ACYCLIC ALGEBRAIC SURFACES
BOUNDED BY SEIFERT SPHERES

S.YU.OREVKOV

ABSTRACT. Main result: let ¥ = X — D where X is a smooth projective variety and D a
curve. Suppose that Hy(Y;Q) = 0 for ¢ > 0 and &(Y) = 2. If the boundary of a ”tubular
neighbourhood” of D is a Seifert Q-homology sphere with » multiple fibers then r < 16.

Let Y be a complex algebraic surface. We say that it is Z-acyclic (respectively Q-
acyclic) if its reduced homology with coeflicients in Z (resp. in Q) vanishes. Topologically
one can represent Y as a compact 4-manifold with boundary (denote the boundary by
S), attached by a collar S x [0,1). Call S the boundary of Y. If Y is an affine surface
in C™ then S is the intersection of ¥ with a sufficiently large sphere. We say that Y is
A-acyclic at infinity if S is an A-homology 3-sphere. (A =7Z,Q). If Y is A-acyclic then it
is A-acyclic at infinity. If Y is Q-acyclic and Z-acyclic at infinity, then it is Z-acyclic.

In the paper [R] Ramanujam proved that the only Z-acyclic surface bounded by a
homotopy 3-sphere is C?, and he also constructed there the first example of a non-trivial
Z-acyclic (and even contractible) surface. Later on Gurjar and Shastri [GS] proved that
all Z-acyclic surfaces are rational. Tom Dieck and Petri [DP] classified all acyclic surfaces
which rise out of line configurations on P?. Fujita [F] (resp. Miyanishi, Tsunoda [MT]
and Gurjar, Miyanishi [GM)]) classified acyclic surfaces with £ = 0 (resp. —oo and 1),
where & denotes the log-Kodaira dimension. Zaidenberg [Z1] pointed out the connection
of Z-acyclic surfaces with exotic algebraic and analytic structures on C™, n > 3. Flenner
and Zaidenberg [FZ] studied deformations of acyclic surfaces.

A Seifert fibration (see [S], [O]) on a smooth compact 3-manifold M is a mapping
onto a 2-manifold 7 : M — B, which is a locally trivial fibration with fiber S! over
B — {p1,...,ps} and which looks near p; like D? x S' — D? (21,22) — 217 /2’ where
D? ={|z]* <1} C C, S' = 9D?* and u;, v; are coprime integers, p1; > 2. The 77 !(p;) are
called multiple fibers; M is called Seifert manifold if it admits a Seifert fibration. Sesfert A-
homology sphere (A stands for Z or Q) is a Seifert manifold M with H,(M; A) = H,.(S*; A).
In this case the base B is a 2-sphere. The question, when a Seifert homology sphere bounds
an acyclic 4-manifold, was studied, for instance, in [F'S], [NZ].

Our main result is:

Theorem 1. Let Y be a smooth algebraic Q-acyclic surface of logarithmic Kodaira di-
mension 2, bounded by a Seifert Q-homology sphere with r multiple fibers. Then:

(a). Y can not be Z-acyclic.
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(b). r <16.

Let Y be a Q-acyclic surface. Consider an algebraic compactification X of Y such
that Y = X — D, where D is a reduced curve with simple normal crossings (an SNC-
curve). Then all irreducible components of D are rational, and the dual weighted graph
of D (denote it by I'p) is a tree (see [Mu]). (The dual graph of a curve is the weighted
graph, whose vertices correspond to the irreducible components, edges correspond to their
intersection points and the weight of a vertex is the self-intersection number.) A tree is
called r-fork if it has one vertex of valence r and other valences are < 2. Suppose that
D is minimal, i.e. it contains no (—1)-curve intersecting one or two others. A Q-acyclic
surface Y with #(Y") = 2 is bounded by a Seifert sphere if and only if I'p (with minimal
D) is a fork.! Thus, we can reduce Theorems 1 to:

Theorem 1'. Let D be a minimal SNC-curve on a smooth projective surface X. Suppose
that Y = X — D is Q-acyclic, k(YY) = 2 and the dual graph I'p is an r-fork. Then:

a). Y can not be Z-acyclic.
(a) v
(b). r <16.

Remark 1. As we mentioned above, acyclic surfaces with £ < 2 are classified [F], [MT],
[GM]. Using this classification and the classification of Seifert homology spheres [O], one
can see that if Y is a Z-acyclic surface which is bounded either by a Seifert sphere or by

a fork, then Y = C%. If Y is Q-acyclic and #(Y") < 2 then all the possible values for r are
shown in the following table:

R(Y) —00 0 1
JY is a Seifert sphere with r mult. fibers  {0,1,2,3} {3,4,5} {4,5,...}
I'p is an r-fork {0,1,...} {3} @

This fact can be easily deduced from the results in [F], [GM] and [MS]. Note only that
the cases with k = 0,1 and r > 4 correspond to the surfaces X — D with I'p of the form

. 0 . . .
- >0——0——0< - . Such a surface is bounded by a Seifert sphere because I'p becomes a

fork after a O—absc;rption (see [EN], [N]).

Remark 2. Zaidenberg asked [Z2; Question 1.6] if there is only a finite list of possibilities
for the topological type of the dual graph at infinity of an acyclic (resp. contractible)
surface with & = 2. Theorem 1’ can be considered as a very first step toward the positive
answer to this question.

Remark 3. The proof of the part (b) of Theorem 1 is based on the logarithmic Bogomolov—
Miyaoka—Yau (log-BMY) inequality [Mi], strengthened by Kobayashi-Nakamura—Sakai
[KINS], and Fujita’s computation [F] of the Zariski decomposition of K + D. The part
(a) also can be obtained as a direct consequence of the elementary formulas from §§1-3
(most of them needed for the part (b)) using the rationality of Z-acyclic surfaces [GS] and

Tt is so, because when & = 2, the tree I'p satisfies so called Negative Chains Condition: If the valence
of a vertex is < 2 then its weight is < —2. When & < 2, the both assertions “if” and “only if” are wrong.



ACYCLIC ALGEBRAIC SURFACES BOUNDED BY SEIFERT SPHERES 3

the log-BMY inequality?. However, these two results are quite non-trivial, while, as the
referee of the first version of the paper has pointed out,

“... a very elementary proof is possible. Using Lemma 4.1 in part I of [GS], we can

show:
Write Kx ~ aoDgy + > ,5, aiD; where Dy is the central curve. Then ay > 0 = all
a; >0and ag <0 = all ¢; < 0. But if all a; > 0, then p,(X) > 0. This is not possible.
Hence all a¢; < 0. But then K + D is either trivial or a strictly negative divisor. In the
latter case, K(Y) = —oco. f K+ D ~ 0, then (K 4+ D)-Dy=-24+r=0 = r =2.
Hence I'p is linear. This completes the proof.”

In fact, only the implication “ap < 0 = all ¢; < 07 is proven in [GS, Lemma 4.1].
However, the proof can be easily completed to derive the implication “ap < 0 = all
a; < 07 as well. Indeed, if ay < 0 then by [GS, (4.1)] all a¢; < 0. If some of them were
= 0 then (due to connectedness of D) would exist two components D; and D; such that
a; =0, a; #0 and D; - D; = 1. Then, since D? 4+ 2 < 0, one would have 0 = ¢(D;) =
KD, + l)l2 +2< KD, = aj + Ek;éi,j arDipD; < a; < 0.

Remark 4. After the old proof of Theorem 1'(a) was omitted, the propositions 1.4 — 1.6
remained without applications. However, we decided to leave them because they are simple
but maybe they are of some independent interest.

Remark 5. The estimate r < 16 in Theorem 1', requires messy calculations (see §8).
However, the fact that r is bounded from above, can be obtained without them. Therefore,
we presented in §7 a shorter proof of Theorem 1’ with a weaker estimate for r.

Remark 6. The estimate r < 16 still does not seem to be the best possible. However, a
stronger estimate needs other techniques, because an attempt to prove it by the methods
of this paper leads to so huge volume of calculations that the result does not worth them.

I am grateful to M.G. Zaidenberg for introducing me to the subject and useful discus-
sions. I am grateful to the referee for pointing out the elementary proof of Theorem 1(a)
and other useful remarks. This work was done during my stay at the University Bordeaux—
I (supported by the program “PAST”) and partially in Gottingen Mathematical Institute
(supported by SFB-170). I thank these institutions for the hospitality and the financial
support.

§1. WEIGHTED TREES AND THEIR DISCRIMINANTS

We list in this section some well-known elementary facts about discriminants of weighted
trees. A weighted tree is a finite tree (finite graph without cycles) with an integer weight
w(v) assigned to each vertex v. Let I' be a weighted tree and vy, ..., v, be its vertices. The
incidence matriz of I' is Ap = (a;;), where

a;; =< 1 if v; is connected to v; by an edge,
0 otherwise.

Zsee the preliminary version of this paper in “Mathematica Gottingensis”, 38(1995).
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The discriminant of " is defined as d(I') = det(—Ar). By convention, d(@) = 1. Clearly,
this definition is independent of the order of the vertices and that the discriminant of a
disjoint union is the product of the discriminants of the connected components.

The following lemma can be easily obtained, using the Cramer rule (see, e.g. [EN] for
details).

Lemma 1.1. Let ' be a weighted tree with d(I') # 0. Let Bpr = (b;;) = Alfl be the

inverse matrix. Then
bi] = _d(r - [viv v]])/d(r)v
where [v;,v;] is the minimal connected subgraph of ', which contains v; and v;. O

Lemma 1.2. Let I' be a weighted tree, v a vertex of I' and w(v) the weight of v. Denote
by I'y,...,T'; the connected components of I' — v, and let T; =0 —v;,7=1,...,r, where
v; is the vertex of I'j, connected by an edge to v. Then (remind that d(@)=1)

T

A(r) = —w(o) [Tdr;) =3 (d(r;) I1 d(l“k)>.

i=1 k£

Proof. Expand the determinant of Ar according to the row, corresponding to v. [

The valence of a vertex v of a graph is the number of edges, incident to v. A graph is
called a linear chain if its vertices vy, ..., v, can be orders so, that v; is connected to v; iff
i—jl=1.

Corollary 1.3. Let T be a linear chain with all weights < —2.
a). If v is one of the ends of T then d(T) > d(T —v) > 0.

b). Let u be any vertex of T. Denote by Ty and Ty the connected components of T — u,
and let a = d(T), b=d(Ty), ¢c = d(Tz). Thena > b+ c.

Proof. a). Induction by the number of vertices, using Lemma 1.2.

b). For ¢ = 1,2 let u; be the vertex of T;, nearest to u, and T! = T; —u,;. Put b’ = d(TY),
' =d(Ty) (it T{ = @, put b' =0). Let w be the weight of u. Then by Lemma 1.2 we have
a=—wbc—bc' —be=(—w—2)bc+blc—c)+c(b—10")>b+c, because —w — 2 > 0, and
by (a),c—c¢ >1,6—-0b">1. O

The following three propositions will not be used in the rest of the paper.
Proposition 1.4. Let I' be a weighted tree; u and v two its vertices. Let Ao, ..., Ay be the
connected components of I' — u, and By, ..., B,, be those of I' — v, indexed in such a way
that v € Ay, u € By. Denote: a; = d(A;), by = d(By), a = ay...ap, b = by...by,,, A =d(T),
6 =d(Ay N By), c=d((Ao N By)— [u,v]). Suppose that a #0, b # 0, A # 0. Then

A = agby — abc?. (1)
Proof. Let M be the minor of Ar obtained by deleting the two rows and the two columns,

corresponding to u and v. Clearly, M = 6ab. On the other hand, by Jacobi formula for
the minor of the inverse matrix,
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where, by Lemma 1.1, byy = aag /A, byy = byy = abe/ A, by, = bby /A, O

Remarks. 1. If v is a linear chain and d(I') = £1 then (1) is the formula for the “edge
determinant” due Eisenbud-Neumann.

2. In fact, (1) is still true even if any of its ingredients are zeros.

A tree I is called r-fork, if it contains a vertex vy of valence r and the valences of other
vertices are < 2.

Proposition 1.5. Let I' be an r-fork and vy the vertex of valence r. Suppose that the
weights of the other vertices are < —2. Let )y be the quadratic form, defined by Ar.
Then:

(i) if d(I') > 0 then Qr is negatively definite;

(ii) if d(T') < 0 then Qr has the signature (+,—,...,—).

Proof. Apply the Sylvester criterium, choosing an increasing sequence 1 = My, M, ...,
M,, = d(T") of principal minors of the matrix —A, where M, _; is obtained from M, by
deleting the row and the column, which correspond to vy. It follows from Corollary 1.3,
that M; >0 for: <n. O

Proposition 1.6. In the hypothesis of Proposition 1.5 if d(I') = —1 then all the entries
b;; of Br = Alfl are non-negative.

Proof. Denote by T, ..., T} the connected components of I' — vy, and by v; the end vertex
of T} (the vertex of T;, whose valence in I' is 1). Denote also: I'; = T' —v;, T} = T — vy,
AL =d(I}), aj = d(T}), a}; = d(T}), ej = a}/a; (j = 1,...,7), and p = ay...a,.

By Lemma 1.1 it is enough to show that the discriminant of any connected proper (i.e.
# I') subgraph of I' is non-negative. First, we prove this for the subgraphs T;. Indeed,
applying 1.4 with u = vg and v = v;, we obtain a - (=1) = Ala; — p/a;, or, dividing by
aj, Al = p/a? —e;. But p/a? >0 and e; < 1. Hence, A} > —1, but A} € Z, so, A’ > 0.

Let T be any proper connected subgraph of I'. It is contained in some T;. Chose an
increasing sequence of principal minors which involves d(I'"") as well as d(T';), and estimate
the signature of Qr, by Sylvester criterium. Clearly, the inequality d(I"") < 0 contradicts
Proposition 1.5. O

§2. SOME ELEMENTARY LINEAR ALGEBRA ON DUAL GRAPHS

Let X be a smooth projective algebraic surface and D a reduced SNC-curve on X. De-
note by Vp the subspace of H*(X; Q) generated by the irreducible components Dy, ..., D,
of D. We shall call elements of Vp by Q-divisors.

Denote by Ap = (D; - D;);; the intersection matrix of D. Let I'p be the dual weighted
graph of D. Clearly that Ap is the incidence matrix (see §1) of I'p. Define the discriminant
of D as d(D) =d(I'p) := det(—Ap).

Suppose that d(D) # 0 (in particular D;’s are linearly independent), and let Bp = A}'.

Lemma 2.1. For Cy, Cy € Vp one has C; - Cy = > . . b;;(Cy - D;) - (Cy - D)

]
Proof. Any bilinear form defines a homomorphism to the dual space. One can interpret
Ap as the matrix of that for the intersection form. Then the required equality is just

Cl . CQ = <AD01,CQ> = <Z1,BDZ2> fOl" Zk = ADCk, k = 1,2 O
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Let Kx be the canonical class of V and let K = Kp be its orthogonal projection
onto Vp. Actually, for the main purpose of this paper we need only the case, when
Vb = Pic X ® Q, and hence Kp = Kx (it is so if X — D is Q-acyclic). However, this
assumption does not simplify the statements (nor the proofs), in this and next §§, so we
do not restrict ourselves by this case here.

For an irreducible component C' of D denote by vp(C) its valence in I'p, i.e. vp(C) =
C- (D —C), and put v; = vp(D;). Let y; be the Euler characteristic of D;.

Lemma 2.2. (K + D)-D; =v; — x;.
Proof. Apply adjunction formula: D; - (K 4+ D)=D; - (K+ D;)+vi=v; — x;. O
Corollary 2.3. (Cf [OZ]) (I&’ + D)2 = Ei,j bi]‘(l/i — Xi)(Vj — Xj)- 0

Following Fujita [F], define a twig of D as a maximal linear rational branch. It means
that T is a twig, if T'= C7 U ... U C, where each C} is a rational irreducible component of
D; vp(Cr) =1; vp(Ci) =2 and C; - Cipq =1 for 1 <i < k; and if we denote by Cy the
component of D — T, which intersects Cy, then either Cy is not rational or vp(Cy) # 2. In
this case Cy is called the root of the twig T (it is not contained in T'); C} is called the tip of
T. The rational number d(T — C})/d(T) is called inductance of T and is denoted by e(T)
(we use the convention: d(@) =1, (@) = 0). The twig is called admissible if C? < —1 for
all e =1, ..., k. Clearly, that if a twig T is admissible then d(T) > 0 and 0 < ¢(T) < 1 (see
Corollary 1.3)

For a twig T of D with d(T') # 0 we define the bark of T (see [F]) as the unique Q-divisor
Bk(T) in Vr (i.e. Supp(Bk(T)) C T), such that Bk(T) - tip(T) = —1, Bk(T) - C = 0 for a
component C' of T', which is not the tip. The following lemma is an immediate consequence
of Lemmas 1.1 and 2.1, applied to the matrix Br.

Lemma 2.4. (Fujita, [F, (6.16)]). Let T be a twig of D, and d(T) # 0. Then

(i). BK(T)? = —¢(T).

(ii). If C is a vertex of a twig T then the coefficient of C' in Bk(T) is equal to d(T¢)/d(T),
where T¢ is the connected component of T — C' which is between C and the root of T.
(iii). In particular, if C is the vertex, nearest to the root, then the coefficient of C is equal

to 1/d(T).

§3. LOCAL ZARISKI-FUJITA DECOMPOSITION

Let, as in §2, D be an SNC-curve on a smooth projective algebraic surface X, K = Kp
be the projection of Kx onto Vp, and suppose that D is not a linear chain of rational
components, and that all the twigs of D are admissible.

In this case we define the local Zariski—Fujyita decomposition of K+ D near D as K+ D =
H + N, where N = Np is the sum of the barks of all the twigs of D. The Q-divisors
H = Hp and Np are called respectively positive and negative parts of Kp + D near D.
From Lemma 2.2 and the definition of bark we obtain immediately the following properties
of the local Zariski-Fujita decomposition:

Lemma 3.1. (Fyjita, [F, (6.12)]).
(i) K+ D =H+ N, where H, N € Vp;
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(ii) Supp(N) is contained in the union of all twigs of D;
(iii) H is orthogonal to each irreducible component of N.

Remark. It is proved in [F] (we do not use this here), that H and N are uniquely defined
by the conditions (i)—(iii) in Lemma 3.1. Fujita has also proved (see [F, (6.20-6.24)]) that
under certain conditions Zariski decomposition of K + D coincides with the local one (see
Theorem 5.2 below). Even if this is not the case, it is much more convenient to calculate
separately H? and N? in order to calculate (K 4 D)? in terms of discriminants of subgraphs
(i.e. via the inverse matrix Bp = Al_)l).

Denote by br(D) the set of all irreducible components C' of D which have either positive
genus or vp(C) > 2, and put

hi:{ I/i—Xi—Eﬁ for ¢« € br(D)

0 otherwise.

where T runs through all twigs, rooted by D;

Lemma 3.2. If all the twigs of D are admissible, then Hp - D; = h; for any 1.

Proof. By Lemma 2.2 we have (K +D)-D; = v;— x;. By Lemma 2.4(iii) and the definition

of bark we have . .
> oy fori € br(D)

2 —v; otherwise.

ND-Di:{

It remains to subtract the latter equality from the former one. [
Corollary 3.3. [OZ] If all the twigs of D are admissible, then H}, =3, jebr(p) bijhil;.
Proof. Apply Lemmas 2.1 and 3.2.

4. THE FORMULAS FROM §§2.3 FOR THE CASE OF A FORK

Let D be a rational r-fork on a smooth projective algebraic surface X. This means
that D is an SNC-curve with rational components, and the dual graph of D is an r-
fork. Introduce the following notation. Denote by Dy, ..., D, the irreducible components
of D and by v; = v(D;) their valences. Without loss of generality we may assume that
vg = r (and hence, v; < 2 for ¢ > 0). Let T3,...,T, be the twigs of D, i.e. the connected
components of D — Dy, and dy, ..., d, their discriminants. For : = 1,...,n put

a; = dj, b; = d(T]‘—;), G = d(T]Ti)’

where T} is the twig containing D; and Tj—!—i (resp., T]Ti) is the connected component of
T; — D;, which does not intersect (resp., does intersect) the “central” curve Dy (see Fig. 1).
Extend this notation for : = 0, putting ag = by = 1, ¢p = 0.

Cy bi
DO Dz
>0—0
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Let Vp be the Q-vector space generated by Dy, ..., D,. Denote by V;, j = 1,...,r the
subspace of Vp generated by the irreducible components of T}, and let Vi be the orthogonal
complement of @;21 V;. Denote by pry,...,pr, and pry the orthogonal projections onto
Vi,..., V. and V respectively. Let K + D = H + N be the local Fujita decomposition
of K + D near D. Since Vi is one-dimensional, it is generated by H unless H = 0. Let
N; = Bk(T}) (clearly, that pr;(N) = N;, pry(N) =0 and N = > N;). Denote:

T T 1
p:de; A =d(D); h:r—Z—ZE; e = —ph/A. (2)
j=1 j=1
Lemma 4.1. Let C be a Q-divisor in Vp. Put 2; =C-D;, i =0,...,r and Cg = pry(C).
Then
a) H? = ch; d) C-D=) w;
1=0
b - & ¢ + eb;
b) C H—e‘ xia_i’ e). C-I =, :1;1< ” —1>,
=0 1=0
“ Cy (CH)2 & “ bl
N — i 2 — = — i
S L

Proof. (a) is an immediate consequences of Corollary 3.3. By Lemma 1.1, the entry by; of
the matrix Bp is equal to —(b;-(p/a;))/A. Thus, (b) follows from Lemmas 2.1 and 3.2. (c)
follows from Lemma 2.4(ii); (d) is trivial; (e) follows from (b,c,d) since K = H + N — D;
(f) follows from (b) and (a). O

Corollary 4.2. If r > 4 and all twigs of D are admissible then there exists no smooth
rational (—1)-curve C on X such that C-D =1 and C ¢ D.

Proof. Suppose that such a curve C exists. Then C'- K = —1 and C' - D = 1 implies
that for some ¢ we have x; = 1, xx = 0 for k£ # ¢. Hence, by Lemma 4.1(e) we have
—1=C-K =(¢;+¢eb;)/a; —1 But if r > 3 then ¢ > 0. Contradiction. O

§5. ZARISKI DECOMPOSITION AND REFINED LOG-BMY INEQUALITY

Let D be an SNC-curve on a smooth projective surface X, and Y = X — D. Remind
the following definition (see e.g. [F], [Ii]). If #(Y) > 0, then there exists the Zariski
decomposition K + D = H + N, where H, N are Q-divisors in X such that

(i) the intersection form is negatively definite on the subspace Vi generated by the irre-
ducible components of N (in particular, N < 0);
(ii) HC > 0 for any complete irreducible curve C' C X;
(iii) H is orthogonal to Vi (and hence, (I + D)2 = H? 4+ N? ).

The main tool, used in the proof of Theorem 1', is the following refined version of the
log-BMY inequality.
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Theorem 5.1. (Kobayashi-Nakamura—Sakai [KNS]) If #(Y) = 2, then H* < 3¢(Y),

where e is the topological Euler characteristic.
The following theorem is a partial case of [F, (6.20)].

Theorem 5.2. (Fujita) Let Y = X — D be a smooth projective surface with £(Y) > 0
and D a connected SNC-curve on it. Suppose that all twigs of D are admissible and D 1is
neither a linear rational chain, nor a 3-fork. Then the (global) Zariski decomposition of
(K + D) coincides with the local Zariski-Fujita decomposition near D unless there exists
a smooth rational (—1)-curve C on X, which is not contained in D and which satisfies one
of the following conditions.

(i). D-C =0, ie. DNC = o.
(ii). T - C =1 for some twig T of D.

Corollary 5.3. LetY = X —D be a Q-acyclic surface with kK(Y) = 2, and D be a minimal
rational r-fork with r > 4. Then Zariski decomposition of K + D coincides with its local
Zariski-Fujita decomposition near D.

Proof. Let C' be some smooth rational (—1)-curve on X. Since r(X) = 2, according to
[F, (6.13)], all the twigs are admissible, so, according to the Theorem 5.2 it suffices to
check that C' does not satisfies (i), (ii) of 5.2. The condition (i) evidently contradicts to
Hy(Y) = 0. The condition (ii) contradicts Corollary 4.2. O

§6 BEGINNING OF THE PROOF OF THEOREM 1’

Let D be a minimal SNC-curve on a smooth projective X, such that I'p is an r-fork
with r >4, Y = X — D is a Q-acyclic surface and £(Y) = 2. Introduce the notation as in
§4. Since r(Y) = 2, it follows from [F, (6.13)], that all twigs are admissible, so, all a;, b;,

¢; are positive for ¢ > 0.
Lemma 6.1. r < 2h + 4.
Proof. By (2), h=r—-2-1/dy —...—=1/d, >r =2 =1/ — . — 1/ =(r/2)=2. O

Due to the refined log-BMY inequality (Theorem 5.1) and Corollary 5.3, we have (see
Lemma 4.1(a))
ch < 3. (3)

Thus, by Lemma 6.1 we must estimate h from above, or, equivalently, £ from below.
Lemma 6.2. If Dj <0 then h < (3 ++/33)/2 ~ 4.3722...

Proof. Denote: d; = d(Tj), d; = d(T}), j = 1,...,r, where T} is obtained from the twig T
by deleting the component, nearest to Dy. Then, by Lemma 1.2, if D3 < 0, we have

—Azp-(D§+i%) gp-(0+§rjdfdf1
=17 =t

Thus, (3) implies 3 > he = —ph*/A > h*/(h + 2), hence h? — 3L —6 < 0. O

>=p%h+%-
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Corollary 6.3. Ifr > 12 then X is rational.

Proof. If r > 12 then by 6.1 and 6.2 we have D2 > 0. Hence, [Sh; Ch. II, §4, Theorem 2]
implies that X is rational. O

From now on we suppose that r > 12, hence by 6.3, X is rational, and there exists a
smooth rational (—1)-curve C on X. Hence,

C?=-1; C-K=-1 (4)

Like in Lemma 4.1, put #; = C"D;, 1 = 0,...,n and Cy = pry(C). Put also C; = pr;(C),
j=1..,r, Cn = 2;21 C;. By Lemma 6.2, C' # Dy, and from minimality of D we know
that C' # D;, ¢ > 0. So, C ¢ D, hence, all z; are > 0.

Lemma 6.4. —C’sz > CN.
Proof. Let I; = {¢|D; C T;}. Then by Lemma 2.1 and Lemma 4.1(c)

s 5 Cibi ‘ ciby 5 Cib; G ‘
ety Y ey ath T Lo ey,

iEI]‘ i,kEI]‘;i<k iEI]‘ iEI]‘

Lemma 6.5. If C'- D > 2 then h < (9+ v/21)/2 ~ 6.7912...

Proof. By Corollary 1.3(b) we have b;/a; + ¢;/a; < 1, hence, by Lemma 4.1(b,c,d),
(CH)/e + CN < CD. Therefore, by (4),

= CK=-CH-CN+CD>—CH+YH _cgl=e
& &

Thus, CH < ¢/(1 — ¢), hence, by Lemma 4.1(f), C% < ¢/((1 — ¢)*h), and by (4) and
Lemma 6.4, 2 = —C? - CK = (—C']z\, —CN) - (C’IZ_I +CH)+ CD > CD — ¢y, where

€1 = 1i€<1—l—ﬁ>.

Since C'D is integer, CD > 2 implies & > 1, hence 2¢* — (3 + %)5 + 1 < 0, hence
e> L (8h+1—Vh*+6h+1), and by (3) it implies h* — 9k +15 < 0. O

§7. PROOF OF THEOREM 1" WITH A WEAKER ESTIMATE

Let all the notation be like in §§4.6, but in this section we shall suppose, that C'D = 2.
Let 2 and %k be such indices that C'D; +CDy = CD = 2. Thus, if 1 = k then z; =2, 2; =0
for [ #£ ¢, and if ¢ # k then x; = a;, = 1, x; = 0 for [ # ¢, k. In any case we rewrite the last
two formulas of Lemma 4.1 as

(B )

G af

¢'). CK = <ﬁ T C—’“) T 5<ﬁ 4 b—’“) o . 0=

G af G af

<
h
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Denote by @;r “the predicate of belonging D; and Dy to the same twig”, i.e. @ = 1 if
D;UD;. C Tj for some j, and @);; = 0 otherwise. When ();x = 1, without loss of generality
we can assume that D; is between Dy and Dy,. In this notation we have

bic; b b
Gy kck—l-QQikc b

G af G

_C]2V —

(6)

Using (5), (6) and the fact that C? = C3, + C%;, we rewrite (4) as

<3+c—k>+e<ﬁ+b—’“>:1, (7)

a; ag aq ak
bic; b ib bi ) bry?
< Gy kck)—l-ZQikc—k—E(——l-—k) =1 (8)
a; ar a; h a; ag

Lemma 7.1. Suppose that one of the following conditions holds:
(i) 29 > 0; (ii) 29 =0 (i.e. 1t #0 and k # 0) and b; > 2, by > 2.
Then there exists a constant Ay such that h < A;.

Proof. In the case (i) without loss of generality we suppose that k& = 0, and, putting
ar = by =1, ¢, = Qi = 0, into (8), and using ¢;/a; < 1, we see that b; > 1, hence, b; > 2.
Thus, in the both cases (i) and (ii) we have (¢, /ay) - (b, — 2) > 0 for v = i, k. Hence,
subtracting (7) multiplied by 2 from (8), we obtain

v ;b b; b
Eu2—|—2a€u—1: g c—-(b,,—2)—|—2Qikc kZO, where u = — 4 -~
h v=ik ¥ i ai - ak

Since u < 2 and ¢ < 3/h, we see that h can not be arbitrary big. O

Lemma 7.2, Ifzg =0 (iie. t #0andk #0), by =1 and Qi = 1 then h < (3—|—\/2_1)/2 ~
3.791...

Proof. Putting by = Qi = 1, a; = ax = a into (7) and (8), subtracting (7) from (8) and
multiplying the result by a/(b; + 1), we see that ¢; —e — (¢/h) - (1 + b;)/a = 0. Hence,
using the estimates ¢; > 1 and (b; +1)/a <1, we get 1 —e — (¢/h) < 0, and applying (3),
we obtain h? —3h —3 < 0. O

Lemma 7.3. Let QQ;x = 0 and by = 1. Then b; > 2.
Proof. 1f b; = 1, then subtracting (7) from (8) we would obtain ¢ = 0. O

Lemma 7.4, If 1o =0 (i.e. k# 0 andt #0), by = 1 and Q;;, = 0 then there exists a
constant A, such that h < As.

Proof. Putting by, = 1, Q1 = 0 into (7) and (8), subtracting (7) from (8) and multiplying
the result by a;, we see that

bic; —c; = <bi—|—Z—;>51, where ¢ =c¢- <1—|—%<2—i—|——)> = O(e)
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or, equivalently,

i bici — ¢
Qi NG TGy (9)

ag &1

On the other hand, applying the estimate ¢ < ap — 1 (see 1.3(a)) to (7), putting by = 1
and multiplying the obtained inequality by a;, we see that

c; +eb; > &(1 — 6). (10)

af

Substituting (9) into (10), we obtain (1 — ¢)b;c; < e1b; + (1 + &1 — €)¢;. Replacing b; with
b' 4+ 1, this inequality can be transformed into (b' — e3)(¢; — €3) < &4 where 3, €3 and 4
are O(¢e). Since b’ > 1 (by 7.3) and ¢; > 1, we see that ¢ can not be arbitrary small. 0O

Proposition 7.5. Under the hypothesis of Theorem 1' one has r < 30.

Proof. Lemmas 6.2 — 7.4 imply h < max(A;, A2). Easy to see that these constants can be
chosen to be less than 131/;. Hence, by 6.1, we have r < 2h +4 < 31.

§8. MORE PRECISE ESTIMATES FOR THE CASE C'- D = 2

In this and the next section we are going to prove Theorem 1’ in full volume (with the
estimate r < 16). To this end we strengthen here the estimates for h given in §7. Thus, let
C be a smooth rational (—1)-curve on X, where X — D is a Q-acyclic surface with & = 2,
and C'D = 2. Let the notation be like in §§4,6,7. Denote also h + (1/a;) + (1/ax) by h™.
We shall need the following evident identity:

o —y)? = (2 +y* )b+ ay((b—1)* =0 = 1) = (y — br)(by — x) +ay(b—1)*. (11)
Lemma 8.1. Let k # 0, Q;x =0, by = 1 and h™ > 7%. Then h™ =8, b; = 5, ¢; = 1,
¢, =ar —1,a; =5ar — 1 and a = 2,3 or 4.

Proof. Denote aj — ¢j by c}. Putting Qi = 0, by = 1, ¢ = a — ¢}, into (7), (8) and
resolving the obtained simultaneous equations with respect to ¢ and h, we see that

ro P 4 4
L cha; — ciay b (cpai — ciag)(bjay + al)7 (12)

a; + b;ay ’ a;aru

where u = ¢;b;a, — ¢j.a; > 0. Hence,

RY = (bi = 1)(ei + i) /s (13)
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L — ¢ 2 bi(cpai — ¢ ’
3> o= U TG (C’“; = ciai) by (3), (12)
a; U 14 QRY
_ (ciar — egbrai)u + cicpaiar(bi — 1)* by (11)
b;a;aru
I ¢, cich (b —1)?
_ ¢ ¢, cic(bi— 1) 14
b;a; ag + biu ( )
¢ cich(b; — 1) )
Tk RV 2T t 1
> " omit -~ (15)
ch. cich (b — 1)? '
_ . > 1 16
- Clk + 1 blu ) use ar -~ ¢y, + ( )
cicy(cy +1)(bi = 1)?
: by (16 17
; ! 4 ! 3 bl
et o Lo T )4 +3) by (13), (17), 7.3 (18)

iy (e + Db — 1)

Denote the right hand side of (18) by n*(b;) = nj;’c, (b;). Easy to check that 5t is
decreasing with respect to each variable when b; > 2, cikZ 1, ¢, > 1.

In the Table 1 we show the values of ¢;, ¢}, b;, for which nt(b;) < 7% and hence, the
inequality 2 < 71 follows from (18).

Table 1. Table 2.

=1 ¢=2 ¢2>23 ¢,>214 te=1 ¢,=2 ¢; <6

c,=1:0,>15 b;>4 b;>3 b >2 c,=1:0<4 b,<3 b =2
.=2:6>4 b;>2 b;>2 b >2 . =2:0<3
. >3:6,>3 b;>2 b;>2 b >2 ¢, <6: b, =2

To see this, it is enough to verify that

77;—,1(15) = 7%7 77;—,1(4) =1, 77;—,1(3) =1, 77&,1(2) = 7%7

ma4) =75, 03,(2) =Tz,

771'—,3(3) = 7%7

In the Table 2 we show the values of ¢;, ¢}, b;, for which the inequality AT < 7% follows
from (13), using the evident estimate u > 1.

Comparing the two tables (note that b; > 2 by 7.3) shows that the only cases which are
not covered by them, are:

7<¢; <13, ¢, =1,b; =2; ci=1,¢,. >7, b =2; ci=c,=15<b <14

Consider these three cases separately:

Case 1. (7 < ¢; <13, ¢) =1 and b; = 2). It follows from (17) that u > ¢;/7 > 1.
Hence, u > 2 and (13) implies AT < (¢; +1)/u < (13 +1)/2 =T.
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Case 2. (¢; =1, ¢}, > Tand b; =2).
Subcase 2.1. (¢}, = 7). Suppose that u = 1. Then by definition of u we have

2a, — Ta; = 1. (19)

We know that a; > b, + 1 = 3. If a; were equal to 3, then by (19) one would have
ar, = 11, and hence, (14) would imply 3 > ch = %. Therefore, a; > 3, but a; is odd by
(19), hence, a; > 5. Thus, by (19) we have a; = (7a; + 1)/2 > 18. Hence, (14) implies
3>1/2a; —T/ap + /o> =T/ar + /2 > —T/hs+ 7/ > 3.

The obtained contradiction shows that u > 2. Hence, (13) implies b+t = % < 4.

Subcase 2.2. (¢}, > 8). It follows from (15) that 3 > —(¢}/ar) + (¢} /2u) > —1 +
(ci/2u). Hence, u > ¢} /8 > 1. Subtracting (14) multiplied by 2 from (13), we see that
ht —6 < 1/u—1/a; + 2c,/ar. But 0 < v = 2ay, — c}a; implies 2¢} Jay, < 4/a;, hence,
ht —6 <1/u+3/a; < 1+ 3/

Case 3. (¢; =1, ¢, =1land 5 <b; <14). By (17) we have u > %(bl —1)%/b; > %(bl —2).
Hence, b; < (Tu 4 4)/2 and this implies

b, < { (Tu +2)/2 ?f U ?s even (20)
(Tu +3)/2 if u is odd

Thus, for u > 1 by (13) we have AT = 2(b; — 1)/u < 71/s.

Suppose that v = 1. Then (20) implies b; = 5. By (15) we obtain 3 > —(1/ag) + 16/s.
Since ap > 2, we have only three solutions: ar = 2,3,4. For them a; = bjar —u = 5ar — 1,
and by (13) we have ht = 2(b; — 1)/u = 8. This is the only case when h* > 7%. O

Lemma 8.2. Let k =0 and ht > 8. Then ht = 8 and (a;,b;,¢;) = (13,2,7).

Proof. The proof is similar to that of Lemma 8.1. The beginning of the proof of 8.1
including the formulas (12), (13), (14) and (15) is valid in the case k = 0 without changes.
However, the implication (15) = (16) does not work in this case. Since we have aj = by =
¢, = 1, let us denote a;, b; and ¢; simply by a, b and ¢ till the end of the proof. Then
u = be — a.

First, note that ¢ > 1 because otherwise u would be negative. Eliminating « from (13)
and (15), we see that

+_ o+ b Het1)b
hT < nT(b,c), where 77 = =1y (21)

Case 1. b > 4. Since ¢ > 2, by (21) we have ht < n*(4,2) = 8.

Case 2. b= 3. If ¢ > 4 then ht < n%(3,4) = 7% by (21). If ¢ < 3 then (13) implies
ht = 2(¢c+1)/u < 2(ec+1) < 8, hence ht < 8 unless ¢ = 3 and v = 1. But in this case
a = bc — u = 8 which contradicts (14).

Case 3. b =2. By (14) we have 3 > 5o — 1+ 5> —1+5-. Hence, ¢ < 8u and being
integer, ¢ < 8u — 1. Putting this estimate into (13), we see that ht = (¢ + 1)/u < 8 and
ht < 8 unless ¢ = Su — 1. If bt = 8, then putting ¢ = 8u — 1, a = 2¢ — u = 15u — 2 into
(14), we obtain v = 1. Hence (a,b,¢) = (13,2,7). O
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Corollary 8.3. (a). Under the hypothesis of Lemma 8.1 the graph I'p has one of the
following forms:

a; =9,ar =2: a; =14, ap = 3: a; =19, ap =4
-5 =2 \/ =2 -5 =3 \/ -2 =2 -5 —4 \/ -2 -2 =2
0 0 0 0 0 0 0 0 0
D; Do Dy D; Dq Dy, D; Dq Dy,

(b). Under the hypothesis of Lemma 8.2 the graph I'p has the form:

>0 o)
Dy Dy

Lemma 8.4. Let b; > by, > 2. Then

b, b 2 3by . ‘
h< <£+a_i> . <a-|-7>7 where q—(bk_]-)‘l‘(bz_bk)_" (22)

Proof. Denote (b;/a;) + (b /ar) by u. Multiplying (7) by by, subtracting the result from
(8) and using the estimate Q;xc;b/a; > 0, we obtain the inequality (¢/h)u®+breu—q > 0,
where ¢ denotes the same as in (22). Therefore, we have

hby, 4q by (3) hby, 4q . hby,
u27<—1+ 1+%> > 7(—1+ 1+%>_7(—1+M),

where v = 4¢/(3b%). It remains to apply the evident estimate
—14+VIi+to==14+14v)/VI+v>-1+(14v)/(1+(v/2)=v/(24wv). O
Lemma 8.5. Let b; > by, > 10. Then h < 6% ~ 6.745....

Proof. Applying the estimates (bg/ar) + (bi/a;) < (bg /(b +1))+ 1 and g > by — 1 to the
inequality (22), we see that h < f(by) where

f(b):<1+6+L1>-<%+%>:6+%+bfl+bi1+bz?’_1.

f decreases when b > 1. Hence, h < f(by) < f(10) =641, O

Lemma 8.6. Let b; > by > 2. Suppose also that by <9 and ap > 20. Then h < 5%.

Proof. Casel. (3 < by <9). Apply to (22) the estimates b; /a; < 1, ar > 20 and ¢ > by —1.
We obtain the inequality

h < f(by),  where f(b)= (1 + %) (% + %)
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Direct calculation shows that f(b) < 5% for b=3,4,...,9.

Case 2. (b = 2). Substituting by = 2 into (22) and applying the estimates ap > 20,
¢i > 1, we obtain h < f(a;,b;) where

1 b 6a of 5 +yib+7y2 41 =10a — 20
h)=(—+-— 14— d =L = )
fa.b) <10+a><+a—|—b—2> 9 T Bala+b—2)77 72 = 3207 — 80a + 20

If a > 3 then v1,72 > 0, hence f; > 0. Therefore, since b; < a; — 1, we have h < f(a;,b;) <
flai,a; — 1) = g(a;), where g(a) = f(a,a — 1). Easy to calculate that ¢'(a) < 0 when
a > 1. Recall that a; > b; + 1 > by, + 1 = 3. Hence, h < g(a;) < ¢(3) = 5%. O

Lemma 8.7. Let b; > by > 2. Suppose also that by <9 and a; > 40. Then h < 6.8.

Proof. From (22) and the estimates ay > by + 1 and ¢; > 0, we obtain the inequality

m b 2 3ma

P fulaisb), where fulab) = (74 1) (o4 (m—T)a + 5= )

If a>6,b>2, m>2then f, is monotonically increasing with respect to b. Indeed, one
can check that

afm_ 2 3m Y14 — Y2 71:m2—m—1,

0b _ma—l_m—l—l'((m—l)a—l—b—m)27 vo = m? + m.

m > 2 implies 4, > 0, hence, for a > 6 we have yia — 2 > 6y, — v = 5m? — Tm — 6 > 0,
thus, % > 0. Obviously, for b > 2 the denominator is non-zero.

We know that b; < a; — 1 and a; > 40. Hence, h < f3, (a;,a; — 1) < gp,(a;), where

gm(a)izfm(a,a—l)—|-i:6_|_ m+ 2 i 3(m+1)

ma mZ4+m ma—m-—1

Clearly, ¢, is monotonically decreasing with respect to @ when a > 2. Thus, it suffices to
check that ¢,,(40) < 6.8 for m =2,...,9. O

Lemma 8.8. Suppose that b; > by > 2 and ap < 20, a; < 40. Then h < 6.023810....

Proof. Since b, < a, and ¢, < a,, it suffices to check only finitely many possibilities
for the values of Qi, ay, b, and ¢, (where v = ¢, k). In each case we can find ¢ and h
from the equations (7), (8) and search the maximum of i under the restrictions ¢ > 0,
h > 0, eh < 3. These calculations were performed with a computer. The corresponding
C-program is shown on the Fig. 2. O

Corollary 8.9. Let b; > by, > 2. Then h < 6.8.

Proof. For by > 10 see 8.5; for by < 9 see 8.6 - 8.8 O
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#include <stdio.h>
main(){ int ak,bk,ck, ai,bi,ci, Q; double B,C,BC,h, hmax=0;
for( Q=0; Q<=1; Q++ ){
for( bk=2; bk<=9; bk++ ){
for( ak=bk+1; ak<=21; ak++ ){
for( bi=bk; bi<=40; bi++ ){
for( ai=bi+1l; ai<=41; ai++ ){
for( ck=1; ck<=ak-bk; ck++ ){
for( ci=1; ci<=ai-bi; ci++ ){
B=(double)bi/ai + (double)bk/ak;
C=(double)ci/ai + (double)ck/ak;
BC=(double) (bi*ci)/ai + (double) (bk*ck)/ak;
if( ai==ak ) BC=BC+(double) (2*Q*cix*bk)/ai;

if( 1-C <= 0 )continue; /* eps>0 */
if( BC-1 <= 0 )continue; /* h>0 */
if( (1-C)*(1-C) > 3%(BC-1) )continue; /% BMY x/
if( (h=(1-C)*B/(BC-1)) > hmax ) hmax=h;

FIFYIFY

printf( "hmax=J1f", hmax );
Fig. 2.

§9. PROOF OF THEOREM 1
Let things be like in §6.

Lemma 9.1. Suppose that r > 17. Then:

(a). h > 6.5.

(b). If h < 6.8 then r = 17, and up to a permutation, (dy,...,dy7) is either (4,2,...,2) or
(3,2,...,2).

Proof. (a). See Lemma 6.1.
(b). If h < 6.8 then r = 17 by Lemma 6.1. Without loss of generality we may assume

that dy > dy > ... > dy7. If d3 > 3, we would have h = 17 -2 —1/dy — ... — 1/dy7 >
15— 13— 13 — 1/ — . — 1/ = 65/ > 6.8. Thus dy = ... = di7 = 2 and 1/dy =
17—2—1/2—...—1/2—h>7—h> 1/5. Ol

Lemma 9.2. Suppose that r > 17 and h > 6.8. Then (up to a permutation) one of the
following possibilities holds:

(1). (Ty,T%) is one of the three pairs listed in 8.3(a) and either

(1.1). r=18 and d3 = ... = d13 = 2, or
(1.2). r =17 and (ds, ...,d17) is one of (6,3,2,...,2), (4,4,2,....2), (3,3,3,2,...,2).
(2). r=17,dy = ... = dy7 = 2 and Ty is the twig depicted in 8.3(b).

Proof. By 6.3, X is rational. Hence, there exists a smooth rational (—1)-curve C. It does
not coincide with one of Dy, ..., D, by the minimality, and C' # Dy by Lemma 6.2. Thus,
it follows from 6.5 and 4.2 that C'D = 2.
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Introduce the notation like in §7, §8. If the both b; and by were > 2, then by Corollary
8.9 we would have h < 6.8. Thus, one of them, say, by is equal to 1 and by Lemma 7.2 we
have QQ;x = 0.

Case 1. (Like in 8.1) by, = 1, k # 0.
Since D; and Dy do not belong to the same twig, without loss of generality we may
assume that D; C Ty, Dy C Ty (i.e. di = a;, d2 = ay) and that d3 < dy <.... Then
Rt =r—2—-1/dy —1)dy — ... = 1)d, > 1 —2— 1 — ... — 1 = (r —2)/2. (23)

Since r > 17, it follows that h™ > 71/, Hence, by 8.1 we have h™ = 8.

Subcase 1.1. r > 18. Then (23) turns out into 8 = ... > (r —2)/2 > 8. Hence, all the
7>7 can be replaced with 7=", and we have r = 18 and d3 = ... = dy5 = 2.

Subcase 1.2. r =17. If dg > 3, then like in (23) we would have 8 > 15— (1/3— 13— 1/3—
1/3)—1/2—... == 81/6. Thus, d6 == ... = d17 = 2 and 1/d3—|—1/d4—|—1/d5 == 15—h+—1/2—... =1.

Case 2. (Like in 8.2) k = 0.
Subcase 2.1. Without loss of generality assume that D; € Ty, 1.e. d; = a;. Then r > 17

implies like in (23) that ht=h+14+1/dy>r—1—1f3—...— 1= (r—1)/2 > 8, and by
8.2 we have h™ = 8. Hence, all the ”>" can be replaced with =" and we obtain r = 17
and d2 = ...:d17 = 2. O

Lemma 9.3. Let X be a smooth rational projective surface. Then K? 4+ b = 10 where
K = Kx is the canonical class and b = by(X) is the second Betti number.

Proof. Since X is rational, it is obtained from P? by successive blow-ups and -downs.
Clearly that K? 4+ b = 10 for P? and that K? + b is invariant under blow-ups. [

Corollary 9.4. (See e.g. [FZ; 1.3]) Let notation be like in 9.3. Suppose that D is an
SNC-curve such that X — D is Q-acyclic. Then

(K+D)>=8—5—23b (24)

where s denotes the sum of all the weights of I'p.

Proof. Let Dy, ..., Dy be the irreducible components of D. Write (K + D)* = K? +2KD +
D? and compute each summand in the right hand side:

K? =10 — b by Lemma 9.3;

KD =3 Di(K + D;)— > D? = —2b — s by adjunction formula;

D? = ED? + E#k D;D; = ED? + 2(number of edges of I'p) =s+2(b—1). O

Now let (X, D) be again as in §6. Introduce the following notation. For a twig T
denote s(T) = > (w, + 3), where w, are the weights and the summation is over all the
vertices. Recall that e(T') denotes the inductance of a twig T (cf. §2). Let ¢/(T) = e(T")
where T' is the twig obtained from a twig T' by reversing the order of the vertices. Denote

e(T)+e'(T)—s(T) by o(T), and put: e; = e(T}), ' = €'(T}), s; = s(T}) and ¢; = o(T}).

)
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Lemma 9.5. > p; > 2h — 5.

Proof. By Lemma 1.2 and (2) we have —A = p-(Dz +5 e’;). Hence, D2 = —A/p=>_ ¢ =
h/e — Ee;. Further, by 4.1(a) and 2.4(i) we have (K + D)2 = H?2 + N? = ch — > e
Putting these expressions for D2 and (K + D)? into (24) (where, in our notation, s + 3b =
Dg +3+> s;), weobtain 5+ > ¢p; = h(e +1/e) >2h. O

Now let us complete the proof of Theorem 1'. Suppose that » > 17. Then by 9.1(a) we
have h > 6.5, hence, 9.5 implies Y ¢; > 13 — 5 = 8. However, each ¢; depends only on
the twig, and by 9.1 and 9.2 only few types of twigs can appear. The values of ¢(T) for
these twigs are as follows:

Table 3.
dT) T P(T) dT) T o(T)
> B 0 ) 24
3 3] 2/3 [3,2] 0
2,2] —2/s [2,2,2,2] —2.4
4 4] 1.5 6 [6] 31/3
2,2,2] -1.5 2,2,2,2,2] =31/
Here the twig with the weights wy,ws,. .. is denoted by [—w, —ws,...]. In Table 3 we

listed all the twigs with discriminants < 6. The values p(T') for those twigs which appear
in 8.3, are

99([275]) = 17/97 99([375]) = 24/77 99([475]) = 39/197 99([4727272]) = _12/13'

It is easy to check that in all the cases allowed by 9.1 and 9.2 we can not have > ¢; > 8.
Theorem 1' is proven.
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