLY UNREALIZABLE CURVES:REHABILITATION OF HILBERT-ROHN-GUDKOV APPROACHS. Yu. Orevkov and E. I. ShustinOrdnung angeht, so habe i
h mi
h | freili
h auf einemre
ht umst�andli
hen Wege | davon �uberzeugt, da� die 11Z�uge, die sie na
h Harna
k haben kann, keinesfalls s�amtli
hau�erhalb von einander verlaufen d�urfen, sondern da� einZug existieren mu�, in dessen Innerem ein Zug und in dessen�Au�erem neun Z�uge verlaufen oder umgekehrt.D.Hilbert. "Mathematis
he Probleme"Introdu
tionThe question on topology of real algebrai
 varieties, raised by Hilbert in his 16thproblem, still is far from any 
omplete answer and remains a point of a beautifulintera
tion of topology, di�erential and algebrai
 geometry, arithmeti
, singularitytheory, whi
h reveals interesting geometri
 phenomena.In the present paper we 
lassify real plane 
urves of degree 8 with a singularpoint of quadrati
 tangen
y of four smooth bran
hes (equivalently, 
urves of degree8 on the quadrati
 
one, or 
urves of bidegree (8; 4) of the Hirzebru
h surfa
e F2).Our main result 
onsists in the two isotopy 
lassi�
ations, a 
lassi�
ation of realalgebrai
 
urves, and a 
lassi�
ation of real pseudo-holomorphi
 
urves, whi
h showthat there exist real pseudo-holomorphi
 
urves whi
h are not isotopi
 to any realalgebrai
 
urve (in the 
orresponding 
lass). Real pseudo-holomorphi
 
urves forma sub
lass of 
exible 
urves introdu
ed by Viro in [21℄. He also posed a problem todistinguish between 
exible and algebrai
 
urves, whi
h we answer in the 
onsidered
ase.The pseudo-holomorphi
 
lassi�
ation is based on the braid group te
hnique de-veloped by the �rst author [13℄ and Gromov's theory of pseudo-holomorphi
 
urves[7℄. To prohibit non-algebrai
 pseudo-holomorphi
 
urves we apply the Hilbert-Rohn-Gudkov method.The detailed formulation of results is given in Se
tion 1, the restri
tions valid inthe pseudo-holomorphi
 
ase are presented in Se
tion 2, the Hilbert-Rohn-Gudkovmethod is applied in Se
tion 3, at last, 
onstru
tions are found in se
tion 4. Inse
tion 3.5 below we give a histori
al 
omment.The authors were supported by a grant from the Fren
h-Israeli s
ienti�
 
ooperation program\Ar
-En-Ciel 2000" (proje
t no. 8) Typeset by AMS-TEX1



2 S. YU. OREVKOV AND E. I. SHUSTINNote, that another method of prohibition whi
h may work in the 
ase when apseudo-holomorphi
 
urve exists, was suggested by S. Fiedler-LeTouz�e (see [4℄). Itemploys an auxiliary pen
il of 
ubi
s.The Hilbert-Rohn-Gudkov approa
h in the 
ontext of modern real alge-brai
 geometry.Thesis. Hilbert and Rohn [16, 17℄ suggested a method to prove topologi
al re-stri
tions for plane real algebrai
 
urves. This method was developed by Gudkovwho su

eeded to 
omplete the 
lassi�
ation of real plane nonsingular proje
tive
urves of degree 6 in this way [10℄. Later this method (
alled Hilbert-Rohn methodin [10, 9℄) was applied by Gudkov's s
hool to other problems: Polotovskii [15℄studied redu
ible 
urves of degree 6 in general position and the se
ond author stud-ied smoothings (dissipations) of four tangent bran
hed (singularity of type X21).1.In parti
ular, the prohibition of an algebrai
 
urve as shown in Figure 3 was an-noun
ed in [19℄, but the proof has not been published (here we present the proofin all details).Antithesis. Hilbert-Rohn method requires a 
onsideration of a large tree of pos-sibilities. This may 
ause mistakes. For instan
e, both Hilbert and Gudkov erro-neously 
laimed that they prohibited the M -sexti
 h5 t 1h5ii (later Gudkov foundthe mistake and 
onstru
ted this 
urve).Very soon after Gudkov's paper [10℄, Arnold [1℄ suggested a topologi
al approa
hfor the study of plane real algebrai
 
urves. This approa
h allowed to Rokhlin toprove a 
ongruen
e forM -
urves of any even degree. Kharlamov, Gudkov and Krah-nov modi�ed this 
ongruen
e for (M � 1)-
urves. The Gudkov's result originallyproved by use of Hilbert-Rohn method appeared to be an immediate 
onsequen
eof the 
ongruen
es. This is why Hilbert-Rohn-Gudkov approa
h has been almostforgotten.Using a modi�
ation of Arnold's topologi
al method (proposed by the �rst au-thor in [13℄), Polotovskii and Gush
hin (private 
ommuni
ation) reproved all theprohibitions whi
h were proved by Hilbert-Rohn method in [15℄. Almost all theprohibitions for M -smoothings proved in [19℄ (a single ex
eption is the smoothingin Figure 3) 
an be reproved in the same way. Thus, a natural question arises: "Dowe need the Hilbert-Rohn method?".Synthesis. Analizing the properties of real algebrai
 
urves used in the topolog-i
al methods, Viro introdu
ed in [21℄ 
exible 
urves (2-surfa
es in CP2 satisfyingthese properties). Suppose one proved that a 
ertain arrangement of ovals is alge-brai
ally unrealizable. If auxiliary lines, 
oni
s and pen
ils of lines are not used inthe proof then one proves automati
ally that the arrangement is unrealizable by a
exible 
urve (see [21℄). But even if auxiliary lines, 
oni
s and pen
ils of lines areused in the proof then the proof is still valid for real pseudo-holomorphi
 
urves(see Remark 1 below).Here we present a proof of the prohibition of the 
urve in Figure 3 using Hilbert-Rohn-Gudkov method and we show that this 
urve is pseudo-holomorphi
ally real-izable whi
h implies that no topologi
al method (even 
ombined with the usage ofauxiliary lines and 
oni
s) 
an prohibit it. Thus, the answer to the above questionis "Yes, we still need it".1The latter appli
ation of the Hilbert-Rohn method was suggested by Viro, who motivated hissuggestion by the fa
t that all these examples are related to K3 surfa
es.



FLEXIBLE, ALGEBRAICALLY UNREALIZABLE CURVE 31. Statement of results1.1. M-smoothings of four tangent bran
hes.Theorem 1. Let f(x; y) = Xk;l�0; k+2l�8 aklxkyl (1)be a polynomial with real 
oeÆ
ients whi
h has four distin
t real paraboli
 asymp-totes at in�nity, i.e. Pk+2l=8 aklxkyl =Q4j=1(y�ajx2) with distin
t real a1; : : : ; a4.Suppose that the real aÆne 
urve f = 0 is non-singular, has 9 ovals (bounded 
om-ponents), and its unbounded bran
hes are arranged on R2 as in Figure 1 (up to anisotopy whi
h does not mix the bran
hes at in�nity). Then:1) The arrangement of the ovals with respe
t to the pen
il of verti
al lines is oneof those depi
ted in Figure 2 (up to a rotation by 180Æ);2) (Cp. Viro [22; Se
t. 4.7℄) All the possibilities in Figure 2 are realizable.
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Figure 1 Figure 2In the statement of Theorem 1, the arrangement of a 
urve with respe
t to thepen
il of verti
al lines means a 
onne
ted 
omponent in the spa
e of di�erentiable
urves whi
h have at most four interse
tion points with ea
h real verti
al line.Let z = x+ iy, w = u+ iv, i = p�1 be 
oordinates and ! = dx ^ dy + du ^ dvthe standard symple
ti
 form in C2. Let J be an almost 
omplex stru
ture on C2,i.e. a smooth mapping C2 ! EndR(C2) su
h that J2p = �I for all p 2 C2. A real2-plane L is 
alled a J-tangent at p if Jp(L) = L. Following [7℄, we say that J istame if !jL > 0 for any J-tangent L. A real smooth 2-surfa
e C � C2 is 
alledJ-holomorphi
 if TpC is a J-tangent at p for any p 2 C.Let Conj : C2 ! C2 be the 
omplex 
onjugation (z; w) 7! (�z; �w). We say thatC 2 C2 is an aÆne real pseudo-holomorphi
 
urve in C2 if Conj(C) = C and C isa J-holomorphi
 
urve for some tame almost 
omplex stru
ture J su
h that J isstandard outside a suÆ
iently large 4-ball and Conj-anti-invariant everywhere, i.e.Conj ÆJp = J�1�p ÆConj for any p 2 C2.Theorem 2. Let C � C2 be an aÆne real pseudo-holomorphi
 
urve whi
h 
o-in
ides with Q4j=1(y � ajx2) outside a suÆ
iently large 4-ball where a1; : : : ; a4 aredistin
t real numbers. Suppose that C \R has 9 ovals, and its unbounded bran
hesare as in Figure 1 (as in the hypothesis of Theorem 1). Then:1) The arrangement of the ovals with respe
t to the pen
il of verti
al real pseudo-holomorphi
 lines (see Remark 1) is either one of those depi
ted in Figure 2 (up toa rotation by 180Æ) or the arrangement depi
ted in Figure 3;



4 S. YU. OREVKOV AND E. I. SHUSTIN
4

1
4Figure 32) All the possibilities in Figures 2 and 3 are realizable.Remark 1. Due to Gromov's results [7℄, if an almost 
omplex stru
ture J on CP2 istame then there exists a unique J-holomorphi
 line passing through any two givenpoints. If J is Conj-anti-invariant and the points are real then the line is also real(otherwise its 
onjugate would be another line through the same two points). In the
ontext of Theorem 2, ea
h verti
al (i.e., passing through (0 : 1 : 0) 2 CP2) pseudo-holomorphi
 line meets C at 4 points be
ause the number of interse
tions is ahomologi
al invariant (all interse
tions of pseudo-holomorphi
 
urves are positive).Remark 2. In the situation of Theorems 1 and 2, one 
annot have more than 9ovals by Harna
k's inequality.Let us give some reformulations of Theorem 1 (ea
h time, Theorem 2 
an bereformulated analogously).Theorem 1A. All the dissipations in the sense of [22℄2 of X21 with 9 ovals andthe non-
ompa
t bran
h as in Figure 1, are those depi
ted in Figure 2.Let C be the 
urve f = 0 where f satis�es the hypothesis of Theorem 1. Aminimal smooth 
ompa
ti�
ation of C2 where the 
losure of C is non-singular,is the Hirzebru
h surfa
e F2. It may be de�ned by four 
oordinate 
harts, ea
hone isomorphi
 to C2, with 
oordinates respe
tively, (x; y), (x1; y1) = (1=x; y=x2),(x2; y2) = (x; 1=y), and (x3; y3) = (1=x; x2=y). where (x; y) are the 
oordinatesfrom Theorem 1. Let pr : F2 ! P1 be the �bration (x; y) 7! (x : 1) (resp.(x1; y1) 7! (1 : x1), (x2; y2) 7! (x2 : 1), (x3; y3) 7! (1 : x3)). One has Pi
(F2) =H2(F2) = Z 
 Z. As generators, we 
hoose the �ber F = fx3 = 0g and theex
eptional se
tion E = fy2 = 0g of pr. Their interse
tions are: E2 = �2, F 2 = 0,EF = 1. Let H = fy = 0g. Then H � E+2F and HE = 0, HF = 1, H2 = 2. Thelinear system j4H j 
an be naturally identi�ed with the spa
e of all polynomials ofthe form (1), in parti
ular, C � 4H . Let KF2 be the 
anoni
al 
lass of F2. Sin
edx^dy = (dx3 ^dy3)=(x43y23), we have KF2 � �2E�4F � �2H and by adjun
tionformula, the genus of C is C(C+KF2)=2+1 = 4H(4H�2H)=2+1 = 4H2+1 = 9.Hen
e, the 
urve C is an M -
urve of the linear system j4H j on F2 (this proves thestatement of Remark 2).The set of real points of F2 is di�eomorphi
 to a torus. We present it by are
tangle whose verti
al (resp. horizontal) sides give F (resp. E) after the identi-�
ation. A smoothly embedded 
ir
le O is 
alled an oval if it 
uts RF2 into twoparts. If an oval O does not meet E then the 
omponent of F2 nO whi
h 
ontainsE is 
alled the exterior of O. The other 
omponent is 
alled the interior of O.Theorem 1B. Let C be an M-
urve of the linear system j4H j on F2. Suppose Chas an oval O su
h that O [ F [ E is arranged as in Figure 10 up to an isotopy.Then the 
on
lusion is the same as in Theorem 1.2In general, not any non-singular deformation is equivalent to a dissipation



FLEXIBLE, ALGEBRAICALLY UNREALIZABLE CURVE 5Let us say that a 
urve in RP2 is symmetri
 if it is invariant under the involution� : (u0 : u1 : u2) 7! (u0 : u1 : �u2). The spa
e of symmetri
 
urves of degree 2kis in 1-1 
orresponden
e with jkH j: a fun
tion f of the form (1) 
orresponds tou80f(u1=u0; u22=u0). Topologi
ally this means that we repla
e the lower half of there
tangle by the mirror image of the upper half (double 
overing), and then 
ontra
tE into a single point (blow down).Corollary. Let C be a real pseudo-holomorphi
 symmetri
 M-
urve of degree 8 onRP2. Suppose, C has a nest of the depth three (three ovals one inside another).Then:1) The real s
heme of C is either one ofh1 t 1h2 t 1h17iii; h1 t 1h10 t 1h9iii; h9 t 1h10 t 1h1iii; h17 t 1h2 t 1h1iii; (2)or h9 t 1h2 t 1h9iii: (3)2) If C is algebrai
 then the real s
heme (3) is not possible.3) The real s
hemes (2) are realizable by symmetri
 algebrai
 
urves.4) The real s
heme (3) is realizable by a symmetri
 real pseudo-holomorphi

urve.1.2. (M � 1)-smoothings of four tangent bran
hes.Theorem 3. Under the hypotheses of Theorem 1 assume that the 
urve f = 0 has8 ovals. Then(1) the arrangement of the ovals with respe
t to the pen
il of verti
al lines iseither one obtained from the arrangements, shown in Figure 2 by removingone oval, or is as shown in Figure 4;(2) all the arrangements, ex
ept for those shown in Figure 4(b,d), are realizableby algebrai
 
urves.
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a).

b).Figure 4 Figure 5Remark. The existen
e of algebrai
 
urves realizing arrangements shown in Figure4(b,d) is not known.Theorem 4. Under the hypotheses of Theorem 2 assume that the real pseudo-holomorphi
 
urve C has 8 ovals. Then the arrangement of its ovals with respe
tto the pen
il of verti
al lines is(1) either one of those listed in Theorem 3,(2) or one of the shown in Figure 5.All the above arrangements are realizable.



6 S. YU. OREVKOV AND E. I. SHUSTIN1.3. AÆne M-sexti
.The next statement 
on
erns a di�erent 
lass of 
urves, real aÆne sexti
s, but itsproof has mu
h in 
ommon with the proof of Theorems 1-4. Note that this providesone more example of a non-algebrai
 real pseudo-holomorphi
 aÆne sexti
 (
f. [4℄).Theorem 5. (1) There exists a real pseudo-holomorphi
 aÆne 
urve of degree 6,having six non-
losed bran
hes and 9 ovals, lo
ated as shown in Figure 6.(2) There is no real algebrai
 aÆne 
urve of degree 6 isotopi
 to the 
urve shownin Figure 6.
4

1

5

4

5

1

pFigure 6 Figure 7This theorem will be proved in Se
tion 3.6. It is 
lear that Theorem 5(2) isequivalent to the fa
t that there does not exist a line and an M -sexti
 arrangedon RP2 as in Figure 7. Theorem 5(1) is equivalent to the realizability of Figure7 by a J-holomorphi
 line and a J-holomorphi
 M -sexti
 where J is a Conj-anti-invariant almost 
omplex stru
ture on CP2 tamed by the Fubini-Studi symple
ti
form. Su
h an arrangement was 
onstru
ted in [13, Se
tion 7.2, A4(1; 4; 5)℄.A 
lassi�
ation up to isotopy of aÆne M -sexti
s is obtained in [13℄. In view ofthe results in [4, 12, 13℄ Theorem 5 leaves only one real aÆne pseudo-holomorphi
M -sexti
, whose algebrai
 realizability is unknown.Remark. The pseudo-holomorphi
 sexti
 in Figure 7 
an be degenerated into thesingular sexti
 in Figure 8 whi
h is transformed into the 
urve in Figure 9 by abirational mapping P2 ! F2. This was the hint to look for a proof of Theorem5(2) similar to that of Theorem 1(2).
Figure 8 Figure 9



FLEXIBLE, ALGEBRAICALLY UNREALIZABLE CURVE 72. Restri
tions whi
h are valid in pseudo-holomorphi
 
aseWe shall expose the proof of Theorem 2 in the 
ase when C is algebrai
. However,by Gromov's theory of rational pseudo-holomorphi
 
urves, all the arguments 
anbe translated into the pseudo-holomorphi
 language.2.1. Restri
tions 
oming from Bezout's theorem.Let C be a 
urve satisfying the hypothesis of Theorem 1B. Denote the emptyovals by O1; : : : ; O9 (from the left to the right) and let ji 2 f1; 2; 3g be the numberindi
ating the region in Figure 10 whi
h 
ontains the oval Oi.
p p2

3

1Figure 10 Figure 11Lemma 2.1. The sequen
e i1 : : : i9 
annot 
ontain:a). : : : 1 : : : 3 : : : ; b). : : : 2 : : : 3 : : : 1 : : : or : : : 3 : : : 1 : : : 2 : : : .Proof. a). Suppose that j < k, ij = 1, and ik = 3. There exists a 
urve in the linearsystem jH j (a parabola y = ax2 + bx + 
 in the 
oordinates x; y) passing throughp, Oj , and Ok (see Figure 11). It meets C in � 10 points while HC = 4H2 = 8.b). The 
urve in the linear system jH j passing through the three ovals meets Cin � 10 points. �Let us 
all the empty ovals in the region 2 interior ovals and those in 1 and 3exterior ovals.Lemma 2.2. Two verti
al lines through interior ovals 
annot separate exteriorovals. In other words, the sequen
e i1 : : : i9 
annot 
ontain : : : 2 : : : k1 : : : 2 : : : k2 : : :nor : : : k1 : : : 2 : : : k2 : : : 2 : : : where k1; k2 2 f1; 3gProof. Suppose p1, p3 are inside interior ovals, p2, p4 are inside exterior ovals, andthe points p1; : : : ; p4 are numbered from the left to the right. Let N be a 
urvefrom the linear system jH+F j (of the form y = (b3x3+ b2x2+ b1x+ b0)=(a1x+a0)in the 
oordinates x; y) passing through p1; : : : ; p4 and one more empty oval. N isrational (hen
e, 
onne
ted) and CN = 4H(H + F ) = 12. Ea
h �ber of pr 
uts Non
e, hen
e N meets p1; : : : ; p4 in this order and has � 14 interse
tions with C (atleast one interse
tion on ea
h ar
 p1p2, p2p3, p3p4, p4p1, and 10 interse
tions withthe 5 empty ovals). �Corollary 2.3. Up to a rotation by 180Æ, the sequen
e i1 : : : i9 either has the form3 : : : 3| {z }a1 2 : : : 2| {z }a2 3 : : : 3| {z }a3 ; (4)or has the form 3 : : : 3| {z }a1 2 : : : 2| {z }a2 1 : : : 1| {z }a3 (5)where in the both 
ases aj � 0 (j = 1; : : : ; 4).



8 S. YU. OREVKOV AND E. I. SHUSTIN2.2. Congruen
e.As usual, we say that an oval is even (odd) if it is surrounded by an even (odd)number of other ovals. We have 1 + a1 + a3 even ovals and a2 odd ones in thenotation of (4) and (5). The 
ongruen
e modulo 8 in our 
ase takes the followingform.Proposition 2.4. If a1 + a2 + a3 = 9 (M-
urve) thena2 � 1 mod 4:If a1 + a2 + a3 = 8 (M � 1-
urve) thena2 � 0; 1 mod 4:Proof. Let C � F2 be a real nonsingular 
urve in the linear system j4H j. Take thedouble 
overing � : X ! F2 rami�ed along C. The surfa
e X is simply 
onne
ted,sin
e F2 is. Hen
e b�(X;Z=2Z) = �(X) = 2�(F2)� �(C) = 24 :By the Hirzebru
h formula [11℄�(X) = 2�(F2)� C22 = �16 :On the other hand, X possesses an antiholomorphi
 involution ConjX su
h that�ÆConjX = Conj Æ� and Fix(ConjX) 
overs via � the 
omponents of RF2 boundedfrom inside by even ovals and from outside by odd ovals. So, one 
an easily 
omputethat b�(Fix(ConjX );Z=2Z) = 6 + 2(a1 + a2 + a3)= � b�(X;Z=2Z); if a1 + a2 + a3 = 9;b�(X;Z=2Z)� 2; if a1 + a2 + a3 = 8;hen
e by Rokhlin and Gudkov-Krahnov-Kharlamov 
ongruen
es (see details in [23℄)�2(1 + a1 + a3 � a2) = �(Fix(ConjX))� � �(X) = �16 mod 16; if a1 + a2 + a3 = 9;�(X)� 2 = �16� 2; if a1 + a2 + a3 = 8;and we are done.2.3. Restri
tions 
oming from the pen
il of verti
al lines. Now we shallapply the link-theoreti
al approa
h proposed in [13℄.Let y = F (x) be an algebrai
 m-valued fun
tion without poles. Let x = 
(t),t 2 [0; 1℄ be a 
losed path avoiding the bran
h points of F . Then one 
an 
onsiderthe braid with m strings F Æ 
 (we think of braids as of multivalued fun
tions on asegment su
h that the values are distin
t at any point). If 
 is a simple 
losed paththen the braid is quasipositive (see [18℄), i.e. it has the form Qj aj�1a�1j , aj 2 Bmwhere Bm denotes the group of braids with m strings and �1; : : : ; �m�1 denote thestandard generators of Bm (note that all �j are 
onjugated to ea
h other).



FLEXIBLE, ALGEBRAICALLY UNREALIZABLE CURVE 9For a braid b = Qj �kjij , let us denote the exponent sum Pj kj by e(b) and letb̂ be the link in the sphere S3 whi
h is the 
losure of b. If L is a link and V aSeifert matrix of L 
orresponding to a 
onne
ted Seifert surfa
e then we denotedetL = det(V + V T ). Note that detL = detG where G is a Goeritz matrix of alink L (see [5℄). The Alexander polynomial of the L is det(V � tV T ). Let � 2 C,j�j = 1, � 6= 1. The Tristram signature and nullity sign�(L) and null�(L) are de�nedas the signature and the nullity of the Hermitian matrix (1� �)V + (1� ��)V T .The Murasugi-Tristram inequality provides the following quasipositivity tests(see details in [13℄).Proposition 2.5. Let b be a quasipositive braid with m strings. Then for any� 2 C, j�j = 1, � 6= 1, one has1 + null�(b̂) � j sign�(b̂)j+m� e(b)Corollary 2.6. Let b be a quasipositive braid with m strings. If m� e(b) > 1 thendet b̂ = 0.Corollary 2.7. Let b be a quasipositive braid with m strings. If m� e(b) = 1 thenthe Alexander polynomial of b̂ has no simple root on the unit 
ir
le.Let f(x; y) be as in (1) and let y = F (x) be the 4-valued algebrai
 fun
tionimpli
itly de�ned by f(x; y) = 0. Let 
 be the boundary of a half-dis
 fx j Imx �"; jxj � Rg, 0 < " � 1 � R. Let b = bRb1 be the 
orresponding braid where bR
orresponds to the part of 
 with Imx = " and b1 
orresponds to the part of 
with jxj = R. Then b1 = �2 where � = �1�2�3�1�2�1 is the Garside element ofthe braid group B4. It is easy to 
he
k that bR is determined by the arrangementof the 
urve f(x; y) = 0 on the real plane (see [13℄).Proof of Theorem 2(1). Let the notation be as in Se
t. 1.1. We 
onsider the 2 
ases(4) and (5) allowed by Corollary 2.3. Let us denote the braid 
orresponding to the
urve C by b. In both 
ases we have m = 4, e(b) = 2, hen
e, by Corollary 2.6, wemust have det b̂ = 0.Case 1. The sequen
e i1 : : : i9 has the form (4). Applying the pro
edure des
ribedin [13; Se
tion 3.4℄, we obtain the braid (see Figure 12)3b = ��a13 �2��13 ��a22 �3��12 ��a33 �2�1��13 ��12 ��11 �2 (6)
a3

a2
a1 ∆2

a3a2
29

1
3 5 74 6

a1
2 8Figure 12 Figure 133More pre
isely, [13; Se
tion 3.4℄ applied to the mirror image of C yields the mirror image ofbR.



10 S. YU. OREVKOV AND E. I. SHUSTINLet us transform b̂ as in Figure 13. Then the Goeritz matrix (see [5℄) is0BBBBBBBBBBB�
�5 2 0 0 0 0 2 0 12 a1 � 2 �1 0 0 0 0 0 �10 �1 2 �1 0 0 0 0 00 0 �1 a2 1 0 0 0 00 0 0 1 �2 1 0 0 00 0 0 0 1 a3 �1 0 02 0 0 0 0 �1 0 �1 00 0 0 0 0 0 �1 3 �11 �1 0 0 0 0 0 �1 0

1CCCCCCCCCCCAThe numbers 1; : : : ; 9 in Figure 13 indi
ate the order of rows and 
olumns. Thedeterminant of this matrix isd = a2(�4a1a3 + 6a1 � 2a3 + 7) + a1 + a3 + 1One 
an 
he
k that the only integral non-negative solutions (a1; a2; a3) of the equa-tion d = 0 with a1 + a2 + a3 = 9, are (0; 1; 8), (6; 1; 2), (0; 5; 4), and (2; 5; 2).Case 2. The sequen
e i1 : : : i9 has the form (5). Similarly, we have (see Fig. 14)b = ��a13 �2��13 ��a22 �1��12 ��a3�11 �2; (7)
a2

a1

1 a3
∆2

a2 1 a3

3 4

a1
2

1

27
65Figure 14 Figure 15The Goeritz matrix (see Fig. 15) and its determinant are0BBBBBBB��5 2 0 0 2 0 12 a1 � 2 �1 0 0 0 �10 �1 2 �1 0 0 00 0 �1 a2 � 2 1 0 02 0 0 1 �2 �1 00 0 0 0 �1 a3 + 3 �11 �1 0 0 0 �1 0

1CCCCCCCAd = a2(4a1a3 � 6a1 � 6a3 � 7)� a1 � a3 � 1and the only integral non-negative solution of d = 0 with a1+a2+a3 = 9 is a1 = 4,a2 = 1, a3 = 4. Theorem 2(1) is proved.Lemma 2.8. Let C0 be a real pseudo-holomorphi
 
urve in F2 representing thehomology 
lass [4H ℄ in H2(F2). Suppose C0 is as in Fig. 16 with n1+n2+n3 = 8.Then (n1; n2; n3) is one of (2; 0; 6), (2; 6; 0), (5; 0; 3), (5; 3; 0), (6; 1; 1).
1n nodes 2n nodes

3n nodes

... ...
...Figure 16 Figure 17
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1

1
3

n1
2

1

26
54∆2

n2 n3n1 n2

n3Figure 18 Figure 19Proof. Like in the proof of Theorem 2(1), we have m = 4, e(b) = 2, hen
e, byCorollary 2.6, the existen
e of the 
exible 
urve implies det b̂ = 0. The braid is (seeFig. 18) b = ��n13 ��12 ��n23 �2��13 �1��12 ��n3�11 �2: The Goeritz matrix (see Fig. 19)and its determinant are0BBBBB��5 2 0 2 0 12 n1 � 4 1 0 0 �10 1 n2 �1 0 02 0 �1 0 �1 00 0 0 �1 n3 + 3 �11 �1 0 0 �1 0
1CCCCCAd = n1n2 + n1n3 + 4n2n3 � 2n1 � n2 � n3 � 2The only integral non-negative solutions (n1; n2; n3) of the equation d = 0 withn1 + n2 + n3 = 8, are (2; 0; 6), (2; 6; 0), (5; 0; 3), (5; 3; 0), and (6; 1; 1).Note, that in the 
ases (n1; n2; n3) = (5; 0; 3) or (5; 3; 0), the normalization of the
urve has two real 
omponents and the 
urve has 9 nodes. Thus, by genus formula,the 
urve is redu
ible: 4H = 3H +H .Corollary 2.9. Let C0 be a real pseudo-holomorphi
 
urve in F2 representing thehomology 
lass [4H ℄ in H2(F2). Suppose C0 is obtained from Fig. 16 with n1+n2+n3 = 8 either by adding another oval or by smoothing of any number of nodes as inFigure 17. Then (n1; n2; n3) is one of (2; 0; 6), (2; 6; 0), (5; 0; 3), (5; 3; 0), (6; 1; 1).Proof. Smoothings as in Figure 17 do not 
hange the braid. Adding another oval, werepla
e a braid b by a braid b0 = b1��1j b2 where b1b2 = b. Clearly, the quasipositivityof b0 implies the quasipositivity of b. � Table 1. The braid b of the form (7)a1 a2 a3 p(t) q(u)7 1 0 �6(t) � : : :6 1 1 �6(t) � : : :5 1 2 t6 � 3t5 + 3t4 � 3t3 + : : : u6 + 3u4 � 45u2 + 174 4 0 �6(t) � : : :2 4 2 2t6 � 8t5 + 14t4 � 17t3 + : : : u6 + 3u4 � 61u2 + 653 5 0 �6(t) � : : :2 5 1 t8 � 5t7 + 12t6 � 17t5 + 19t4 � : : : u8 � 4u6 + 14u4 � 4u2 + 89Proof of Theorem 4. As in the proof of Theorem 2(1), we 
onsider the 2 
ases (4)and (5) allowed by Corollary 2.3 for the sequen
e i1 : : : i8. The 
orresponding braidsare (6) and (7) respe
tively with a1 + a2 + a3 = 8. By Proposition 2.4, we havea2 = 0; 1; 4; 5, or 8 in the both 
ases. We have m� e(b) = 4� 3 = 1.



12 S. YU. OREVKOV AND E. I. SHUSTINCase 1. The sequen
e (4). Here we suppose a3 6= 0. The only values of (a1; a2; a3)whi
h are allowed by Proposition 2.4 and are not realizable by 
exible 
urves are(1; 1; 6), (2; 1; 5), (3; 1; 4), (4; 1; 3), and (1; 4; 3). In all these 
ases, the braid b of theform (6) has sign�1(b) = �2, null�1(b) = 0 whi
h 
ontradi
ts Proposition 2.5.Case 2. The sequen
e (5). By symmetry, we may suppose a1 � a3. For anybraid b of the form (7) with a1 + a2 + a3 = 8, a2 = 0; 1; 4; 5 we have sign�1(b̂) =null�1(b) = 0. For these braids (ex
ept the 
ases (a1; 0; a3), (4; 1; 3), and (3; 4; 1)where a 
exible 
urve exists) we 
ompute the fa
torization over Z of the Alexanderpolynomial p(t) of b̂ and obtain a 
ontradi
tion with Corollary 2.7. To 
he
k thatp(t) has a simple root on the unit 
ir
le (when there is no 
y
lotomi
 fa
tor �k(t)of p(t)), we substitute t = (u + i)=(u � i). Then p(t) = q(u)=(u � i)n wheredeg q = n := deg p and the real roots of q 
orrespond to the roots of p on the unit
ir
le. The results of the 
omputations are listed in Table 1. �Lemma 2.10. Let C0 be a real pseudo-holomorphi
 
urve in F2 representing thehomology 
lass [4H ℄ in H2(F2). Suppose C0 has a single singularity whi
h is anordinary double point. Then the set of real points of C0 
annot be obtained fromFig. 4(d) by a 
ontra
tion of one of the dashed segments in Fig. 20 as it is shownFig. 21.
Figure 20 Figure 21 Figure 22Remark. The transformation in Fig. 21 applied to the 4th oval provides the ar-rangement in Fig. 22. This arrangement is realizable by a pseudo-holomorphi

urve.Proof. The proof is similar to that of Theorem 2(1) and Lemma 2.8. The braidis b = ��n13 ��12 ��n23 �2��13 ��12 �1��12 ��a3�11 �2: with n1 + n2 = a1, and (a1; a2) =(3; 4) or (4; 3). The determinant of the G�oritz matrix isd = �7� 3n2 � 5n1 + 7n2n1 � 3a3 � 4a3n2n1 + 16a3n2 + 3a3n1:The only solution of d = 0 is (n1; n2; a3) = (4; 0; 3). It 
orresponds to Figure 22. �2.4. Trigonal 
urves.Proposition 2.11. Let C be a real pseudo-holomorphi
 
urve in F2 representingthe homology 
lass [3H + 2F ℄ in H2(F2) whi
h has a real 
onne
ted 
omponent
utting E twi
e as in Figure 23 and 8 ovals in RF2nE. Then the ovals are arrangedwith respe
t to the pen
il of verti
al lines as in Figure 23 with (a1; a2; a3) = (1; 0; 7),(1; 4; 3), (3; 4; 1), or (7; 0; 1).All these arrangements are realizable by algebrai
 
urves.

a1
a2

a3Figure 23 Figure 25
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t 
an be proved by methods of [14℄. The details are to be published ina forth
oming paper of the �rst author.Corollary 2.12. There exist algebrai
 
urves on F2 arranged as in Figure 4(a,
).Proof. We use Viro's method 
utting the triangle (0; 0)-(8; 0)-(0; 4) along the seg-ments (0; 3)-(2; 3) (see Figure 25). The quadrangle (0; 0)-(8; 0)-(2; 3)-(0; 3) 
orre-sponds to the 
urve in Figure 23. �2.5. AÆne sexti
.Let C be a real pseudo-holomorphi
 
urve of degree 6 in CP2 arranged withrespe
t to a line L as in Figure 7. Let q be a point inside the empty oval whi
his the most remote from L among h5i. Denote the pen
il of (pseudo-holomorphi
)lines through q by Lq . It is shown in [13; Se
tion 5.4℄ that C and L are arrangedwith respe
t to Lq as in Figure 24 where Lq is the pen
il of verti
al lines and thedouble points should be smoothed as in Figure 17.
p

1

1

12

v

Figure 24Lemma 2.13. Let C be a real pseudo-holomorphi
 
urve of degree 6 on CP2 whosearrangement with respe
t to a line L and the pen
il of verti
al lines is obtained fromFigure 24 by{ a 
ontra
tion of one of the dashed segments in Figure 24 as it is shown inFigure 21.and then, maybe, followed by{ removing the interior empty oval (the oval v in Figure 24);{ smoothing of any number of nodes as in Figure 17.Then the only dashed segment whi
h 
an be 
ontra
ted is indi
ated by 2 in Figure24.Proof. We shall show that if the 
ontra
ted dashed segment is not 2 then the braid
onstru
ted as in Se
tion 2.3 is not quasipositive. Note that the smoothing inFigure 17 does not 
hange the braid. We may 
onsider only the 
ase when the ovalv is removed (if we insert this oval then ��13 is inserted somewhere inside the braidword).For ea
h dashed segment we write the braid b. A 
omputation shows that forall of them ex
ept the segment 2 we have e(b) = 2 and det b̂ 6= 0 whi
h 
ontradi
tsCorollary 2.6. �



14 S. YU. OREVKOV AND E. I. SHUSTINRemarks. 1. All the segments indi
ated by 1 yield the same braid.2. If the 
ontra
ted dashed segment is outside the indi
ated re
tangle then thepie
e of C [ L inside the re
tangle 
an be repla
ed by three tangent bran
hes.Hen
e, in these 
ases Lemma 2.13 follows from Lemma 2.8 (see Remark in Se
tion1.3). 3. The Hilbert-Rohn-Gudkov approa
hThe restri
tion part of Theorems 1 and 3 follows from the restri
tion part ofTheorems 2 and 4 (proved in Se
tion 1) and Lemmas 3.1 and 3.2 below.Lemma 3.1. The M-
urve shown in Figure 3 
annot be realized by algebrai
 
urves(1).Lemma 3.2. The (M�1)-
urves shown in Figure 5 
annot be realized by algebrai

urves (1).As we mentioned in Introdu
tion, the algebrai
 realizability of the 
urves inFigures 4(b) and 4(d) is open. However we redu
e the problem to the existen
e of
ertain rational 
urves we hope are simpler to be ex
luded.Lemma 3.3. If there exists an (M � 1)-
urve shown in Figure 4(b) (resp. 4(d))then there exists a rational real 
urve in the linear system j4H j having 9 ordinarynodes and shown in Figure 26(a) (resp 26(b)).
a). b).Figure 26The proof is highly inspired by the Hilbert-Rohn-Gudkov method [16, 17, 10℄.The strategy is as follows. Assume that an algebrai
 
urve (1) as depi
ted inFigure 3, 4, or 5 does exist. Then, moving along straight lines in j4H j = P24,we degenerate the original 
urve in a 
ertain 
urve with 8 nodes, then deform it,moving along a straight line in j4H j so that some 
hara
teristi
 of a 
urve 
hangesin a strongly monotone way, thus, we 
annot 
ome ba
k without some degeneration.In Lemmas 3.1 and 3.2, the results of the previous se
tion show that no degeneration
an o

ur, whi
h leads to the 
ontradi
tion. In Lemma 3.3, the only degenerationsallowed by the results of the Se
tion 2 is shown in Figure 26.Remark. An isotopy 
lassi�
ation of algebrai
 M - and (M � 1)-
urves (1) was an-noun
ed in [19℄. The proof, based purely on the Hilbert-Rohn-Gudkov method, hasnever been published. The present paper reproves all the results announ
ed in [19℄,
on
erning the series A(a; b; 
) (in the notation of [19℄), with the two ex
eptions:(1) the arrangement shown in Figure 4(
), erroneously 
laimed to be prohibited,is, in fa
t, realizable by algebrai
 
urves (Kor
hagin, unpublished), here weprovide a 
onstru
tion in se
tion 4;
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e of an algebrai
 
urve with the arrangement shown in Figure4(d), mentioned in Lemma 3.3, is open.3.1. Preparatory lemmas.Lemma 3.4. Let C 2 j4H j be an irredu
ible 
urve with r � 1 nodes as its onlysingularities. Then by a small equisingular variation of C in j4H j one 
an movepres
ribed m = minfr; 7g nodes in general position.Proof. Applying the argument of Theorems 2, 3 [8℄, or Theorem 1 [20℄ to 
urves onF2, one redu
es the statement to the non-spe
ialty of the linear series on C 
ut outby the linear system of 
urves in j4H j having singularities at the 
hosen m nodesof C and passing through the rest of singular points of C, and the required non-spe
ialty in turn follows from 2m < �C �KF2 , where m is the number of arbitrarilymovable nodes, KF2 is a 
anoni
al divisor of F2. Here m � 7, KF2 = �2H , hen
e2m � 14 < �C �KF2 = 8H2 = 16.Lemma 3.5. (1) Let D � kF + lE be an e�e
tive divisor on F2 whi
h does not
ontain E. Then k � 2l � 0 anddim jDj = D2 �DKF22 = kl� l2 + k :A redu
ed element of jDj has at most kl � l2 � l singular points in F2nE.(2) Under the above assumption, let z1; :::; zm, zm+1; :::; zm+r (m � 0, r � 0) be�xed generi
 points in F2. If m � kl� l2� l then the dimension of the linear systemjDjm;r of 
urves C 2 jDj having singularities at z1; :::; zm and passing throughzm+1; :::; zm+r is minfdim jDj � 3m� r; �1g.(3) Under the above assumption, the set of irredu
ible 
urves C 2 jDjm;r withn � m singular points and the total Tjurina number � is empty or has 
odimension� minf� �m; 2k � 1 + n�mg.Proof. (1) First, l = FD � 0. Sin
e D 6� E, DE = k � 2l � 0. The linearsystems jF j and jH j have no basepoint, hen
e jDj = j(k � 2l)F + lH j has nobasepoint, and by Bertini's theorem a generi
 member of jDj, say D itself, in non-singular. Sin
e DKF2 = 2k > 0, we have D2 > D2 + DKF2 = 2g(D) � 2, hen
eh1(D;OD 
OF2(D)) = 0, whi
h implies by Riemann-Ro
hdim jDj = h0(F2;OF2(D))� 1 = h0(D;OD 
OF2(D))= D2 � g(D) + 1 = D2 �DKF22 = kl � l2 + k :At last, it is easy to see that the maximal possible number of singular points has a(redu
ed) 
urve C 2 jDj 
onsisting of l distin
t generi
 irredu
ible 
urves from jH jand k�2l distin
t generi
 �bers, and this 
urve has in general (k�2)l+2�l(l�1)=2 =kl � l2 � l nodes.(2) The statement for r > 0 follows easily from that for r = 0, so we assumethat r = 0. Note also that dim jDjm;0 � dim jDj � 3m, be
ause m singular pointsimpose 3m linear 
onditions on elements of jDj.If D 2 jH j, then dim jDj = 3 and, given a point z1 2 F2nE, the only 
urveC 2 jDj, singular at z1, is that 
onsisting of E and the double �ber through z1.



16 S. YU. OREVKOV AND E. I. SHUSTINConsider the nodal 
urve C 2 jDj 
onstru
ted above. Sin
e C 0KF2 < 0 forany 
omponent C 0 of C, it is 
lassi
ally known (see, for example, [6℄ for a modernexposition) that one 
an smooth out some nodes of C and obtain a 
urve C1 2 jDjhaving exa
tly m nodes in F2nE. By the same argument the germ Vm at C1 of theset of 
urves in D, having m nodes, is smooth of dimension dim jDj �m. Lookingat the natural proje
tion Vm ! (F2)m, we obtain that the dimension of jDjm;0(if nonempty) is at most dim jDj � 3m, hen
e is equal to dim jDj � 3m as noti
edabove.(3) Without loss or generality suppose that r = 0. Let w1; :::; wn be singularpoints of C and let V � jDj be a germ at C of the set of 
urves with n singularpoints analyti
ally equivalent to the respe
tive singular points of C. The Zariskitangent spa
e to V at D is H0(C;JX=C 
OF2(D)), where JX=C is the ideal sheafof the following zero-dimensional s
heme X � C: X is 
on
entrated at w1; :::; wnand de�ned at ea
h point wi by an ideal hf; fx; fyi � OD;wi with f(x; y) = 0 beingan equation of C in lo
al 
oordinates x; y. The degree of X is the total Tjurinanumber � . By [6℄, for any subs
heme X 0 � X 
ontaining all the points w1; :::; wnand satisfying degX 0 � n < �CKF2 = 2k, it holds thath1(D;JX0=C 
OF2(D)) = 0 : (8)Take su
h a subs
heme X 0 of degree minf�; 2k � 1 + ng. One hasdimV � h0(C;JX=C 
OF2(D)) � h0(C;JX0=C 
OF2(D)) ;then (8) and the exa
t sequen
e0! JX0=C 
OF2(D)! OC 
OF2(D)! OX0 ! 0imply h0(C;JX0=C 
OF2(D)) = h0(C;OC 
OF2(D)) � degX 0= dim jDj �minf�; 2k � 1 + ng ;hen
e dim V � dim jDj � minf�; 2k � 1 + ng. Proje
ting V to (F2)m by C 7!(w1; :::; wm), we obtain thatdim(V \ jDjm;0) � dim jDj �minf�; 2k � 1 + ng � 2m= dim jDjm;0 �minf� �m; 2k � 1 + n�mg :Remark. F2 
an be 
onsidered as the tori
 surfa
e asso
iated to the fan generatedby the ve
tors (1; 0), (0; 1), (�1; 0), (�2;�1). The 
orresponding 
oordinate 
hartsare des
ribed in Introdu
tion. The linear system jDj 
an be identi�ed with the setthe set of all polynomials of the formPaijxiyj with (i; j) belonging to the 
onvexhull of the points (0; 0), (k; 0), (k � 2l; l), (0; l). The fa
t that E 6� D means thatai;l 6= 0 for some i (this is another proof of the part (1) of Lemma 3.5).



FLEXIBLE, ALGEBRAICALLY UNREALIZABLE CURVE 17Lemma 3.6. In the notation of Lemma 3.5, let D = 4H and m � 7. Consider
urves in the linear system j4H jm;0. Then(1) a generi
 member of j4H jm;0 is irredu
ible 
urve with nodes at z1; :::; zm asits only singularities;(2) the set of irredu
ible 
urves with the total Tjurina number � m + s, has
odimension � s for every s = 1; 2; 3;(3) the set of non-redu
ed 
urves has 
odimension � 3;(4) the set of redu
ible 
urves whi
h do not 
ontain E has 
odimension � 3,ex
ept for the following 
ase: m = 6 or 7, V � j4H jm;0 
onsists of 
urvesC 0 + C 00, where C 0; C 00 2 j4F + 2Ej pass through z1; :::; zm, and dimV =dim j4H jm;0 � (8�m);(5) for any m = 0; :::; 7, the set of 
urves 
ontaining E has 
odimension 1, ageneri
 member of this set is E +G, where G 2 j8F +3Ej is an irredu
ible
urve having nodes at z1; :::; zm as its only singularities and interse
ting Etransversally at two points; the set of 
urves E+G 2 j4H jm;0 with redu
ibleG has 
odimension � 3 in j4H jm;0.Proof. A 
urve C 2 j4H j whi
h is the union of generi
 members of jH j has 12nodes. Smoothing out 12�m of these nodes (whi
h is possible a

ording to [6℄, asnoti
ed in the proof of Lemma 3.5), one obtains an irredu
ible 
urve in j4H j withm nodes in F2nE as its only singularities, hen
e a generi
 member of j4H jm;0 isirredu
ible with m nodes as its only singularities.The se
ond statement follows immediately from Lemma 3.5(3).Let C 2 j4H jm;0 be a generi
 
urve of some 
omponent V of the set of non-integral 
urves. Then C = 2C1+C2+ lE, where C1 2 jk1F + l1Ej, C2 2 jk2F + l2Ejare redu
ed 
urves with no 
omponent in 
ommon, k1 � 2l1, k2 � l2, l3 � 0,2k1 + k2 = 8, 2l1 + l2 + l3 = 4. Assume that C1 passes through r points amongz1; :::; zm. Then C2 is singular at the other m� r points among z1; :::; zm. Then byLemma 3.5(2) dim V = dim jk1F + l1Ej0;r + dim jk2F + l2Ejm�r;0= k1l1 � l21 + k1 � r + k2l2 � l22 + k2 � 3(m� r) :A 
omputation gives dimV � dim j4H jm;0 � 3 = 22 � 3m in all the 
ases, buttwo ones indi
ated in the assertion of Lemma, when the 
odimension is � 2. Fora generi
 
urve C = C2 + E 2 j4H jm;0, the 
urve C2 2 j8F + 3Ejm;0 is redu
ed,and as above one 
an show that C2 is irredu
ible with nodes at z1; :::; zm as itsonly singularities. Moreover, the 
onstru
tion in the proof of Lemma 3.5 gives C2interse
ting E transversally at two distin
t points.3.2. Proof of Lemma 3.1. Assume that there exists a real nonsingular 
urve C 2j4H j with 10 ovals lo
ated as shown in Figure 3. We shall 
onstru
t a 
ontinuousdeformations of the 
urve C into a nodal 
urve depi
ted in Figure 27, adding nodesone-by-one. Then we prove that the latter 
urve does not exist.Denote by � the 
losure of the 
omponent of RF2nC bounded by the nonemptyoval of C and the empty oval, lying inside the nonempty one. If C(t), t 2 R, is adeformation of C = C(0) and the 
urves C(t) are isotopi
 to C then by �(t) wedenote the 
orresponding deformation of the domain �. If C(t�) is a degenerationof C(t), t! t�, then by �(t�) we denote the limit of �(t) as t! t�.
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Figure 27 Figure 28Given a real nodal 
urve, by pseudo-ovals we 
all its subsets homeomorphi
 to
ir
le.Step 1. Let 0 � m � 7 and C(m) 2 j4H j be a real irredu
ible 
urve with m nodesand 10�m 
onne
ted 
omponents and su
h that by an appropriate smoothing ofthe nodes one 
an obtain a 
urve C with 10 ovals lo
ated in RF2 as shown in Figure3. Suppose also that C(m) is tame in the following sense:(1) if there is a node inside �(m) then it is a solitary point (i.e. an isolatedpoint of RC(m));(2) the nodes outside Int�(m) are interse
tions of two real lo
al bran
hes, andthey join two empty pseudo-ovals outside �(m), or an empty pseudo-ovaloutside �(m) with the pseudo-ovals �(m) in the way shown in Figure 28.Clearly, C = C(0) satis�es the above 
onditions.By Lemma 3.4 we 
an suppose that the nodes z1; :::; zm of C(m) are in generalposition in F2. Sin
e dim j2H j = 8, there exists a 
urve in j2H j passing throughz1; :::; zm. Take a generi
 
urve G(m) 2 j2H j0;m and 
onsider the real straight line�m in j4H j through C(m) and 2G(m). Curves in �m whi
h are 
lose to C(m) havenodes at z1; :::; zm as well and they are isotopi
 to C(m). Let t be a 
oordinate on�mn(2G(m)) su
h that C(0) = C(m), limt!1 C(t) = 2G(m), and the domain �(t)(bounded from outside by the nonempty pseudo-oval of C(t)) grows as t grows from0 to the minimal positive t� su
h that C(t�) is not isotopi
 to C(m) in RF2.We 
laim that t� < 1. Indeed, assume that all the 
urves C(t), t > 0, areisotopi
. Take a generi
 �ber eF whi
h 
rosses the nonempty pseudo-oval of C(m) atfour points. The assumption made means that pairs of these four points approa
htwo point G(m) \ eF � eFnE. However, sin
e �(t) grows, two of the points inC(t) \ eF approa
h ea
h other, but the other two approa
h E from the oppositesides, 
ontradi
ting the last assumption.By a small variation of C(m) in j4H jm;0 we 
an obtain that C(t�) is a generi
element of a family in j4H jm;0 of 
odimension 1. By Lemma 3.6 one has fourpossibilities, either C(t�) is redu
ed irredu
ible with m + 1 real nodes as its onlysingularities, or m � 1 and C(t�) is irredu
ible with nodes at all z1; :::; zm but one,where C(t�) has a 
usp, or C(t�) = C2+E, C2 2 j8F +3Ej as des
ribed in Lemma3.6, or m = 7 and C(t�) = G0 +G00, where G0; G00 2 j2H j0;7.The 
ase C(t�) = C2+E is impossible. Indeed, if C(t�) = C2+E then exa
tly oneof the pseudo-ovals of C(t), t! t��0, approa
hes E (if there were two su
h pseudo-ovals we would have � 4 interse
tion points of C2 with E), and this pseudo-oval isthe nonempty one, that we 
an easily see from the behavior of the interse
tion pointsof C(t) with eF . Hen
e C2 should have at least 10�m 
onne
ted 
omponents and mnodes what is impossible be
ause by Harna
k's inequality the number of 
onne
ted
omponents does not ex
eed g(C2) + 1 = (C22 + C2KF2)=2 + 2�m = 9�m.The 
ase m = 7 and C(t�) = G0 + G00, G0; G00 2 j2H j0;7, is impossible as well.
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e the 
urves of type G0 + G00, G0; G00 2 j2H j0;7,form a plane in the three-spa
e j4H j7;0 passing through 2G1, 2G2, G1 +G2, whereG1 6= G2 2 j2H j0;7. However, �7nf2G(7)g does not meet this plane, be
ause C(m)is not there.At last, for m � 1, a 
usp at zi, 1 � i � 7, 
annot appear, sin
e no any loop ofC(t) 
ontra
ts to zi as t grows.The remaining 
ase is C(t�) = C(m+1), an irredu
ible 
urve with m + 1 realnodes, whi
h must be tame by Corollary 2.9.Step 2. The pro
edure performed in Step 1 gives a real irredu
ible tame 
urveC(8) with 8 real nodes z1; :::; z8 and two 
onne
ted 
omponents, whi
h 
an besmoothed into a nonsingular 
urve depi
ted in Figure 3. By Lemma 3.4, the nodesz1; :::; z7 
an be moved in general position, thus, as explained in the proof of Lemma3.6, the set V8 of 
urves with 8 nodes is a smooth two-dimensional variety in thethree-spa
e j4H j7;0. We assume C(8) to be a generi
 element of this variety. Due todim j2H j = 8, there exists G(8) 2 j2H j passing through z1; :::; z8. As in the previousstep, we introdu
e the line �8 � j4H j7;0 through C(8) and 2G(8), an appropriate
oordinate t on this line, and 
onsider the 
urve C(t�) whi
h is not isotopi
 to C(8)and 
orresponds to the minimal su
h positive t�.Sin
e V8 is two-dimensional and almost all elements of �8 belong to V8, the 
urveC(t�) must be a generi
 element of an one- or two-dimensional family in j4H j7;0.By Lemma 3.6 we have four possibilities, either C(t�) is redu
ed irredu
ible with 9real nodes as its only singularities, or C(t�) is irredu
ible with nodes at all z1; :::; z8but one, where C(t�) has a 
usp, or C(t�) = C2 + E, where C2 2 j8F + 3Ej isredu
ed irredu
ible, or C(t�) = G0 +G00, where G0; G00 2 j2H j0;7.As in Step 1, one prohibits the latter three possibilities. Hen
e C(t�) is ir-redu
ible with 9 nodes and is tame by Corollary 2.9. Moving a little along thestraight line in j4H j spanned by C(t�) and 2G, where G 2 j2H j passes through all8 non-isolated nodes of C(t�), we deform C(t�) so that the single point inside �(t�)disappear, whereas all other nodes persist, thus, we obtain a 
urve eC with 8 nodesas shown in Figure 27.Step 3. Let z1; :::; z8 be the nodes of eC, seven of them in general position, andlet eC be a generi
 element of the variety V8 � j4H j7;0 of 
urves with 8 nodes. Takea 
urve G 2 j2H j through z1; :::; z8. It is irredu
ible by Lemma 3.6. Consider thestraight line � � j4H j7;0 through eC and 2G and 
hoose a 
oordinate t on �nf2Ggas it was done in the previous steps.As above one shows that the 
urves C(t), t > 0, 
annot be isotopi
 to ea
h other,hen
e there exists the minimal positive t� su
h that C(t�) is not isotopi
 to eC. Theargument used in Step 2 leaves two possibilities for C(t�), either an irredu
ible
urve with 9 nodes, or a 
urve of type C2 + E, where C2 2 j8F + 3Ej is redu
edirredu
ible.The 
ase C(t�) = C2 +E is impossible by Proposition 2.11.
Figure 29 Figure 30
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ase of an irredu
ible 
urve C(t�) is impossible as well. Indeed, Bezout'stheorem allows three possibilities for the 9th node(1) either this node is non-isolated and joins two pseudo-ovals as t ! t� � 0,but su
h a situation is prohibited in Corollary 2.9;(2) or this node is a single point outside �(t�), whi
h is impossible, be
ausesmoothing all the nodes, we 
an obtain an M -
urve in j4H j with 10 ovalsoutside ea
h other what 
ontradi
ts Proposition 2.4;(3) or this node is non-isolated and appears as in Figure 29. This is impossibleas well by the following reason. Being rational, su
h a 
urve has a 
omplexorientation (
oming from one of the 
omponents of C(t�)nRC(t�)), say, asshown in Figure 30. By [2℄, smoothing out the nodes in a

ordan
e withthe 
omplex orientation, we obtain an M -
urve shown in Figure 3 withthe indu
ed 
omplex orientation whi
h 
ontradi
ts Fiedler's theorem onalternation of 
omplex orientations in the pen
il of �bers [3℄: the indu
edorientation of the empty odd oval does not agree with the orientation ofneighboring empty even ovals.The proof is 
ompleted.3.3. Proof of Lemma 3.2.(1) Assume that there exists a real nonsingular 
urve C 2 j4H j with 9 ovalslo
ated as shown in Figure 5(a). We perform the pro
edure des
ribed in Step 1 inse
tion 3.2. We 
laim that as result one ne
essarily obtains an irredu
ible 
urvewith 8 nodes as its only singularities, shown in Figure 27.Indeed, on ea
h stage of the pro
edure performed one obtains a degenerate 
urveC(t�), and then one ex
ludes all degenerations but C(t�) = C(m+1). The degenera-tion C(t�) = C2+E, C2 2 j8F+3Ej, is forbidden by Proposition 2.11, degenerationsto C 0 + C 00, C 0; C 00 2 j2H j, or to a 
uspidal 
urve 
an be prohibited as des
ribedin Step 1, se
tion 3.2. Now we noti
e that the nodes whi
h appear in C(8) 
annotjoin a pseudo-oval 
ontained in the boundary of the domain � as shown in Figure30, be
ause su
h a 
urve is deformed into an M -
urve prohibited in se
tion 3.2. ByCorollary 2.9 the 
urve C(8) must be tame whi
h leaves the only possibility shownin Figure 27, but su
h a 
urve is prohibited in Step 3, se
tion 3.2.(2) Assume that there exists a real nonsingular 
urve C 2 j4H j with 9 ovalslo
ated as shown in Figure 5(b), and then perform the pro
edure of Step 1, se
tion3.2. Analyzing possible degenerations as is done above, and using the fa
t thatthere is no M -
urve obtained from that in Figure 5(b) by adding oval, and usingProposition 2.11, Corollary 2.9, one obtains an irredu
ible 
urve C(8) with 8 nodes,whi
h 
onne
t pseudo-ovals outside domain � in the way shown in Figure 28, ore
onne
t the pseudo-oval, bounding �, with another pseudo-oval shown in Figure31(a).
a). b).Figure 31



FLEXIBLE, ALGEBRAICALLY UNREALIZABLE CURVE 21Then we deform C(8) along the line � � j4H j7;0 through eC and 2G, whereG 2 j2H j passes through all the 8 nodes of C(8), as done in Step 3, se
tion 3.2.Reasoning as in Step 3, se
tion 3.2, one shows that there must be a degenerationC(9). The only possible shape for C(9) is depi
ted in Figure 31(b), a

ording toCorollary 2.9. However, the 
urve shown in Figure 31(b) has 2 global real bran
hesand 9 nodes whi
h ex
eeds 10 = pa + 1, where pa is the arithmeti
 genus of C(9).Hen
e C(9) is redu
ible and splits as C(9) = C1 +C2, C1 2 jH j, C2 2 j3H j, what isforbidden by Lemma 3.6: by 
onstru
tion C(9) is a generi
 element of a family of
odimension 2 in j4H j7;0, whereas C1+C2 belongs to a family of 
odimension � 3.O. ne 
an derive the latter 
laim as follows. The 
urve C1 2 jH j passes through6 nodes of C(9), among them 5 nodes are in general position by 
onstru
tion (seeStep 2, se
tion 3.2), whi
h leads to 
ontradi
tion, sin
e dim jH j = 3.3.4. Proof of Lemma 3.3.Assume that there exists a real nonsingular 
urve C 2 j4H j with 9 ovals lo
atedas shown in Figure 4(b). We perform the pro
edure des
ribed in Step 1 in se
tion3.2 and, a

ording to the argument in 3.2, 3.3, obtain a 
urve C(8) with 8 nodes.Then we deform C(8) along the line � � j4H j7;0 through eC and 2G, where G 2 j2H jpasses through all the 8 nodes of C(8), as done in Step 3, se
tion 3.2. Reasoning asin Step 3, se
tion 3.2, one shows that there must be a degeneration C(9). The onlypossible shape for C(9) is depi
ted in Figure 26(a), a

ording to Corollary 2.9.If we assume that there exists a real nonsingular 
urve C 2 j4H j with 9 ovalslo
ated as shown in Figure 4(d), then the same reasoning leads to the rational 
urvedepi
ted in Figure 26(b), when one uses Proposition 2.11 instead of Corollary 2.9.3.5. Comment.The argument presented in se
tions 3.2, 3.3, 3.4 reveals the main idea of theHilbert-Rohn-Gudkov approa
h, whi
h 
an be tra
ed ba
k to Hilbert and Rohn[16, 17℄. Assuming the existen
e a hypotheti
al real 
urve, one tries to degenerateit and then shows that a degeneration 
oming ne
essarily on a 
ertain stage 
annotexist by some reason. Namely, �rst, one a

umulates ordinary double points movingalong segments of straight lines in the spa
e of 
urves (see [16, 17, 10℄ with detailedsetting for sexti
 
urves, and se
tion 3.2 above). Then one deforms the 
urveobtained along a one-dimensional equisingular stratum so that some quantitative
hara
teristi
 of of the 
urve 
hanges monotoni
ally, hen
e one 
annot move througha whole 
omponent of the equisingular stratum (whi
h is homeomorphi
 to a 
ir
le)without further degenerations of the 
urve. The �nal step 
onsists in an analysisof possible degenerations on the last stage and their prohibitions.We should point out that Hilbert and Rohn did not give a strong justi�
ationfor that �nal step, and this was Gudkov, who 
lassi�ed all degenerations and gaverigorous proofs of their nonexisten
e. This requires some development of the lo
alsingularity theory, but the basi
 thing is the following. The presen
e of spe
i�
 sin-gular points on an algebrai
 
urve imposes a 
ertain number of 
onditions, whi
his 
alled the virtual (expe
ted) 
odimension of the 
orresponding equisingular stra-tum in the spa
e of 
urves 
onsidered. What Gudkov did for 
urves of degree 6[8, 10℄ and what we did in se
tion 3.1 was to show that the true 
odimension ofthe equisingular strata, whi
h appear in the degeneration pro
ess, 
oin
ides withthe virtual one, and that any degeneration has 
odimension 1 with respe
t to theprevious one. This heavily relies upon the general position of singularities (see, for



22 S. YU. OREVKOV AND E. I. SHUSTINexample, Lemma 3.4 as starting point in our reasoning), and as result redu
es theamount of possible degenerations drasti
ally.In this 
onne
tion we would like to 
omment the prohibition of the 
urve shownin Figure 5(b) (see se
tion 3.3). The 
ru
ial point of the proof is the fa
t thatsu
h a 
urve 
annot degenerate to C1 + C2, C1 2 jH j, C2 2 j3H j (note that thisdegeneration does exist for real pseudo-holomorphi
 
urves).Among existingM - and (M�1)-
urves C there are those obtained by smoothingof C1 + C2, C1 2 jH j, C2 2 j3H j. What happens if we apply the above argumentto these 
urves? If we perform the degeneration pro
ess, presented in se
tions 3.2,3.3, 3.4, to su
h an existing 
urve C, we 
annot obtain the degeneration C1 + C2,be
ause we keep the most of the nodes in general position, whi
h is not the 
ase forC1 + C2. So, the 
urve C ne
essarily leads to another degeneration, say, E + C2,C2 2 j8F + 3Ej. But these degenerations are impossible for the 
urves 
onsideredin se
tion 2 by topologi
al reasons.3.6. Appli
ation of the Hilbert-Rohn-Gudkov method to sexti
 
urves.Our aim is to 
omplete the proof of Theorem 5. The following statement a

u-mulates some results of Gudkov [10℄. It 
an also be proven similarly to Lemmas3.4-3.6.Lemma 3.8. (1) Let C � P2 be an irredu
ible 
urve of degree 6 with r � 1 nodesas its only singularities. Then by a small equisingular variation of C in the spa
eP27 of proje
tive plane sexti
s one 
an move pres
ribed m = minfr; 8g nodes ingeneral position.(2) The linear system P27m of sexti
s having singularities at generi
 points z1; :::; zm 2P2, m � 8, has dimension 27� 3m. Su
h a system satis�es the 
onditions:- a generi
 member of P27m is an irredu
ible 
urve with nodes at z1; :::; zm as itsonly singularities;- the set of irredu
ible 
urves in P27m with the total Tjurina number � m+ s, has
odimension � s for every s = 1; 2; 3;- the set of non-redu
ed 
urves in P27m has 
odimension � 3;- the set of redu
ible 
urves whi
h do not 
ontain E has 
odimension � 3, ex
eptfor the following 
ase: m = 7 or 8, V � P27m;0 
onsists of 
urves C 0C 00, whereC 0; C 00 are 
ubi
s passing through z1; :::; zm, and dimV = dimP27m;0 � (9�m).
Figure 32 Figure 33Now assume that there exists a real proje
tive nonsingular sexti
 
urve C with11 ovals arranged with respe
t to the straight line L as shown in Figure 7. Fixa point p on the oval 
rossing L (see Figure 7). Next we apply the degeneration
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edure similar to that in Step 1, Se
tion 3.2. Namely, having an irredu
iblesexti
 C(m) with m � 8 nodes, whi
h 
an be smoothed into the 
urve in Figure 7,we 
onsider the family of 
urves C(m) + tC23 , t � 0, where C3 is a 
ubi
 passingthrough p and the nodes of C(m), and we assume that the domain � bounded bythe pseudo-oval 
rossing L grows as t in
reases. As in Se
tion 3.2 one shows thatthere must be a degenerate 
urve C(t�) whi
h is irredu
ible with m+ 1 nodes. Insu
h a way one degenerates the original 
urve C into a 
urve C(9) with 9 nodes.The results of Se
tion 2.6 leave only one possible shape for C(9) whi
h is shownin Figure 32. Now we 
onsider the family C(9) + tC23 , t � 0 where C3 is a 
ubi
passing through p and all the nodes of C(9) but the solitary point. The solitarypoint disappears when t > 0, the domain � grows, hen
e one 
annot 
ome ba
kto C(9) without degeneration. The only degeneration allowed by Lemma 3.8 is anirredu
ible 
urve with 9 nodes. This node 
annot be a solitary point outside �,sin
e su
h a 
urve would deform in a forbidden nonsingular sexti
 with 11 ovalsoutside ea
h other. Also there 
annot appear a pseudo-oval on the boundary of �as shown in Figure 29, sin
e su
h a 
urve would deform into a sexti
 with forbidden
omplex orientation (see Figure 33). At last, the appearan
e of a node joiningpseudo-ovals of the 
urve in Figure 32 is forbidden by the results of Se
tion 2.6. So,we 
ome to 
ontradi
tion. 4. Constru
tions4.1. Constru
tions of the algebrai
 
urves.Let us prove Part 2 of Theorem 1. The two arrangements in the right hand sideof Figure 2 are realized in [22; Se
t. 4.7℄. The 
onstru
tion of the two 
urves in theleft hand side of Figure 2 is shown in Figure 34. We use Viro's method 
utting thetriangle (0; 0)-(8; 0)-(0; 4) along the segments (0; 3)-(6; 1) and (0; 3)-(6; 0).Note that the 
urves in the right hand side of Figure 2 
an be also 
onstru
ted asin Figure 34 if one 
hooses another 
hart in the quadrangle (0; 3)-(6; 1)-(8; 0)-(6; 0).
1

8

5

4

Figure 344.2. Constru
tions of the pseudo-holomorphi
 
urve. It is easy to 
he
k (see[4; Se
t. 4.1℄ for details) that an arrangement of a 
urve with respe
t to a pen
ilof lines is pseudo-holomorphi
ally realizable i� the braid des
ribed in Se
t. 1.2 isquasipositive. Thus, to realize Figure 3, it suÆ
es to 
he
k that��53 ��12 �3��22 ��11 �2��41 �2 = (��11 �3�1)(��12 �1�2)



24 S. YU. OREVKOV AND E. I. SHUSTINwhere �2 = �3�2�43 and �1 = �2��21 ��23 �2�2 (as in Se
t. 1.2, we denote � =�1�2�3�1�2�1).The 
urve in Figure 5(a) is obtained from that in Figure 3 by removing anoval. Hen
e, the 
orresponding braid being obtained from a quasipositive braid byremoving a negative generator, is also quasipositive.All the 
urves in Figures 4(a,b) and 5(a,b) de�ne the braid 
onjugate to ea
hother (the arrows in Figure 35 indi
ate how to move a twist from one group to theother one).
. . .
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