PLANE REAL ALGEBRAIC CURVES OF
ODD DEGREE WITH A DEEP NEST

S.Yu. OREVKOV

ABSTRACT. We apply the Murasugi-Tristram inequality to real algebraic curves of
odd degree in RP? with a deep nest, i.e. a nest of the depth k — 1 where 2k +1 is the
degree. For such curves, the ingredients of the Murasugi-Tristram inequality can be
computed (or estimated) inductively using the computations for iterated torus links
due to Eisenbud and Neumann as the base case of the induction and Conway’s skein
relation as the induction step.

As an example of applications, we prove that some isotopy types are not realizable
by M-curves of degree 9.

In Appendix B, we give some generalization of the skein relation.

1. INTRODUCTION AND STATEMENT OF THE RESULTS

In this paper we apply the techniques from [8-10] to real algebraic curves of
odd degree in RP? with a deep nest, and to their analogues on real smooth ruled
surfaces (curves satisfying conditions (1)—(4) below). For such curves, the braid
defined in [8] is uniquely determined by the arrangement of the curve with respect
to the pencil of lines centered at a point inside the nest (the arrangement with
respect to the fibers on the ruled surfaces). Moreover, if the degree is odd then the
right hand side of the Murasugi-Tristram inequality (the signature and the nullity
of the braid) can be computed inductively in some cases (and estimated in the other
cases). The base case of the induction uses the computations for iterated torus links
due to Eisenbud and Neumann, and the induction step is Conway’s skein relation.
As an example of applications, we prove in Section 2 that some isotopy types are
not realizable by M-curves of degree 9. These results were announces in [9]). In
Appendix C we exclude two more isotopy types of M-curves of degree 9.

In Appendix B, we give some generalization of the skein relation.

Let us fix an integer n > 1. Let 7, : &,, — P! be the fiberwise compactification
of the line bundle O(n). Let E, be the infinite section (i.e. E2 = —n). If n =1
then ¥, is the blown up P2. Otherwise ¥,, is a minimal rational smooth ruled
surface — Hirzebruch surface.

For a real algebraic variety X, we denote the set of its real (resp. complex)
points by RX (resp. by X). We shall consider the real structure on ¥,, which is
determined by the fact that 7 *(p) is a real line for any p € RP'. Then we have a
fibration 7, : RY,, — RP! with the fiber RP!. If n is even then RY,, is a torus;
if n is odd then RY,, is a Klein bottle.

For an algebraic curve A in ¥,,, we define the bidegree of A as (A-F, A-E,,) where
F is a fiber of m,. The curves of a given bidegree (m,[) form a linear system on %,,.
If (z,y) is a coordinate system in ¥, \ (F U E,,) such that the fibers are given by
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{z = const} then the Newton polygon of a generic curve of bidegree (m,1) is (0, 0)-
(Il +mn,0)-(I,m)-(0,m). The genus of such a curve is g,,; = (m—1)(mn/2+1-1)
(the number of interior integral points in the Newton polygon).

In this paper we study real algebraic curves A on X, satisfying the following
conditions:

(1) RA is non-singular;
(2) the bidegree of A is (m,0) where m = 2k + 1 is odd;
(3) the topological degree of m,|ra is m — 2.

Example. If n = 1 then ¥; is P2 blown-up at a real point p and A is the transform
of a smooth real curve of degree m = 2k + 1 with a nest of ovals Oq,...,Ox_1, such
that peIntO; C --- C Int Op_;.

Suppose that a curve A on ¥, satisfies the conditions (1)—(3). A connected
component V' of RA such that the degree of m,|y is zero will be called an oval
of A. Let Ap be the union of all other component (those where the degree of the
restriction of , is nonzero).

If n is odd then A is a disjoint union of k circles Ag = JUO;UOaU---UO_1,
moreover, the degree of m,| 7 : 7 — RP" is one and the degree of 7|0, : O; — RP!
is two. We call J the odd branch of A. If n is even then Ay is a disjoint union of
2k — 1 circles and the degree of the restriction of m, onto each of them is one. In
this case we fix any component 7 of Ay and call it the odd branch.

An oval V of A is called odd (resp. even) if a generic path in RY,, \ E,, relating
V to J intersects Ap in an odd (resp. even) number of points.

Definition. Let A be a nonsingular real algebraic curve on ¥,, satisfying the con-
ditions (1)—(3). A jump over J is a pair of ovals (V1, V5) such that for any p; € Vi,
p2 € Va, the ribbon D = 7,1 ([q1, ¢2]), ¢; = mn(p;), does not contain other ovals of
A and the points p; and py belong to different connected components of D\ (E,UJ)
(here we suppose that an orientation is fixed on RP' and the segment [q1, ¢o] is
oriented from ¢q; to ¢s).

It is clear that the number of jumps is of the same parity as n. A real algebraic
curve A is called an M -curve if RA has g+ 1 connected components where g is the
genus of A. It is called an (M —r)-curve if RA has g+ 1 —r connected components.
If A is a curve of bidegree (m,0) on %,, then g = (m — 1)(mn —2)/2.

The main result of the paper is the following.

Theorem 1.1. Let A be a real algebraic (M — r)-curve of bidegree (m,0), m =
2k + 1, on %, satisfying the conditions (1)—-(3). If n is divisible by 4, we suppose
that k = 1. Let J be chosen as above and J be the number of jumps over J. Let
us denote the number of all ovals by X\, the number of odd ovals by Aoqq, and the
number of even ovals by Aeven- We shall suppose that X > J > 0.

Then one has

k—1, if n is odd

nk®> =3k +1+4cpn—7—J| <7+ 2Xaa +
| " < ad {Q(k—l), if n is even

k—1, if n is odd

e )
, if n is even

’nk2—3]€+1+€;€’n—7”_a]|§T+2)\even+{
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where
1+ (—1)k —1)»=D/2 fk+1=n=1 mod 2,
€nk=L-Rein_1:{( ) if k+ . n mo 3)
’ 2 0 otherwise

—1)(nt1)/2 ifk+1=n=1 mod 2,

/ 1-3(=1)* 1 - (n—1)/2 f

En,k:f'Rel =4 2-(-1) ifk=n=1 mod 2, (4)
0 otherwise.

This theorem will be proved in Section 9.

Now let us suppose that the curve A is dividing, or of the type I. This means
that A \ RA consists of two halves which are mapped onto each other by the
complex conjugation. An orientation of RA induced by the complex orientation of
one of the halves is called a complex orientation. There are two opposite complex
orientation. Let us fix one of them. An oval V of A is called positive (resp. negative)
if [v] = =2[J] (resp. [v] = 2[J]) in H1(RY, \ E,). Let us denote the number of
positive (resp. negative) ovals by Ay (resp. by A_). By Fiedler’s orientation
alternating rule [4]

J = [Ay = A (5)
Indeed, each sequence of ovals between successive jumps over J contributes at most
1 to the right hand side of (5).

Combination of (1), (5), and the formulas for complex orientations allows to
exclude some isotopy types of M-curves of degree 9 on RP? (see Proposition 2.4).

The author thanks the referee for indicating a mistake in the old version of the
proof of Lemma 2.2 (which appeared in [9]) and other useful remarks.

Remark 1.2. All the results of this paper are valid for real pseudo-holomorphic
curves (see [10]).

2. APPLICATION FOR M-CURVES OF DEGREES 7 AND 9 ON RP?

In this section we give details of the proofs of the results of [9].
2.1. Curves of degree 7.

Theorem 2.1. [9; Theorem 3|. There does not exist an M-curve of degree 7 on
RP? with the complex scheme (J U104 LU3_U1_(1_)).

Proof. Blowing up a point inside the innermost oval, we are in the hypothesis of
Theorem 1.1 withn =1, k=3, 7 =0, &, = 0. Thus, (1) yields |J — 1| < 2 which
contradicts to (5) because we have A\ =10 and A_ =3. O

2.2. Curves of degree 9. Let A be an M-curve of degree 9 on RP? whose isotopy
type is (J Ua U 1{BL1(y))) with v > 1 (see Figure 1). Abusing notation, we shall
denote the set of empty ovals in the corresponding region by (a), (), or (7). Let
us denote the odd branch by J and the non-empty ovals by O; and Os.

8
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For v € (v), let us denote by J, the number of jumps through J in the pencil
of lines centered at a point p € Int v (i.e. the number of jumps for the transform of
A on RP? blown up at p). Then we have n =1, k=4, r =0, ¢, = 1 and hence,
(1) reads as

3-28<J, <9428 (6)
Lemma 2.2. If ovals vi,vs € (7y) are separated by a line through ovals vs, vy € ()
then J, =1 for any v € (v).

Proof. Without loss of generality we may assume that v = v;. Let us choose generic
points p1,...,p4 inside the ovals vy, ..., v4 respectively. The lines pips, p3p2, p2pa4,
and pup; divide RP? into 4 triangles and 3 quadrangles. Let Q be the quadrangle
which does not meet 7. The union of J with these four lines divides RP? into 11
regions, four of which are adjacent to ). Let us denote them by Pi3, P3o, Psy, and
Py so that P;; is adjacent to p;p;.

Any conic through pq,...,ps meets O; U Oy at > 8 points. Hence, if it meets
one more empty oval, it cannot meet J. Therefore, all other empty ovals must be
located in Py3 U P3y U Poy U Py;. Suppose that J,, > 1. Then there are empty ovals
vs C P14 and vg C Pi3 such that the points ps, ps4, ps, ps appear in this cyclic order
in the pencil of lines through p; (here ps and pg are some points inside vs and vg
respectively). Hence, the conic through ps, p4, ps, p1, s passes these points in this
cyclic order. Then this conic meets RA in > 20 points which contradicts Bezout’s
theorem. [

Let the complex scheme of A be (J Uay Ua_ Ul (ByUL_ U1, (7)) where
€1,62 € {£}. Let us set da = at —a~, 63 = T — 37, &y = v" —~~, The
Rohlin-Mishachev’s formula for complex orientations implies

da+ea+ (1 —2e2)(68+¢e1) + (1 — 261 — 2e2)dy = 8. (7)
The formulas for complex orientations [8; Theorem 1.5A] imply
(€2 + 1)(08 4 67) + (e1 + 1)dy = (g2 + &1 + 2)? /2. (8)
The inequality (5) takes the form
Jy > |0+ 63 + 6 — signv|. (9)
Combining it with (6), we obtain
|0+ 068+ 0y F 1| <9+ 204 if v+ > 0. (10)

Lemma 2.3. If |0y] > 1 and a > 0 then 5 > 0.

Proof. Suppose that |y, —~v_| > 1, @ > 0, and # = 0. Let us consider a pencil of
lines through an oval from (). By Fiedler’s alternating orientation rule, some two
ovals from () must be separated in this pencil by a line through another oval from
(). By Lemma 2.2, this implies J,, = 1 which contradicts (6). O

Theorem 2.4. If an M -curve of degree nine is of the form (J UaU1(1(y))) where
v > 0, then its complex scheme is one of the following

(T U (D)4 U (9575 - U1 (1 ()4 U (351,
(T U ()4 U (955 - U1 ((F)+ U (331 -)))
Proof. Only these complex schemes satisfy (7), (8), (10) and Lemma 2.3. [

Corollary 2.5. [9; Theorems 1 and 2]. If an M -curve of degree nine is of the form
(J UaU1(1(y))), where v > 0, then « is odd and o > 7. [

In Appendix C we prove two more restrictions for M-curves of degree 9.
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3. SIGNATURE, DETERMINANT AND SKEIN-RELATION

Recall some definitions. Let B be a real symmetric matrix and D = QBQ7 its
diagonalization. The signature Sign B and nullity Null B of B are defined as the
sum of signs of the diagonal entries and the number of zeros on the diagonal of D.

A Seifert surface of an oriented link L in the 3-sphere S? is a connected oriented
surface X C S whose boundary (taking into account the orientation) is L. Let
Z1,...,T, be a base in Hi(X,Z). A Seifert matriz is the matrix of the linking
numbers 1k(z;, x;r) where xj is the result of a small shift of the cycle z; along a
positive normal field to X. The signature Sign L and the nullity Null L of L are
defined by! Sign L = Sign(V + V1), Null L = Null(V + V7)) where V is a Seifert
matrix of L.

The Conway potential function of a link L is defined as Qr,(t) = det(¢t =V —tV7T)
where V' is a Seifert matrix of L. By definition, Qr(¢) = 1 if L is the trivial knot.
We define the determinant of L as det L = Qp, (i) where i = /—1. It is known that
Qr(t) is a link invariant and the following skein-relation holds (see [5]). Let L_,
Ly, and L, be links whose diagrams coincide everywhere except of some disk where
they look as in Fig. 2. Then

Qp, (1) = Qr_(t) = (¢t — 7)1, (%) (11)
Substituting ¢ = ¢ into (11), we obtain

det Ly —det L_ = 2idet Ly. (12)

/ \> / AN
/ 7N AN

L_ Ly
Fic. 2

Let L and L’ be oriented links. Say that L’ is obtained from L by a band-
attachment if L' = (L \ b(0I x 1)) Ub(I x &) where I = [0,1] and b : I? — S3
is an embedding such that L Ub(I?) = b(dI x I) and the orientations of L and L'
coincide on L N L. For instance, L, and L_ in Fig. 2 are obtained from Ly by a
band-attachment. It is clear that if L’ is obtained from L by a band-attachment
then L also can be obtained from L’ by a band-attachment. The following lemma
is a slightly modified Conway’s skein relation for knot signatures [2].

Lemma 3.1. Let a link L' be obtained by a band-attachment from a link L.
(a). If det L # 0 then

tdet L'
det L

Sign L' = Sign L + sign

! The nullity of L is defined usually as 1 + Null(V + V7T).
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(b). |Null L/ — Null L| + | Sign ' — Sign L| = 1.

Remark. det L € Z (resp. € iZ) if the number of components of L is odd (resp.
even) and the band attachment changes the parity of the number of components.
Hence, the fraction in (13) is real.

Proof. Let b: I x I — S3 be the attached band. One can choose a Seifert surface
X for L such that X Nb(I1?) = b(0I x I). Then X' = X Ub(I x I) is a Seifert
surface for L' and one can choose a base of Hi(X’) by adding one element to a
base of H1(X). Let V and V' be the corresponding Seifert matrices. Then V is a
principal n x n-minor of an (n + 1) x (n + 1)-matrix V’. This implies the part (b).
To prove the part (a), note that

det(V/ +V'") gy I det LY
det(V +VT) 8" Tindet L

Sign I’ — Sign L = sign

OJ

Corollary 3.2. Let each of two links L' and L" be obtained by a band-attachment
from the same link L. If det L' = det L" # 0 then (L") =o(L'). O

4. ITERATED TORUS LINKS AND THEIR SPLICE DIAGRAMS

Let L be an oriented link in S? and S a component of L. Let T be a tubular
neighbourhood of S which does not intersect L\ S. Let p and ¢ be coprime integers
(in particular, if one of them is 0 then the other is £1). Let d be a positive integer.
We say that L’ is obtained from L by a (dp,dq)-cabling along S with the core
removed (resp. remained) if L' = (L\ S)U S’ (resp. L' = L US’) where S’ is
a disjoint union of circles 8" = S; U---U Sy C 9T such that for each j we have
[S;] = p[S] in Hi(T') and 1k(S;,S") = ¢. A link is called an iterated torus link or a
solvable link if it can be successively obtained from an unknot by these operations
and maybe reversing the orientations of some components.

To work with iterated toric links, we shall use the language of splice diagrams
introduced by Eisenbud and Neumann in [3]. A splice diagram is a tree I' which
has no vertices of valence 2 and which is decorated as follows. Some of leaves (i.e.
vertices of valence 1) of I' are depicted as arrowheads, a sign +1 is attributed to
each arrowhead, and an integer w(v, e) called the edge weight is attributed to each
pair (v, e) where v is a node (i.e. a vertex of valence > 3) and e is an edge incident
to v. Depicting splice diagrams, we write w(e,v) at the beginning of e at v; if the
sign of an arrowhead is +1 then we do not write it. The arrowhead vertices of the
splice diagram of a link correspond to the link components.

We shall define the splice diagram of an iterated torus link inductively as follows.
The splice diagram of the unknot is e— . Let With e = %1 be the splice
diagram of L and the depicted arrowhead corresponds to S. If L’ is obtained from L
by a (dp, dq)-cabling along S with the core removed (resp. remained) then the splice
diagram of L’ is as in Figure 3 (resp. in Figure 4). Reversing of the orientation of a
link component corresponds to changing of the sign of the corresponding arrowhead.

A splice diagram is not determined by a link but Eisenbud and Neumann [3]
described an equivalence relation between splice diagrams such that the equivalence
class of a splice diagram is uniquely determined by a link. They gave also a formula
for the Alexander polynomial of an iterated torus link in terms of its splice diagram
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1 1 1 1
N
d d
Fic. 3 Fic. 4 Fic. 5

(in fact, this was done in [3] for graph links in homology spheres). Neumann [7]
proved an analogous formula (only in the case of fiberable links S3) for the Conway
polynomial. To write this formula, we need the following notation.

Let I" be a splice diagram. Let us denote its vertices by vi,...,Up, Unt1,. ..,V
with vy,..., v, being arrowheads (denote their signs by e1,...,e,) and v 41, ..., vk
being the remaining vertices (denote their valences by d,41,...,0r). For any two

distinct vertices v; and v; of I' let us denote by s;; the simple path in I' joining v;
to vj;, including v; and v;, and define (see Figure 5)

ti= [ we), ij=1...k mi=> lye, i=n+1,...k

VES;j,e Sij j=1

Theorem 4.1. Let L be a solvable link and I its splice diagram.
a). [3]. L is fiberable if m; # 0 for anyi=n+1,... k.
b). [7]. If L is fiberable then

Corollary 4.2. Let L be a solvable link and T its splice diagram. Suppose that
m; # 0 as soon as §; = 1 (i.e. no denominator in the right hand side of (14)
vanishes). Then the equality (14) holds.

Proof. If m; # 0 for alli = n+1,..., k then the result follows from Theorem 4.1. If
m; = 0 for some i then 27, = 0 by Eisenbud-Neumann formula for the multivariable
Alexander polynomial [3; Theorem 12.1]. [

Remark 4.3. Recently, Cimasoni [1] proved the analogue of Eisenbud-Neumann
formula for the multivariable Conway potential function for any graph link L in a
homology sphere:

k
) ) s yy 0;—2
VL(tla- .. 7tn) —=£1...6p H (t€11€1 o .tfz,nsn _tl Liren N .tnﬁmén) i
1=n-+1

(the terms ¢9 ...t2 —¢9...#2 should be formally cancelled against each other before
being set equal to zero). Since Qp(t) = (t —t 1)V (t,...,t), this formula allows
one to compute €27, in the cases not covered by Corollary 4.2, i.e. in the cases when
(14) does not make sense.
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q q=1(mod 2) q=0(mod 2)

FiGc. 6 Fic. 7

111 1
For example (cf. [3; p. 97]),if ' = o then Vy = —(uP—u"P)/(u—u"1) =
—(uP™l 4+ +u+1) where u = t1 /t5. Hence, Vi(t,t) = —p and Qp = (t71 —t)p
which well agrees with the fact that a Seifert matrix of L is the 1 x 1-matrix (p).
The following lemma provides an example of application of the above formulas.
It will be used in the next section.

Lemma 4.4. Let L be the link in Fig. 6 where q,p1,...,pn € Z (if some of the
parameters q,p1,...,Ppn are negative, the corresponding positive crossings in Fig. 6
should be replaced with negative ones; if p; = 0 then the corresponding component is
a simple closed curve disjoint from the rest of the picture). If n > 1 then dety, = 0.

Proof. If p; = 0 for some j then the link splits (has a component separated by a
2-sphere from the others) and ;, = 0. Assume that p; # 0 for all j. Then the
splice diagram of L is as in Fig. 7. By Theorem 4.1, L is fiberable unless

g+pi+-+p.=0 (15)

and if it is fiberable then Qp(t) = (¢t — ¢~1) [, wy(t) where v runs over the non-
arrowhead vertices of valence # 2. Let u be the vertex of valence n + 1 (whose
outcoming edges are weighted by 0,1,...,1). If n > 1 then w,(t) = (t> —t=2)"~ 1,
hence, w, (i) = 0. Thus, if n > 1 and (15) does not hold then det; = 0.

In the case when (15) holds, set Ly = L and let Ly be the link obtained from L
by replacing ¢ with g4+1. Then (15) does not hold for Ly, and we have det Ly = 0.
Hence, det L = 0 by (12). O

5. LINK THEORETICAL LEMMA

Let S be an oriented unknotted circle in S® and L an oriented link which contains
S as a component. Suppose that L’ is a link whose diagram is obtained from a
diagram of L by simultaneous replacing of a negative crossing with a positive one
and a positive crossing with a negative one where each of the two crossings involves
a segment of S and a segment of L\ S (see Fig. 8 where S is thicker than L \ S).

L r L r

Fic. 8 Fi1c. 9
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In other words, L’ is obtained from L as follows. Choose disjoint embedded disks
Dy and D5 such that
(1) a; :=D; N (L\S) is a segment of 0D;, i = 1,2;
(2) each D; meets S transversally at a single point;
(3) the signs of the intersections are opposite (i.e. Dy -S = —Ds - S) where
the orientation of D; is chosen so that the orientation of a; induced from L
coincides with that induced from 0D;.

Then L' = (L \ (a1 Uasg)) N (a) Uah) where a; = dD; \ a;.

Lemma 5.1. Let q be any integer and Lo 4 (resp. Ly ,) be the (2, q)-cabling of L
(resp. of L) along S with the core removed. Then:

a). det Ly , = det La ¢;

b). If det Lo 4 # 0 then Sign Ly , = Sign Lo 4.

Proof. a). Let us identify S3 with R3 U {oo} so that S is a line and consider the
affine projection R®> — R? which contracts S to a point. After a suitable isotopy
one can assume that the projection of L\ S is an immersion with normal crossings
and there exists a disk D C R? centered at the projection of S such that the
diagrams of L'\ S and L’ \ S coincide outside D and have the form shown in Fig. 9
inside D.

Let us use the induction by the number of crossings of the diagram of L\ S.
Suppose that there are no crossings. If L\ S is connected then L' = L. Otherwise,
each of Ly, and L'27q has the form shown in Fig. 6 with p; = 0,£1 and n > 1,
hence, det Ly ; = det Ly , = 0 by Lemma 4.4.

Now suppose that the number of crossings of the diagram of L\ S is N and
suppose that the statement of the lemma is proved for all diagrams with less than
N crossings. Denote by 7 the projection R?® — R? (recall that 7(S) is a single
point). Let Lq,..., L, be the components of L\ S. On each L;, let us choose a point
x; such that m(z;) lies on the boundary of the unbounded component of R?\ 7(L;)
and 7(z;) is not a double point of (L \ S). Let f : (L\ S5)\ {z1,...,2,} = R
maps homeomorphically each L; \ x; onto the interval (j — 1,7). Let z,y € L be
such that w(x) = m(y) and f(x) < f(y). Say that the corresponding crossing of the
diagram of L\ S is monotone if y is higher than z.

Consider the family of all diagrams which differ from the diagram of L by chang-
ing the signs of crossings (the number of such diagrams is 2V). Let us prove the
statement of the lemma for the diagrams from this family using the induction by the
number of non-monotone crossings (with respect to the same choice of x1,...,x,).

Base case of the induction. Suppose that all the crossings of L are monotone.
Then each of Ly, and L’ has the form shown in Fig. 6 where p; is the linking
number 1k(L;, S) (if p; = O then L; should be shown in Fig. 6 by a simple curve
disjoint from the rest of the plcture) Hence, L = L' for n = 1 and, by Lemma 4.4,
we have det Ly ; = det Ly , = 0 for n > 1.

Step of the induction. Consider a non-monotone crossing of the diagram of L\ S.
Let it be positive (the case of a negative non-monotone crossing can be treated
similarly). Set Ly = L, L/, = L" and let Lo and L_ (resp. L and L’ ) be obtained
from L (resp. L' ) by changing the crossing according to Fig. 2. By the induction
hypothesis, we have det(Lg)2 , = det(Lg)2,4 (because the number of crossings of Lg
is less than that of L) and det(L_)2 , = det(L’ )24 (because the number of non-
monotone crossings of L_ is less than that of L, ). Hence, det(L4 )2, = det(L/, )24
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by (12).
b). Follows from (a) and Corollary 3.2. [
6. COMPUTATION OF SOME BRAID DETERMINANTS

Notation 6.1. Let us denote the standard generators of the braid group B,, by
01,092,...,0m,m_1 and let us set:

—1
OkOk+1.-..01, Kk <lI, T 1Tk, I-1, k <l,
Tk, = OkOk—1-..01, k>1, Tkl = 7Tl_l<}—1ﬂ-k»l+1’ k>,
Ok, k’:l, 1’ k:l,

Ap =T |—1T1 -2 - .. T1,2071.
For positive integers n, J, k such that n = J mod 2 and non-negative integers
ai,...,a  let us set m = 2k + 1 and define the braid b = bi’k(al,...,aj) € B, as

— Q5 . ..
O 1Tk—1,k, if J is odd,

op U Thk—1, if jis even.

If, moreover, k > 2, we define the braid ¢ = ci plai,...,ay) € By as

o, o
n O 5Tk—2,k+1, if jis odd,
C:C1...CJA, Cj =

a,?ff7’k+17k_2, if 7 is even.
For ad = (aq,...,ay), a =ai + -+ + ay, let us set
by (@) =i detby (@), & (@) =i det c; . (A), (16)

Lemma 6.2. a). Letn,k,J >1 andn=J mod 2. Then

4 ifn=J4+2=0 mod4 and k =1,
4k fn+2=.J=0 mod 4,

’ (—2¢™)5 ifn is odd and J =n + 2k mod 4,
0 otherwise.

b). Let n,J > 1, k>2, andn=J mod 2. Then

4k ifn+2=J=0 mod4
detci,k(l,...,l) = — (=2 ifn is odd and J =n + 2k +2 mod 4,
0 otherwise.

Proof. a). Let us show that the closure L of bi . 1s an iterated torus link and its
splice diagram is shown in Fig. 11. Indeed, let us apply the procedure form Section
4. We start with the k-th string and we add the strings number 1,...,k — 1,
k+3,...,m as the (2,n)- or (1,n/2)- (according to the parity of n) -cables along

it (see Fig. 10). Then we add the (k + 1)-th string as the (1, (n — J)/2)-cable along
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n=1 k=4, J=5

F1G. 10. THE BRAID b , FiG. 11. THE s.-D. OF b/,

the k-th string and finally, we add the (k + 2)-th string as the (1, (n + J)/2)-cable
along the (k + 1)-th string.
By Corollary 4.2, we have

=1y, k=L (gme _ pmma(pms _ p—ms
e ¥ e et -

tm —_ tfm

where
wy = (" =tV if s odd, wy = ("2 —t7"™/2)2 if n s even.

and

my=n(k—1)+3(n—J)="2"—-3J,

mg=n(k—1)+3(n—J)+(n+J)="22+1J
b). The proof is similar to that of the part (a). The closure L of c,{’k is an
iterated torus link and its splice diagram is shown in Fig. 12. Indeed, if we remove
the (k 4 2)-th and (k 4 3)-th strings, we obtain the braid b2 ,_, whose splice

diagram is computed above and these two strings can be considered as the (2,n)-
or (1,n/2)-cables along the (k + 1)-th string.

—J +d _
k2{N2 27,121 n 2 %4{N1 "2{1%’_1 n2 ¥
SR IR R TR B

n isodd n iseven

FIG. 12. THE SPLICE DIAGRAM OF ¢ |

Thus, by Corollary 4.2, we obtain

(t—t71) - wh ™2 (M2 — M) (g — ¢T3) Ly
u(t) = "
where
wyp = (" =T, Wy = t¥me ¢ 2ma if n is odd,

wy = (/2 pmnm/2)2 wy = (t™ —¢7m4)2 if n is even.



12 S.YU. OREVKOV

and
my=n(k—2)+3(n—J)="22 2],
ms=n(k—2)+3(n—J)+2(n+J)="2243]
my=nlk—2)+3(n—J)+ 3(n+J)+3n =2

(we see a posteriori that wy = wq). O

Lemma 6.3. a). Ifn is odd and k > 1 then detb,, ;. (0) = (2im)*.
b). If n is even and k > 0 then

4k n =2 mod 4,

det 2 ,(0,0) =i det b . (1,0) = (2 — 2i")* =
et by, ,(0,0) =i det by, ;,(1,0) = ( i") 0. n=0 mod4

¢). If k > 2 then the braids ¢, ;(0), 2 (0,0), and c2 (1,0) are conjugate to
b}hk(()), bfhk((),()), and bi}k(l,O) respectively.

Proof. a). Since bl , (0) = Uk_lakflA” = ak_lAnak is conjugate to A", it represents
the toric link whose diagram is depicted in Figure 13. Hence,

Q ()= (-t (e —m)” where m = 2k + 1
b ,(0) o tm _——m o )
2k+1{>.n_/2, 2k1{N. 1 n-11
1 /112 21
2
bz (0,0) = A" bz 1.(1,0)
Fic. 13

b). The links represented by the braids b2 ;(0,0) = A™ and b ,(1,0) are solv-
able. Their splice diagrams are as in Figure 13, so we have

(tmn/Z _ t—mn/2)2k

Yz 0oyt) =t prr—— :
mn/2 _ yj—mn/2\2k—1 2mgo _ 4—2mg
B L / ) t ¢
Q2 q1,0)(t) =({E—t77) Pr——— Rrrram——

where mo = (2k —1)5 +(n—1) = &% -1 > 0.
c). Easy to check. O

7. SKEIN SYSTEMS OF CYCLICALLY SYMMETRIC POLYNOMIALS

Definition 7.1. Let v = 1 or 2. A sequence of polynomials {f;(z1,...,27)},
J=v,v+2,v+4,... 1s called a skein system of cyclically symmetric polynomials
of the parity v (or, just a skein system of parity v) if the following conditions hold

(i) deg,, fr <1;

(”) fJ(xlw"?xJ) :fJ(vaxla"wa—l);
(iit) fr(z1,0,23,...,25) = fr_o(x1 + 23, 24,...,25) for J > v+ 2.
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Lemma 7.2. Let f; = lN);]Lk or 6;{7,C (see Section 6).

a). If we fix positive integers n, J, k such that n = J mod 2 then fj(a,...,ay)
are values at integral points of a polynomial (we denote it also fj).

b). For fived n,k > 0, the sequences {f;} >0, j=n(2) 95 a skein system of the
parity n.

Proof. When all z; are integer, (i7) and (i) are evident and it follows from (12)
that f; is linear with respect to each variable. [

Lemma 7.3. Let F = {f;} be a skein system of parity v. Let c; = fs(1,...,1).
If v = 1 then F is uniquely determined by the sequence {c1,cs,cs,...} and the
number ¢y = f1(0).
If v = 2 then F is uniquely determined by the sequence {ca,cq,cq ...} and the
numbers co = f2(0,0), c1 = f2(1,0).

Proof. Suppose we proved the uniqueness of f;_o. By (i) — (4i), fs is determined
by its values at the vertices of the unit cube. The value at (1,...,1) is ¢;. The
values at other vertices can be expressed by (i) and (i) in terms of f;_o. O

Let us define symmetric (J x J)-matrices A% (x1,...,27) as follows. Let E; ; be
the (J x J)-matrix whose (k,[)-th entry is dy;0;;. Set
J J—1
AZ(z1,... wg) = =2 (Z %Ezz) + (Z Eiiv1+ Ei+1,i> +(Ev s+ Ejq).
i=1 i=1
Thus,
—2x 2 _ —2x 0
+ _ _ + 1 _ 1
Al - (12 2%1)7 A2 ( 2 _21,2) ) AQ < 0 _2$2> )
2, 1 +1 _215”1 _21 (1) iol
AF=| 1 -2z, 1 |,Af= T2
o " 0 1 -2z 1
s +1 0 1 -2z

Lemma 7.4. det A (z1,...,25) =det A} (21,...,25) + (-1)7 - 4.

Proof. The determinant of the matrix obtained from A7 by replacing the (1, .J)-th
and (J, 1)-th entry with wu, is a quadratic function of w whose linear term is equal
to (=1)7+1.2u. O

Lemma 7.5. detA?(.fCl,O,.ng,...,xJ> = —det AT (@1 +x3,24,...,27).
Proof. Indeed, we have det A?(ml, 0,z3,...,205) =
—2x1 1 0 ...+l 0 1 T ... *1
1 0 1 0 1 0 1 0
— 0 1 —21’3 0 — | 1 1 —2:233 0 —
+1 0 0 +1 0 0
0 1 I +1
1 0 0 0
— | 1 0 _2(x3+$1) e :Fl :'? é‘.detA}F_z(xl+x37x47.'_,x!])_ ]
+1 0 -1
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Lot us denote ot {idet,ﬁ if J=0or1 mod 4,
et us denote a; =
J Tdet AT if J=2o0r3 mod 4.

Corollary 7.6.
{af,a3,aF ...} and {a],a3,a5 ...} are odd skein systems;
{aF,af,af ...} and {ay,ay ,aq ...} are even skein systems; [
Lemma 7.7. a). det A}r(l, 1) =0;

b). det A7 (1,...,1) = (-1)7 - 4.

c) Ife; >1,...,205>1and (z1,...,25) #(1,...,1) then

signdet AT (z1,...,25) = (-1)”.

d). Ifz; >1,...,205 > 1 then signdet A (z1,...,z5) = (—1)7.
Proof. a). det AT = 0 because the sum of the rows is zero;

b). Follows from (a) and Lemma 7.4.

¢). Set A% (z1,...,25) = A+ D where A = A5(1,...,1) and D = diag(2 —
211,...,2 —2x7). Let eq,...,e; be the standard base of R7. Then A defines a
quadratic form on R’ whose restriction onto (ey, ..., es_1) is negative definite (this
is the Cartan matrix of the type A) and the kernel of the form A is generated by

the vector v = e; +---+e;. The diagonal form D is non-positive and it is negative
on v. Thus, the form A + D is negative definite.

d). Follows from (b) and the fact that the principal (J —1) x (J — 1)-minors are
negative definite (see the proof of (c¢)). O

Corollary 7.8. The skein systems from Corollary 7.6 satisfy the following initial
conditions.

ai (0) =2, af(1,...,1)=2("""+1), J=1,35,

ay (0) =2, a;(1,...,1)=2(6""t+1), J=1,3,5,

a3 (0,0) = af (1,0) =0, af(l,....,1)=2(" —1), J=24,6,

a; (0,0) = a5 (1,0) = —4, a;(1,...,1)= =207 +1), J=2,4,6, O
Corollary 7.9. Let n,k,J be positive integers and let & = (aq,...,az), oj > 0.

Ifn=0 mod 4 and k > 1 then

If n =2 mod 4 then

gi,k(&) = 57{,14:(52) = _4k_1a3(&)'
If n is odd and n + 2k =1 mod 4 then
by k(@) =i 25 el (@), @ (@) =2 al (@),
If n is odd and n + 2k =3 mod 4 then
bl (@) ="M ol (@), &l (a) =i 2k tas(a).

Proof. By Lemma 7.3, it is sufficient to compare the initial conditions which are
computed in Lemmas 6.2, 6.3, and 7.7. [J
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8. COMPUTATION OF THE SIGNATURES

Lemma 8.1. Letn and k be positive integers. The signature and the nullity of the
link represented by the braid A™ € Bajpy1 are:

, —nk(k+1)+ (=)™ V/2 jfk=n=1 mod 2,
Sign A" = _
—nk(k+1) otherwise.
" 2k ifn=0 mod 4,
Null A" = ,
0  otherwise.

Proof. Apply [6]. O

Proposition 8.2. (a). Let n, k, J, and a,...,a  be positive integers such that
J=n mod?2. Let b= b;{’k(al,...,aj) be as in Section 6. When n = 0 mod 4,
we assume that k = 1. Then we have (e, 1 is defined in (3))

1 ifJ=Q2k—1)n mod4 and oy =--- =ay =1,

0 otherwise;

Nullb = {

Signb — Nullb = Sign A" 4 (a; +--- 4+ ay) — J + (=1)" -Rei ™!
=-nk(k+1)+ (s +---+ay)—J+enk.

(b). Suppose that n =2 mod 4 and k > 1. Let b= b, ; (ao,0) for ag > 0. Then
Signb and Nullb are computed by the formulas from the part (a) with J = 0 and
the term “aq + -+ 4+ ay” (resp. the condition “a; = --- = ay = 17) replaced by
“ag” (resp. by “ag =17).

(c). Suppose thatn =0 mod 4 and k =1. Let b= bi’k(ao, 0) for ag > 0. Then

Nullb:{ if e ar==

1 otherwise;

Proposition 8.3. (a). Letn, k, J, and a,...,a  be positive integers such that
J=n mod2,n#0 mod4, and k> 2. Let c = ci’k(al, ...,ay) be as in Section
6. Then we have (g, ; is defined in (4))

1 ifJ=2k+1)n mod4d and oy = =ay =1,

Nullec = {
0 otherwise;

Signc — Nulle = Sign A" + (a1 +---+ay) —J — (=1)% -Rei"!
= —nk(k+1)+ (1 + -+ ay) = J+¢e, 4

In particular, if n is even and k > 1 then Nulle = Nullb and Signc = Signb for
b="b) (,...,ar).

(b). Suppose thatn =2 mod 4 and k > 2. Let c = ci’k(ao,O) for ag > 0. Then
Null¢ = Nullb and Signc = Signb for b = bi,k(ﬂo, 0)
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Remark. Computations show that if n =0 mod 4 and k£ > 0, then we have Nullb =
2k—1)+...,Nulle=2(k—1)+..., Signb—Nullb = —2(k—1)+..., and Signc—
Nulle = —2(k — 1) + ... where the dots stand for the corresponding expressions in
Propositions 8.2 and 8.3. However, the method used in this paper is not sufficient
to prove this fact.

Proof of Proposition 8.2. (The proof of Proposition 8.3 is analogous).
Case 1 (n is odd). We shall use the induction by J. Let us start with J = 1.
We have bl nrla1) =i “R2Flg (o) = (—20)F(1 + 1) if n+ 2k =1 mod 4 and
l~7mk(a1) = i*2k=1af (1) = (20)*(1 — ay) if n + 2k = 3 mod 4. Hence, by Lemma
3.1, the signatures and the nullities are as in Table 1 (we use that b}%k(O) ~ A™).
Thus, the statement of the lemma holds for J = 1.

Table 1.
n+2k=1 mod 4 n+2k=3 mod4

o 012345 6... | 012345 6...
sign (b, (a1)/bL,(0) |+ ++ ++ ++... |+ 0 — — — — —
Signb}, ,(a1) —SignA™ | 001 2345 6... | 0001234
Null b}, , (a1) 000000O0... 0100000

Now, suppose that we proved the statement of the lemma for smaller values
of J. Let us fix positive integers as,...,a; and denote b(ay) = b;{’k(al, ce ),
b(al) = b7{7k<041, . ,Ozj).

We have b(0) = bif(aj + ag,as,...,ay_1). By Corollary 7.9 and Lemma 7.7,
the signs of the determinants are as in Table 2. Hence, by Lemma 3.1, the signature
decrements and the nullities are as in the next two lines of Table 2.

Table 2.
| | n+2k#J mod4 | |
and o =1 for j > 1 otherwise
Qg 01 2345¢6...[0123456...
sign( (1) /b(0 ) +0 - - - - - . + - - - = - =
Sign b(ay) — Sign b(0) + 222 3 45 6.. 212 3 4
Nullb(ay) 01 00O0O0O.. 000O00O0

It remains to note that when n is odd, J # n + 2k iff J = (2k — 1)n mod 4.
Case 2 (n =2 mod 4). Similar to Case 1.

Case 3 (n =0 mod 4). For ay # 0, we have det b , (0, 2) = 0 and det by, 1 (1, az) #
0, hence, Nullbi’k(o,ag) = 1 and Signbik(o,ag) = Signbi’k(l,ag) by Lemma
3.1. Since Nullb; ;(0,0) = 2, Nulld; ,(0,1) = 1, and Nullb; ,(1,1) = 0, we have
Sign bik(l, 1) = Sign b;{’k(O, 1) = Sign b;fb’k((), 0) = Sign A™. The rest of the proof is
similar to Case 1. [J
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9. PrROOF OF THEOREM 1.1

We shall follow the scheme of the proof proposed in [8]. To any differentiable
(not necessarily real algebraic) curve on ¥, \ F, which meets each fiber at m or
m — 2 points we associate a braid with m strings applying the construction from
[8; Sections 3.4 — 3.5] with A™ instead of A.

Let A be a real algebraic (or a real pseudo-holomorphic) curve as in Theorem 1.1
then the braid b corresponding to RA must satisfy Murasugi-Tristram inequality
(see [8] for details)

Nullb + 1 > |Signb| + m — e(b) (18)

where e(b) is the exponent sum of b, i.e. e(b) = > k; for b = HO’Zj.
For an oval v, let D,, be the component of m,, (7, (v))\ (J U E,,) which contains
v. Let AL, (vesp. Al,e,) be the real (non-algebraic) smooth curve on R, which

even

is obtained from RA by moving each odd (resp. even) oval v into the neighbouring
component of D, \ Ag. Let A7, (resp. AL,.,) be the curve obtained from A/ ,,
(resp. from A/ ) by moving each oval v into the component of D, \ Ay which
is the nearest to J under the condition that the parity of v is not changed (see
Figure 14). Let us denote the corresponding braids by 0/ .4, biven, Digq, and bl

respectively.

/ !/ 1 1
RA Aodd Aeven Aodd Aeven
Fic. 14
Then we have b)lyq = b7 (@) and b, = c; (@) for some & = (a1,...,ay)

where «a; is the number of ovals between two successive jumps over J. In particular,

we have ag + - - - +ay = . Thus, the signatures of b, and b/, can be computed

by Propositions 8.2 and 8.3. The condition A > J > 0 ensures that

Null 5,4 = Null b

even

—0. (19)

When we pass from b to b ;4 (resp. to bl,en), We Aodd (respP. Aeven) times perform

the replacement blUj_le — blTJj_illT_lbg where 7 = 7 j4+1 = Uj_illaj. This is a
composition of two band attachments: blaj_lbg — b1by and b1by — blTO'j_:ElT_lbg
(it is clear that an inserting or a removing of O';tl is a band attachment). Hence,
by Lemma 3.1(b), we have

| Sign b, 44 — Signb |+ |Nullb) 4 — Nullb| < 2Xs44,
| Sign 0,6, — Signb | + | Nullbl.,, — Nullb | < 2Aeven-

even even

(20)
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/ /!
F1G. 15. PASSING FROM b/ ;4 TO b4

even ! ven)s We perform several
times the operation described in Lemma 5.1 (see Figure 15). Hence, by (19), we
have

When we pass from b, to b/ 4, (resp. from b7, to b

Signb. e, = Sign b on, Null b, = 0.

Theorem 1.1 is a direct combination of (18), (20), (21), Propositions 8.2 and 8.3,
and the fact that e(b) = —(ay +--- + ay) +e(A") = =X +nm(m —1)/2.

(21)

APPENDIX A. HOMOGENEOUS SKEIN SYSTEMS AND
EXPLICIT FORMULAS FOR THE COEFFICIENTS OF CL:}:

Let us introduce the following notation: J = {1,...,J}; [J] = {{1,2},{2,3},...,
{J-1,Jh{J1}}; [[J]]={AC[J]|anp =@ for a,p € A}; for A € [[]]], set
|A| = Upea @ It is clear that card |A| is always even For k = J mod 2, let us
denote {A € [[J]] | card |A| = J — k} by [[J]]x and set

fre(xe,...,x5) = Z TA where x4 = H xj.
A€[[J]]k FEJI\|A|
It is clear that f;j is a homogeneous polynomial of degree k.
Let us denote Fi, = {fsr}s=246,. for an even k and Fj, = {fsx}s=1,35,.. for
an odd k. So, we have
Fi={z1, x1+ 22+ 23, v1+ 22+ 23+ 24 + 25, ... },
Fo = {xll’g, T1T2 + ToXs + T3Tg + X421,
(x122 + Tox3 + X324 + Taxs + T5T6 + Tex1) + (X124 + 225 + T3T6), - .- )y
F3 =10, 212273, 210223 + 22374 + T3T4T5 + T4T521 + T5T1 T2,
(T12223 + ToX3T4 + T3T4T5 + T4T526 + T5TeL7 + TL7T1 + TrT122)+

(r122T5 + T2x3T6 + T3T4T7 + T4T5T1 + T5TeTo + TeT7T3 + T7T1X4), - - - }y

On can easily check that each Fy, k > 1, is a skein system of cyclic polynomials.

Proposition A.1. If J is even then

ab(zy,...,x5) = Z (20)* frr(21,...,05) and a; =—4—al.
k=2,4,....J
If J is odd then
alf(z1,...,x5) =2+ i(20)* frr(z1,...,25) and a; =4—al.
k=1,3,...,J

Proof. Follows from the fact that if {f;} is a skein system of cyclic polynomials
then f; = cg + Z]EJ(Q) ckfrrk where ¢co = f7(0,...,0) and ¢ is the coefficient of
T1T3 ...T in the polynomial fj.
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APPENDIX B. GENERALIZED SKEIN RELATIONS

This appendix was written (as a section of the main body of the paper) at
the moment when I knew already Theorem 4.1 but did not understand that it
immediately implies Corollary 4.2. The identity (28) was used in the first version
of the proof of Lemma 6.2 to treat the case of non-fiberable links. Now I do not
know any application of these results but I decided to keep them just because they
look nice.

In this appendix we work with links presented in the form of closed braids. A
link L C S3 is presented by a closed braid with m strings (m-braid) if p|; is a
covering of degree m where p is the projection S®\ £ = S! x R? — S! for some
unknotted circle £ C S3. We always suppose the orientation of L to be induced
by the projection L — S'. We use the language of braids just to simplify the
notation. Everything can be reformulated for arbitrary link diagrams. We always
assume that B, C By, for k < m identifying o; of By with o; of B,,

Set 6, = 0102 ...05_1. Then A2 = 5’,@. The skein relation (11) can be reformu-
lated as follows: Qp + (t —t~1)Qps — Qs> for any b € B,, and § = 62 = 07y.

Proposition B.1. For any braid b € B,,,, m > 3, one has

Qb(t) + ¢c1Qps (t) + coQps2 (t) + c3Qps3 (t) + Qpsa (t) =0 (22)
where § =03, ¢y =c3 = —t2+1—1t72, cg = —(t —t~1)2. In particular, for t =i,
det b + 3det(bd) + 4 det(b6?) + 3det(b6?) + det(bs*) = 0. (23)

Proof. Starting with a link diagram, one can construct a Seifert surface X using a
standard algorithm based on so-called Seifert circles. Applying this algorithm to

a link presented as a closed braid b = Jﬂ ail with m strings, one obtains m

parallel equally oriented disks and n once _twisted ribbons where the 7-th ribbon

connects the i;-th disk to (i; + 1)-th one (see Fig. 16 for b = o907 Yoyog0, € Bs).

—~ e

e ————
Fic. 16

As a base of Hy(X) let us choose the cycles z1,...,z5, s = n —m + 1 which
correspond to circuits in the positive direction around the bounded regions of the
projection of b onto the plane (cycles x1, x2, z3 in Fig. 16). Let V = (v;;) be
the corresponding Seifert matrix. All the mutual positions of x,, and z, providing
vy # 0 or v, # 0 are shown schematically in Fig. 17.
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X%@K% :

Uy = —€ =(e+1)/2 Uy = —1
=(—-1)/2 _1 V= 0
Fia. 17

Applying the above procedure to the braid b; := b3’ we obtain the (s + 2j) x
(s 4 2j)-matrix V; whose symmetrization V/ = t=1V; —tVT has the form

ViU 0
v W B
t * ‘.
V= B A - (24)
. . B
0 B* A

t—t=t ! =t 0 . —t !
where A—( y t—t_l)’B_(—t t_l)’B_(O 4 )
V{ is the s x s symmetrized Seifert matrix of b = by. Note, that U, U*, and W are
s X 2-, 2 x s-, and 2 x 2-matrices, common for all j. Let us prove that

det Vi + ¢ det Vi + codet Vi + c3det Vi + det V) = 0 (25)

for matrices Vjt given by (24) where V¢, U, U*, and W are arbitrary fixed s X s-,
s X 2-, 2 x s-, and 2 x 2-matrices (c; are the same as in (22)).

Denote by 17J the 25 x 2j-matrix obtained from the right lower 25 x 2j-minor of
Vjt by replacing W with a 2 x 2-matrix W with indeterminate entries w,,. Then

det V = aéj) + a(J) det W + @(J)wn + a(J)wm + amwm + a(j)wgz

with a,(j ), affy) € Z[t,t71]. The straight forward computation shows that

al? =1 o) =12 — 14172 al) =t 2 72
(2): 2—1+t_2 (3):4—t2—t_2+t_4 (4): 6_t4_|_1_t—4_|_t—6

aiy = afy =1° apy) =t —1°

afy = 173 al) =172 — 17" al) =% 177

and aﬁ) = agjg) = t_2a§]2) + t%%ﬁ) It is easy to see that det V has form

det Vt = a(()]) det Vi + a(j) det V{ + a(J)ng + a(J)ng + a(J)Wu + a(J)WH (26)

where W, is the determinant of the matrix obtained from Vi by deleting the row
and the column containing the (u,v)-entry of W.
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Substituting the expressions (26) for det V4, ..., det V} into the left hand side of
(25), we obtain a linear combination of det V{f, det V{, and W,,,,. A straight forward
computation shows that all the coefficients vanish. [J

Corollary B.2. For any braid b € B,,,, m > 3, one has

Qp(t) + C1Qaz (1) + CoQpas(t) + C3Qyas (t) + Qpas(t) =0 (27)
where C; = C3 = —(t3 +t73)2, Cy = 2(t5 + 1 +¢7%). In particular, for t =i,
det b — 2det(bA3) + det(bAS) = 0. (28)

Proof. Let (22;) be the result of substitution b = &3 into (22). Then (27) is the
sum of the identities (22¢),...,(22s) multiplied by ag,...,as respectively where
ag =ag =1, a1 = a7 =t>? —1+t72 ay =ag = t* —t>2+1—t72 +t74
az = as = —t* 412 —24+t72—t74 ay = —2(t2 —1+t72). (we use here A2 =d3). O

APPENDIX C. NON-REALISABILITY OF TWO
ISOTOPY TYPES BY M-CURVES OF DEGREE 9

In [8; Corollary 1.8], we announced the nonrealizability of 9 isotopy types by
M-curves of 9-th degree. The proof given in [8] was based on a wrong assertion
of [8; Lemma 1.9] (see [8; Erratum]). However, Corollary 2.5 covers all the cases
except two of them. Here we exclude the remaining two cases and thus show that
the statement of [8; Corollary 1.8] in fact was correct. The proof does not use
Theorem 1.1. We shall use the notation introduced in Section 2.

Theorem C.1. The isotopy types (J U2 1(1U1(23))) and (J U3 1(1U1(22)))
are not realizable by M -curves of degree nine.

Fic. 18

Proof. (J U2U1(1 U 1(23))). It follows from (7) and (8), the complex scheme
must be (F U1 U1_U1_(1-U1_(134 110_))). Applying Fiedler’s orientation
alternating rule for a pencil of lines centered in the oval from (3), we see that the
curve must be arranged with respect to some two lines as in Figure 18. Then a
conic passing through the five shadowed ovals contradicts Bezout’s theorem.

(J U3U1(1u1(22))). It follows from (7) and (8), that the complex scheme
must be (7 U1 U2 U1 (1, U1_(124 110-))). Let us consider a pencil of lines
centered in an oval from («). By Fiedler’s orientation alternating rule, the ovals
() must be separated by a line through an oval from (3) U («). It cannot be the
oval from (f3) because the latter is positive. Hence, the hypothesis of Lemma 2.3
are satisfied, and we have J, = 1 for any v € (). This contradicts to (9). O
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