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A mathematical model for continuous
crystallization

A. Rachah?®*', D. Noll®, F. Espitalier® and F. Baillon®

We discuss a mixed suspension mixed product removal crystallizer operated at thermodynamic equilibrium. We derive and
discuss the mathematical model based on population and mass balance equations, and prove local existence and uniqueness
of solutions using the method of characteristics. We also discuss the global existence of solutions for continuous and batch
mode. Finally, a numerical simulation of a continuous crystallizer in steady state is presented. Copyright © 2014 John
Wiley & Sons, Ltd.
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1. Introduction

Crystallization is a liquid-solid separation process, where solids are formed from a solution. The principal processes in crystallization
include nucleation, crystal growth, breakage, attrition, and possibly agglomeration and secondary nucleation.

Nucleation is the phase where solute molecules dispersed in the surrounding solvent start to form clusters, which according to
the operating conditions are arranged in a defined periodic manner. Crystal growth is the subsequent accretion process of nuclei,
driven by supersaturation. Crystal birth and growth cease when the solid-liquid system reaches equilibrium due to the exhaustion
of supersaturation.

Figure 1 shows a drawing of a continuous crystallizer with four possible external commands. This includes solute feed to
maintain a satisfactory level of supersaturation, fines removal, used in industrial crystallizers to avoid a large quantity of extremely
fine crystals hindering sustainable growth, product removal, continuous flow out of the container, and heating or cooling. Internal
processes include crystal birth and growth, attrition and breakage, and possibly particle agglomeration. The process operates as
follows: liquid solution is fed to the crystallizer. The supersaturation is generated by cooling. Due to supersaturation, crystals are
formed from the solution and grow. Solution and crystals are continuously removed from the crystallizer by the product outlet
(see several applications [6, 11, 12]). Continuous crystallization processes in the pharmaceutical industry are usually designed
to obtain crystals with sizes in specific range, shape, purity, and polymorphic form like the active pharmaceutical ingredients
(APD[11, 12].

Crystallization is modeled by a population balance equation, in combination with a molar balance and possibly a thermodynamic
or energy balance. Mathematical models of crystallization are known for a variety of processes, but continuous crystallization
with fines dissolution and classified product removal including breakage has not been discussed in the literature within a complete
model including population, molar and energy balances. The model we derive here includes breakage, but not agglomeration, as
the latter is known to be negligible.

Related models featuring structured population balances are used in the understanding of biological population dynamics.
For instance, physiologically structured populations are investigated by Farkas [16] and Farkas and Hagen [18], where the
authors study stability of such processes using the semigroup approach [16, 18]. Models including coagulation-fragmentation
have been considered e.g. by Amann and Walker [20], where the authors discuss the existence of solutions of continuous diffusive
coagulation-fragmentation models. Similar models without diffusion are discussed by Giri [14], Rudnicki [19] and Morale [21].
Models describing the spread of infection of transmitted diseases are investigated by Calsina and Farkas [17], where the authors
discuss existence of solutions using a fixed-point approach. A similar line is chosen in an epidemic model treated by Lanelli
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[22, 23], and for tumor growth by Perthame [24, 25]. Laurengot and Walker [13, 15, 26] use an approach by weak solutions for
a model of infectious diseases.

Our present work applies structured population balance models in tandem with mass and energy balances to the study of
continuous crystallization of Potassium Chloride (KCl) with fines dissolution and product removal including breakage. Potassium
Chloride is used in medicine to prevent or to treat low blood levels of potassium (hypokalemia). It is also used in food processing
as a sodium-free substitute for table salt [27].

The mathematical model presented here is based on the following assumptions. Crystals are characterized by their size L, a
one-dimensional quantity, and we introduce a volume shape factor k, such that a particle of size L has volume v, = k,L>. The
crystallizer is operated at isothermal conditions under ideal mixing due to stirring. We assume that nucleation takes place at
negligible size L = 0, that crystal growth rate is size independent, and that agglomeration is negligible.

Under these assumptions we derive the model equations, and then validate the model mathematically by proving first local,
and then global, existence and uniqueness of the solution. We also indicate how more general situations (size dependent growth,
temperature dependence of saturation constant, agglomeration) can be integrated in the setting. Our proof expands on Gurtin
and MacCamy (see [3]) and Calsina (see [4]), see also [2, 7]. The full model for which existence of solutions is proved comprises
equations (11)-(16), which we derive in the following sections.

The structure of the paper is as follows. In sections 2.1 and 2.2 the model of the mixed suspension mixed product removal
(MSMPR) crystallizer is derived from population and mass balances. Local existence and uniqueness are proved in sections 3.
Global existence is discussed in section 4. Finally, a numerical simulation of a continuous crystallizer in steady state is presented
in section 5.
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Figure 1. Continuous KCl-crystallizer [5] filled with liquid (solute and solvent) and solids (crystals). Internal processes are nucleation, growth, attrition and
breakage, and possibly agglomeration. External phenomena include solute feed ¢¢ at rate g (upper left) recycling of fines hf (upper right), product removal h,
(lower right), stirring, and possibly heating or cooling to act on the saturation concentration cs.

2. Modeling and process dynamics

2.1. Population balance equation

The population balance equation describes a first interaction between the population of solid crystals, classified by their size L,
and a second ageless population of solute molecules of the constituent in liquid phase. The equation models birth, growth and
death of crystals, as well as breakage and attrition.

We denote by n(L, t) the number of crystals of the constituent of size L in one cubic meter of the suspension at time t, or
crystal size distribution (CSD), whose unit is [1/mm - £]. By c(t) we denote the solute concentration of the constituent in the
liquid phase, or in other words, the amount of solute per volume of the liquid part of the suspension, whose unit is [mol/£]. This
second population is unstructured. Now the population balance equation has the form

0D | Gy 2t = 91 (L) + ho(L)) (L, 1)
fa(L)n(L,t)Jr/oo a(L)b(L, L) n(L, t) dL (1)
n(L,0) = no(L), n(0,t) = %

Here the differential operator on the left describes the growth of the population of crystals of size L, while the terms on the
right describe external effects like fines dissolution, product removal, flow into and out of the crystallizer, breakage and attrition.
Extended modeling could also account for agglomeration of crystals [8, 9].
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The function hp(L) describes the profile of the product removal filter, which removes large particles with a certain probability
according to size. In the ideal case, assumed e.g. in [5], one has

(R, WfL>L,
hp(“_{o ifL<L, (2)

where L, is the product removal size and R, the product removal rate. This corresponds to an ideal high-pass filter. Fines
removal is characterized by the classification function hy, which ideally is a low-pass filter of the form

{O if L > Ly

hr(l) =1 g, ifL<Lf ®)

where Ry is the fines removal rate, and L is the fine size. Notice that when R, = Rr = 0, particles are removed indifferently of
size due to flow out of the crystallizer with rate q/V. The case g = 0 corresponds to batch mode, where the total mass in the
suspension is preserved.

The growth rate G(c(t)) in (1) is assumed independent of crystal size L and depends on the concentration of solute c(t) in
the liquid phase. One often assumes a phenomenological formula

G(c(t)) = kg (c(t) = )7, (4)

where growth coefficient k; and growth exponent g depend on the constituent, and where ¢ is the saturation concentration,
[5, 6, 10]. For theory it suffices to assume that G is locally Lipschitz with G(c) > 0 for supersaturation ¢ > ¢s, and G(c) < 0
for ¢ < cs, in which case crystals shrink.

The breakage integral on the right of (1) can be explained as follows. The term a(L) represents the breakage rate, i.e.,

the probability that a particle of size L is broken into two particles of smaller sizes L, i The term b(L, [) is the conditional
probability that a particle of size L is broken onto two pieces of size [ and [ with [ > L, where
13 =134 ES, (5)

assures that breakage does not change the overall crystal volume or mass, given that crystals are characterized by size L and
have volume k,L3. This means we have a sink term and source term. The sink term gathers particles leaving size L by being
broken down to smaller sizes L < L. This leads to

L L
Qprea(L, 1) = / a(L)b(L, L)n(L, t)dL = a(L)n(L, t) b(L,L)dL = a(L)n(L, t),
2-1/3L 2-1/3)
as b(L, Z) is a probability density. The source term at size L has the form

21/3 1 oo

a(L)b(L, L)n(L, t)dL +/ a(L)b (Z — (- L3)1/3) (L, t)dL,

21/31

theak(Lv t) = /
L

representing particles broken down from all possible larger sizes L > L to size L. The left hand term counts those events
where the larger particle has size L, the right hand term those where the particle of size L is the smaller one. In the event
b(L, L) = b(L, (L3 —[3)'3), b will be symmetrized, so that the first integral has the form given on the right of (1).

Let us examine the mass balance of breakage. The total mass of crystals being broken is

Mies® = [ QL LML = [ a(L)n(L )L dL.
0 0
On the other hand, the total mass of new crystals born due to breakage is
(o) [eS) 21/31
Mipeaic () :/ O (L, ) L3dL :/ / a(D)b(L, LYn(L, t)dLL3dL
0 0 L
+/ / a(L)b (E, = L3)”3) (L, t)dLL3dL
0 21/31
oo R L R R
:/ a(D)n(L, t)/ b(L, L)LPdLdL
0 2-1/3f

2-1/3f

+/O€ a(i)n(z,t)/ b(L, (L* = LY PdLdl

S L 2-1/31
= / a(Lyn(L, t) / b(L, L)LdL +/ b(L, (L = L®)*)L3dL § dL
0 2-1/3[ 0
= [ DL DL = M (o),
0
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at all times t, because the term {...} equals

2-1/3[

{...}:/: b(Z,L)L3dL+/ b(L, (L* = L*)*)L3dL

—1/3[ 0

L L A
:/ b([,L)L3dL+/ b(L, L)[*dL
2

—1/3[ 2—1/3]

L . ~ L ~ ~
:/ b(L, LY(L* 4+ [)dL = L3/ b(L, L)dL =3
2

-1/3[ 2-1/3[

This confirms that breakage leaves the total crystal mass invariant. In contrast, if we compute the balance of number of
individuals being broken, we obtain

()= /OOO Cen(b )L = /O” /LML a(L)b(L, L)n(L, t)dLdL
o A N GT (NGRS P

0 L
:/ a([)n([,t)/ b(L, L)dLdL
0 2-1/3[
-1/3f

+/°0 a(Lyn(L, t) /2 b(L, (L% = L»Y®)dLdL

L 271/3[

_ /w a(Lyn(L, ) {/L (Lt +/ b(L, (L% — L3)1/3)dL} di
— [T aDn(E 20t = 205 (0)

because the term {...} equals

L 2131

{---}:/: b(Z%L)dH/ b(L, (L3 = L3)*)dL

-1/3[ 0

_/: b(Z%L)dL+/£ b(L, L)dL = 2.

-1/3[ 2-1/3}

Not surprisingly, breakage doubles the total number of individuals of that part of the population which undergoes breakage.

Remark 1 It is possible to classify particles by volume, as discussed in Hu, Rohani and Jutan ([28]). This requires organizing the
balance equations accordingly, and simplifies the presentation of breakage, as for instance (5) becomesV = V + V. Nonetheless
we prefer to characterize particles by size L, as this allows to discuss first and second moments which describe the total crystal
length and surface. In control applications [29] this allows for instance to address quantities like the weighted mean diameter
diz = [ n(L, t)L*dL/ [57 n(L, t)L3dL, the Sauter mean diameter ds, = [J° n(L, t)L>dL/ [;° n(L, t)L*dL [6, 8], and other
quantities, which are not accessible in a model based on the unit V.

Equation (1) goes along with initial and boundary conditions. The initial crystal distribution no(L) is called the seed. The
boundary condition n(0, t) = B(c(t))/G(c(t)) models birth of crystals at size L = 0 and is governed by the ratio B/G of birth
rate B(c) over growth rate G(c). Again it is customary to assume a phenomenological law of the form

B(c(t)) = kv ((c(t) — c5),)° (6)

for the birth rate, where k, is the nucleation or birth coefficient, b the birth exponent, and g+ = max{0, g}. For theory it is
enough to assume that B is locally Lipschitz with B > 0 for ¢ > ¢s and B = 0 for ¢ < ¢s, meaning that nucleation only takes
place in a supersaturated suspension.

2.2. Mole balance equation

We now derive a second equation, which models the influence of various internal and external effects on the second population,
the concentration c(t) of solute molecules in the liquid. The so-called mole balance equation is obtained by investigating the
mass balance within the crystallizer.

Copyright (©) 2014 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2014, 00 1-21
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Table 1. Parameters.

Feed rate q 0.05 I/min
Total volume 14 10.5 /
Fines removal cut size Lf 0.2 mm
Product cut size Ly 1 mm
Fines removal constant R¢ 5 —
Product removal constant | R, 2 —
Growth rate constant kg 0.0305 mm|/min mol
Growth rate exponant g 1 —
Nucleation rate constant k, | 8.36 x 10° /3/min mol*
Nucleation rate exponant b 4 —
KCI crystal density 0 1989 g/l
Mole mass KCI M 74.551 g/mol
Volumetric shape factor ky, 0.112 —
Saturation concentration Cs 4.038 mol/l

Table 2. Size- and time-dependent quantities

quantity symbol unit
Crystal size distribution n(L,t) | #/mml
Crystal seed no(L) | #/m.m?
Crystal breakage rate a(L) 1/min
Breakage type b(L, L) | 1/mm
Molar concentration of solute in liquid c(t) mol/l
Solute feed concentration cr(t) mol/l

In this study we will consider the total volume V of the suspension as constant, which leads to the formula

dmeoue(t)  d(Vec(t)M) Vds(t) dc(t)
dt a dt T dt dt

= qcrM — qe(t)eM — 3Vkva(c(t))/ n(L, t)L?dL + qup/ he(L)n(L, t)L3dL,
0 0

c(t)M + Ve(t) M (7)

where c¢(t) is the feed concentration and e(t) is the void fraction (see also (51) in the appendix), which takes the form
s(t):l—kv/ n(L, t)L3dL. (8)
0

Typical parameter values for KCl-crystallization are given in Table 1. By substituting (8) and its derivative into (7), the mass
balance of solute in the liquid phase is finally obtained as
de(t) _ qlp— Mc(t)) | p— Mc(t) de(t) | qer(t)M b

M=Ge = % e(t) dt Ve(t)  Ve(t

)(1 + kov(t)) (9)
with
v(t) =R, /Oo n(L, t)L3dL. (10)

More details on how (9) is derived from the mass balance are given in the appendix.

3. Existence and uniqueness

In this chapter we develop our proof of local existence and uniqueness. This requires several preparatory steps. For convenience,
let us recall the complete model described by the population and molar balances. The population balance equation is given by

6”(8Ltv t) :—G(C(t))% — h(L)n(L, t) +w(L,t) (11)

Math. Meth. Appl. Sci. 2014, 00 1-21 Copyright © 2014 John Wiley & Sons, Ltd.
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where -
w(L,t) ::/ a(L)b(L, LYn(L, t)dL (12)

is the source term due to breakage and attrition, and
h(L) :== (q/V)(1+ he(L) + hp(L)) +a(L) >0 (13)

is the sink gathering all attenuating terms. The boundary value is given by

n(0, t) = ggzgg; t>0 (14)
and the initial condition is given by
n(L,0) = no(L), L €0, ) (15)
coupled with the mole balance equation
de(t) g  €(1) 1 [qce(t) | p qape qap
g5 = <V+ e(t)> c(t)—l—@ { Vv +M6(t)—m(1+kvau(t)) vV (16)
c(0) =

where . o0
e(t):l—kv/ n(L, t)L>dL and v(t) :/ ho(L)n(L, t)L3dL.
0 0

3.1. Moments and characteristics

In this part we present a transformation of the model using moments and characteristic curves. Introducing the third moment
u(t) = [ n(L, t)L* dL, we have €(t) = 1 — k,u(t) and €'(t) = —k,u'(2).

Lemma 3.1 Suppose the function c(t) with c(0) = co > 0 satisfies the mole balance equation (16). Then

(17)
5§ -8+ 2 )or /t 1 ger(t) | P , ap qp
= g £k - 14k L
c(t)=e ot | Tk | v Tm Moy O k() + g
(78 )0
Proof By solving (16) with respect to c(t) using variation of the constant, we obtain
(18)
_ i-(8+4g)er /t 1 [gee(T) | o ap ap ] (9448 )es
c(t)y=e Co + e v +Me(7) VM(1+kvau(T)) +VI\/I e dr | .
Now using e(t) = 1 — kyu(t) and €'(t) = —kyu'(t), (18) transforms into
(19)
5§ - (B 2t Yar /t 1 ger(t) | p , ap qp
= g £k — I 14k L
c(t)=e ot | Tk | v Tm (M- yy O k() + o
(7)),
O
Next we introduce characteristic curves. For ty and Lg fixed we let ¢¢, 1, be the solution of the initial value problem
do(t
%O Gle(t)), () = Lo.
t
Since the right hand side does not depend on L, we have explicitly
t
1.1, (t) = Lo +/ G(c(m))dT. (20)
to
E Copyright (©) 2014 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2014, 00 1-21
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We write specifically z(t) := ¢o,0(t). Now we introduce a family of functions Ny, which we use later to define n(L, t) via
Nig.1o(t) .= n(dey.1,(t), t). If we let L = ¢¢,.1,(t), then Ny, 1, satisfies

ey (1) _ O0(L. 1) on(L,t) _ on(L,t) on(L, 1)
gt = ar Yt + g = g Gle(t) + 5
Therefore (11) transforms into
C”Vtoc,/i;o(t) = —(Br.16 (1)) Ney 1 (1) + W (Bt 1, (1), 1), (21)

and we consequently use these ODEs to define the functions Ny, . Integration of (21) gives
t T t
N1, (t) = (NtO,LO(tO) +/ W(ty.1,(T), T) exp {/ h(d)tO,Lo(a))da} dT) exp {—/ h(d)to,LO('r)d'r} ) (22)
to to to

We can exploit this for two possible situations, where Ny, 1, (to) can be given an appropriate value.
Before putting this to work, we will need two auxiliary functions 7 and &, which are easily defined using the characteristics.
First we define 7 = 7(t, L) implicitly by

¢ro(t) = L, or equivalently, ¢+ (T) =0, (23)

or again,

/t G(c(o)) do = L. (24)

(t.L)
0
Then we define € = £(t, L) = ¢+.(0), which gives £ = L +/ G(c(m))dT.

Definition 3.1 We define a candidate solution n(Lo, to) of the population balance equation (1) by the formula

(% + /T:O w(pry0(s), s) exp {/s h(¢m,0(g))da} ds)

70

X exp (— / i h(pry.0(5)) ds) Jif Lo < z(to)

70

I'I(Lo, fo) = (25)

(m@uio©)+ [ w1090 { [ 10nis(@)do} o5)
X exp (— /OtO h(@e.1,(5)) ds) Jf Lo > z(to)

where on the right hand side the construction uses Ny, respectively, (22), and where 7o = T(to, Lo), Lo = ¢(t0), z(to) = ¢oo(to)
and ty € [0, T].

The formula is justified as follows. Let to, Lo be such that Lo < z(to) = ¢o,0(to). This is the case where 7o = 7(to, Lo) > 0.
Here we consider equation (21) for Ny o with initial value Ny o(70) = n(¢r,.0(70), T0) = n(0, 7o) = B(c(710))/G(c(70)). This
uses the fact that ¢,0(70) = 0 according to the definition of ¢-0. Integration clearly gives the upper branch of (25).

Next consider to, Lo such that Lo > z(to). Then To < 0, so that we do not want to use it as initial value. We therefore apply
(21), (22) to Ny, now with initial time 0. Then we get

Niy1,(to) = <Nt0,L0(O) + /Ot0 W(ty,1,(5), S) exp {/OS h(d)to,LO(a))da} ds) exp (— /Oto h(¢e,.1,(5)) ds) )

Here Ny, 1,(0) = n(¢t,..,(0), 0) = no(ee,,1,(0)), so we get the lower branch of (25) all right. This justifies formula (25).

By using moments, ¢, ¢+, and n(L, t) defined by (19), (20), (25), we will represent the problem of existence and uniqueness
of the solution of (11), (16) as a fixed-point problem for an operator Q, which we define subsequently. The operator acts on
triplets (w, u, v) and shall be defined successively according to the following diagram:

19) (20 25 (32).(28).29.3L)
Q9 (w, i, u)(—>)c(—9¢t,L(—>)n(L,t) (w, @, v). (26)

We will then prove that Q is a self-map and a contraction with respect to specific metric on a suitably defined space X1, so
that it has a fixed point, which will provide the solution of the model (11)-(16).

Math. Meth. Appl. Sci. 2014, 00 1-21 Copyright © 2014 John Wiley & Sons, Ltd.
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3.2. Closing the cycle

In this section we prove several facts which we will need later. Our first step is to close the cycle and complete the definition of
Q, which requires passing from n(L, t), defined via (25), back to the moment functions u, v. At least we hope to get back to
w, v via a fixed-point argument. Since this is the objective of the proof, we need to give new names to the moment functions
defined via n(L, t), and we will call them &, v, and w, and this will complete the definition of Q.

Integration of (25) with respect to L3dL is cut into two steps. Fixing t > 0, we first integrate n(L, t)L® form L =0 to
L =2z(t) = ¢oo(t) > 0, and then from L = z(t) to infinity. In order to be allowed to do this, we need integrability hypotheses
on w(L, t). We assume that w € E, where E is the Banach space

E=W;®R" %[0, TDNLLRT x[0,T], L2dL) N Ly(RT x [0, T], L>dL).

Specifically, as indicated by the subscript u, every w € E is uniformly Lipschitz continuous in the first coordinate by use of the
norm [|wl|s + [|w||. with

Iwlle = sup_sup AL = w(l.o)]
0<t<T (4] L — L]

Similarly, the £}-norms are understood in the sense
[[w]1 = sup / |w(L, t)|L2dL < oo, |[lw]l]s = sup / [w(L, t)|L2dL < co.
0<t<T Jo 0<t<T Jo
Integration of (25) with respect to L3dL then gives

o(t) = /OOO n(L, t)L3dL

- /Ozm (Be+ [ W(ro(s). ) exp { [ mowstonachas)en (- [ h(no(s)) as)iiat ()
i /: (morcon+ [ w5100 {[ nountondol as) e (- [ h(Bea(s) ds ) LaL.

In the first integral foz(t) we use the change of variables L — 7 = 7(t, L). That means
[0,z(t)] > L— 7(t, L) €0, t], dL = G(c(t))dT.
In the second integral fzo(ct) we use the change of variables L — £(t, L) := ¢+.(0). Then

[z(t),00) 3 L s £ €[0,00),  dL = de.

t
The inverse relation is L = £ +/ G(c(o))do = €+ z(t). From (27) we obtain
0

(o) = | t <B(C(T)) +f " w(rols), ) exp { I h(cz»,o(a))da} ds) exp (— / h(Bno(s)) ds) LrPar (28)

[T (o [ w(Boc(s), ) exp { [ #ooctonac}as) e (- [ h(doe(s)) ds) L&Y'

where L(T) = j: G(c(o))doand L(§) =&+ fot G(c(0)) do, and where we use ¢ (S) = ¢o¢(s) in the second integral. For fixed
t the functions L — 7(t, L) and T — L(T) are inverses of each other, and similarly, L <+ £ are in one-to-one correspondence via
the formula L = & — fot G(c(o)) do. A formula similar to (28) is obtained for :

(1) :/Ot <B(c(7))+/: w(dro(s), 5) exp{[ h(d)T,o(a))da} ds) exp (7 /Tth(qu,o(s))ds) h(r)L(r) dr (29
[T (m@+ [ wionts) 10 { [ nonctonaaas)ew (~ [ ane(s) s ) Bo(OL(6)" ot

Concerning &, we need to represent its derivative. Starting with

oo [an(Lt) s
o(t) = L
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and substituting the population balance equation (11) gives

7(t) = f/ooc {G(c(t))w +h(D)n(L, £) — w(L, t)} 12dL

:3G(c(t))/ooc n(L, t)L? dL—/OOC h(L)n(L, t)L> dL—i—/OOO w(L, t)L*dL (30)

via integration by parts. Now we can substitute the expression (25) for n(L, t). Using the same strategy of integration [0, z(t)]
followed by [z(t), 00) as in (28) we obtain

70 =36(c(0) [ (8t + [ wioats). 1w { [ nignotondoas) e (= [ nonots) ds) eryar
+36(c®) [ (@ + [ witoets). 1w { [ onetonas as) e (= [ noncto) as) Lieyae
— [ 30rate) (Ben+ [ wignao) 100 { [ h6aatonas} as) oo (= [ ngnalo os) irrar (@)
— [ 0@ (m@)+ [ wignets) 900 { [ nonetondofas) e (- [ nidoe(s) as ) erae

et [ W(ro(t). L) dT + | wonsto. o

This representation, which can also be obtained by a direct differentiation of (28), shows that &’ is a continuous function if we
assume that no(L) and h are continuous, and by continuity of w € E.

In (28), (29) and (31) we can now substitute the expression B(c(t)) = ky(c(t) — cs)2 using (18). This means the moments
W, U, and also @', are defined by way of the characteristics, which are by themselves defined via the original moments u, v,
closing the cycle.

We also need to get back to the function w(L, t). The element obtained by closing the cycle will be denoted w(L, t), and
the fixed-point argument will have to show w = w, just as for the moments. We introduce

~_ [alL)b(L—1L), ifL>L
B(L.L)= { 0, else

then we can write
w(L, t) = /fc a(LYb(L, D)n(L, t)dL = /OO,B(L,Z)n(L,t)dl_,

which is essentially like the moment integral (28), the function L being replaced by B(L, L). Applying the same technique as in
the case of (28), we obtain

w(l, t) = /Ot (B(c(‘r)) + /Tt w(pro(s), s) exp {/TS h(d&o(a))da} ds) exp <— /Tt h(¢+0(s)) ds) B(L(T),[)dr (32)
[T (o [ W(gu(s). 5)exp { [ owwionas}as)en (- [ (e (5)) as) B(LE). D)de,

which expresses w in terms of (w, u, v). In particular, this shows continuity of w. For convenience we again summarize the
construction of Q:

(32).(28),(29).31)
oo ) B2 e, (7.0 7. 7). (33)

This means we can now represent the problem of existence and uniqueness of the solution of (11), (16) as a fixed-point problem
for (33). Note that Q as self-mapping of the Banach space E x C*[0, T] x C[0, T], with arguments w € E, u € C*[0,T],
veClo,T].

Let us make the following assumptions: ng is continuous, ng > 0, and

140,00 := MaXo<i<oo MNo(L) < 400, o1 ::/ no(L)dL < 400,

(Hl) oo og

Ko.2 ::/ no(L)L?dL < 400,  pos ::/ no(L)L*dL < +oo.
0 0

Lemma 3.2 Under the above hypotheses, suppose w € E, u € C'[0,T], v € C[0, T] are given functions. Define w, [ and U
via (32), (28), (29) using the construction in (33). Then w € E, i € C'[0,T] and U € C[0, T].

Proof As no(L) is continuous by hypothesis, [ no(L)L*>dL < +oo, [;~ no(L)L*dL < 400 and w € E, we have w € E.
The statement is clear for U, which is represented explicitly using the right hand side of (29). The representation of 1’ given
by (31) shows that &’ is a continuous function. Then & € C'[0, T]. O
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3.3. Setting up the space

In this section we define a space X7 on which Q, defined through (33), acts as a self map and a contraction. Let us start with
some hypotheses, giving rise to suitable constants. We assume continuity of a and b and that

L) —a(L
(H-) l|alleo ;= max a(L) < 4o, llall. = sup Lﬁ() < 00,
0sLl<oo o<L<L L—L
and A
- b(L,L)—b(L, L
(Hs) [|bllec := max b(L,L) < 400, ||b]lL :=sup sup % < 00.
o<t<i L20, o7 f L[

Let us now consider initial conditions. As we expect the function w € E to satisfy (32), it should satisfy this at t = 0, which
leads to the initial condition w(L,0) = [ a(L)b(L, LYno(LYdL =: wy o < Jforall L.

As p € CH[0, T] is expected to be the moment function of n(L, t) and to coincide with i, it must satisfy the initial condition
w(0) = [5° no(L)L> dL = pos, and similarly v(0) = [° no(L)hp(L)L> dL =: vo3 for v € C[0, T]. For u' we have to put

©'(0) :3G(co)/ no(L)deL—/ h(L)no(L)L3dL+/ w(L,0)L3dL =: pb,
0 0 0
We have

Lemma 3.3 Suppose u, i, v, w satisfy the above initial conditions. Let w, i, U be defined as the right hand sides of (32), (28)
and (29), @' by the right hand side of (31). Then w(L,0) = wy o, &(0) = o3, U(0) = vo3, and @' (0) = ug.

Proof Passing to the limit t — 01 in (28), (31), (29) and (32) shows that the initial conditions for [z, i’ 7 and w are satisfied.
O

In other words, the operator Q respects initial values. This suggest defining the following subset X7 of £ x C*[0, T] x C[0, T].

Xr={(w,p,v) € ExC'O, T xC[0,T]:0<w(L, t)<JforallL>0 and 0<t<T, |[u(t) <K 0<u(t)<K,
0 < u(t) < Rpu(t) forall 0 <t < T, w(L,0)=wio, u(0)= o3, 1'(0) = uy, v(0) = o3}
The idea is now to adjust T > 0, and J > 0, K > 0, K’ > 0 such that Q : X+ — X7 becomes a contraction. This involves two

steps. First we have to assure that Q(X7) C X7, and then we have to prove contractibility.
To show Q(X7) C X7, we clearly need o3 < K and o3 < po3. Notice next that 0 < u < K implies

11 _
e(t)  1—keu(t) = 1—- kK’

so we would like to choose K such that k,K < 1. This is possible as long as we have

(Ha) Wosk, <1, cr(t) < cer = Orpta<><T|cf(t)| <oo for telo,T].
Notice that this is equivalent to €(0) > 0, which is perfectly reasonable physically. We also make the assumption

hep(L) = hep(L
(Hs) ool = max heo(L) < +oo, gl = sup 1ol —relOl o

o<L<i IL L]
where hfp stands for hs or h,. As a consequence of (Hs) and (H-), the function h = (q/V)(1+ hf + hp) + a also satisfies
[|h]ls < 0o and ||h]|L < co.

Remark 2 Note that (Hs) is a realistic hypothesis, but is not satisfied for the ideal high and low pass filters (2) and (3). It is
easy to extend our result to piecewise Lipschitz functions hr, in order to include the ideal filters formally, but in order to keep
things simple, we use (Hs).

3.4. The main result

In this section we present the main result of local existence and uniqueness. Let us start by defining the complete metric. Observe
that a Banach space norm on £ x C*[0, T] x C[0, T] is

| m| = lwlle + [Iwlls + Hwlll + 18l + 1L(O)] + V],

Copyright © 2014 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2014, 00 1-21
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where m=(w,u, v)€ExCH0,T] x C[0, T] and HWHL:suptE[O,T]V#HW(L,t)fW(l:,t)|/|l_7Z|, Wl =
supeepo.) Joo WL, t)L2dL, |[Iw[|ly = supeepr Jo~ w(L, t)L>dL. Since wu(0) is fixed for elements m = (w, u,v) € X7, we
obtain a metric dist(m;, m2) on X7 by

dist(mr, m2) = [[wa — wall + |wa — walls + [[lwi — wal||1 + w1 — w2l + (1 — v2lloo, (34)

where m; = (w;, i, v;) € X7, i = 1,2. Completeness of the metric follows from closedness of Xt in E x C*[0, T] x C[0, T].

Theorem 3.1 Suppose (H1) — (Hs) are satisfied. Then T > 0 can be chosen sufficiently small so that Q : Xt — Xt is a self-map
and a contraction with respect to the metric (34) on Xt. Consequently, Q has a fixed point (w*, u*, v*) on Xr.

Proof 1) Proving self-map
As a consequence of m € Xt we have |€'(t)| = kv |u'(t)] < koK' on [0, T]. Using these bounds on ¢, €', we get

1 qcrr P / qap 2T kK’
< = —_— -— % VTV
c(t)<cr <CO+T1_ka( z +M+kK)+TVM>exp{l_ka (35)

for t € [0, T]. Note that we have convergence cr — cp as T — 0.
From (35) we obtain B(c(t)) < ky(cr — cs)? =: By on [0, T], where Bt — ky(co — ¢5)? as T — 0T. This leads to the estimate

w(t) < /Ot BrL(T)*dT + /Ot/t w(pro(s), s)dsL(T)dT (36)

. - e " h(Goc(0))d
+ / no(€)L(E) dE + / / w<¢f,L<s),s)e/r STV L) e

< T(BrL(T)’ + Wil L(T)?) + pos + e =T |lwl[ls =: ki(T)

on [0, T], with [[|w]||1 = supg<i<7 5~ w(L, t)L>dL < oo because of w € E. Therefore, ki(T) — pos as T — 07 Since pos < K,
we can arrange p(t) < K for all t € [0, T] by choosing T > 0 sufficiently small.

Concerning U, the expressions (28) and (29) clearly imply U < Rpi. Now let us estimate &'. Passing to the limit in (30) and
using continuity of &/, established through (31), yields

o'(t) = 3G(co)pon — /OOC h(LYno (L)L dL + /OOC w(L,0)L3dL = up

as t — 0T. Therefore, as soon as —K' < uy < K’, we can choose T > 0 sufficiently small to guarantee —K' < ii/(t) < K’
on [0, T]. Finally, for w we also have w(L,t) — w(L,0) = wyo as t — 0" uniformly over L € [0, c0), so it suffices to choose

J > wy o forall L. We have to show that w € E, and in particular, |w(L, t) — w(L, t)] < C|L — L|. This follows from the uniform
Lipschitz property of B with respect to the second variable in hypothesis (Hs). Altogether we have proved the following fact:

Suppose (H1) — (Hs) are satisfied, then we can fix K > uo such that k,K < 1. Suppose further that —K’ < ug < K’. Then

Q(X7) C Xy for T > 0 sufficiently small.

2) Proving contractibility

We now proceed to the core of the proof, where we show that Q is a contraction with respect to the metric (34) on Xt. By
applying the Banach fixed-point principle we will then ultimately conclude.

By using the metric (34), we intend to prove dist(Q(m1), Q(m2)) < ydist(mz, my) for some 0 < v < 1. Let my = (wa, 1, V1),
mo = (wa, o, 1) € X7. Let c1, ¢ be the corresponding expressions (19). Obtain the characteristic curves ¢t ,, ¢?, from (20).
Define N;, (s) = n(¢:.(s),s), and similarly NZ,. Finally, define w1, w> via formula (32), 1, [ via formula (28), {1/, {5 via
(31), and 1, > via (29). We have to prove an estimate of the form ||z} — 5|l < T cdist(mi, m2) and similar ones for each
of the six norm expressions in (34). By choosing T > 0 sufficiently small, we will then get a space X7 such that Q : X7 — X1
is a contraction with respect to the distance (34).

(i) Estimating ¢; — &

The key to prove our contractibility estimates is of course to prove this first for the building elements, that is ¢; — ¢z, ¢* — @2,
etc., as those arise in the moment expressions. We start by estimating ¢1 — .

From (19) we get a decomposition c(t) = a(t) + b(t) with

a(t):coexp{f/ot <37%>} (37)

b(t) = /Ot L — klvu('r) {qc\f/(T) + % — ko (1) — % (1+ kvt/('r))] + %] exp {/j (% — %) ds} dr. (38)
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We estimate (37) and (38) separately. Let us examine (37). We have

T t ! t /
q ko pi () / kupo(T)
t) —ax(t) = - =d ———dT — ———d
ai(t) —ax(t) = @ exp( /0 v T) {exp/O 1= kopa(7) T —exp T k(T T

hence |ai(t) — ax(t)| < co]e™® — e*(D] Now we use the estimate |e? — e”| < max{e?, e’}|a — b| to obtain
ja1(8) = 22(8)] < comax {49, 2O} A (1) — Ax(B)]

We therefore have to estimate the maximum max{e”™, e*} and |A; — Az|. We find

[Ar(t) — Ax(t)] < /0 (kkiu()“h('r) s ()| + ko s (T)] ‘ y Ml(’r) 1 kvluz(T)

< v / _ / ! v _
f—lfw/o () — (Tl dT + K K ﬁm)z/o 1(r) = pa(7)ld7.

)ar

On [0, T] we can estimate [|A1 — Aslloo < C1T ||y — phlleo for a certain Ci > 0, using |lu1 — w2l < TCollpu) — phlleo for a

certain C,. Moreover, concerning the maximum, we have
koK

(t)] < t—2—
A < e

kv K’
Altogether, we have therefore proved an estimate of the form [|a1 — aslee < co€’ T-RK C1 T ||} — wh|o. For the second term
(38) we have

t T ! T !
bi(t) — ba(t) :/ e*(a/V)(th)bl(T) {exp/ ,Ll(s)ds _ exp/ ,/“’“72(5)(15 dr
t t

0 1 — kypa(s) 1 — kvpa(s)
t _ - T k /(S) - -
(a/V)(t—T) v
+ [ e e ~SH2S) s (b(7) — ba(T))d
/ - / e 2 ds- (bi(r) = ba(r)dr
where bi(t) = by [“fvm 42— kou(t) — (14 kvu,(t))] + 2 Now for t € [0, T],
it 1 qcrr
< — = _ .
B <€ 7= [ o+ e VMkVK} + VM — G

Put Bi(t, 7) = [F 2C s then |Bi(t, T)| <

T 1—kvpi(s)

t ~ ~ ~
|b1(t) — bz(t)| = '/ e*(q/V)(t—T)bl(T) (631(t,7) _ eBz(H’)) dr +/ e*(q/V)(t—T)eBz(t,T) (bl(’l') . bQ(T)) dr
0 0

t
< C3/ ’esl(m) _ Bt
0

t KK t
< C3ethK/(17ka)/ |Bi(t, T) — Bao(t, T)|dT + el Tk /
0 0

(t — 1) for 0 < 7 < t. Then by — by can be estimated as

t
dT + e'TRE / By (7) — bo(7)|dT
0

bi(T) — Bz(’r)‘ dr.

Finally,

t kv t
Bu(t )~ Ba(e. 1) < | (o) — w(o)lds + [k

T

‘ 1 _ 1 ds
1—kopi(s) 1 — kypa(s)

ky / ; k2K
<(t-7T)——% |‘M17M2|‘00+(t77—)7”,u’1 p2lloo
1— kK (1 - k/K)?

<t-m) R e R T e
= T- KK A=k K)P

Integrating gives fot |Bi(t, T) — Bo(t, T)|dT < Ca:rt?||h — wh|oo, Where Czr — k, /(1 — k,K) as t — 0", Now

~ ~ B 1 qce(t) | o , qp
Bu(0) = Bat)] = Ty | S+ 7~ b (0) — (0 o (e)
1 ger(t) P / ap
_ qcr(t) L P ap 1 - 1
v M UM \T—km(t) T kea(D)
kv Ly kv / ap kv _ kv
+ {kkvm(t)“l(t) 1fkvp,2(t)u’2(t)} VM {171@;1,1(1‘) ()~ T w2
= /1(t) + /z(t) + /3(t).
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Here we estimate

| ()] = ‘ {qc\f/(t) + % - %J (1 - kvlm(t) T1- kjuz(t))‘

gerl PGP ki
qgcel | p qp k /
< - — | —_—
N [ v M \//\/1] Trre | Cellun — sl

Using the same estimation as for |Ai(t) — A1(t)|, we obtain

ky ’ kv ’ ’ ’
= _— _— < _
RO = |0 — Ty al0)] < Gl = e
Next we have
ky ky
/ - - @ -
10 = o [T ~ T )
_a |k - kK
= U [T (0~ ) o) (7=~ 17|
qp ky kK
— VMl—kvlJll(t)Hl/l U2||OC+ ( k K)Q”I“l’l /“LQHOC
qp ky koK

< ool = vellee + o5 T Col 1t — Kol
_Vlekvm(t)llul va| T AR Colluy — ||

These estimates give us

=~ ~ ceT ky, k, K ,
[[b1(t) = ba(t)loo < {(q . + L ﬂ) WTCZ +C+ mTCZ [ 1 *H’/2||oo

q ky
UM T~ velle < Gollin = il + Collvs = w2l

hence

ky K ky K ky K
161 = bollo < (TR Cart? o+ Coe' TR ) Tl — o+ & TR CoT o = vl
By the previous estimates we obtain
_ ky K
llar = clloo < €O (C3T2C 4 Co + Ca) Tl — wallso + € TRF CoTllvn — vl
< GrT |t — walleo + CeT |1 — 2|l

which establishes the desired contraction estimates for c¢; — co. Naturally, we also get estimates for G(c1) — G(c) and
B(c1) — B(c2), which are
IG(c1) = G(e2)ll < Kgller = calloo < kgCrT |11 — wlloo + keCeT V1 — vllo (39)

and

[1B(c1) = B(e)lle < 2keCr(1+Cr)Tllar — 2l
< 2kbCT(1+CT)C7TH/J/1 —LLIZHOC +2kbCT(1+CT)C8T||I/1 —Uz”oc. (40)
(i) Estimating characteristics ¢' — ¢

From (39) we readily get an estimate for characteristics. Putting ¢t , (t) = Lo + ftz G(ci(T))dT, i=1,2, we have

bt () — B2.1, (£)] < / IG(cr(T)) = G(ea(T)| dT < |t — t|l|G(c1) — G(@2) oo < |t = t0|Co |1 — M2
to
That means

|Gt.10 (1) = B, ()| < CoT [ — e | (41)

for all to, t € [0, T] and every Lo. The estimate (39) for G(c1) — G(c») also leads to immediate estimates for L(7T) and L(£),
namely

|La(7) — Lo(T / IG(c1(0)) — G(ex(0))ldo < T|G(c1) — G(2)llee (42)
Math. Meth. Appl. Sci. 2014, 00 1-21 Copyright © 2014 John Wiley & Sons, Ltd.

Prepared using mmaauth.cls



Mathematical
Methods in the
Applied Sciences A. Rachah, D. Noll, F. Espitalier, F. Baillon

PELREe e e e
IL1(§) — L2(§)] < /O|G(C1(U))*G(C2(U))|dUST||G(C1)*G(C2)||oo- (43)

(i) Estimating 1} — i)

Formula (31) decomposes into a sum of 6 expressions i'(t) = A(t) + B(t)+---+ F(t), and we estimate A;(t)—
As(t), ..., Fi(t) — Fa(t) separately. Writing A(t) = 3G(C,(t))f0tz(t,7')d7' with the obvious meaning of Z(t, ) in (31), we
have

As(t) — Ao(t) = 3G(c1(t))/t11(t,'r) dr — 3G(cz(t))/tIg(t,'r) dr,
—3[6(ci(t) — G(es())] /tzl(t, 7)dr + G(o(D)) /t [T, 7) — To(t, )] dT.

By (39) and boundedness of fOtI1(f,7') d7, the first term on the right is bounded by C||G(c1(t)) — G(c2(t))|lo < C'T | —

m2| . Similarly, in the second term on the right we use boundedness of G(c2(t)), which leaves us to estimate the expression
Jo [Z(t, 7) — To(t, 7)) dT. Now Z(t,T) can be decomposed as Z(t, )= (B(c(T))L(T)? + N (t, 7)) M(t, 7). That means,
suppressing arguments and writing B = B(c)L(7)? for simplicity

Ty —To = (B1 + N1) [M1 — Ma] + [Br — Ba + N1 — No] M.

Then it suffices to estimate the terms By — B>, N1 — N> and M; — M, separately, and use this in tandem with boundedness
of B, M, N over the set t, T € [0, T]. While estimate Bi — B, is handled using (40) and (42), we consider

M) - Mot ) = e (- | t (@hal@)de ) La(r)* —exp (- [ t a(o))do ) La(r)

T T

= exp (— / t h(cpi,o(a))da) [L(7)* = La(7)"]

sloo(-f t Hho(oN)do ) — e (- [ t Ha(o))do )| La(r”

Here the first line uses (42), while the second line uses |e™® — e™?| < |a — b| for a, b > 0 and

/ h(# 0(0)) — h(¢20(0))do < lip(h) / 16-0(0) — Gro(@)ldo < lip(H)T2Co |m — ma|

where we assume that h is globally Lipschitz continuous on [0, co) with constant lip(h). Now we use (41) to conclude that
|A1(t) — Ax(t)| < CT | my — m2| as claimed. For the term Bi(t) — Ba(t) we decompose B(t) = 3G(c(t)) [~ J(t,£)d€, with
J(t,€) = (no(€) + K(7, £)E(t,£)) L(€)*, then

Bi(1) ~ Ba(t) = 36(cu(t) [ 153(2€) ~ (e, O] d€ +3[6(a(0) ~ Glex(e)] [ (e, €1k
so we have to show boundedness of [°7(t,€)dé over t€[0,T], and a Lipschitz estimate for the expression

I [t €) — Ta(t, €)] d€. Boundedness requires [° no(€)L(€)°d€ < oo, and also supg<;<t f;° wi(L, t)L*dL < oo, which is
clear since wi, wo € E. Now we concentrate on the Lipschitz estimate, where we have

/Om [t €) — Ja(t, €)] dé = /Om K1 (2, )6 (1, £) — Ka(t, )Ea(t, £)] L(€)de

- /OOC Ki(t,€) [Ex(t,€) — Ex(t, )] L(€)de + /Ow Ex(t,€) [Ka(£, €) — Ka(t, )] L(E)%dE.

Here the first term uses &£1(t, §) — &Ex(t, €) = exp (f fot h(d)é,g(s))ds) — exp (f fot h(d)%,g(s))ds), which is readily treated using
(41) and the hypothesis that h is globally Lipschitz continuous. The second term requires estimation of

Ka(t,€) — Ka(t, &) = /Ot i (Bhe(s), 5) exp {/O h(¢5,g(a)do} — wa(dRe(s), s) exp {/O h(¢§,g(a)do} ds,

which uses (41) in tandem with Lipschitz continuity of h and a uniform Lipschitz estimate |w(L, t) — w(L, t)| < [|w]|.|L — L]
on t € [0, T]. Estimation of the third and fourth block in (31), that is Ci — C> and Di — D», follows the same lines. From
the last line in (31) we get the remaining two terms E1 — E» and F1 — F», which are estimated in much the same way as the
corresponding wy; — w» terms in the expression By — B>. We need once again the Lipschitz property of w; in the first coordinate,
and moreover, maxo<¢<T fooc w(L, t)L3dL < oo, which is guaranteed by w; € E. This concludes the estimation of fi; — fio.
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(iv) Estimating the remaining terms

We have to estimate in much the same way the expressions U1 — > and w1 — wa. The first expression clearly follows the same
line as in the previous section, now based on (28), while the second estimate uses (32). Naturally, for wi — w> we have to repeat
this three times for the different norms involved, the principle being the same.

Altogether, we have shown that Q : X7 — X7 is a contraction with respect to the metric (34) on X7. Consequently, Q has
a fixed point (w*, u*, v*). |

It is now clear from inspecting (33) that ¢*, defined through (19), and n*, defined through (25), are solutions of the crystallizer
model (11) — (16) on [0, T].

4. Global existence of solutions

In this section we investigate the existence of global solutions. Recall that our model assumes that the mass of solvent is
invariant, which includes the case of batch crystallization, or the continuous mode. Since the molar masses of solids and liquid of
the constituent are assumed equal, as is the case in KCl-crystallization used in our simulation study, the total mass of constituent
Msolute + Msolid IS also constant. This gives the lower bound

Vso\vent

t)> =2 >0 44
e(t) > =77 > (44)
for the void fraction e(t) at all times t. Using (52) and the above mass conservation of constituent, we have

VecM < VEOCOM + msohd(o)r

which by (44) gives the upper bound

€0Co |, Msoia(0) _ Vepco Msolid0 .
< =! Cxo-

< == =:
C(t) - G(f) + VME(t) - Vsolvent Vso\ventM

Since c(t) > ¢s, we deduce that c(t) is bounded.

Theorem 4.1 Suppose the total volume of slurry VV and the total mass of the constituent are held constant during the process.
Then the crystallizer model (11) — (16) has a global solution.

Proof 1) The proof of the local existence theorem shows that for initial data co > ¢s and ng(L) there exists times T > 0 small
enough such that Q : X+ — Xt is a contraction with respect to the distance (34). As the construction only depends on the
norm [[no(L)||1 of the initial seed, we may define T;,5(co, o) as the largest T > 0 such that for initial data ¢s < ¢(0) < ¢o and
llno]l1 < vo, we have dist(Q(m), Q(mz)) < idist(mi, m2). In particular, the solution c(t), n(L, t) of (11) — (16) is guaranteed
to exist at least on the interval [0, T /»(c(0), ||no(-)[[1)].

As a consequence of the above, if we let £(co, ||no]|1, T) be the Lipschitz constant of Q on X7 with initial data co and ng(L),
then by construction £ (co, ||noll1, T1/2(co, [moll1)) = 3.

2) Using the boundedness of c(t), there exist constants Go, By such that G(c(t)) < Go and B(c(t))/G(c(t)) < Bo. Now let
n(L, t) be the solution of (11) with constant speed of growth Go and constant birth rate n(0, t) = Bo. Then n(L, t) < n(L, t)
on any finite interval of existence of the solution n(L, t). Indeed, n is the solution of a linear population balance equation which
exists on any finite interval. Moreover, since in the model for 7 more crystals nucleate and the speed of growth is faster, while
breakage, fines dissolution and product removal are treated the same way, the linear model has a larger number of crystals at all
sizes L.

3) Let us define A(T) = sup,<7 [, A(L, t)dL, then [[n(-, t)[x < A(T) for all L and all t < T as long as n(L, t) exists on
[0, T]. Now fix T* > 0. We will prove that the solutions c(t) and n(L, t) exist on [0, T*]. Put Ty5 := T1/5(Ce, N(T™)). Then
the solution c(t), n(L, t) exist on [0, Ty5]. If T1» > T we are done, so suppose Ty,p < T

In order to extend the solution further to the right, we take c(Ti2) and n(-, T1/») as new initial data. Since ¢(T12) < Cx and
[In(-, T1j2)llr < A(T12) < 0(T™), the new initial data are still bounded by ¢ and n(T™). That means, the new solution will exist
at least on [0, T1 o] with T10 = Tq/0(ceo, N(T™)) the same as before. Patching together, we have now existence of a solution of
(11) = (16) on [0, 2Ty 0]. If 2Ty > T™ we are done, otherwise we use c(2T;,) and n(L,2T;5) as new initial data. Then we
still have ¢(2T12) < ¢ and [[n(-, 2T10)|l1 < 1(2T72) < A(T™), so we have the same bound as before, and the local existence
proof will again work at least on [0, T1,5]. After a finite number of steps we reach T, which proves that the solution exists on
[0, T7]. a

Remark 3 Since G(c) and B(c) are only locally Lipschitz functions in general, we should not expect global existence of solutions
in all cases. For instance, in evaporation crystallization the solvent mass is driven to 0 in finite time T, which leads to c(t) — oo
ast — T, even though the mass of constituent may remain bounded.
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5. Numerical tests

In this section we present a numerical simulation for the continuous crystallizer in steady state with fines dissolution, product
classification, and negligible attrition. This case is instructive as it shows that the system has a one-parameter family of possible
steady states, which are oscillatory or even unstable and in practice need feedback control. See e.g. [1, 5]. A second interest in
this study lies in the fact that in this case an explicit solution can be computed, which allows to validate the numerical scheme.

The population and mole balance equations at the equilibrium (css, nss(L)) are maintained through the steady-state feed
concentration crss, where css and nss(L) are respectively the corresponding steady state values for solute ¢(t) and CSD n(L, t).
For fixed css, the population balance equation has a unique solution nss

nes(L) = nss(0) exp{—mfo hf+p(/)d/} (45)

where nss(0) = ggz:; Then we obtain
exp ,7ng(C17CS)(1+Rf)L} 0<L<Lys
nes(L) = ggg; exp fm(/mf + L)} Lr<L<L, (46)
exp —mmm —Rplp+(1+ R,,)L)} L,<L
with -
€s=1— kv/o nss(L)L3dL
and

Nss = kV/ nss(L)L3dL,
Lp

which as we realize are both functions of css alone. Our fundings are

/ nss(LYL3dL =1y + Ir + I, / nss(L)L3dL = I3
0 0

where
k Le
h=2(css — 65)3/ et 13dL
kg 0
Ky s _a L} 3.2 6L 6 6
= e (e =2 =7 F)TF
with q
a=———(1+R
Vkg(css — cs)( )
and
k e[t
I = 2 (cos — )’ Vialess e / et 13dL
kg L
Kb 3 vl [ obL L, 3L, 6L, 6
:k_g(Css*Cs)Eng(s5 5)(6 P *?*F*F*F
L3 3.3 6L 6
—bL p p p
e ‘(7*?*?*@))
with
p— 9
Vkg(Css — Cs)
and
Kb 3 —veree—— (RiLf—Ralp) > —cL 3
I3 = _(Css _ Cs) e Vkg(css—cs) e L dL
kg L
kb 3 e (RiL—Ralp) —ct, (Lo, 3Ly 6Ly | 6
:k_g(css_cs) e Vhgless—cs) 1T R2mP) g mCly ~tTa2tata
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with q
¢ Vkg(css — cs)( +Re)
Now we have to substitute these numbers in the steady state mole balance equation, d(Cj(tt) =0, dz(tt) = 0. This gives
Crss = P (1 + Ronss) — (p — Mcss)€ss. (47)

This means that for a given steady state concentration, css, there exists a unique possible steady state feed concentration crss.
Of course there are limiting values, determined by the constraint 0 < ess < 1. In fact, the case css = ¢s gives nss = 0, €ss = 1,
so no crystal production at all. This correspond to the feed crss = Css = Cs. In the other end, the limiting case €ss = 0 means no
liquid left, everything is crystal.

For the simulation, we use the finite difference upwind scheme [30]. We then transform the system into an ODE system and
run an ODE solver. A simulation of the nonlinear model is shown in figure 2. For visualization we use the mass density function
m(L, t) = pk,n(L, t)L* and the number density function n(L, t) representing the crystal size distribution. The feed concentration
is kept constant at crss = 4.4 mol/I. The corresponding steady state value for solute concentration c(t) is css = 4.091 mol/I.

4.098

4.096

4.094

4.092

C [molf]

4.088

4.086 . . . . . . . . .
0 5 10 15 20 25 30 35 40 45 50 t[h] [
i L [mm]

tih

L [rom]

Figure 2. Simulation of continuous crystallizer with fines dissolution, product removal, and negligible attrition at steady state. Solute concentration (left), mass
density m(L, t) = pkyn(L, t)L3 (right) and number density function n(L, t) (at the bottom) show sustained oscillations and even instability, which may degrade
product quality.

6. Discussion and conclusion

We have derived a mathematical model of a mixed suspension mixed product removal crystallizer based on population and mass
balance equations. Consistency of the model was shown by proving local existence and uniqueness of solutions using the method
of characteristics. Global existence of solutions for continuous and batch mode was also established using a prior bound on
the solute concentration derived from physically meaningful conditions. Our method of proof indicates that when growth rate
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G(c) and nucleation rate B(c) are only locally Lipschitz functions, we should not expect global existence of solutions as a rule.
The complexity of the continuous crystallization mode with fines dissolution, classified product and breakage dependent on the
Lipschitz behavior of growth and birth rates is a novel aspect of our study compared to models discussed in mathematical biology
[17, 15, 20]. Our work contributes the first complete mathematical study of crystallization based on a model including population,
molar balances and breakage phenomenon. We have also presented numerical simulations of the continuous crystallizer in steady
state. The result of a simulation study of continuous crystallizer in steady state shows that feedback control is needed to avoid
oscillations that may degrade product quality.

Appendix

In this appendix, we give details how the mole balance equation is obtained by investigating the mass balance within the
crystallizer. The total mass m of the suspension in the crystallizer is decomposed as

m = Miiquid + Msolid = Msolvent + Msolute + Msolid - (48)

In this study we consider non-solvated crystallization, where solute molecules transit directly into solid state without integrating
(or capturing) solvent molecules. We therefore have

.+ -
Msolvent = Msolvent - (49)
In batch mode g =0 the total mass is preserved, ‘Z,—'t” =0, and the system is closed. We will then obtain the relation
d—’"ft—m = fd—’:ﬁ‘—‘d. In continuous or semi-batch mode this equation has to be completed by external sources and sinks. Using
(49) this takes the form
dm d Msolute d Mesolid 4 - ot L
E = d—fu T = Msojute — Msolute + Msolid — Msolid - (50)

We will now have to relate this equation to the population balance equation (1). In analogy with (48) we decompose the total
volume V' of the suspension as V' = Viquid + Véoiid = Véolute + Veolvent + Veoiid- T he liquid section is the dimensionless quantity
thuwd Vsohd

— Jaud _ 5
E= 7y %

(51)

A natural physical quantity to describe the solute population is the molar concentration of solute ¢, = !@\—‘/mﬁ which quantifies
the amount of the solute constituent per volume of the suspension. Here p := psoite = Psoiia iS the density of solute, and by
assumption also the crystal density, M is the molar mass of the constituent, V' the total volume of the suspension, and Vioute
is the volume of solute in the suspension. The unit of ¢y is [mol/£]. This allows us now to introduce the molar concentration

of solute in the liquid phase c =7 tcy, = ‘\//S‘L“tjﬁ whose dimension is again [mol/£]. This quantity leads to a more complicated
iqui
form of the mole balance equation, but its use is dictated by the fact that growth term in the population balance (1) depends

on ¢ and not directly on ¢,. We deduce the relation
Msolute = VECM. (52)

Since we consider the total volume V of the suspension as constant, we obtain the formula

d Msolute o d(V€CM) o de dc
ar a7 = thcM+Va at M. (53)

Let us now get back to (50). We start by developing the expressions on the right hand side. Decomposing mZ;, =

L+ L+ + L+ o+ ot _ i ;
Meines T Myroduct T Maeneralr WE have mg oo+ My i + Myeneras = 0, Meaning that we do not add crystals during the process.
For crystal removal we have

oaee = ko [ (L)L, L,
0

which means that crystals of size L are filtered with a certain probability h,(L) governed by the product classification function.
Similarly, fines are removed according to

Mines = koD / he(L)n(L, £)L3dL
0

where he(L) is the fines removal filter profile.
The term My e = Gkvp fooc n(L, t)L* dL corresponds to a size indifferent removal of particles caused by the flow with rate

g. The external terms for solute include . = { Msolute, Meaning that due to the flow with rate g a portion of the solute mass
is lost.
Copyright © 2014 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2014, 00 1-21
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In the input we have mZ, .. = gcrM + ring, .., where gcrM means solute feed and is a control input. The second term ritg, o

means that the mass which is subtracted from msoiiq in the dissolution phase is recycled and added to msoute. Altogether, fines
therefore do not alter the mass balance. We now have related the dotted expressions to quantities used in the population balance
equation.

Our next step is to relate the internal dynamics of the mass balance to the population balance equation. We start by noting
that meoiia(t) = kypV fooo n(L, t)L3dL. Differentiating with respect to time and substituting the integrated right hand side of
the population balance equation [;°{...}L>dL in (1) gives

dmsohd(t) — KoV 00 an(L, t)

3
dt 0 ot - dt

= an(L, t)

= —kupVG(c(1)) s

L*dL fkqu/oc(l+hf(L)+hp(l_))n(L,t)L3 dL (54)
=3k, VpG(c(t)) /OC n(L, t)L? dL — k,pq /w (1+ he(L) 4+ hp(L)) n(L, t)L2 dL,

where the third line uses integration by parts and also the fact that breakage conserves mass at all times

/ (theak(Lv t) - Q;reak(Lv t)) LSdL =0,
0

so that integrated terms related to breakage cancel. Altogether, equation (50) becomes

70/(\/;:/\/’) +3kpVG(c(1)) /:O n(L, t)L* dL — kqu/om (1+ he(L) + hp(L)) n(L, t)L* dL

= —%Vecl\// + qcr(t)M — qup/ (14 hy(L))n(L, t)L3dL.
0

Subtracting the term gkvp [;°(1 + hp(L))n(L, t)L>dL on both sides gives

d(VecM)

= aceM — gceM — 3VkVpG(c(t))/ n(L, t)L2dL + qup/ he(L)n(L, t)L3dL, (55)
0 0

where ¢¢(t) is the feed concentration and €(t) is the void fraction (51), which takes the form
s(t):l—kv/ n(L, t)L3dL, (56)
0

where k, is the volume shape factor of crystals (see Table 1).
Differentiating (56) with respect to time t yields

de(t) < an(L,t) 3
- 7kv/0 TR (57)

dt

By substituting the population balance Eq.(1) in first step and using the partial integration in second step, the temporal variation
of the liquid fraction is
de(t)
dt

= an(L, t)
oL

= k,G(c(t)) L*dL + %kv /w(1 + he (L) 4 ho(L))n(L, t)L>dL

= —3k,G(c(t)) /w n(L, t)L?dL + 3/@ /w(1 + he (L) 4+ ho(L))n(L, t)L3dL. (58)

Solving (58) for 3k, G(c(t)) [~ n(L, t)L?dL and multiplying by p, the mass balance of the solute in the liquid in (55) simplifies
to
d(VecM)
dt

de

= qgceM — gceM + V’Odt

fqpkv/ (14 ho(L))n(L, t)L>dL. (59)
0
Finally, using (53), equation (59) is transformed to

Md;(tt) _ q(pfyc(t)) n pfelé/tli(t) dz(tt) n q;fééft)_)/w B vgé)t) <E(t) e /Ooo(l R t)L3dL)_ .

By substituting (56) into the last term of the right hand side in this last equation, the mass balance of the solute in the liquid
phase is finally obtained as

dc _qlp—Mc) p—Mcde qccM qgp
M i v + P Ve Vs(l + kov(t)) (61)
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with
v(t) = /OO ho(L)n(L, t)L*dL. (62)

This is now equation (10) in the text, which is thereby justified. We shall assume 0 < h,(L) < R, for all L, so that v(t) < Ryu(t)
for all t. In the case where hp in Eq.(62) is an ideal high pass filter, we obtain

v(t) =Ry /Oc n(L, t)L>dL. (63)

Lp
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