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1. INTRODUCTION

Given a finite dimensional euclidean space R? with inner product (-,-) and induced norm |- ||, and
a convex function f: R% — R U {+oco} of Legendre type [53, Sect. 26|, [8], the Bregman distance or
Bregman divergence associated with f is defined as

_ [ f@) = fly) = (Vf(y),x—y) ify€int(domf)=:G
(1L.1) D(@,y) = { +o0 otherwise
Given a closed subset B C domf, the left Bregman distance to B, and the left Bregman projection
onto B, are defined through
(1.2) Dp(a) = min{D(V,a) : b € B}, Pg(a) = argmin{D(¥',a): V' € B},

where the operator JSB is set-valued. Analogously, the right Bregman distance to, and projector onto,

a closed set A C G are

(1.3) Da(b) = min{D(b,d') : a' € A}, Pa(b) = argmin{D(b,d’) : a’ € A}.

We consider sequences a,, € A, b, € B generated by alternating left-right Bregman projections as
bn € Pp(an), ant1 € Pa(by), n €N,

and seek conditions under which these converge to a point in the intersection, a,,b, — x* € AN B,

or in the infeasible case AN B = (), to points a,, — a* € A, b, — b* € B minimizing the Bregman
distance between A and B. We use the notation,

! r l
an — by — apn+1 — bnta,

and also the index-free form,
(1.4) a#b#cﬁ#bﬂ

with b € Pg(a), a™ € Pa(b), bt € Pp(a’), referring to these as building blocks of the alternating
sequence. Note that (1.4) gives decrease of the distance in the sense that

(1.5) D(bt,a™) < D(b,a™) < D(b,a).

Alternating Bregman projections were first proposed in [23] as iterated left projections a BLINY LN

at —5 b+ between closed convex sets A, B. In the convex case substantial literature on Bregman
projections is available, see e.g., [8, 9, 10, 11, 16, 25, 26, 28, 32, 31, 39]. Work addressing the non-
convex case is scarce and includes for instance [18], even though many practical applications use
non-convex alternating Bregman procedures without proper convergence certificate.

A strong motivation for the setup (1.4) is that it covers instances of the Expectation Maximization
algorithm (EM algorithm), where the Bregman distance specializes to the Kullback-Leibler divergence.
This link was established in [32, 31|, where the authors introduce the em-algorithm, known to coincide
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2 D. NOLL

with the EM algorithm in the majority of cases [2]. In [32| convergence results for (1.4) with A, B
convex are obtained. Convergence for certain non-convex instances of (1.4) appear already in [60].
Here we prove convergence for definable non-convex parameter sets, a hypothesis satisfied in practice.

Since alternating Bregman projections include euclidean alternating projections (AP), it is worth
checking what is known in that case, as this gives an idea of what we may expect to achieve. Local
convergence of non-convex AP was proved in [45] for transversal intersections, with [44, 12, 13| ex-
panding on that idea, and here one expects linear convergence near A N B. Tangential intersections
were considered in [52, 51|, and then convergence drops to sub-linear speed. Convergence for tangen-
tial intersections is obtained under the angle condition, a geometric form of the Kurdyka-fojasiewicz
inequality, controlling the mutual position of the two sets near z* € AN B, and this extends also
to the infeasible case; [52, 51, 61|. Presently we derive similar geometric notions for alternating
Bregman projections, including both the feasible and the infeasible case.

Along with geometry, convergence requires as second ingredient a weak form of reqularity in at
least one of the sets, or less bindingly in [52, 51|, a mild form of regularity which one of the sets has
with regard to the other. Even in the euclidean case [14, 15, 52| regularity hypotheses cannot be
avoided. Here we rely on the three-point-inequality, which in the non-convex setting made its first
appearance in [52]. We obtain a suitable extension to Bregman alternating projections, and for the
purpose of justification, we show how the three point inequality can be derived from conditions on
the reach of A, B.

As demonstrated in [52, 51] for AP, angle condition and regularity are truly versatile when allowed
to break the symmetry between A, B. By that we mean that under (1.4) regularity of B with
regard to A does not have the same effect as regularity of A with regard to B. Since Bregman
alternating projections are by themselves already asymmetric, half the theory applies to [r-building

blocks a — b -7 a™, the other half to ri-blocks b —s a™ by gt Fortunately, a duality principle
allows to pass from one to the other, leading to a more unified convergence theory.

We obtain applications to the EM algorithm for discrete distributions, and for exponential families.
In general only a sub-linear convergence rate O(k™") for some p € (0, 00) can be affirmed. Our non-
smooth geometric approach has elements in common with information geometry, a field combining
Riemannian geometry, statistics and probability [2, 3].

The structure of the paper is as follows. Section 2 is preparatory, as is Section 3, where the classical
notion of reach is extended to the Bregman setting. Section 4 prepares the infeasible case, and in
Section 5 the geometric angle condition is derived from the Kurdyka-f.ojasiewicz inequality. We also
examine how the angle condition relates to tangential and transversal intersections. Section 6 extends
the three-point-inequality from [52, 51| to the Bregman setting. Convergence is obtained in Section
7, dual convergence in Section 8. The worst case speed of convergence is considered in Section 9.
In Section 10 we obtain sufficient conditions for the three point inequality from properties based on
Bregman reach. The EM algorithm is discussed in Section 11. Terminology generally follows [54, 49|,
and [8, 18, 53| are useful for properties of Bregman distances and projectors.

2. PREPARATION

In this section we specify standing hypotheses, recall known results on Bregman projections, and
discuss notions of reach. Throughout we assume that f is of Legendre type [53, 8], of class C? in the
interior G = int(domf) of its domain, and satisfies V2f(x) = 0 for every z € G.

2.1. Well-posedness of the alternating sequence. Since f — (V f(a),-) is coercive for a € G by
[53, Cor. 14.2.2] or [8, Thm. 3.7], existence of the left projection Pg(a) of a € G in the sense that

0 # ISB(a) C BnNdomf is assured as soon as BNdomf # (0 is closed in domf. This does not even
require B to be closed.

On the other hand, existence of the right projection f’A(b) of b € domf needs in the first place
A C G, but since D(b, -) is not coercive in general, we assume in the alternative that A C G is closed

bounded to get () # ]3,4(13) C A. With these hypotheses alternating sequences are well-defined.

2.2. Interiority. The situation seems even less binding than for iterated left projections [23, §|,
where in order to continue left projecting from y* € Pg(y), one needs y*+ € G, a quest known as
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interiority. While at first sight we do not need this here, we have different, yet compelling, reasons
why we also want interiority ag, by € G of the alternating sequence.

We call B interiority preserving if B Ndomf # (0 is closed in domf and ]SB(a) C BNG@G for all
a € G. It follows from [8, Thm. 3.12] that a closed convex B is interiority preserving iff it satisfies
the constraint qualification B N G # (. For non-convex B, the constraint qualification is necessary
but no longer sufficient, a counterexample being given in Section 12.

When B is interiority preserving, then ay, b stay in G = int(dom f), which has the benefit to enable
duality, given in the next section. However, to make full use of this, we also need accumulation points
a* of the a; and b* of the by to stay in G. Due to closedness of A C G, this is clear for the a*.

Let b* be an accumulation point of the b;. By boundedness of A we may pass to subsequences b, —
b*, ap, — a*, b € f’B(ak). Suppose by, — b* ¢ domf. By coercivity we have f(by)—(V f(a*), bx) — oo,
hence also D(bg,ar) = f(bx) — f(ax) — (Vf(a*),br —ar) + (V f(a*) — V f(ar), bx, — ar) — oo, which
is absurd because by (1.5) the sequence D (b, ay) is bounded. Therefore by, — b* € domf. But then
b* € ISB(a*), hence b* € G since B is interiority preserving and a* € G. The agreeable consequence
is that the alternating sequence stays in a compact subset of G if A C G is closed bounded and B is
interiority preserving.

For any such ag,br we may now find a closed bounded subset B’ of B such that B’ € G and
]SB(ak) C B’, so that ay, b, remain alternating between A and B’ with f’B(ak) = ]SB/(ak). This means
the assumption A C G closed bounded, B interiority preserving, can without loss of generality be
replaced by the hypothesis A, B C G closed bounded, which we adopt during the following sections.

We sketch one construction of B’ when B is bounded. Find a ball B(z,r) containing A, B in its
interior, and let Go = G NintB(z,r). Then G; = cl Gy is a bounded closed convex body containing
B, and containing A in its interior. Now use a standard approximation of G; by polytopes P, from
within [37], ie., P, C Go C G1 C (1 + %)Pn Let K be the set of all by and all their accumulation
points, then K is compact, and by the above contained in Gy, hence dist(K,dGy) > 0. Therefore
some P = P, contains K in its interior. Let B’ = B N P, then ag, by, are alternating between A, B’,
and all accumulation points of the b, are also in B’. B’ is convex when B is, and is definable when
B is (see Section 2.6). Moreover, B’ is closed, because B N domf = C' N domf for a closed set C,
hence BN P =BNdomfNP=CnNdomfNP=CnNP is closed.

2.3. Legendre duality. The conjugate f* of a function of Legendre type f is again of Legendre type
[53, 8], associated with G* = int(domf*), so along with the Bregman distance D generated by f we
also consider the distance D* generated by f* (cf. [53, Thm. 26.5], [8]). For z,y € G = int(domf)
it is known (cf. [8, Thm. 3.7]) that

(2.1) D(z,y) = D*(Vf(y), Vf(z)),
and this gives a link between left and right projections
(2.2) Py =YVf" 0Py 0Vf,

P

obtained in [18, Prop. 7.1]. Here ﬁ;f(B), Pg 4y stand for projections with regard to f*, D*.
Swapping f and f*, we can also derive the formula

Py =V o Py 0 V],

so that Py o Py = Vf* o Py 4 0 Poyp o VI = Vf* o Py 0Py oV, using Vf*oVf = id.
Iterating this, we see that every alternating sequence (1.4) has a mirror sequence in dual space. More
precisely, with

a* = Vf<b)? b = Vf(a+)7 ™t = Vf(b+), A* = Vf(B), B* = Vf(A),

we transform rl-building blocks b —s at Ly b* between A, B C G into Ir-blocks a* N
between A*, B* C G*. Commutativity of the following diagrams is referred to as the duality principle.

4 l a -5 b I gt
ol L ol L

l
ot = oy I gt e gt et
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It allows us to concentrate e.g. on results for 7{-building blocks, obtaining those for Ir-building blocks
with minor effort. This will be used repeatedly.

2.4. Norm bounds. A consequence of non-degeneracy V2f(x) = eI = 0 of the Hessian on any
compact K C G is that we have an estimate of the form

(2:3) m?|z —y|I < D(x,y) < M?||lz —y|?, 2,y € K,

with m, M depending only on f and K. Since Legendre functions satisfy (Vf)~! = Vf*, we also
have an estimate of the form

(2.4) He =yl <IVf(2) = Vil < Lz -y, =,y € K,

where L is the Lipschitz constant of V f on K, while [ is one over the Lipschitz constant of (V)™ =
Vf* on K. These two imply

(2.5) m?L72||Vf(z) = VF)|* < D(z,y) < MPI7?|V f(z) = Vf(y)|

on any such K. Since by our preprocessing in Section 2.2 we arranged A, B C K C G, these norm
bounds will become useful in convergence analysis.

2.5. Uniform second-order differentiability. The fact that f is class C? on G assures that it
has a uniform second-order Taylor-Young expansion on every compact K C G. More precisely,
given € > 0, there exists 6 > 0 such that for all zp € K and all z € G, ||z — 2o/ < ¢ implies
|f(@) = f(@o) — (Vf(w0), 2 — o) — 5(V2f(w0)(z — 0),z — z0)| < €llz — x0|*>. For the notion of
uniform differentiability see [55].

2.6. Kurdyka-Y.ojasiewicz inequality. The following definition is essential for our convergence
theory.

Definition 2.1. (Kurdyka-fLojasiewicz inequality). A lower semi-continuous function F' : R™ —
R U {+0o0} has the KL-property at € dom(9F) if there exists n > 0, a neighborhood U of z, and a
continuous concave function ¢ : [0,17) — R, called de-singularizing function, such that
i. ¢(0) =0,
ii. ¢ is of class C* on (0,7),
iii. ¢'(s) > 0 for s € (0,7),
iv. Forallz e UN{z: F(Z) < F(z) < F(Z) + n} the Ki-inequality

(2.6) ¢ (F(x) — F(x))dist(0,0F(x)) > 1
is satisfied, where OF is the limiting subdifferential.

Remark 2.2. We say that F' satisfies the fojasiewicz inequality when the de-singularizing function
1-6

is ¢/(s) = s~ for some 0 € [%, 1), which means ¢(s) = 5—5.

Remark 2.3. Information on convergence via the KL-property give e.g. [1, 4, 5, 21, 50, 6]. It is
well-known that definability in an o-minimal structure |33, 34, 35|, for short definability, implies the
KE-inequality. See [43], and for non-smooth F', [22, Thm. 11|, where it is shown that ¢ may be
chosen concave. We shall have occasion to use the small o-minimal structure R, of globally sub-
analytic sets, but also large o-minimal structures containing at least R, exp, allowing exponential
and logarithm. See in particular |33, 19, 30, 56, 59, 48|.

3. BREGMAN REACH

This section is still preparatory, but some results are of independent interest, in particular those
concerning reach in the Bregman context, as well as concepts like Bregman geodesics encountered in
information geometry [3].
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3.1. Bregman balls. Bregman distances lead to two types of Bregman balls
B(a,r) = {x € R": D(z,a) < ir?}, B(b,r) = {z € R": D(b,z) < 1r?},
which generalize euclidean balls B(z,7) in a natural way. Suppose B(a,r) C G, and let b € dB(a,r)

be a point on the boundary, then there exists a euclidean ball entirely contained in B_(a,r), which

touches the boundary 8[5’_(61, r) at b from within B_(a, r). We ask how the radius of this euclidean ball
is related to r.

Lemma 3.1. Let g(a,r) C G, and define

(3.1) e Dwax(VPf@) L dain(VEf(2)

veoBar) IVF(@) = V@)l = seoban V(@) = Vi)

Then the euclidean ball with radius 1/ rolls freely inside the left Bregman ball E(a,r), In addition,
for every b € aé(a,'r), this Bregman ball is contained in the euclidean ball with radius 1/k which

has the same tangent hyperplane as B_(a, r) at b and has its center on the same side of the tangent
hyperplane as a.

Proof. The boundary 85(@,7“) of B_(a,r) is the smooth surface implicitly given by the equation
F(z) = D(z,a) — 2r* = 0. The normal curvature of the surface at = € dB(b,r) in unit tangential
direction v is therefore

(0. V2F(z)v) (v, V2f(2)v)

IVE ()] IVf(x) = Vi)’
so that & < kn(z,v) < F for all z € 0B(a,r) and all unit v from (3.1). By the Blaschke rolling
theorem [20, §24, IV, p. 118] the euclidean ball with radius ming .= 1/#y rolls freely inside the
convex body B(b,r), hence so does the smaller ball with radius 1 /R.

Conversely, the tangent hyperplane to B(a,r) at b being H = {x : (Vf(a) — Vf(b),z — b) = 0},
the euclidean ball B(z,1/k) with z = b+ (1/)(Vf(a) =V f(b))/||V f(a) — Vf(b)| has H as tangent
hyperplane at b, and has it center z on the same side of H as a. Since by (3.1) the normal curvature
& of the euclidean ball is everywhere smaller than the normal curvature x,(z,v) of the Bregman ball,

we get B(a,r) C B(z,1/k), again by Blaschke’s rolling theorem. O

(3.2) Kn(z,v) =

On any compact subset of the interior of the domain of f the eigenvalues of the Hessians V2 f(z)
are bounded below and above by constants 0 < A < A < oco. Using (2.3) and (2.4), this gives ® <
Al z—a|| ™ < AI7'MD(x,a)" Y2 = AI7*M/2r=!  and & > AL~ Y|z—al|~! > AmL~'D(x,a)" /2 =
AmL~1/2r=1. We have proved the following
Proposition 3.2. For every compact subset K of the interior of domf there exist constants 0 < ¢ < ¢
such that the following is true: If b € dB(a,r) with B(a,r) C K, then a euclidean ball of radius cr
is contained in B(a,r) and touches OB(a,r) at b from within, and B(a,r) is contained in a euclidean
ball with radius er which touches B(a,r) at b from outside.

We next consider right Bregman balls. Since these need not be convex, we need an extension of
Blaschke’s rolling theorem.

Lemma 3.3. Let f be of class C*>' on G, and suppose g(b, r) C G. Let 1/rg be a Lipschitz constant

of n(z) = m% on OB(b,r). Then a euclidean ball of radius o rolls freely inside B(b, ).

Proof. Note that Og(b,r) is the d — 1-dimensional C'*!-sub-manifold of R% given implicitly by the
equation G(z) = f(b) — f(z) — (Vf(z),b— z) — 37 = 0. The outer unit normal at a point = on

the boundary is therefore n(z) = %. Since B(b,r) is compact and V2f = 0, V2f(z) is

bounded and bounded away from 0 on the boundary. Moreover, b ¢ 83(1), r), hence the denominator
V2 f(x)(z — b)|| stays bounded away from 0. Finally, since by hypothesis V2 is locally Lipschitz,
the unit normal n(x) is Lipschitz on the compact 85((),7"). Assuming 1/rg is a Lipschitz constant,
it follows with the extension [58, Thm. 1 (v)] of Blaschke’s rolling theorem that a ball of radius rg

rolls freely inside B(b, 7). O
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Using (2.3) and 0 < A < \; < A < oo for the eigenvalues \; of V2f(z) on dB(b, r), we may again
show that rg is proportional to 7 in the rough sense of Proposition 3.2. We leave the details to the
reader.

3.2. Bregman geodesics. Let b™ € Pg(a™) with a™ ¢ B, and define ay = (V)" '(AVf(at) +
(1 = A)Vf(b1)). Then Pg(ay) =b* for 0 < A < 1; cf. [18, Prop. 3.2]. We call the curve ay the left
Bregman perpendicular to B at b™ from a* € G\ B. The direction d = V2f(b")"Y(Vf(a™)-Vf(b1))
is tangent to the curve ay at ay|x—o = b*; see also [18]. In addition, d is normal to the tangent
hyperplane H = {b : (Vf(a™) — Vf(b*),b — bT) = 0} to B at b" in the euclidean geometry
z||2, = (x, V2 f(b")z) = (x,2)y+. The curve ay consists of those points which satisfy Pr(ay) =b"
and are on the same side of H as a™. Perpendiculars a, are also known as left Bregman geodesics.
Note that a non-smooth b+ € B may be left projected on from different points lying on different
geodesics. Those may then be distinguished by their tangents d at b™.

We next investigate right Bregman geodesics. As we shall see, this may be based on the dual
formula (2.2).

Lemma 3.4. Let at € Py(b) with b & A, and define by = Ab+ (1 — Nat. Then Ps(by) = a* for
0<A<I

Proof. We put a*t = Vf(b), so that b = Vf*(a*1), also b*t = Vf(a") and B* = Vf(A). Then
b+ = Vf(a*) € Vfo Pa(Vf*(a*")) = Pgy 4 (@) = Py.(a*") by (2.2). This means we are in the
situation of the left Bregman projection above, with f replaced by f* and B replaced by B*. The
left Bregman perpendicular to B* at b*, being a} = Vf(AV f*(a*T) + (1 — N\)V f*(b*)), is defined
for A € [0,1], and for 0 < A < 1, P .(a}) = b*" is single-valued. Reading the dual formula (2.2)
backward means ﬁA(bA) = a single valued for 0 < \ < 1. O

We call by the right Bregman perpendicular to A at a™ € J3A(b) from b ¢ A, or right geodesic.
Right geodesics are straight lines, while left geodesics are curved. Let D(b,a™) = %7’2, then the
tangent hyperplane to B(b,r) at at € 0B(b,r) is H = {z : (V2f(aT)(b—aT),z —aT) = 0}. The
right Bregman perpendicular to A at a™ in direction d = b — a™ includes, and for convex right
Bregman balls consists of, those points by which satisfy ]3H(b>\) = g™ and lie on the same side of H
as b. The geodesic is also the normal to H in the euclidean geometry induced by the scalar product

(z, V2 f(aT)y).

Remark 3.5. In the case of the Kullback-Leibler divergence, left and right perpendiculars are known
as m- and e-geodesics; cf. [2, 3.

3.3. Normal cones. We recall the following properties of the left and right Bregman projectors.

Lemma 3.6. Leta ——= b - at —5 bt be a building block. Then
(i) Vf(a®) = Vf(bF) € Np(b").
(i) V2f(at)(b—a™) € Na(a™).
(iii) When f is of class C*1, then V2 f(a™)(b—a™) € N4(a™).
Proof. For (i) see |18, Prop. 3.3]. This can also be derived directly from Lemma 3.1. Place a
euclidean ball B(z,cr) such that it is contained in B(at,r) and touches at b from within, where
D(b*,a*) = 3r?% Then bt € Pg(2) with z € bT + R (V f(a™) — Vf(b)).
Concerning (ii), from a* € P4 (b) we derive a* € dB(b,r) with 37> = D(b,at). The tangent
hyperplane to the regular surface dB(b, ) at a* has normal n(at) = VZf(a™)(b — a™). This means

n(a*) is a Fréchet normal to the sublevel set S = {z : —D(b,z) < —3r?} at a™, and sincea™ € A C S,
n(a™) is also a Fréchet normal to A at a™.

Part (ii) may also be derived via duality. The building block a b Ty at s the image under
V f* of a building block b* — ¢** 5 . For the latter Vf*(a*t) =V f*(b*T) € Np.(b*T) by part
(i). Using N%, (b*F) C Np«(b*T) and the chain rule [54, Thm. 10.6, Ex. 6.7] gives V2f(a*)(b—a™) €

~

Na(a™).
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Finally, concerning (iii), when f is class C*!, we may by Lemma 3.3 place a euclidean ball B(z,rq)
such that it has a* on its boundary and is contained in B(b,r), where D(b,at) = 372, Since B(z,70)
and B(b, ) share the tangent hyperplane H = {z : (V2f(a*)(b—at),z —a*) = 0} at a™, the center
z must lie on the normal a™ + R, d, d = V2f(a™)(b— a™), which is therefore proximal. [ O

3.4. Bregman reach. A point b" € B is projected on if there exists ¢ € B with b € Pg(c). Then
d:=c—b" € NE(bT) # {0}, and the reach R(b*,d) of B at b* in direction d is the radius 7 of the
largest ball B(c,r) with center ¢ = b™ + rd/||d|| having no point of B in its interior (cf. [36]). It is
possible that R(b",d) = oo, when the largest ball becomes a half-space.

We extend this classical notion of reach [36] to the Bregman setting. The results in Section 3.1

show that if b* is projected on, then it is also left Bregman projected on, i.e., b € ]SB(cﬁ) for some
at ¢ B.

Definition 3.7. Let b™ € Pg(a™) be left projected on from some at € G\ B, and let ay be the

associated left Bregman geodesic. The left Bregman reach }?(bﬂd) of B at b" € B in direction
d=V2f(b")"HVf(a ) Vf(b1)) is the largest left Bregman radius r) for which the Bregman ball

Blay,ry) with b+ € 9B(by, 7)) has no points of B in its interior.

Remark 3.8. Asin the euclidean case the Bregman reach may be infinite, which is when (J, ., B (a>\, T))
contains no point of B except b™. The definition reproduces the classical definition of reach in the
euclidean case.

Definition 3.9. (Left Bregman reach). The set B has left Bregman reach at least » > 0 at
b* € B, written E(b*) > r, if there exists a neighborhood U of b* such that for every point b €
Pg(a™) N U left projected on from some at € G\ B, we have R(b*,d) > r for the associated
d=V2f(b*)"H(Vf(a®) = V(1))

Definition 3.10. (Right Bregman reach). The right Bregman reach R(a®,d) of A at a™ € A in
direction d = b—a™ # 0 with at € ]3A(b), is the radius 7, of the largest right Bregman ball B’(bk, r))
with at € 85(1))\, r)) having no points of A in its interior. A has right Bregman reach at least r > 0
at a* € A, written R(a*) > r, if R(a™,d) > r on a neighborhood U of a*.

Remark 3.11. Suppose D(b,ay) = D(b*,ay) = 3r%, then D*(b%,a*) = D*(b},a*") by duality,
as can be seen from D*(V f(ay),Vf(b)) = D*(Vf(a)\) Vf(b%)) = 3r3. This shows R(bT,d) =
R(a**,d,) with d = V2f(bT)"Y(Vf(at) — V(")) and d, = b* — a**. In other words, Bregman

reach is amenable to duality.

Remark 3.12. As a consequence of the results in Section 3.1, we now see that if K C G is compact,
then any set B C K with left Bregman reach r > 0 has classical reach at least ¢r > 0 and at most
¢r, where ¢, ¢ depends only on K, and inversely, if B has classical reach r, then it has left Bregman
reach at most ¢~ 'r, and at least ¢~ 'r. Right Bregman reach and classical reach are also proportional
in this rough sense when f is class C>1.

3.5. 1-coercivity of f. Consider a left perpendicular ay at b™ € Pg(a™) from a* ¢ B. Let
= {z: (Vf(b+) Vf(aT),z —bT) = 0} be the tangent hyperplane to dB(a*t,r) at b*, where
D(bJr at) = 77’ , H the half space containing a™, H, ; the open half space. Suppose a) is defined for

0 < A\ < Moo, Where A\ € (1,00], D(bT,ay) = 27‘)\. We ask whether the balls B(a,\,m), 0< A< A,
fill the open half space H, Nint(domf).

Proposition 3.13. The following are equivalent:

(i) For some nonempty compact B C G = int(domf), and every a™ & B, b+ € Pp(a™) with
perpendicular ay, the balls B_(a/\,m), 0 < X < A fill the half space Hy4 Nint(domf).
(ii) f is 1-coercive.

When these are satisfied, then (1) holds for every such B, and we have Aoy = 00 in every perpendicular
curve ay.
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Proof. 1) Assume first that f is l-coercive. Then by [8, Prop. 2.16] f* is defined everywhere,
hence so is V f*, hence a) is defined for all A > 0. Now let b € H,, Nint(domf). That means
(Vf(a®t)—=Vf(T),b—0b") > 0. By the cosine theorem for Bregman distances and the definition of
a) we have

D(b,ay) = D(b,b") + DT, ax) — MV f(a*) — VF(b+),b— b+)
hence

D(b,ay) _ADW’ ) _ DU}"*) —(Vf(a) = Vf(bh),b—b")

— —(Vf@®) = VfObh),b-b") <0

as A — 00, so that D(b,ay) < D(b*,ay) for A large enough, which gives b € B_(a,\,m).
2) Conversely, suppose Hy ;. N int(domf) C J{B(ax,x) : 0 < A < Aso}. The normal curvature of
dB(ay,ry) at b™ € B in unit tangential direction v being

e V()
") = ) = Y a]

we see that kp,(A) must tend to 0 as A — A. Indeed, by convexity left Bregman balls touching H at
b have to get arbitrarily flat at b as X increases in order to contain points b € H , a fixed distance
away from b", while arbitrarily close to H. But that means the denominator |V f(b") — V f(ay)||
must tend to infinity, since the numerator is bounded below by Amin(V2f(b7)) > 0. That forces
IV f(ax)|| = oo as A — Ao for every perpendicular ay to B at any bt € B left projected on from
some a® € B.

Now suppose that contrary to what is claimed 1-coercivity fails. By [53, Lemma 26.7| this means
there exist ap with [|ag|| — oo such that ||V f(ar)|| < K < oo. Using compactness of B C G, find

b, € ISB(ak), and let aj ) be the left perpendicular to B at by from a,. Then we can find points

ar on the perpendicular, having by = Pg(ay), such that ||ag|| < K’ < oo, and at the same time
lax — bg|| > € > 0 for all k£ (the latter using ||ap — bg|| — oo, allowing to choose aj in between
bounded while away from by). Passing to subsequences, we may assume by — b*, ar — a* with
b* € Pg(a*) and ||a* — b*|| > ¢, while Vf(ay) — v & domV .

From V f(axx) = V f(bg)+A(V f(ar)—V f(br)) and boundedness of the V f(ay,) follows ||V f(axx)| o
A uniformly over k. Since ||V f(ag)|| — oo for fixed k, aj n must be defined for all A > 0. Now
parametrize the same perpendicular curve as V f(ay ) = V f(by) + pu(V f(ar) — Vf(br)), then again
V f(ar,,) o< p uniformly over k. With the same argument as above, aj, must be defined for all
w>0.

Now for every k and A > 0 there exists y(A) such that ag x = Gy, (1) But the relation between
the two is given by

(3-3) AV f(ar) = V[ (br)) = p(Vf(ar) = Vf(br)),

hence by boundedness of the Vf(ar) we have rA < pr(X) < /X for all k with certain 7, ' not
depending on k.

Since ay, is between ay and by, we have p > 1 when A = 1. We argue that this implies pg(A) > A
for almost all k. Indeed, if for some k there is a moment, where ug(A) = A, then V f(ar) = V f(ax),
and that could happen only a finite number of times, because V f(a;) — Vf(a*), while V f(ax) —
v ¢ domV f. Hence we can assume pg(A) > A for all k. From (3.3) we now get

A ) A
1— —— | Vf(br) + —=Vflar) = Vf(ar),
(1 ) V000 3 P = V5@
a convex combination, and passing to the limit (kK — o0) in a subsequence p(\) — p* > A,
A A
(1= 2) 950) 4 2o = Vi)
u 7

proving V f(a*) € [Vf(b*),v]. But the aj are independent of v, so we can arrange the same estimate

for other points a* on the limit perpendicular a generated by b* € Pg (a*). But that means V f(a}) €
[V f(b*),v] for the entire perpendicular, contradicting ||V f(a})| — oo. O
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4. GAPS BETWEEN SETS

Let ag,br be a Bregman alternating sequence. Since D(bg,ar) < D(bg—1,ax) < D(bg—1,ak-1),
monotone convergence gives D(bg, ar) — %r*27 and D(bg_1,a) — %T*2 for some r7* > 0. Now let
k € N be an infinite subsequence of N such that b,_1; — b*, ap — a*, by — b. As ay, € ]3A(bk_1), we
have a* € P4(b*). Similarly, as by € Pg(ay), we have b € JSB(a*). But D(b*,a*) = D(b,a*) = r2,
hence b* € Pg(a*), too. So we have found a pair (b*,a*) € B x A with a* € P4(b*), b* € Pp(a*).
We write b* ~ a* for such pairs.

Let A*, B* be the sets of accumulation points of the ay, br. The above argument shows that for
every a* € A* there exists b* € B* such that b* ~ a*, and for every b* € B* there exists a* € A*
with b* ~ a*. We call K* = {(b*,a*) € B* x A* : b* ~ a*} the gap of the alternating sequence. The
case ™ = 0 is not excluded, where of course b* ~ a* implies b* = a* € AN B.

Abstracting from the sequence ag, by, we call a pair (K*,r*) a gap between A and B if K* C Bx A
is compact with b* ~ a* for all (b*,a*) € K* and D(b*,a*) = 3r*%. Note that every 2* € AN B gives
rise to a zero gap ({(z*,2*)},0).

Lemma 4.1. Let F(z,y) = ip(z) + D(z,y) + ia(y), and suppose (b*,a*) € K*, then (0,0) €
OF(b*,a*).

Proof. Consider a building block b — a* — b*, then np(b*) = Vf(a*) — Vf(b+) € Ng(b*) and
na(a®) =V2f(a*)(b—at) € Na(a™) by Lemma 3.6, hence

(4.1) (Anp (™) + V(1) = Vf(ah), pna(a®) + V?f(a*)(a" - b)) € IF (0", a")
for all A\, u > 0. Since b* ~ a*, we may choose b = b™ = b* and a™ = a* in the building block, which
gives (0,0) € OF(b*,a*) on putting A = u = 1. a

Proposition 4.2. Suppose A, B, f are definable. Then there is only a finite number of gap values
0<r <ro<---<rny. There erist p; > 0, ¢ = 1,..., N, such that every alternating sequence
ay, by, which satisfies %r? < D(bg,ar) < %T? + n; must have value convergence D(bg,ar) — %r?,

D(bkfl, ak) — %7“22
Proof. This follows with [43, Prop. 2]. O

5. ANGLE CONDITION

In this section we introduce the angle condition and show that it is a geometric form of the
Kurdyka-t.ojasiewicz inequality.

Definition 5.1. (Angle condition). Let o : (0,00) — (0, 00) be increasing. The set B satisfies the
rl-angle condition with constant v and shrinking function ¢ with respect to A at a gap pair b* ~ a*
with gap value 7*, if there exists a neighborhood W of (b*,a*) and n > 0 such that

1 —cosa
(5‘1) I 1,.%2 27
o(Dp(at) — 5r™)

for every building block b — at - b with (b+,a™) € W, L*2 < D(b*,at) < 1r*2 4 5, where
a=<g(b—at, bt —at).
Remark 5.2. A standard compactness argument shows that if (K™, r*) is a gap such that the angle

condition holds at every (b*,a*) € K*, then it holds for all building blocks in a neighborhood of K*
with the same o, 7,7.

We now show that the angle condition can be understood as a geometric form of the Kf.-inequality.

Proposition 5.3. Let (K*,r*) be a gap between A and B. Suppose F(z,y) = ip(z)+D(z,y)+ia(y)
satisfies the KL-condition at every (b*,a*) € K*. Then the angle condition is satisfied in the following
form. There exists a neighborhood W of K*, a de-singularizing function ¢, and constants v,n > 0

such that every building block b —— a™ L bt with (bT,a") € W and 3r** < D(bT,a™) < 2r*? 4
satisfies

(5.2) ¢'(Dp(at) — 1r*2)2Dp(a)(1 — cosa) > 7,

where o = (b —at, bt —a™).
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Proof. K* being compact, and F' having constant value %7'*2 on K*, the Kb-inequality is satisfied as

follows: There exists a bounded neighborhood W of K*, a de-singularizing function ¢, and constants
v,mn > 0 such that
F(E(,a*) — br)dist ((0.0), 0P (5F,a™)) >

for all (b*,a™) € W with 372 < F(b*,a*) 3r*2 4+ n, and where |(z,y)| = |lz|| + ||y|.-

Now consider building blocks b —— a+ —1» b+ with (b, a*) € Wand 3r*2 < D(b*,a) < 372+
Since

Anp(0*) + V(0") = Vf(ah), unala®) + V2 f(a) (@t —b")) € OF(b",a")

for all np(b*) € Ng(b") and na(a™) € Na(a™), Lemma 3.6 gives

¢'(F(bF,a™) = 372) (IMVf(at) = VFT)) + VFbT) = Vf@ah)| +
1pV2f(a*)(b—a®) + V2 f(a®) (@ = bT)]) =~
for all A, u > 0. Choosing A = 1, gives
¢'(F(bF,a") = 5r?)|pV2 f(a) (b — a*) + V2 f(a®)(at = bF)]| = v
for all 4 > 0. Now due to boundedness of W the eigenvalues of all Hessians V2 f(a™) with (b*,a™) €

W are bounded above by a constants A. Therefore |uV2f(at)(b—a®) + V2f(a®)(at — b1)| <
Alju(b—a™) +at — b, so that

F(F(b*,a*) — 1) (b — ) + a* — bH] > A1y
for all ;1 > 0. Passing to the infimum over p > 0 implies
F(F(b*,a*) — 1) sinallat — b > A1,
for angles a = (b — at,b" — a™) less than 90°, while for angles larger than 90° the minimum is

attained at ¢'(F(b",a™) — $r*?)[|a™ — b*||. As the statement is clear in the latter case, we continue
with o < 90°. Here using |t — bT|| < MD(bt,at)/?, taking squares gives

¢ (Dpla™) — %T*Q)zﬁg(oﬁ) sin? o > 72/ M?A?

2

. 1 . .
and then (using 1 — cosa > 3 sin® a):

¢ (Dpla™) — 12)2Dp(at) (1 — cosa) > 2 /2M>A? =
where 7/ depends only on K* and the bounds (2.3) associated with it. This proves the claim. U

Remark 5.4. Clearly (5.2) gives the ri-angle condition (5.1) with angle shrinking function o(s) =
¢ (s)"2s~! when r* = 0. When r* > 0, then the term Dg(a™) stays bounded away from 0 and hence
does not contribute to the singularity. We can then shuffle it to the right, obtaining yet another "
depending only on K* and r*, now with o(s) = ¢'(s)2. During the following we will always use the
angle condition with angle shrinking functions generated by de-singularizing functions ¢.

Corollary 5.5. Let A, B, f be definable. Then there exists a unique de-singularizing function ¢ which
works for each of the finitely many gap values. The angle shrinking function is o(s) = ¢'(s)~2 for
gaps r; > 0, and o(s) = ¢/'(s) 2571 for r1 in case r1 = 0.

5.1. Tangential and transversal intersection. It is clear that the mutual geometric position of
A, B near a point £ € AN B must be decisive for the speed of convergence of alternating Bregman
projections near . We distinguish tangential and transversal intersection, expecting transversality
to give linear speed, while tangential intersection should force a slowdown to sub-linear speed. We
now give an interpretation of these using the angle condition.

Definition 5.6. (Transversality). We say that B intersects A ri-transversally at & € AN B, if

there exists a neighborhood U of Z and a > 0 such that for every building block b — a™ Lyt
in U the angle a = (b —a™,b" — a™) is larger than a. Otherwise we say that B intersects A
rl-tangentially at T.

This notion is weaker than classical transversality, and yet guarantees linear convergence of the
alternating method, as will indeed be proved in Corollary 9.4. One classical notion of transversality
in non-smooth calculus is the following:
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Proposition 5.7. Suppose Np(z) N (—Na(z)) = {0}. Then B intersects A ri-transversally at
Te€ANB.

Proof. Assume on the contrary that there exist building blocks bg_1 s ap L) by with by_1, ag, b —
Z as k — oo such that ap, = J(bp—1 — ag,bp — ax) — 0. Let ur = (bp—1 — ax)/||brk—1 — akl|,
v = (b — ar)/||br, — ak |, and wy, = (V f(ar) = V f(br))/llar — bkl

Recall na(ar) = V2f(ar)(bp_1 — ar) € Na(ap) and ng(by) = Vf(ax) — Vf(bx) € Np(by) by
Lemma 3.6. Hence V2f(ax)ur € Na(ag) and wy € Np(b). Select an infinite subsequence k € K of
N such that up, — u # 0, vp — v # 0, w, — w # 0, the latter due to (2.4). Then V2f(ax)up —
V2f(z)u € Na(z), and V2f(ap)vpy — V2f(Z)v, w, — w € Np(z). But J(ug,vr) — 0 implies
J(u,v) = 0, and since u,v are unit vectors, we have u = v. Since V2f(Z)u € Na(Z), this gives
V2f(Z)v € Na(Z).

Taylor-Young expansion of V f at the ay, gives V f(ax) — V f(bg) = V2 f(ag)(ar —br) +o(||ar, — b)),
where the o-term may be made uniform on a bounded neighborhood of Z, see Section 2.5. Therefore

_ Vif(ar) =V f(bk)
llax — byl
Since wy — w € Np(Z), we have w € Np(z) N (—Na(Z)), a contradiction. O

= V2 f(ap)(—vp) + o(1) = V2F(Z)(—v) € —Na(T).

Wk

Remark 5.8. In [12, 13| the authors propose a refinement in the euclidean case, where Np(Z) is
replaced by a restricted normal cone N ’é‘(i), which only considers projections on B stemming from
A, and similarly for N¥(Z). This could be extended to left and right Bregman projections. We do
not pursue this natural idea further. The proof in [52, Prop. 1] may be adapted to the Bregman
setting.

When B intersects A ri-tangentially at Z, then there are rl-building blocks for which the angle
a = J(b—at,b" — a*) shrinks to 0 as these b — a* — b+ approach z. Following [52, 51], we
now relate this to the angle condition in the zero gap case r* = (0. Note that for »* = 0 condition
(5.1) means
1 —cosa

5.3 Locosa
o a(Dp(at))

for every building block b — a* L bt in U, where o = J(b — a™,b" — a™). Therefore when
the angle a tends to 0, meaning 1 — cosa — 0, then the speed with which it is allowed to do
so is controlled by the angle shrinking function o, which when obtained from the Kf.-inequality is
o(s) = ¢'(s)72s7! for a de-singularizing function ¢. This was introduced in [52, 51] for the euclidean
case with shrinking functions o(s) = s for 6 € [, 1).

When (5.3) holds but o(Dg(at)) does not shrink to 0, then @ must also stay away from 0, which is
precisely when B intersects A ri-transversally at . Hence this case is covered by the angle condition.

Definition 5.9. (Dual transversality). We say that A intersects B Ir-transversally at & € AN B
if there exists a neighborhood U of  and « > 0 such that for every building block a LNy

in U the angle a = 4(Vf(a) — Vf(b),Vf(a™) — Vf(b)) is larger than a. Otherwise A intersects B
Ir-tangentially at Z.

As a first application of duality we have

Proposition 5.10. Suppose Np(z) N (—Na(z)) = {0}. Then A intersects B lr-transversally at
T€e ANB.

Proof. Let A* = Vf(B), B* = Vf(A), then V2f(Z)Np+(Vf(Z)) = Na(Z) by the chain rule [54,
Thm. 10.6, Ex. 6.7], applied to the C!-diffeomorphism Vf. Similarly V2f(Z)Na«(Vf(Z)) = Np().
Since V2f(z) = 0, the hypothesis implies Na-(Vf(zZ)) N (—=Np~(Vf(z))) = {0}. Therefore by
the previous proposition B* intersects A* ri-transversally at Vf(z) € A* N B*. For building blocks
b 5 ot L b close to V f(Z) this means J(b* —a*T,b*T —a*T) > a > 0. But ri-building blocks

T

a -5 b "5 at inthe neighborhood of Z are mapped by V f to Ir-building block b* — a** L bt in
the neighborhood of V f(Z) and this gives directly a = 4(V f(a) =V f(b),Vf(a®)—-Vf(b)) >a O

This calls for a dual angle condition, which we will obtain shortly.
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5.2. Duality for the KF-inequality. We show that the Kl-inequality is directly amenable to
duality.

Lemma 5.11. Let F(z,y) =ip(z)+ D(x,y) +ia(y) and put Fy(u,v) = ip=(u) + D*(u,v) +ia+(v),
where A* =V f(B), B* = Vf(A). Suppose F satisfies a KL-inequality at (z,y), then F, satisfies a
Kt-inequality at (u,v) = (Vf(y), Vf(Z)) with the same de-singularizing function.
Proof. We have F(z,) = i5x(z5) + D(z,3), hence 0F(,y) = Npxa(, ) +0D(z,y) = Np(z) x
Na(y) + 0D(z,y), D being jointly differentiable, and using [54, Prop. 6.41]. Now D(z,y) =
D*(Vf(y),Vf(x)), and ia(y) = ivsa)(Vf(y) = iB-(Vf(y)), ip(x) = ia-(Vf(z)). Hence

F(z,y) = Fu(®(z,y))
under the isomorphism ®(z,y) = (Vf(y), Vf(z)), where Fy(u,v) = ip+xa~(u,v) + D*(u,v). Then
OF (z,y) = ® (x,y)TOF,(®(z,y)) by the chain rule [54, Thm. 10.6]. Suppose (0,0) € OF(z, ), then
as F satisfies the KE-condition at (Z,y), we have

¢'(F(z,y) — F(z,9))dist((0,0), 0F (x,y)) > v
for some v > 0, some n > 0, a neighborhood W of (z,7y), and every (z,y) € W satisfying
F(z,y) < F(z,y) < F(z,5) + 1. Now let u = Vf(y), v = Vf(z), u = Vf(), v = Vf(Z).
Then (0,0) € OF.(Vf(7), VF(Z)), because & (z,7)T is a linear isomorphism. Let V = ®(W), then
V is a neighborhood of (u,v). Let (u,v) € V, (u,v) = ®(z,y) with (x,y) € W. Let h € 0F(u,v),
then h = ®'(x,y)"Tg for g € OF (x,y). But then

¢ (Fi(u,v) = Fu(@,0)) | h]| = ¢ (F(2,y) — F(z,9))19"(z,9) " ]
> ¢ (F(z,y) — F(z,9))klgll = kv,
where we use ||®(z,y)T| < k7! for all (z,y) € W. Here ®(z,y) = diag(V2f(y), V3f(z)) =
®'(z,y)T, and we can without loss choose W = Wy x Wy such that V2f(y) is bounded away from

0 on the neighborhood W3 of 4, V2f () bounded away from 0 on the neighborhood Wy of Z. This
means, the KE-inequality for F, is satisfied with 4/ = kv and the same ¢ and 7. O

5.3. Duality for the angle condition. We now show that duality leads the way to the correct
dual angle condition. Observe that o(Dpg(a™) — 4r*?) = o(Dax(b*) — 4r*?) due to (2.1) and (2.2).
Also a = J(b—a™, bt —a™) is the same as a = 4(V f*(a*) — Vf*(b*T), Vf*(a*T) = Vf*(b*T)). This

means the correct definition is as follows:
Definition 5.12. (Dual angle condition). Let o : (0,00) — (0, 00) be monotonically increasing.

The set A satisfies the [r-angle condition with constant v > 0 and shrinking function o with respect
to B at a gap pair b* ~ a*, if there exists a neighborhood W of (b*,a*) and ,n > 0 such that

1 —cosa
a(Da(b) — 3r72) ~

(5.4)

for every Ir-building block a b st with (b,a™) € W and $r*? < Da(b) < 1r*2 4+, where
a=(Vf(a) = Vf(b),Vf(a") = V(b))

This can also be extended to gaps (K*, r*) using duality. Again we will content ourselves with angle
shrinking functions of the form o(s) = ¢/(s) 2571, respectively, o(s) = ¢'(s) 2 for a de-singularizing

o.

5.4. Local projections. The angle condition has an advantage over the Kf.-condition. We say that
ar € Pa(by) is a local projection when the minimum (1.3) is local, while still guaranteeing decrease
D(bg,ax—1) > D(bg,ar). Consider a bounded alternating sequence which is local in this sense, in
symbols bg_1 AN ak LN br, and let A*, B* be the set of accumulation points of the ag, b. Define
A% ={ay : k € NJUA*, B® = {b;, : k € N} U B*. Then ag, by is a standard alternating sequence
b1 —> ay LN by, between the closed sets A%, B®, as points in A which previously might have made
P4 local have been removed.

Now suppose A, B, f are definable, then the KkL-inequality holds everywhere. Here we use the
fact that the proof of Proposition 5.3 is still valid, since F (b",a™") is not altered by Pa being
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local. Hence the angle condition holds everywhere. But the angle condition is expressed in terms of
building blocks, hence it is untouched when we restrict to the smaller sets A®, B®. This is significant,
because A®, B® have no reason to be definable. Nor is there a good argument in favor of F*(x,y) =
ips(x)+ D(x,y) +ias(y) still having the KL-property, because the normal cones Nys, Nps are larger
than N4, Np. This thread will be picked up again in Corollary 7.5.

6. THREE POINT INEQUALITY AND DUALITY

In this section we discuss the second fundamental ingredient of our convergence theory, referred
to as the three-point inequality in [52]. In the convex setting, a related notion has been discussed in
[32]. We extend this now to Bregman projections.

Definition 6.1. The building block b — at by bt satisfies the rl-three-point inequality with
constant ¢ € (0, 1] if

(6.1) D(b,a™) > D(b*,a™) +£D(b,b").
The building block a Ly b Ty ot satisfies the Ir-three-point inequality with ¢ € (0, 1] if
(6.2) D(b,a) > D(b,a™) + £D(a™, a).

Remark 6.2. Putting b* = Vf(a™), a* = Vf(b), a*T = Vf(b"), we see from the dual relationship
D(xz,y) = D*(Vf(y), Vf(z)) that (6.1) transforms into

D*(b*,a*) > D*(b*,a*") + £D*(a*", a*),

T

which is (6.2) for building blocks a* L e T gt alternating between B* = Vf(A4) and A* =
Vf(B) due to (2.2). In other words, the three-point inequality is directly amenable to duality.

In the euclidean case [52] Ir- and ri-variants coincide. Now we define:

Definition 6.3. Let a* € A, b* € B, b* ~ a*. We say that the rl-three-point inequality holds at

(b*,a*) if there exists £ € (0,1) and § > 0 such that every ril-building block b —— a¥ L b with
bt € B(b*,6), a™ € B(a*,J) satisfies the ri-three-point inequality with constant .

The definition for the [r-case is analogous.

Proposition 6.4. Suppose B is convex. Then the ri-three-point inequality holds for all A. Suppose
V f(A) is convex. Then the lr-three-point inequality holds for all B.

Proof. By the Bregman law of cosines D(b,a™) = D(b",a™)+ D(b,b") —(V f(a™) =V f(bT),b—bT).
Now Vf(a™) — Vf(b") € Np(b"), hence by convexity of B the term —(V f(a™) — Vf(b"),b —bT)
is positive for b € B, and we get D(b,at) > D(b",a™) + D(b,b"), which is (6.1) with £ = 1. For

7% I*

the second statement, by duality we have to show that building blocks b* — a*t — b*T satisfy

the rl-three-point inequality. This follows from the first part, as now B* = Vf(A) is convex, while
A* =V f(B). O

Proposition 6.5. Let (K*,r*) be a gap between A and B, and suppose that at every (b*,a*) € K* a
three-point inequality for rl-building blocks is satisfied. Then there exists 0 < £ < 1 and a neighborhood
W of K* such that the three point inequality holds with the same ¢ € (0,1] for all building blocks

by ot Ly pt satisfying (b*,a™) € W.

Proof. This is a compactness argument. By hypothesis every (b*,a*) € K* has a neighborhood
B(b*, 8p+ o+ ) X B(a*,dp o) such that rl-building blocks with b* € B(b*,0p+ o+ ), at € B(a*, p 4+)
satisfy the three-point inequality with £y« o« € (0,1). Now K* C [J{B(b*, 0p* o+ /2) x B(a*, dpx o+ /2) :
(b*,a*) € K*}, and by compactness of K* there exist finitely many pairs (b}, a}) € K* such that
K* C U{B(",0pra:/2) x B(a*,0pra3/2) 1 i = 1,...,m} =t W. Now let £ = min{ly: o: : i =
1,...,m}, and let b -/ at L b* be a building block with (bT,a*) € W. Then (b",a") €
B(b*, 0p: ax/2) x B(a*,dp: ax/2) for some i. Therefore this building block satisfies the three-point
inequality with £px 4, hence also with £. U
+

Interestingly, the three point inequality for building blocks b — a oyt approaching a gap

forces b, b to get close.
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Lemma 6.6. Let ag, by be a Bregman alternating sequence with gap (K*,r*). Suppose the rl-three
point inequality holds in a neighborhood of K*. Then by_1 — by, — 0.

Proof. Select an infinite subsequence k € N such that by_; — b*, ap — a*, by — b. Suppose
b # b*. We have D(by_1,ar) — %T*Q, D(bg,ar) — %’F*Q, D(bg_1,br) — D(b*,b) > 0. Therefore
D(bg—1,ax) > D(by,ar) + €D (bg—1,br) — %r*z +€D(b*,5) > %r*z, a contradiction. O

The analogue of Proposition 6.5 for Ir-building blocks is obtained by duality, and the same goes
for the compactness argument extending it from gap pairs to gaps. We skip the details. Sufficient
conditions for the three-point inequality will be discussed in Section 10.

7. CONVERGENCE

We start with a global convergence result.

Theorem 7.1. (Global convergence). Let ag,br be a Bregman alternating sequence with gap
(K*,7*). Suppose the rl-angle condition and rl-three-point inequality are satisfied at every (b*,a*) €

K*. Then the sequence by, € 153 o ﬁA(bk,l) converges.

Proof. 1) Since D(bg_1,ax—1) < D(bg—1,ar) < D(bg,ar), we have D(bg,ar) — %r*2 and also

D(bg—1,ar) — %7’*2 by monotone convergence. Due to boundedness of the ag, by the set K* of

accumulation point pairs (b*, a*) of the alternating sequence satisfying b* ~ a* is compact, so by the
usual compactness argument we find a neighborhood W of K* on which the angle condition holds
with the same -, 7 and de-singularizing function ¢, respectively, the same angle shrinking function
o(s) = ¢'(5)72 or o(s) = ¢'(s) 257!, simultaneously for all Ir-building blocks in W. Shrinking W
further, and using Proposition 6.5, we may in addition arrange that the three point inequality is
satisfied with ¢ for all Ir-building blocks in W. Since there are only finitely many iterates outside
W, we may without loss assume

(7.1) ¢ (Dplax) — %r*2)2153(ak)(1 —cosag) >y

for all k, where ay = J(bg—1 — ag, by — a). With the same argument we can also assume that the
three-point inequality holds for all k£ with the same constant ¢ € (0,1), hence we also have the four
point inequality

(7.2) D(bg,ax) > D(bg+1, ak41) + €D (b, b11)-

2) Due to our standing assumption A, B C G, we may further assume that (2.3) holds on W with
suitable constants m, M. Now

m”?D(bg—1,br) > ||bg—1 — bi||”
= [lbr—1 — arll* + llax — brll* = 2[[bx—1 — ax|/[lar — br| cos o
= (Ibe—1 — arll — llax — bel))* + 2[lbr—1 — aklllax — bell (1 — cos o)
> 2||bp—1 — aglll|ar — bx /(1 — cos ay)
> 2M ' D(bp_1, ar)?|lagx — be(1 — cos ay,)
> 2 M D(by,, ai)?|ay, — bg|(1 — cos o)
> 2M_2D(bk,ak)(1 — cosag)

> 2M 7/ (Dp(ar) — 57%) 2.

Here lines 1,5,7 use (2.3), lines 2-4 concern the cosine theorem, line 6 uses D(by,ar) < D(bg_1, ax),
and the last line uses the angle condition (7.1). We re-write this as

(7.4) D(bg—1,bx)"? > mA\ZﬂW(f)B(%) -5
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3) Concavity of the de-singularizing function ¢ now implies

« «

&(Dp(ar) = 37°%) = 6(Dplar) = 37%) = ¢/ (Dp(ax) = 37°°) | Dp(ax) = 37 = (Dplaxsr) = 57°%)
= ¢/(Dp(ar) — $7*2) [D(br, ar) — D(bgr1, arr1)]
> ¢/ (Dp(ar) — 3r*2)0D (by, bys1)
—1, D(bg;bg+1)
=MD g

Here the third line uses the four point inequality (7.2), while the last line uses (7.4). Setting C' =
M /m/2vL, we have

C |p(Dp(ar) — 31*%) — ¢(Dp(ars1) — %7“*2)] D(bj—1,b;)"? > D(bi, bs1)-

Since a? < be implies a < %b + %c for positive a, b, ¢, we deduce

(7.5) D(bg, brs1)'/? < %D(bk—labk)l/z + % [Qb(BB(ak) — 1) — (Dplars1) — %7‘*2)} :

Summing this from k£ =1 to n gives

- 1< Cr.= -
> Dk b)) ? < 5y Dbror, b)Y + [ﬁb(DB(al) — 57*%) = ¢(Dp(an+1) — %7"*2)] :
k=1 p

Re-arranging, and multiplying by 2, we obtain

> D(bg, bry1)'? < D(bo, b))/ + C [¢(53(a1) —57%) — ¢(Dp(ant1) — %T*Q)} — D(bn, bug1)"?
k=1

< D(bo, b))% + Co(Dp(ar) — 7).
Using (2.3), this implies

n
> ok = braall < m M |lbo — bi|| +m T CH(Dplar) — 5r*2).
k=1
This proves convergence of the series >~ ;| ||bx —bg1||, hence the sequence by, is Cauchy and converges
to some b* € B. O

Remark 7.2. For »* > 0 the proof does not assure convergence of the ag, but all accumulation
points a* of the ay, satisfy D(b*,a*) = %r*2 and b* ~ a*, i.e., lie on the boundary of g(b*, r*), and the
gap has the form K* = {b*} x A*. In the feasible case r* = 0, convergence of the ay is guaranteed,
but here we have an even stronger result:

Theorem 7.3. (Convergence by attraction). Let z* € AN B, and suppose rl-angle condition
and ri-three point estimate are satisfied at x*. Then there exists a neighborhood V of x* such that
every Bregman alternating sequence which enters V' converges to some point in the intersection.

Proof. 1) By Proposition 5.3 the angle condition (5.1) holds on a neighborhood U of z* € G with
the shrinking function o(s) = 1/s¢'(s)? and a constant v. In addition, U may be chosen such that

every building block b — a¥ ~L b* in U satisfies the three point estimate (6.1) with 0 < ¢ < 1.
From the three-point inequality we immediately obtain the following four-point-inequality

(7.6) D(b,a) > D(b*,a*) + £D(b, b*)

for building blocks a —— b — a* — bt with b,a™, bt € U.

Since the alternating sequence including accumulation points is contained in the interior of domf,
we may assume that (2.3) with constants m, M is satisfied in a neighborhood of the set of iterates.
In particular, we assume that it is satisfied on the neighborhood U of z*. Let U = B(z*, €¢) without
loss. Now define

C = M/m+/2+L.
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2) Choose 0 > 0 such that the following are satisfied:

(MM +m ™M+ m P M2+ m M2+ m M +1)6 < /2

(m™ P+ m M 4+ mT3M? + mT M) C(€) < €/2

for all |¢] < M?2§2. The latter is possible due to ¢(0) = 0 and continuity of ¢ at 0. Now let

V = B(z*,0). We claim that if the alternating sequence ay SN b — apy1 SN br41 enters V, then
it converges to a point b* € AN B. Relabeling the sequence, we may assume that by € V. The case
where the ag reach V first is treated analogously.

3) We shall prove by induction that for every k > 1,

(7.7)

(78) b07a17b17'")akvbkuak—l-hbk-i-l S U
and
b 1< C
(7.9) ;D(bﬁ bjr1)? < 5 ;D(bj—h bj)/% + ) [¢(D3(a1)) - QZ)(DB(CLI@—H))} :

Let us first prove (7.8) for & = 1. This means we have to show aj,b1,a2,by € U. We have
D(bgy,a1) < D(bg, z*) due to z* € A, hence m||bg — a1|| < D(by, a1)"/? < D(by, 2*)/2 < M||by — z*|,
giving ||bg —a1|] < m~tMS§. Then |la; —2*|| < [lar —bo|| + ||bo — 2*|| < (MM +1)d < € using (7.7),
which is the first claim.

Now D(by,a1) < D(bg,a1), hence m||by — a1]] < M|bg — a1| < m~tM25. Then [|by — a1] <
M?*m=26, giving ||by —2*|| < ||by — a1 +]|ar —z*|| < (M 2M?+m~ M +1)6 < ¢, again using (7.7).
This is the second statement in (7.8);.

Next D(by,as) < D(by,a1), which gives m||by — aa|| < M||b1 — a1|| < m~2M?38, hence ||b; — as|| <
m=3M35. Then |jaz — z*| < |laz — b1]| + [|b1 — 2*|| < (M 3M3 + m™2M? + m~'M + 1)§ < € from
(7.7), which is the third statement in (7.8);.

Finally, from D(bg,as) < D(by,a1) we get m||by — as|| < M||by — a1||, hence ||by — az|| < m~*M?*6,
so that [|by — 2*|| < |lba — az| + ||ae — z*|| < (M ™A M* +m=3M3 +m=2M? + m~'M +1)6 < ¢, once
again via (7.7). That proves aq, b1, az,bs € U.

4) Before proving (7.9)1, let us first do the induction step. Suppose (7.8)x—1 and (7.9),_1 are
satisfied. We have to prove (7.8); and (7.9);. We first check (7.8) at k. By (7.8)x_1 we know that

bo,a1,b1,...,ax,br € U, so it remains to prove agy1,bxr1 € U. Now observe that (7.9),_1 implies
k—1
> D(bj,bj41)"? < D(bo, b1)"/? + C [(ﬁ(DB(al)) - ¢(DB(ak))} — D(by1,by,) "/
j=1

< D(bo,b1)"? + Cp(Dp(ar)).
Using (2.3) this implies

k—1
D llbj—1 = byll < m T M][bg — by || +m T Cé(Dp(ar)).
j=1
Using this, we have
k—1
Bk — 2| < 1ok — bull + b1 — %[ < Y 11by = bysall + b1 — 2|
7j=1

<m~'M|lbg = bil| + m ™' Co(Dp(ar)) + [[br — 2|

<m "M|by — a1 + m  M|ay — by|| + m~'CH(Dp(ar)) + (m~2M? +m™'M + 1)5
<m2M%5 + m3MP5 + m ' Co(Dp(ar)) + (m™2M? + m™'M +1)8

= (m3M> +2m2M? +m "M 4 1)§ + m ' Cp(Dp(ar)).

Now D(bg, ari1) < D(by,x*), hence ||by — apr1]| < m™ M|by — z*|| < (m™*M* + -+ m~M)§ +
m~2MC¢(Dp(a1)). Then [|agtr — 2*|| < [lagtr — bl + [[bg — 2*[| < (m™*M* + .- +1)6 + (m~" +
m=2M)C¢(Dp(ar)) < €/2 + €/2 = ¢, where we use (7.7), being allowed to do so due to Dp(a1) <
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M?2§2. Namely, Dp(a1) = D(b1,a1) < D(by,a1) < D(by, z*) < M2||bg — z*||2 < M?252, which bounds
the term (m™! +m=2M)C¢(Dp(a1)) according to the second condition in (7.7).
Finally, D(bgt1,ar41) < D(be,ars1), s0 [[berr — apall < m™ Mby — apsal| < (m™°M° +
o+ m M) + m3M?C¢(Dpg(ay)), which gives ||bry1 — 2*|| < [[brg1 — arp1ll + lapss — 2] <
(m™PM5 + -+ 1)0 + (m~ +m 2M +m3M?)C¢(Dp(a1)) < €/2 + /2 = ¢, using both estimates
n (7.7). That proves (7.8)y.

6) Now let us prove (7.9);. From the angle condition (5.1) with o(s) = ¢/(s) 257! we have

(7.10) ¢ (Dp(ax))*Dp(ar)(1 — cosay) > v,
where oy = J(bg—1 — ak, by — ar). We also have the four-point estimate
(7.11) D(bk+1,ak+1) +€D(bk,bk+1) < D(bk,ak)

because D(bk, axy1) < D(bg,ar). Now we invoke precisely the same estimation as used in the proof
of Theorem 7.1, which via (7.1) and (7.2) led to (7.4). Here we use instead (7.10) and (7.11) to derive
(using r* = 0):

(7.12) D(by_1,bp)"? > %ﬂw(ﬂg(ak))—l,
Now by concavity of ¢, the four point estimate (7.11), and (7.12), we get
¢(Dp(ar)) — d(Dp(ars1)) > ¢ (Dp(ar)) (D(bk, ax) — D(bry1, ars1)
> ¢/ (Dp(ax))¢D (by, bpt1)

D (b, brsr)
1 ks Vk+1
> ma/2yM™ f—bk 1,bk)1/2

With C'= M /m+/2~¢ this becomes
¢ [¢(53(ak)) - Cb(DB(akH))} D(bg_1,b)"? > D(by,, by41)-

Since a? < be implies a < %b + %c for positive a, b, ¢, we deduce

1 C . _
(7.13) D(bes b)Y < 5D(r-1,b0)? + 5 [6(D(ar) — (Dplarin))|
By the induction hypothesis (7.9);_1 we have
1 k—1 C _ _
ZD%%lf% D(bj-1,b)"2 + 5 |9(Dp(ar)) = 6(Ds(ar))] -

1

J

Adding this and (7.13) gives (7.9); at stage k.

7) It remains to prove (7.9) at k = 1. This can be done by following the same steps as in 6) with
k=1

8) Having proved (7.9) for all k, we see that the series > 3> D(bg_1,bx)'/? converges, and that
all iterates stay in U. Hence via (2.3) the series ) 2, [|bx—1 — bg|| converges as well, hence the by
form a Cauchy sequence, which converges to some b* € BN U.

9) Convergence of the ay, is obtained as follows. We have D (bg, ax11) < D(by, b*) due to b* € ANB
and Ak+1 S PA(bk), hence ||ak+1 - ka < m_lMku - an, and then ||ak+1 — bﬁH < ||6Lk+1 - ka +
Iy — B < (1m0 by, — B3] 0

Corollary 7.4. Suppose A, B, f are definable and B is prox-reqular at x* € AN B. Then there
exists a neighborhood V' of x* such that every Bregman alternating sequence ay LI b —> aj+1which
reaches V' converges to a point b* € AN B.

We pick up the thread of local projections from Section 5.4.

Corollary 7.5. Consider a local Bregman alternating sequence by_1 SN ag LN by, with gap K*.
Suppose A, B, f are definable. Let the rl-three point inequality be satisfied on K*. Then the sequence
by, converges.
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Proof. Since ag, by is a standard Bregman alternating sequence between the sets A°, B® we know
from Section 5.4 that the angle condition, which holds throughout A, B, remains in place between A*
and B®. Let K* be the gap generated by the ax, by, then K* is also the gap of ag, by when the latter
is considered alternating between A° and B®. By hypothesis the ril-three point inequality holds on
K*, and since it is also expressed in terms of building blocks, it remains true for ag, by alternating
between A°, B®. Altogether, by Theorem 7.1, the sequence by converges. O

This is important from a practical point of view when A is not convex, as we then may want to
solve (1.3) with a local NLP-solver, starting with the last a as initial guess, thereby assuring descent

(1.5).
8. DUAL CONVERGENCE

We continue to consider the alternating sequence under the form
a - b1 at L bt

where D(bT,a™) < D(b,a™) < D(b,a). However, we now reverse the roles of A and B, i.e., we
assume that the dual angle condition (5.4) and the dual three point estimate (6.2) are satisfied, now
for Ir-building blocks a b T et

Theorem 8.1. Let ay, by be a Bregman alternating sequence with gap (K*,r*). Suppose the lr-angle
condition and lr-three point inequality are satisfied at every pair (b*,a*) € K*. Then the sequence
ar, = Py o Pg(ag—1) converges.

Proof. We use duality to obtain the mirror sequence af, b of the ay,by. Then (K*,7*) is mapped

into the dual gap (Vf(K™),r*), and by amenability of the angle condition and the three-point
inequality, the dual sequence now satisfies the rl-angle condition and rl-three-point inequality at

V f(K*). Therefore by € ]5**013;*(6;_1) converges by Theorem 7.1. Mapping this back under V f*
yields convergence of ap = ]3A o ]SB(ak,l). O

It is again possible to obtain convergence by attraction using duality.

Corollary 8.2. Let z € AN B and suppose lr-angle condition and lr-three-point inequality are
satisfied at T. Then there exists a neighborhood V' of & such that every Bregman alternating sequence
which enters V' converges to some point in the intersection.

l
Naturally, we can also address the case of local projections a --» b — a™ via duality. We skip
the details.

9. SPEED OF CONVERGENCE

We consider the case of the Lojasiewicz inequality, where the de-singularizing function is ¢(s) =
5170 for some 6 € [%, 1). In that case, worst case convergence rates can be obtained.

Corollary 9.1. Under the hypotheses of Theorem 7.1, suppose the de-singularizing function is of
the form ¢'(s) = s for some 6 € (%,1). Then the speed of convergence of the sequence by =
Ppg o Pa(bp_1) is ||bg, — b*|| = O(k™) with p = 219—1‘91 € (0,00). When 0 = 3 the speed is R-linear. In
the feasible case, the ai converge to b* € AN B with the same speed.

Proof. Summing (7.5) from k = N to k = K gives

K-1
1 1
_§D(bz\r—1,bN)1/2+5 Z Db, bes1) Y2 + Dlbge, brc 1)/
(9.1) P
C N -
= 5 [(b(DB(aN) - %7“*2) — ¢(DB(QK+1) _ %7“*2) )

Passing to the limit K — oo gives

1 1 e C _
—§D(5N—1, b))% + B > D(bg, bpy1)'? < §¢(DB(GN) — 1r2).

k=N
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Introducing Sy = 33 D(bg, brr1)'/?, this reads
1
—5(ON-1=5n) + SN < ¢>(DB(GN) 37%).

On the other hand, (7.4) gives

P

¢/(DB(GN) _ %r*Q)fl S

D(by—_1,bn)"? =

M
T > (Sn—1— SN)-
Now by hypothesis we have ¢/(s) = s~ for 6 € [% 1), hence ¢
[¢/( ] 1_? = (1-0)¢(s). Hence ¢(Dp(an)—3r*2) < (1-

1-6
(1-0)"1 <mf) ’ (Sn-1— SN)%. Substituting this gives

s) = (1— 9)’1 1=0 " Therefore
0)"\¢/(Dplan) - 1?17 <

—

- 1
(9.2) 55N < C'(Sy-1 = SN)T + 5(Sn-1— Sn)

\V)

1-9
with C' = %(1 —6)! (m%) * . Now for 0 > 3 we have % < 1, so that the first term on the

right hand side dominates the second term. Therefore there exists another constant C” such that

_0
S]if_e < C”(SN_l — SN)

From here we follow precisely the argument in [52, Cor. 4 (24) ff], where this leads to an estimate of
the form
1—-6
SN S C///N*m
~ —0
for another constant C””. Using (2.3), this shows Sy 1= > "5 v ||bx—br41|| < m™ 1Sy < m_lC’”N_Zlﬁi—l,
and since ||[by — b*|| < Sy by the triangle inequality, we get the desired estimate ||by — b*|| = O(k™°)

with p = %.

Now consider the case § = 1, then (9.2) turns into
1 1
§SN < C'(Sy-1—Sn) + §(SN—1 - SN),
hence ;
1+2C
< o——+5N-
N =94 20PN b

which gives Q-linear speed Sy — 0, hence R-linear speed S ~ — 0, and then also R-linear speed
lbxy — b*|| — 0.

Finally, in the feasible case we get the same speed of convergence for the a; from part 9) of the
proof of Theorem 7.3. (|

Remark 9.2. This may be compared to [40], where for a non-convex version of the EM algorithm
for exponential families a global estimate D (b, by11)"/? = O(k~'/?) is obtained without use of the
Kt-inequality, with D the Kullback-Leibler divergence. See also Example 12.1 in Section 12, and
Section 11.

Remark 9.3. Naturally, via duality, the same speed of convergence is obtained for Theorem 8.1 if
B(s) = 5170,

Corollary 9.4. (Linear convergence). Suppose B intersects A rl-transversally at T € AN B,
and the rl-three-point inequality is satisfied at . Then there exists a neighborhood V' of T such that
every Bregman alternating sequence which enters V- converges to some point in the intersection with
R-linear speed.

Proof. The neighborhood V' of Z may be chosen such that the ri-three-point inequality holds on V.
By hypothesis we may also assure that the numerator 1 — cosa in (5.1) stays bounded away from
0 in V. Therefore we can allow a constant as angle shrinking function . Now o(s) = ¢/(s) 257!
gives constant o as soon as ¢'(s) o< s~ /2, so the de-singularizing function is ¢(s) = s'/2. Then by
Corollary 9.1 convergence is R-linear near . O

The dual version of this result is also true.
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10. SUFFICIENT CONDITIONS FOR THE THREE-POINT INEQUALITY

In this chapter we derive the three point inequality from conditions on the reach of the sets A, B.
Bregman reach had been introduced in Section 3.4, and extends the classical notion of reach [36].
However, there are other ways to extend the classical notion of reach to the Bregman setting, each
with advantages and inconveniences.

10.1. Bregman reach larger than gap. We start discussing left Bregman reach R(bﬂ d), which
we match with the distance between A and B measured by D(bt,a®)!/2.

Proposition 10.1. Let b* ~ a* with gap value r* > 0 and suppose the left Bregman reach at b* € B is
at least r > r*. Suppose f is 1-coercive. Then there exist § > 0 and 0 < £ < 1 such that the three point

inequality holds with ¢ for every building block b — at L bt with (bT,a™) € B(b*,6) x B(a*,9).

Proof. 1) Recall that the three point inequality holds trivially for every ¢ € (0,1] if a building
block satisfies (Vf(a™) — Vf(bT),b—bT) < 0. We therefore assume (Vf(at) — Vf(bT),b—bT) >
0 throughout. Geometrically, this means that b,a™ are strictly on the same side of the tangent
hyperplane H at b™.

2) We have b+ € Pg(a™) with a* € A, and the Bregman perpendicular ay to B at bT in direction
d=V2fb)"HVf(at) — Vf(bT)) satisfies

(10.1) Vf(an) = V7)) =XV f(a®) = V().
Now consider b strictly on the same side of the tangent hyperplane as a™. We claim that there exists a

parameter A(b) > 1 for which the point ay) on the geodesic gives equality D(b, aye)) = D(bt, ax))-
Indeed, the cosine theorem for Bregman distances in tandem with (10.1) gives

(10.2) D(b,ay) = D(b,b") + D(b*,ay) — MV f(a™) = Vf(bT),b—b"),

hence

D) = DOT.a) _ PO (g p(at) - v p(b+).b - %)

— —(Vfa™) = VfObh),b—b") <0

as A\ — 0o, so that eventually D(b*,ay) > D(b,ay). Here we use the fact that due to 1-coercivity
of f the a) are defined for all A > 0, so that we may pass to the limit, and we use the fact that the
limit term is negative. Since at ay|y=1 = a™ we have D(b,a1) > D(b",ay), the intermediate value
theorem gives A = A(b) € (1, 00) with equality.

3) Differentiating (10.1) with respect to A gives V?f(ay)fay = Vf(a*) — Vf(b"). Therefore
wDO,ax) = —(Fhax, V2 (a) (0 — an)) = —(V2f(an) frax, bF —ayn) = (Vf(a®) = V(b"), ar —
bT) > 0, as all ay are on the same side of the tangent hyperplane as a™. This means A\ — D(b", ay)
is strictly increasing, hence the intermediate value A(b) found above is unique.

4) From D(b,ay)) = D(b", arpy) we get D(b,b%) = Ab)(V f(a™) — Vf(bT),b—b") using (10.2),

hence the three point inequality holds with £(b) = 1—\(b)~! for every building block b — a* byt
with b strictly on the same side of the hyperplane H as a™.

What remains to be shown is that there is one global ¢ which works for all these building blocks,
or put differently, that the £(b) = 1 — A(b)~! stay bounded away from 0 even when their building
blocks approach the gap.

From the construction we have b, b™ € 85((1 A(b)» TA(b))> S0 by the definition of the left reach ry) >

R(bT,d) > r > r* for all such (b",a™) € W. Now assume contrary to what is claimed that there

exist building blocks by_; — ay LN by with ar — a*, by — b*, such that A\(bx_1) — 1. Then
Vf(axw, 1)) = V() +Abe—1)(Vf(ar) = Vf(br)) = Vf(a¥). Since Vf is an diffeomorphism from
int(dom f) onto int(domf*), this implies ay@, ,) — a*. Then D(by,axp, ) — D(b*,a") = $r*2,

hence ry@, ) — r*, a contradiction with the above. O

Remark 10.2. In view of Proposition 3.13 it is unlikely that the result still holds without 1-coercivity
of f. This is why we consider alternative ways to define reach via R in the following sections.
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10.2. Mobile reach larger than gap. We use a different notion of reach based on what we call a
mobile euclidean norm. This requires measuring the gap between the sets differently.

With every building block b — a* — b+ we associate the euclidean norm z)|2, = (z, V2f(bT)z) =
(z,x)p+. Due to V2f(bT) =€ > 0 for bT in a compact subset K of the interior of domf, we have an
estimate of the form
(10.3) mlzfpr < flz] < M|z,

with m, M depending only on K, and for every b™ € K. The rationale of this norm stems from the
fact that second-order Taylor-Young expansion of f at b gives

D(0,b") = 3lb = b* |3 +o(b—b*[?), D(0F,a*) = 5b* —at | +o([Ib* —a™|?).

Here the little-o terms may be made uniform on any compact set of b*, see Section 2.5.
Let us fix some more terminology.

Definition 10.3. The proximal normal cone to B with regard to || - ||+ is Ng’w. The orthogonal
projector with regard to || - ||+ is P?, the angle is 4,4, and || - [|p+-balls are By+(x,r). The reach of
B at b* € B in direction d € N2°" (5%) \ {0} with regard to | - ||+ is R(b™, d).

This allows now the following

Definition 10.4. (Mobile reach). We say that B has mobile reach at least R >0 at b* € B, noted
R(b*) > R, if there exists a neighborhood U of b* such that for every b™ € Pg(cﬁ) N U for some
at & B we have R(b",d) > R, where d = V2f(bT)"1(Vf(at) — VF(bT)).

Remark 10.5. As seen in Sections 3.1 and 3.4, B has positive reach at b* € B iff it has positive left
Bregman reach at b*. Using (10.3), this is now equivalent to having positive mobile reach.
Proposition 10.6. Let b* ~ a* with |V f(b*) =V f(a*)||p» = p«. Suppose B has mobile reach at least
R> ps at b*. Then there exist 6 > 0 and 0 < £ < 1 such that every building block b — a* Lyt
with (bT,a™) € B(b*,8) x B(a*,0) and ||b—b"|| < & satisfies the rl-three-point inequality with (.
Proof. Fix £ € (0,1) such that (1 — ¢)~p, < R. Then find ¢ > 0 such that (14 €)(1 —¢)~!p, < R.

Writing R = (1+¢€)(1—¢)~'p therefore means p, < p. Let U be a neighborhood of b* as in Definition
10.4. Shrink U further until (1+€)D(b,b") > 3|b—b™ |2, for all b,b+ € U, using uniform second order
Taylor-Young expansion at b™ on U in tandem with (2.3). Ready to shrink U even further, combine
it with a neighborhood V' of a* such that (b™,a%) € U x V implies |V f(b1) — Vf(a™1)||p+ < p. This
is possible, because p, < p, and since the norm || - ||+ depends continuously on b™.

Now let b — at -5 b* be a building block with b,b6% € U and a* € V, and put a :=
bt + V20N Y (Vf(at) — Vf(bT)). Then
(Vf(a") = VFET),0—b") = (VFOT)H(Vf(a") = VFBT)),b— b5y
=(a—b",b—b")
= Jla = "Iy [[b = b [[p+ cos B,
where 8 = 4, (a—b",b—b") is the angle in the euclidean geometry of || - ||;+. Now if cos 8 < 0, the
three-point inequality is trivially satisfied, so we may assume cos§ > 0. Then 8 < 90°, hence there
exists a point @ on the proximal normal to B at b" in the || - ||,+-geometry such that the triangle
b,a,b" is equilateral with two angles 3 at the corners b, b™, and two edges of the same || - ||, +-length
R joining b,b" to a. Hence @ = b" + Rd, where d = (a —b")/[|la — b*|p+ and R = [|b — a||p+.
Then [[b — b+ = 2Rcos 3. But the ball By+(a, R) contains b,b", hence R > R(b",d) > R =
(1+¢€)(1—¢)~'p. We deduce
16 =0T+ =201+ ) (1 =) gcos f > 2(1+€)(1 = ) VF(bF) = VF(at)||p+ cos B.
Hence
(1= 0)D(b,6%) > (L= O+ )" 5o — b3,
> (1 =01+ 1+ =) VFOF) = V(@) lor 1o = bFlp+ cos 3
(Vf(a®) = VfbT),b—b").
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That proves the ri-three point inequality. O

Remark 10.7. While Proposition 10.1 needs 1-coercivity of f, which is not required here, we now
need a nearness condition on b, b to bring in the uniform Taylor-Young estimate, using that f is of
class C?. This seems acceptable in view of Lemma 6.6. We will see the consequences right below.

Theorem 10.8. (Global convergence). Let ag, by be a Bregman alternating sequence with gap
(K*,r*). Suppose the rl-angle condition is satisfied at every (b*,a*) € K*. Then the sequence

b, € ]SB o ]3A(bk:—1) converges under any of the following conditions:

(i) B has left Bregmanz’each R(b*) > r* for every b* ~ a* in K*, and f is 1-coercive.
(ii) B has mobile reach R(b*) > p. = ||V f(0*) =V f(a*)|p= for allb* ~ a* in K*, and the sequence
satisfies bp_1 — by, — 0.

Proof. All we need is assure the ri-three point inequality for building blocks b — a™ LN b, as
the rest is like in Theorem 7.1. We use Proposition 10.1 for the left Bregman reach case (i), and
Proposition 10.6 in case (ii). For the latter, by compactness we have R > max{||Vf(0*) =V f(a*)|p :
b* ~ a*}, so that the three point inequality holds for all gap pairs with the same ¢. O

10.3. Slowly vanishing reach. We have seen that positive reach at some b* € B, or prox-regularity
of B at b*, could be expressed in four equivalent fashions, using R, E, f%, and mobile reach R.
Unfortunately, exact quantitative relations among those four can only be obtained in the rough
proportional sense of Section 3.1. Better quantitative results can be obtained for zero gaps. For
those we may even allow B to have slowly vanishing reach at b* € B, a notion introduced in [52, 51|
in the euclidean setting. As this increases the chances to establish the three-point inequality, we
adapt this to the Bregman context. For an explanation of what is meant by vanishing reach see also
Example 12.4.

The following preparatory result conveys the fact that asymptotically as r — 0, left Bregman
balls B(a't,r) with b+ € dB(a™,r) more and more resemble balls By (a, ||a — b¥||,+) in the euclidean
geometry (z,y)p+ = (V2f(b)z,y), where a = bT + V2f(bT)"L(Vf(aT) — VF(bT)).

Lemma 10.9. Let z* € AN B. Then

lim inf R(b*,d) > 0 iff lim inf R(b*,d) > 0.

btePg(at),Adat —a* btePp(at),Adat—x*
When both tend to zero, we have

(10.4) lim BT _
brePp(at),Asat—a R(bT,d)
Proof. Note that R(b",d) stays away from 0 iff R(b™,d) stays away from 0 by the results of Section
3.1 in tandem with (10.3). Now suppose both reach terms shrink to 0. Let fm’(b*,d) with d =
V2£(bT) "V f(at) = V(b)) be realized at A > 1 and radius 7y > 0, with B(ay, ry) the largest left
Bregman ball having b™ on its boundary and no point of B in its interior.
Working in the || - ||+-geometry, uniform second-order Taylor-Young expansion of f reads

fla+h) = f(2) +(V2FOF) TV (@), )y + 5(h, V2FOF) V2 f(@)hhys + ol(|R]1%),

hence the normal curvature of the left Bregman ball B(ay,ry) at 2 € OB(ay, ) in unit tangential
direction v in the || - ||+-geometry is

(0, V2F(bF) V2 f(z)v)p
Ko bt (CE,U) = 2 \—1 :
IV2F(6F) "1 (V f(ax) = VF(2))llp+
Taylor-Young expansion gives V2f(b7)"1(V f(ay) — Vf(z)) = ax — x + o|lax — bT||) + o(||z — bT|]).
Since we assume 1), — 0 as the building block approaches x*, we have ay — z* and z — z*

for z € dB(ay,r)). Hence on a sufficiently small neighborhood U of z*, (1 — €)|ay — #|jy+ <
V2 (0F) YV flay) — V(@) |pr < (14 €)|lay — z||p+ for z,ay, bt € U, using again that the little-o
terms in the Taylor-Young expansion may be made uniform on a compact set of b+ (Section 2.5).
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Shrinking U further, we may arrange V2f(b7)"1V2f(z) = I; + E with ||E|y+ < € for x,b" € U.
Then
1—e¢ 1+e

(5 allar —alpr =" = TGy —als
using ||v||+ = 1. This means the constants of Proposition 3.2, applied in the || - ||,+-geometry, are
c= %j and ¢ = £ Since the || - [[,+-euclidean ball with radius @ry contains the Bregman ball and
touches it from outside at b, this ball contains also b, hence its radius is larger than the || - ||;+-reach
at bt %E(b*, d) = H<¢ry > R(b*,d). On the other hand, the smaller | - ,+-ball with radius cry
is contained in the Bregman ball and touches it at b™ from inside, hence contains no points of B in
its interior, whence =¢7y < R(b*,d). This shows that numerator and denominator in (10.4) agree

+
asymptotically, which proves equality 1 in the limit. Il

Definition 10.10. (Slowly vanishing reach). Let * € ANB. We say that B has slowly vanishing
reach with rate 7 at ™ with regard to A if

D(bt.at 1/2 1
(10.5) T = lim sup (N’ia) < .
b+€ﬁB(a+),A9a+—>x* R(bJra d) \/§

Replacing R(b, d) by ](%(b+ d) gives the same value 7 by Lemma 10.9, hence an equivalent definition

of slowly vanishing reach. We now see that R has the advantage over R that it gives the same
information at points z* € AN B, while based on a euclidean norm, the inconvenience being that it
is a mobile one.

10.4. Three point inequality from vanishing reach. In this section we show that the three-point
inequality holds in the vicinity of a zero gap r* = 0 even when we allow the reach to shrink to zero,
provided it shrinks slightly slower than the distance between the sets.

Proposition 10.11. Let z* € AN B, and suppose B has slowly vanishing reach at x* with rate
T < 1/3/2 with regard to A. Then there exist a neighborhood U of x* such that every building block

b5 at - bt with b,at, bt € U satisfies the ri-three-point inequality with £ as long as { satisfies

0 <1—+/2r.

Proof. 1) The cosine theorem for Bregman distances gives
D(b,a™) = D(b*,a™) + D(b,b") — (Vf(a™) = Vf(bT),b—b").
Therefore the rl-three-point inequality holds with 0 < £ < 1 iff
(1= ODb,b) > (VF(a*) = V), b—b).

This holds regardless of £ when (Vf(at) — Vf(bt),b—0b") < 0. We therefore concentrate on the
case (Vf(a™) =V f(bT),b—0b") > 0.
2) Let £ be as in the statement, and choose 7/ such that 7 < 7/ < \f Then choose € > 0 such

that 7/(1 4 ¢)* < W' By the definition of 7 we can find a neighborhood W of x* such that

D(bt.qt)1/2

(10.6) DWT,at) 7
R(b*, d)

for all at — bt with bT,at € W.

We put @ = b+ + V2f(bT)"H(Vf(at) — VF(bT)). Shrinking W further such that b,b" are forced
sufficiently close, using uniform Taylor-Young expansion D(b,b") = [|b — b% |12, + o(||b — b™||?) in
tandem with (2.3), we may arrange the following:

(a) 5llb—b*E < (1+¢€)?D(b,b7),
(10.7) (b) LI+ —a*I2 < (1+ 92D(b*, a*)
(€) 1167 —allyr < @+ elo" —a" [y
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for all building blocks with a™,b",a,b € W. Let the angle 8 = 4,4 (b — b",a — b") be taken with
regard to the || - ||y+-geometry. Then,

(Vf(a®) =V fOr),0=0") = (V2fO")H(Vf(a®) = Vf(F)),0 =)y
=|v* ( )TV @) = VOl 16— bF [+ cos 8
= @ = bF |yt [|b = b ||+ cos B

L+ )6 = a" Iy [lb = b7 ||+ cos 8

(1+e)?||b* — a™ ||+ V2D (b, b7)/? cos B

(14 €)>V2D(b*,a™)Y2/2D(b, b))/ cos 8

< (14 €)>72R(b™, d)D(b, b+) /2 cos 8.

IN

(10.8)

IN

IN

These estimates use cos 8 > 0 throughout, which holds due to part 1). Moreover, line four uses (10.7)
(c), line five uses (10.7) (a), line six uses (10.7) (b), and the last line uses (10.6).

3) Now recall that a—b™ is a proximal normal to the set B at b™ with regard to the ||-||;+-geometry,
with d = (@a—b")/||a—b"||y+ the corresponding unit proximal normal. Since 8 = ,+(b—bT,a—b") <
90° according to part 1), we can choose R > 0 such that the point @ = b* + Rd on the proximal
normal satisfies ||a — 0T ||,+ = ||a — b||p+ = R, so that b,a,b" form an equilateral triangle with two
angles 3 adjacent to the side b, b™ of length ||b — b™|;+, and two sides of equal length R joining a.
Therefore 3/b — bT|[;+ = Rcos 8 by the perpendicular bisector theorem.

Now the || - ||y+-euclidean ball with center a and radius R contains the points b,b* € B on its
boundary. By definition of the reach of B at b with regard to the norm || - ||+, and since the ball in
question has its center on the || - ||;+-normal b* + R d, this means that R must be at least as large
as the || - ||y+-reach R(b™,d) in that direction. We derive

(10.9) b — bt ||, = 2R cos 8 > 2R(b*, d) cos 3.
Plugging this into (10.8) gives
(Vf(@) = VIbT),b=b") < (1+e)>7|lb— by D(b,bT)"/?
< (1+ V2D (b, b)
< (1 —=£0)D(b,b")
by the choice of € and 7. Therefore by the cosine theorem for Bregman distances
D(b,at) = D(bt,a") + D(b,b") — (Vf(a™) = Vf(bT),b—bT)
> D", a™) +D(b,b") — (1 —£)D(b,b")
= D(b",a™) +4D(b,bT).
O

Remark 10.12. We see from the argument in part 3), and also from a similar one in Proposition
10.6, that the technique in part 2) of the proof of Proposition 10.1 looks like a Bregman version of
the euclidean perpendicular bisector theorem.

10.5. Convexity. As we had seen in Proposition 6.4, convexity of B, or V f(A), makes things easier,
but surprisingly, convexity of A doesn’t seem to help. This discrepancy was also observed in [18,
Thm. 7.3], where the right Bregman Chebyshev condition of A was shown to imply convexity of
Vf(A), not of A. For short, convexity is not amenable to duality. Can we still get something when
A is convex?

Proposition 10.13. Suppose A is closed bounded contained in int(domyf) and has positive reach.
Suppose f is of class C*'. Then there exists 1 > 0 such that the lr-three-point inequality is satisfied
at all gaps with gap value v* < r.

Proof. Since A has positive reach and V f is a C1!-diffeomorphism, the image B* = V f(A) has also
positive reach. Since positive reach is equivalent to positive mobile reach, we have R(b*+) > R for
some R > 0 for the mobile reach in dual space and all b** € B*. Therefore, applying Proposition
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10.6 in dual space, we get the ril-three-point inequality for dual building blocks b* — a** ey et
near gaps with dual gap distance p, = ||[Vf*(b*T) — Vf*(a* ") |p+ < R.

Going backwards in the dual formula (2.2), this means every lr-building block a b st
satisfies the r-three-point inequality as soon as p, = |[Vf*(b*T) = Vf*(a* ) |pe+ = |lat = b]lp=+ < R.
Now [JulZ. = (V2f*(0*")u,u) = (V2f(a®) 'u,u). Hence in primal space the sufficient condition
reads p, = (V2f(at) Y (at —b),at —b)/2 < R. Since V2f(at)™! = ¢ > 0 on A, we have an estimate
of the form m/D(b,at)V/? < |la™ — b||p=+ similar to (10.3) combined with (2.3) with the same m/ for
A, B, so that the Ir-three-point inequality now holds for building blocks with D(b, a+)1/ 2<m! _1];’:,
hence it holds for gaps with r* < r := m'~1R. (|

This shows that it is prox-regularity, or positive reach, which is amenable to duality, not convexity.
However, the distortion caused by V f makes it hard to relate the reach of a set A in primal space
to the reach of its V f-image B* in dual space. Quantifying r could at best be achieved in specific
situations.

Corollary 10.14. Let T € AN B and suppose A is proz-regular at T. Let A, B, f be definable,
and suppose f is of class C*'. Then there exists a neighborhood V of T such that every Bregman
alternating sequence which enters V' converges to a point in AN B.

This should be compared with Corollary 7.4.

11. EM ALGORITHM

We apply our convergence theory to the EM algorithm via the variant in [32], known as the em-
algorithm. Criteria for the two to coincide are given in [2, Thm. 4, Ex. 10, §7.2]. As observed
in [60], or [47, Sect 3.6], even when convergent, EM iterates may go to local minima or saddle
points of the likelihood, which is not surprising in a non-convex setting. In this work, we focus on
convergence of the iterates, which contains value convergence first discussed in [60], see also [40].
As literature on convergence of the EM algorithm is vast, we confine ourselves to a few pointers
[32, 31, 2, 3, 57, 24, 26, 28, 29, 38, 40, 60]. En excellent survey up to 2008 is [47].

11.1. Exposition of the method. The em-algorithm requires a complete data space X, an in-
complete data space Y, a measurable mapping 7' : X — Y, a family of probability measures P on
X and their images PT under T on Y. Abbuming P < p for a o-finite base measure on X, and

PT <« uT', we have densities p = &~ and pl = di —. We further require an empirical distribution
PonY with P <« ul', p= d ar. Wthh we use to define the data set on X as D = {P: PT = P}
respectively, D = {p : p! = p}. Finally, we need a statistical model M of distributions @ < u on

X, M ={q:Q € M}, and our goal is to minimize the Kullback-Leibler information distance [41]
between D and M, given by
p(z)

K<p||q>=/X (@)log 2 (o).

Then the em-algorithm is the following alternating procedure:

estep  p € argmin K (p'[|q)
p'e€D
m-step ¢t € argmin K (p||q’)
qeM

The m-step is similar to the M step of the EM algorithm and represents maximum likelihood esti-
mation in complete data space. On the other hand, the e-step may differ from the E step, as shown
in [2, 6.3|, and according to [2, Thm. 4], both agree iff the conditional expectation with respect to a
candidate distribution of the missing data, given the observed data, is an affine function of observed
data.

It turns out that the e-step is explicit. As follows from [42, Thm. 4.1], we have K(p||q) >

K("||¢"), with equality iff qug = p;ETEI); p-a.e. Applying this to the data set D shows that

)
JSD(q) = p is realized by setting p(z) = p(T(x)) T(T()z 5 H-ae.
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11.2. Discrete measures. In the first place, let us assume X = I, Y = J finite, with p the counting
measure. Then distributions on I are vectors p = (p;)ier with p; > 0, >°,;p; = 1, and similarly,
D = (Pj)jes with p; >0, ZjeJﬁj = 1. The Kullback-Leibler divergence on Ri

i
K(pllg) = E pilog = — pi + qi,
- q;
el
is now the Bregman divergence generated by f(x) = > ,.;z;logx; — z;, making the algorithm
amenable to our convergence theory. We assume p; > 0 for all j € J and observe that the data set

is D= {PZ 0: Zie]pi = 17ZT(i):jpi :ﬁj Vj € J}

Theorem 11.1. Let M C ]R{H_ be a closed definable set of statistical model distributions. Let p*, q*
be a sequence generated by the em-algorithm. Then the p* converge to a distribution p* € D. Every
accumulation point ¢* € M of the ¢* satisfies

. q;
p; = Dj 271*,

(11.1)
7(i)=j

ic T 1(j),j€J
When M is definable in Rqy,, then the speed of convergence is no worse than ||p* — p*|| = O(k=) for
some p € (0,00).

Proof. We have p € ISD(q) and ¢t € f’M(p), hence M = A and D = B in our general scheme. Since
D is convex and not entirely contained in the boundary of RZ | it is interiority preserving, hence can

be pre-processed as in Section 2.2. Therefore Ir-building blocks ¢ LI p —» ¢T satisfy the three-
(& m

point inequality by Proposition 6.4. Moreover, D is semi-algebraic, K (p||q) is definable because log
is definable in Ry, exp, and M is definable by hypothesis. Therefore the Ir-angle condition holds, and
convergence of the p¥ follows with Theorem 8.1.

Next observe that the e-step can be made explicit due to the structure of D and the observation

made above. We have "
1

Pi=pi=—
Y 2 1(in)=j g’

for ¢ LN p, and we may clearly pass to the limit in this expression, which gives (11.1).

Finally, assume M is definable in R,,,. Since D is semi-algebraic, hence definable in R, it remains
to show definability of K (p||q) in Ryy,. Now observe that by M C (0,1]f and closedness of M the ¢*
stay bounded away from 0, i.e. qf > e > 0 for all 4, k. Since p; > 0 for all j € J, formula (11.1) shows
that all pf also stay uniformly bounded away from 0, say pf > 60 > 0 for all ¢, k. Bearing in mind
that p¥ < 1, the logarithms logp; in K (p||g) can a priori be restricted to the interval [, 1]. But the
restriction log | [0, 1] is globally sub-analytic, cf. [34, 35]. In consequence the KE-inequality becomes
a Lojasiewicz inequality with de-singularizing function ¢'(s) = s~% for some 6 € [%, 1). Therefore
Corollary 9.1 gives the claimed rate of convergence. ([

ieTY(),jed

Remark 11.2. In the feasible case D N M has a neighborhood of attraction W such that any
sequence p*, ¢* entering W converges to some p* € D N M with the same rate ||¢* — p*| = O(k™"),
|p¥ — p*|| = O(k=”). Recall from Corollary 9.1 that p can be expressed in terms of the Lyapunov
exponent 6 of F', hence in some cases an even more specific rate may be obtainable.

Convergence of the ¢* with the same rate also occurs for gaps > 0 when the left Bregman reach

of A= M at the ¢* is larger than the gap value, as Py is then locally Lipschitz.

Note that (11.1) says p* = E x(plp), i-e., p¥ is the conditional expectation of p given p with regard
to the probability distribution ¢*. In the limit we then have p* = Eg«(p|p) for all accumulation points
¢* of the ¢*. Since definability is not a severe restriction, this is quite useful in practice.

11.3. Exponential family. We consider an exponential family of densities with respect to a base
measure dx

(11.2) po(x) = exp((0, t(x)) — f(0) + k(z)),
where t(x) is the sufficient statistic,  the natural parameter varying in a parameter set ©, f(6) the
log-normalizer function, and exp k(x) the carrier measure density.
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Lemma 11.3. The Kullback-Leibler divergence of two distributions pg(x) and pg(x) belonging to the
same exponential family is K(pe||pg) = Dys(6,6), where Dy is the Bregman divergence induced by
the log-normalizer f.

Proof. From (11.2), and since [ pp(x)dz =1, we have

£(0) = log /X exp{ (0, t(x)) + k(x)}dz.
Differentiation with respect to 6 gives
Vi) = /Xt(:c) exp{(0,t(z)) + k(x)}dx// exp{(0,t(x)) + k(z)}dx.

Now expf = [y exp{(0,t(x)) + k(z)}dz, hence Vf(0) = [ t(x) exp{(0,t(x)) — f(0) + k(x)}dx =
Jxt da: = FEy[t(z)], the expectation of the random variable t(x) with respect to the distribu-

tion pgda; (see also [47, (1.57)]). Then

K (po||po) = /pef( )logp(:((j)) dzx

- /X por(z) (F(9) — F(8) + (6 — 0,4(x))) da

(11.3) - /X po (@) (D(0,0) + (0 — 0/, VF(0)) + (6 — 0,4())) da

— D (0,0 + /XW ()0 — O,V F(0) — t(z))dz
=Dy(0,0")+ (0 — 0",V f(0') — Eplt(x)])
— D (0,0).
0

In order to connect with our general set-up, we have to make sure that f is Legendre. We have
the

Definition 11.4. The exponential family is called steep if its log-normalizer f is of Legendre type.

An exponential family is regular if the natural parameter space © is open. It is known that regular
exponential families are steep, but the steep class is larger; cf. [24, 7]. We are now ready to concretize
the em-algorithm for exponential families, specifying model set M = {py : § € M} and data set
D = {pp : 6 € D} by their parameter representatives M, D C ©.

Algorithm em-algorithm for exponential family

> Step 1 (e-step). Given current model density pg, 6 € M, complete data with the help of the
sample via 0’ € Pp (9). Obtain completed data density pg, 8’ € D.

b Step 2 (m-step). Given complete data density pg:, 8/ € D, improve parameter estimate by
maximum likelihood in complete data space via 0 € ]SM (0"). Back to step 1.

We observe that due to (11.3) left and right projections have been swapped, and the algorithm

has now the form ¢/ — 9 -7 '+ _L 6%, which matches (1.4) with M =B, D=A,a=60,b=0,
m e m
at =0, bt =06%.

It remains to say a bit more about the data set. Following [2]|, we consider the expectation
parameter 7(0) = Ey[t(x)], which by Lemma 11.3 is n = V f(0), with inverse § = V f*(). When the
sufficient statistic is of the form t(x) = (t1(z),t2(z)) for observed y = ¢;(x) and hidden z = to(z),
then

(11.4) D={0eG:Eti(x)] =9}, D={ps:0e D}

where g is the available sample. We can partition 6 = (6, 602) accordingly, so that (#,n) = (01, m) +
(02,m2), then V(D) = {(n1,m2) € G* : ;1 = gy, m2 free}, which in expectation coordinates is an affine
subspace L*, intersected with domV f* = G*.
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Theorem 11.5. Suppose the log-normalizer f(0) of the steep exponential family and the model pa-
rameter set M are definable. Suppose M C G is closed bounded and D has the structure (11.4). Then

the em-algorithm 0" = Pp o Py (0') converges.

Proof. 1) By hypothesis M is closed bounded and contained in G, so its image A* := Vf(M) is
closed bounded and contained in G*. Since D C G, we have B* := Vf(D) C G*, and by the above
B* = L* N G*. This means B* = V f(D) is convex, while not necessarily closed.

2) Put B} = L*Ncl G*, then By is closed and satisfies the constraint qualification BfNG* = B* # ().

Therefore B is interiority preserving (Section 2.2, [8, Thm. 3.12]), hence JS;I (y*) is defined for

y* € G* and we have IS;I (y*) € Bf N G* = B*. This little detour shows that ﬁ;*(y*) # () is
well-defined for y* € G*.

3) By compactness of A* C G* dual right projections on A* are well defined, and by 2) dual
left projections from A* are also well-defined and, moreover, go to B*. Now consider ' € D, then

0 € Pp(0') is well defined by compactness of M C G, ie. ¢ L5 6 is well defined in primal

space. Hence Vf(0') =5 Vf(6) is well defined in G*. But by what we had just seen we can
now continue left projecting from Vf() € A* into B* C G*, hence the dual rl-building block

V) 5 V) LN Vf(0'F) is well defined and lies in G*. By duality backward, the primal

Ir-building block ¢’ 159 5 0 is now also well defined and lies in G. Iterating this, the entire
primal sequence is well-defined and lies in GG, and its mirror sequence lies in G*. It remains to show
that the same holds for the accumulation points of these sequences.

4) As Bj is interiority preserving, we may apply Section 2.2 to the dual alternating sequence,
which means there exists a closed bounded subset C* of Bf N G* = B* such that left projections of
iterates from A* go to C*. In consequence the dual sequence alternates between C* and A*, now
including accumulation points. Mapping this back via V f* means the primal sequence alternates
between M = V f*(A*) and the compact C' := Vf*(C*) C D, and accumulation points belong to
M, respectively, C'. This makes the situation amenable to our convergence theory.

5) For that it remains to establish the angle condition. Since f, M are definable by hypothesis,
it remains to check definability of C'. Now observe that G as the interior of the domain of f is
definable. Definability of V f also follows from definability of f. Therefore G* = V f(G) as the image
of a definable set under a definable diffeomorphism is definable (see [30]). Hence B* = L* N G* is
definable, L* being algebraic. Now recall that the construction in Section 2.2 gives a definable C*
because B* is definable, and hence C' = V f*(C*) is also definable, using that Vf* = (Vf)~! is also
a definable diffeomorphism. This means the [r-angle condition is satisfied.

Now all the hypotheses of Theorem 8.1 are satisfied, which gives convergence of the primal [r-
sequence 0T = Pp o Py (6). O

Remark 11.6. 1) The argument hinges on M being bounded, which is not always true in practice,
but some boundedness hypothesis is required (see e.g. [60, (6)]), because in the infeasible case even
euclidean alternating projections between unbounded convex sets may escape to infinity, and without
convexity, this may happen even in the feasible case. When the sequence 6y, 8} is bounded and the
0. stay away from OG, we may always select a closed bounded subset My C G of the model set M
such that ay, br remain alternating between D, My, and then in a second step use the treatment of
Section 2.2 to get a bounded Dy C G.

2) The result holds more generally when y = ¢1(x) is affine in z = to(z), y = Az+b. Let A € R"*™
of maximal rank m < n, find @ invertible n x n with A = [Z 0] @ and A regular of size m x m, and
make the change of coordinates 7 = diag(A, I,—m)Qz =: Tz, then z = (§,9) with § = m(3) = Az
and y = ¢ + b, which reduces the affine case to (11.4).

3) An intriguing question is whether EM, respectively em, may fail to converge and generate a
continuum of accumulation points. A natural place to look are euclidean alternating projections,
as those arise when estimating the mean of a Gaussian with known variance. Counterexamples for
AP with a continuum of accumulation points have been given in [14, 15|, but do not apply to EM,
because in these examples the structure of the set D playing the role of the data set is too exotic.
We sketch a possible counterexample in Section 12.

4) Inspecting lists of exponential families, one finds that log-normalizers f often feature terms
log 0; for components of the natural parameter 6. All cases we are aware of are governed by the
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o-minimal structure Ry, exp unifying globally sub-analytic sets with exponential and logarithm; cf.
[34, 33, 59]. Yet there is interest to arrange model parameters § € M such that in these log 6;-terms
the 6; may a priori be bounded on some [f,6] with 0 < @, § < co. Namely, by [34, 35], this has the
benefit that f will be definable in R,,. Since D is by default definable in R,,,, things depend on M.
When M is also definable in R,,,, we get de-singularizing functions ¢(s) = s for some « € [%, 1),
which by Corollary 9.1 allows to quantify the speed of convergence to some O (k7).

5) Instances of sublinear speed of EM are mentioned e.g. in [47, p. 102], even though the general
understanding seems to be that EM should converge linearly. However, it may be extremely hard to
predict linear convergence a priori. For instance, even in the feasible case p* € D N M, and despite
the convenient structure of D, we would have to show that D, M intersect transversally at p* prior
to coming to know p*. This is possible only in very specific situations. Realistically, we should
therefore only claim a rate O(k™"). That may be predicted credibly, as definability of D, M, f is
usually easy to check. A fair chance to prove transversality might be the case (11.4) when M has a
simple structure.

11.4. dSPECT imaging. We end with an application in dynamic SPECT (dSPECT) imaging [17].
Voxels i € I have unknown activity x;, varying in time ¢, k € K. Camera bin j € J receives y;i
counts at time t; at angular position oy, where E(y;x) = > ;c; ¢ijeTik, and the known coefficients
ciji reflect camera and collimator geometry. Complete data z are activities z;;, emitted from voxel
i at time t; to camera bin j in position oy, E(2j) = ¢;jx2ik. The x;;, are the unknown parameters.
Two laws have been discussed in [17], Poisson, and Gaussians with known variance. The data set is
D ={z:) ic;zijk = yjxVj € J, k € K}. Since the problem is underdetermined, prior information on
the time behavior of the x; is added. In [17] the authors use z;; = aze M 4 hie Ptk 4 d;, and this
defines a model M, = {v : viji, = ¢;juir(ai, bi, di, Ni, pri) } with 51| parameters. The variant in [46]
uses a Prony model z;5 = ;i —2 + Biip—1 + v with M, = {v : vijx = cijrzin(c, B vi, 22, 2))},
where the 5|I| parameters are «, 3;,; and two initial values m?, le per voxel. Clearly M, is definable
in Ryn, Me in Rgy exp, s0 that convergence of the E step sequence for both cases is assured, giving
convergence of the corresponding x. In the feasible case the M sequence converges as well. For the
Prony model M, the rate is O(k™"), for M, this holds when the exponentials can be restricted to a
compact interval. For the Gaussian case convergence could be obtained from [51, 52|, while for the
Poisson model convergence is now for the first time established here.

12. EXAMPLES

Example 12.1. We consider the Kullback-Leibler divergence in R?, K (z||y) = S22, a; In(z; /y;) —
z; + y;, with 0In0 = 0. Take § = (1,1), z = (1,0) then K(z||g) = K((1,0)[|(1,1)) = 1 = 3r?
with 7 = v/2. The Bregman ball B(, v/2) contains (1,0), but no other point (z,0), z # 1, because
K((z,0)[|(1,1)) = zlogz — 2z +2 L 1 has only the solution z = 1, while zlogz —2+2 > 1 for z # 1.
Hence the line zo = 0 is tangent (a support hyperplane) to l§(y‘, V2) at (1,0).

We now squeeze a curve B in between x5 = 0 and dB(j, v2) in such a way that BN {zy = 0} =
{z} = BNB(7,v?2). Then BNG # 0, but Pp(y) =z ¢ G = R? , . Make the ansatz B = {(z, f(2)) :
1—e<z<1+4e€}with f(1) =1, then K((z, f(2))[[(1,1)) = zlogz — z+ f(2)log f(2) — f(z) +2 > 1
when we arrange f(z) such that f(z)log f(z) — f(2) < 3[~1—zlogz+ 2] on (1 —€,1+¢).

Example 12.2. Failure of convergence of euclidean alternating projections with at least one of A, B
non-convex are given e.g. in [14, 15, 52, 51]. In those cases ag, by are bounded with ax_1 — ap — 0,
bp_1 — by — 0, but fail to converge because either angle condition or regularity fail, while the other
holds, producing a continuum of accumulation points. For pictures see |14, 15].

Example 12.3. We sketch an example of failure of convergence of a bounded alternating sequence
with a continuum of accumulation points in the feasible case A N B # (), where one of the sets is
affine. This could be re-organized to give EM for estimating the mean of a gaussian with known
variance with a non-convex curved parameter set.

Let A= {(2,0): 2 € R"} and B = {(=, f(z)) : = € R} the graph of a C'-function f : R" — R
with f(z) > 0 on |z|] < 1, f(z) = 0 on |z|] = 1. Take euclidean alternating projections, then
Pa(zk, f(zr)) = (zk,0), while (zg, f(zr)) € P(xk—1,0) iff xx—1 =z + f(xx)V f(x). This method

follows steepest ascent backwards.
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Taking n = 2, we let B the graph of the mexican hat function [1] on 23 + x3 < 1, or likewise,
its epigraph. Similar to the argument given for steepest descent with infinitesimal steps in [1], AP
with infinitesimal steps will also follow the valley of the hat downward, endlessly circling around and
approaching the boundary curve a2 + 23 = 1, where f = 0. Since the stepsize f(zy) goes in fact to
0, this argument is plausible. What is amiss for convergence is the angle condition, the graph of the
mexican hat failing K¥., while regularity is guaranteed since A is a plane. For a picture see [1].

Example 12.4. We explain vanishing reach in the euclidean case. Let B = {(z, |z|*/?) : € R},
then B has vanishing reach at the origin in direction d = (0,1). As shown in [51], the radius R, of
the largest ball touching B at b = (z, |z|*>2?) from above is of the order R, = O(|z|'/?) as 2 — 0.
In particular, the point (0,0) € B cannot be projected on from above, while all other (z,|z]3/?) can.
For more details on this example see [52].

Example 12.5. In [2, Ex. 10| the author presents the case of a curved exponential family where
EM and em-algorithms converge to different limit points, even though these agree asymptotically for
large sample sizes. The em algorithm converges to a point in D N M, while EM converges to a local
minimum.
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