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Abstract—Consider a stable linear time-invariant system G(x)
with tunable parameters x € R", which maps inputs w €
L*(R™) to outputs z € L?(RP). Our goal is to find a choice of
the tunable parameters x* which avoids undesirable responses
of the system to past excitations known as system ringing. We
address this problem by minimizing the Hankel norm ||G(x)| x
of G(x), which quantifies the influence of past inputs on future
outputs.

I. INTRODUCTION

Ringing generally designates undesired responses of a sys-
tem to a past excitation. In electronic systems ringing arises
under various forms of noise, such as gate ringing in convert-
ers, undesired oscillations in digital controllers, or input ring
back in clock signals. In mechanical systems ringing effects,
when combined with resonance, may accelerate breakdown.
In audio systems ringing may cause echoes to occur before
transients.

In more abstract terms, ringing may be understood as a
tendency of the system to store energy, which is retrieved later
to produce undesired effects. One way to quantify this capacity
uses the Hankel norm of a transfer function, which measures
the effect of past inputs on future outputs.

Consider a stable LTI system

z=Cx 0

Q- {x = Ax + Bw
with state € R+, input w € R™, and output z € RP. If we
think of w(t) as an excitation at the input which acts over the
time period 0 < ¢ < T, then the ring of the system after the
excitation has stopped at time T is z(¢) for ¢ > T. If signals
are measured in the energy norm, this leads to the definition

0o 1/2
IGla = p{( / z<t>2dt) :
T7>0 T
T
/ w(t)?dt < 1,w(t) =0 for t > T}. )
0

Here our interest is in systems (1) with tunable parameters

x € R™, that is, systems of the form

= AX)x + B(x)w

o (x)z + B(x) .
z=C(x)x

where A(x), B(x), C(x) depend smoothly on a design
parameter x varying in R™ or in some constrained subset of
R™. Our goal is to tune x such that system ringing is avoided or

reduced. This leads to the Hankel norm optimization program

minimize ||G(x)| g
subject to  G(x) internally stable 4)
x € R”.

We will discuss instances, where program (4) may be of
interest. Then we present an algorithm to solve (4) based on
techniques from eigenvalue optimization. We present a non-
smooth optimization method, and a smooth relaxation based
on work of Y. Nesterov [7]. Applications are then presented
in the final sections.

II. HANKEL FEEDBACK SYNTHESIS

A first instance of (4) is Hankel feedback synthesis. Con-
sider an LTI plant P(s) in standard form

T A Bl BQ x
P:|z| =(C1 D1 Diof |w], (5
Yy CQ D21 0 u

where z € R"= is the state, u € R™?2 the control input, w €
R™* the exogenous input, y € RP? the measured output, and
z € RP1 the regulated output,

P(s)

[Cl] (sT— A" [B, By + [

Di1 Dqo
Csy ’

D21 0

Let u(s) = K(s)y(s) be a dynamic output feedback control
law for (5). Then, the closed-loop transfer function of the
performance channel channel w — z is obtained as

Tws2(K) = P11 + PioK(I — PyoK) ' Pyy.

Substituting u = Ky into (5), we get

e (-8 S o
where
A(K) = { A—i—BB;gzKCQ Bii[( ]’
L el f

C(K) :=[C1+ D12DgCs D13Ck],
D(K) := D11 + D12Dg Do .
We assume that D(K) = 0, which can be arranged e.g. by

standard assumption, e.g., D13 = 0 and either Dy; = 0 or
D5 =0 or K strictly proper.



Minimizing the effects of past inputs on future outputs
by way of an appropriate feedback may now be cast as the
optimization program

minimize
subject to

[T~ (K) |l
K stabilizes (5) @)
K =K(x),x € R™.

Here K (x) refers to a controller which is structured in the
sense of [1], and x stands for the tunable parameters of K (x).
Typical examples of structured controllers include PIDs

where x regroups the parameters r;,74,dx, T, Or observer-
based controllers, decentralized, fixed reduced order con-
trollers, and more generally, control architectures combining
basic building blocks like PIDs with filters, feed forward
blocks, and much else (see [1], [5]). It is convenient to write
A(x) = A(K(x)), etc., and Ty ,(x) = Ty (K (x)).

III. SYSTEM REDUCTION

System reduction is the most widely known application of
Hankel norm optimization (4). It may be considered a special
case of Hankel controller synthesis (7). Given a stable system

r=A B
a- T xr + bw ®)
z=Cx+ Dw
of order n, we wish to find a stable system
L = Are Bre
Groa: 4 Lred® ¥ Breatt ©9)
z = Creqr + Dw

of reduced order n,eq < n with input-output behavior as close
as possible to the original system G. If the model matching
error ¢ = (G — Greq)w is measured in the Hankel norm

minimize |G — Gred||ln
subject to G — Geq internally stable
X = (Areda Bhea, Cred)7

then (10) is a special case of (7), where we define plant and
controller as

A|lB 0
P:| C|D -I
0|1 O

(10)

K- |: Arcd Brcd

A ] an

the tunable parameters x being the entries of A,eq, Bred, Cred-

G

L ¢ 12
A

Gred

Glover [6] has shown how to compute an explicit solution
to (10) when the matrices A;eq, Bred, Crea are not further
restricted to have specific pattern. Here we use this as a blind
test of algorithm 2 by applying it to problem (10).

Recall that the use of the Hankel norm in system reduction
(10), (12) is to some extent artificial and mainly motivated by
the fact that it leads to a linear algebra solution. The more
natural approach would be H.-system reduction

minimize  ||G — Gred|| 0o
subject to G — Geq internally stable
X = (Ared; Bred; C'redy Dred)7

13)

which is usually considered too demanding algorithmically.
This has changed with the solution of the structured H.-
control problem in [1]. The tool hinfstruct developed
since [1], [2], [8] and made available through [14] since
2010, allows to perform H,-system reduction as a special
case of structured H ., -synthesis using (11). Solving (13) by a
nonsmooth optimization method was first proposed in [1], and
in section IX we will present tests related to (10) and (13).

IV. MAXIMIZING THE MEMORY OF A SYSTEM

Within the present framework it is also possible to maximize
the memory of a system G via feedback if a reference system
G'or With desirable memory properties is used. As an example
we consider a 2-DOF synthesis scheme of the following form:

U 22
“’H?_ﬁ» K LL G Ho A
Yy

Yref
Gref

Assuming that G has desirable memory features which do
not lead to ringing, the idea is to tune the parameters in feed-
forward filter F' and controller K in such a way that G in
closed loop follows G.ef, independently of the input w. In
other words, the undesirable part of the memory of GG, which
contributes to the mismatch z; = y — ye, is reduced by
minimizing ||Ty— ., (F, K)| g. It may be beneficial to arrange
this by adding a constraint ||22]|g < v or ||22|lcc < Yoos
where zo = u+v, in order to avoid exceedingly large controller
actions. If ||z2]|g < 7y is used, this problem can be cast as
a special case of (7), where plant and decentralized controller



structure are:

A 0 0 B B
0 Aref Bref 0 0
P: C —ULref *Dref D D
' 0 0 0 I I ’
-C 0 I -D -D
0 0 I 0 0
Ar 0 |Bp 0
| 0 Ax| 0 Bk
K: Cr 0 |Dp 0
0 Ckx| 0 Dg
Notice that
. Tr = Arpxp + Brw K- Txg = Agxi + Bge
o ZC'FSCF-FDF’[U7 N =Ckxk + Dge

can be further structured if we wish. In our experiment we
will use a reduced-order filter ', and a PID structure for K.

V. HANKEL OPERATOR

As is well known, a representation of the Hankel norm
||G||z amenable to computations, is obtained through the
observability and controllability Gramians. Using z(—o00) = 0,
the solution of (1) satisfies

t
y(t) = / CeAt=7) Bu(r)dr,

and if we focus on input signals w_ that live for times ¢ < 0
and vanish for ¢ > 0, then the output restricted to ¢ > 0 is

0
y4(t) = / CeA=" Bu_(r)dr, t > 0.

Now the Hankel operator I'¢ : L?(—00,0] — L2[0,00),
defined by

0
(Tgu)(t) = / CeA'=") Bu(r)dr, t > 0,

maps past inputs u_ to future outputs y4 = I'gu_. Using

(U, TGY) 12 (—00,0) = (e, ¥) 12]0,00)

o) 0

= / < / uT(T)BTeAT(tT)CTdT) y(t)dt
0 —00
0 00

= / ul (7) ( / BTeAW—T)cTy(t)dt) dr,
—00 0

it follows that

(oo}
(TLy)(r) = / BTeA =M Ty(t)dt, r <0.
0

Let X and Y be the controllability and observability Gramians
of the system, i.e.

X = / AtBBTeA it Y = / At OT Cetr,
0 0

Suppose that ¢ is a nonzero singular value of ' and u is a
eigenvector corresponding to the eigenvalue o2 of I'5 g, i.e.
Lilou = o2u. Set y(t) = (Tgu)(t) = CeAtay with

0
.CCO:/
—00

e AT Bu(t)dr.

Then
2 * T ooaTe [T aTeT
c‘u=Igy=B'e e tCy(t)dt
0
T —AT % AT AT AL
=B'e” T/e C' Ce™xodt
0
_ BT _ATTYZL‘O
Therefore,

0
o’ry = / e AT Bou(r)dr

0

/.

We see that zy # 0 since otherwise o?u = 0 which is

impossible. Thus, o2 is an eigenvalue of XY. Conversely,

if 02 # 0 is an eigenvalue and x¢ # 0 is a corresponding

eigenvector of XY, i.e. XYxy = o2z, then by setting

u = BTe 4"Yx, we obtain u # 0 and T';Tgu = o2u.
Hence,

e ATBBT e~ A TY godr = XY 0.

o?(Tg) = M(XY),

where o;(T') denotes the ith singular value of 7" and \;(A)
denotes the ith eigenvalue of A. In particular, since I't.I'¢ is
self-adjoint,

Irell=  sup Wl o pgy - R 5)

0#£u_ €L2(—00,0] flu— ||2 a

This agrees with the definition (2) of the Hankel norm |G|,
of the stable LTI system G if we truncate the input signal
at =T < 0, introduce a supremum over 7', and use time-
invariance to move to the right.

VI. CLARKE SUBDIFFERENTIALS OF THE HANKEL NORM
IN CLOSED-LOOP

In this section we prepare our non smooth optimization
approach by computing Clarke subgradients of the closed-loop
objective function

F) = 1T (07 = M (X (%)Y (x))

of (4). Here \; denotes the maximum eigenvalue of a sym-
metric or Hermitian matrix, and X (x) and Y (x) are the
controllability and observability Gramians that can be obtained
from the Lyapunov equations

A)X + XAT(x) + B(x)B' (x) =0,
AT(x)Y +YAx) +CT(x)C(x) =0,

(16)
a7

with A(x), etc. denoting closed loop data (6). Notice that
despite the symmetry of X and Y the product XY need not



be symmetric, but stability of A(x) in closed-loop guarantees
X >=0,Y > 0in (16), (17), so that we can write

M(XY) =M\ (X7YX?) =\ (Y2XY?),

which brings us back in the realm of eigenvalue theory of
symmetric matrices.

Using the spectral abscissa a(A) = max{Re(})
A eigenvalue of A} of a square matrix A, we can replace
program (7) by the following program

F) = [T (Il
c(x) = a(A(x)) +e <0
for some fixed small ¢ > 0. We have X (x) > 0 and Y(x) >~ 0
on the feasible set C = {x : ¢(x) < 0}, so that f is well-
defined and locally Lipschitz on C.

Let M, ,,, be the space of n X m matrices, equipped with
the corresponding scalar product (X,Y) = Tr(X'TY). The
space of m x m symmetric matrices is denoted S,,,. We define

B,, = {X € S, X)=1}.

Set Z 1= X3V X3, Z(x) =222 i=1,... n and pick Q
to be a matrix whose columns form an orthonormal basis of
the ¢-dimensional eigenspace associated with A1(Z). By [9,

Theorem 3], the Clarke subdifferential of f at x is the set

0f(x) = {(Tr(QUQ " Z1(x)),...., Te(QUQT Z(x)))

It now remains to compute Z,;(x). We have

minimize

subject to (18)

: X is positive semidefinite, Tr(

Zi(x) = D Z(0)K;(x) = ;Y X + X2 X? + XY,
(19)
where K;(x) := 6?}8‘),@1 = DgX2K;(x),¢; =
DkYK;(x). From (16) and (17), and putting ¢; :=
Di X K,(x), we obtain
Adi + ¢ AT = =By Ki(x)Co X — X (ByK(x)Ca) "
— ByKi(x) D31 BT — B(B2Ki(x)Da1)" (20)
AT + hi A = —(BoaKi(x)02) Y — Y By K;(x)Ch
— (DlQKZ'(X)CQ)TC — CTD12KZ'(X)CQ7 (21)
llSiIlg DK.AK( ) = B2 ( )CQ, DKBKl(X) =
BQK QX D21, DKCK( ) = DglKi(X)OQ. Since
X3X3 = X, )
X3p;+ 0 X2 = ¢ (22)

Altogether, we obtain algorithm 1 to compute subgradients
of f at x. Here, depending on the controller structure K (x),
which is usually affine in x, the K;(x) may be pre-calculated
to accelerate the algorithm. Similar pre-calculations are pos-
sible in (19)-(22).

VII. PROXIMITY CONTROL ALGORITHM

In this section we present the main algorithm 2 to solve (4),
respectively, (7), where the constraint of internal stability in
(4) is addressed through (18). Our approach uses a progress
function at the current iterate x,

F(,x) = max{f() = f(x) = pe(x) 4, c(-) = e(x)+},

UGBt}

Algorithm 1. Computing subgradients.

Input: x € R™. Output: g € Jf(x).
1: Compute K;(x) = 8?}5"),2' =1,...,
tions of (16) 7, respectlvely

2: Compute Xtand Z=X:YX5.

n and X,Y solu-

3: Fori=1,...,n compute ¢; and v; solutions of (20) and
(21), respectively.

4: For i = 1,...,n compute ; solution of (22) and Z;(x)
using (19).

5. Determine a matrix Q whose columns form an orthonor-
mal basis of the ¢-dimensional eigenspace associated with
M(2).

6: Pick U € By,
(TH(QUQT Zy(x)), .., Tr

subgradient of f at x.

and return g =

(QUQ' Zu(x))), a

which is successively minimized. Antecedents of this idea
can for instance be found in [10] , [11], and in our own
contributions [5], [8].

In [7] Nesterov proposes a relaxation which solves specific
convex nonsmooth programs by a smooth relaxation with a
lower complexity than the convex bundle method. His method
replaces f(x) = A\1(Z(x)) by the smooth approximation

fu(x):==pln [Z eM(Z(x))/,L]
i=1

with a tolerance parameter 1 > 0. We see that

f(x) < fu(x)

Therefore, to find an e-solution X of problem (18), we find an
5-solution of the smooth problem

min{f, () : e(x) < 0}

with g = 575, We have used this idea to initialize the non
smooth algorithm 2. The smoothed problem (23) can be solved
using standard NLP software.

< f(x) + plnm.

(23)

VIII. EXPERIMENT 1: HANKEL FEEDBACK SYNTHESIS

In this section we apply program (7) to a classical 1-DOF
control system design, using an example from [4, Chapter 2].
The open-loop system (G, exogenous input w and regulated
output z, are given by

10— _ S
- s2(10+s)’ v T:f’ ’ Z_[u}

The corresponding plant is

A| B B
P: Cl 0 D12 5
CQ D21 0



Algorithm 2. Proximity control with downshifted tangents where

Parameters: 0 < v <y < 1,0<y< I <1,0< q < oo, —-10 0 O 1 0 0 1
0 <c<oo. o . . A=|1 0 0| Bi=10 0 0 By = |0
1: Initialize outer loop. Choose initial iterate x~ and matrix Q1 = 0 10 00 0 0
Q7 with —qI < Q1 = ¢I. Initialize memory control parameter
¢ such that Q1 + 741 > 0. Put j = 1. o= |9 -1 10 Dy = |°
2: Stopping test. At outer loop counter j, stop if 0 € 9; F(x7,x7). 0 0 0 1
Otherwise, goto inner loop. Co=10 1 —-10| Do = [0 -1 1] .
3: Initialize inner loop. Put inner loop counter £ = 1 and initialize

= T]g. Build initial working model Following [4], we use the controller structure

. . ) _ — — —nl1
Fi(,x) = g3 = %) + 3= %) TQ,(- = %), D0

as? +bs+c 1 0 010

where go; € 61 F(x7,%7). s34+ ms2+ns+p 0 1 010

Trial step generation. Compute a b c ‘ 0
y" = argmin Fy (y, x’) + %Hy —x’|)? where x = [m,n,p,a,b,c|]’ regroups the unknown tunable

parameters. This allows us to compare our results with the
Acceptance test. If

ki Res. o a truncated white noise signal _Res. 1o a truncated sinc signal “1-0 signar” response
F S B, 1.4
(y",x’)

=7,

7T RyR %)

put x? T = y* (serious step), quit inner loop and goto step 8.
Otherwise (null step), continue inner loop with step 6.
Update working model. Generate a cutting plane my(-,x’) =
ar + g (- — x7) at null step y* and counter k, where

gk € NEF(Y", X)) — Q;(y" —x7),
ar — tk(Xj) — Sk,
tn() = F(y*,x) = 3(y* —x)TQ;(y" —x/)

T k
+ 9k ( -y ): Fig. 1. White noise (left), sinc (middle), and 0-1 signal, truncated at 7" = 3.
J HZ Plots show ringing for controllers K3 (blue), K g (red), and K (green)..

15

s 10 s 10
Time (seconds) Time (seconds)

s 10
Time (seconds)

sk =t(x))4 +clly” —x

Compute aggregate plane mj(-,x?) = a} +g;' (-—x’) at y*, methods in [4], e.g. with the controller

where 219.652 + 1973.955 + 724.5
. N — v* Ky, =
ge = (@5 + L) —y7), s3 +19.1552 + 105.83s + 965.95
ai, = Fr(y",x’) — 3(y* —x))TQ;(y* —x/) synthesized in that reference. We also compare the optimal

+ g1 (X7 —yM). Hankel controller Ky to the optimal H, controller K, with
the same structure,

7941.952 + 13028.45 4 3611.6
_ _ 53 4+ 3206.252 + 12528.35 + 11078.3°
mii (-, x’) + FP(, XJ)} ) which we computed using the Matlab function hinfstruct
based on [1].

In order to compute Ky, we start algorithm 2 at an initial
stabilizing controller

Build new working model

Fk+1('7xj) = ma‘X{Fk('7Xj)’mk('7Xj) + F[2]('7Xj)’ 0o =

with FIZ(- x7) = 1(- = x7)TQ,(- — x).
Update proximity control parameter. Compute secondary
control parameter

—_ Fapa(y*,x9) x! = [3206.2,12528.3,11078.3, 7941.9, 12’)028.4,3611.6]T
Pk = o
Fio(y*,x7) with f(x!) = 11.0658, using the stability constraint ¢(x) =
and put a(A(x))+¢e with ¢ = 1078, We used the following two-stage
T if pr <7, stopping test. If the inner loop at x’ finds a serious iterate
T Yo, ifpn > 7. xI+1! satisfying
1 ;
Increase inner loop counter k and loop back to step 4. ‘f (Xﬁ_ ) —f (XJ)| <1075
Update (); and memory element. Update matrix QQ; — Qj+1 1+ |f(x7)] ’
respectin v1= Q. ; and —gI < Q41 = gl. Then store :
ne“I; merfog,];émen? a o 2 Qi 2 g then x7*1 is accepted as the final solution. On the other hand,
) . if the inner loop is unable to find a serious step and provides
sb ) 2Rt if pp <T, three consecutive unsuccessful trial steps y* satisfying
J+1 iﬂﬁl if pp > T. HXj _ ka
P § = 2 1 <107°
Increase 77, if necessary to ensure Qj+1+7;, ;I > 0. Increase 1+ ||x7|

outer loop counter j and loop back to step 2.




or if a maximum number of 50 allowed steps k in the inner
loop is reached, then we decide that x’ is already optimal.
Both tests are based on the observation that 0 € 9y F'(x?, x7)
if and only if y* = x/ is solution of the tangent program in
the trial step generation (see [5] for theoretical results). The
optimal controller obtained was

x* = [3202.0,12990.8, 11497.7, 7650.0, 12408.9, 3513.9] "
with f(x*) = 10.7494 meaning || Ty— . (P, Kg)|| ;5 = 3.2786,
where

7650.0s% + 12408.9s + 3513.9

s3 4 3202.0s2 4+ 12990.8s + 11497.7°
IX. EXPERIMENT 2: HANKEL SYSTEM REDUCTION

K= K(x") =

Our tests use a 15th order Rolls-Royce Spey gas tur-
bine engine model, decribed in [12, Chapter 11], with data
available for download on I. Postlethwaites’s homepage as
aero0.mat. For £ = 1,2,...,14, using algorithm 2, we
computed reduced-order systems Gyeq,; of order k, and com-
pared the achieved objective value in (7), which in this case
is f(x) = |G — Gr(x)||m, with the theoretically known
optimal Hankel norm approximation error ||G' — Gred k|l =
0k+1(G), the (k + 1)-st Hankel singular value of G. This
error is equal to the error obtained by using the Hankel norm
approximation algorithm.

For illustration we also used the gas turbine engine model to
test H.,-norm system reduction (13) by computing a model
Gred,co Of reduced order £ = 6 for the 15th order model
G. After defining P according to (11), we use the function
hinfstruct [14], built on the prototype [1], to compute
|G — Gred,o0ll0 = 0.169. The procedure may be accelerated
by choosing a Hankel norm reduction G,eq to initialize the
optimization, so that the minimum is reached very fast. It is
interesting to notice that |G — Gred||co = 0.181, so contrary
to what is often claimed in the literature, in the present case
the Hankel norm reduction G..q is not a good approximation
of Gred,00» as can also be seen in Fig. 2.

Impulse residualization Impulse truncation impulse Hankel
150 150 150 150
V4 /

Impulse hinfred

« 0 <
=3 <3
-50f; N\
7
-100, -
-150(
0 001 002 0 001 002 0 001 002 0 001 002
Time [s] Time [s] Time [s] Time [s]
Fig. 2. Impulse responses for three channels of G (continuous lines),

compared with with reduced models (dashed): Match DC (left), truncated
(middle left), Hankel (middle right), Hoo (right).

X. EXPERIMENT 3: MAXIMIZING MEMORY

Here we use an illustrative example (14), where G and G ¢
are defined as

1
G(s) = s_1

11.11

Grof = ———
o 2 6s+ 11.11

Filter /' and controller K are structured as:

as+b m
F(s)= ——, K(s)= .
(s) s2+cs+d’ () s+n
We have added a low-pass filter W (s) = ©25485 to the

tracking signal z;, and a weighting filter Wy = 0.01 on
the control output z; = w + v. The Hankel controller Kpg
computed by algorithm 2 delivers

—10.3967s — 337.9222 14.7058
52 +152.59955 + 337.8865’ s+ 7.0369°
For comparison, we have also synthesized the optimal H,
control architecture of the same structure, which leads to

—10.3956s — 337.9303 14.7358
Foo(s) =3 Koo(8) = ——om0
52 4+ 152.6028s + 337.8770 5+6.9270

The achieved Ho, norms are ||Ty_(w, 2, Wsz0)) (Koo)lloo =
0.0193 < ||Tw~>(W121,W2Z2))(KH)||OO = 0.0200 while
the achieved Ho, norms are || Ty, (w,z, woz)) (Ku)lln =
0.0158 < [|Thp—s (W 21, Waz0)) (E o) || 5 = 0.0175.

FH(S): KH(S):

XI. CONCLUSION

We have proposed a new methodology to reduce unwanted
ringing effects in a tunable system G(x). The problem was
addressed by minimizing the Hankel norm ||G(x)|| g of G(x),
cast as an eigenvalue optimization program for the associated
Hankel operator. We have proposed a non-smooth algorithm,
which was shown to solve a variety of test problems success-
fully, and whose convergence to a critical point was previously
established [5]. A smooth heuristic, based on work of Nesterov
[7], was added and used to initialize the algorithm with a
favorable initial seed.
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