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Abstract. Sparse grid reconstructions have recently been applied to Particle-In-Cell (PIC) methods with a
semi-implicit formulation, as demonstrated in [21], to reduce computational costs. By linearizing the particle
equations and using a finite difference discretization of the field’s equations, along with incorporating sparse grid
reconstructions through the combination technique, an exactly energy-conserving scheme was proposed. However,
this scheme exhibited numerical instability due to the loss of non-negativity in electric energy, inherent to the
combination technique. This paper introduces a novel PIC method with a semi-implicit formulation that embeds
sparse grid techniques to exactly conserve discrete total energy, defined as the sum of non-negative kinetic and field
energies, ensuring nonlinear stability. The method utilizes a Galerkin approach for the field equations, employing
a hierarchical sparse grid representation in the approximation space. This distinguishes it from previous sparse
grid PIC methods, which typically use the combination technique and nodal representation. Key features of the
method include: unconditional stability with respect to the plasma period; elimination of finite grid instability,
allowing flexible grid discretization; exact conservation of discrete total energy; significant reduction in statistical
error compared to standard grid schemes for the same number of particles; and decreased computational complexity,
particularly in the size of the linear system to be solved. We validate the method through a series of two-dimensional
test cases, demonstrating its numerical stability and robust performance.
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1. Introduction. Particle-In-Cell (PIC) methods are among the most widely used nu-
merical techniques for simulating kinetic plasmas [2, 8, 9, 18]. These methods discretize
the Vlasov-Maxwell system of equations or, in the electrostatic regime, the Vlasov-Ampere
system, which is the focus of this paper. The Vlasov equation describes the evolution of
the probability density function of particle species in phase space, while Ampere’s equation
govern the evolution of the electric field. Ampere’s equation is driven by the moment of
the particle distribution, and the characteristics of the Vlasov equation are self-consistently
determined by the field. This results in a tightly coupled nonlinear system that is challenging
to solve. The specificity of PIC methods lies in their mixed discretization: an Eulerian grid
for the moments of the particle distribution and fields, combined with individual Lagrangian
particles in continuous phase space.

Traditionally, and still in most applications, PIC implementations use an explicit time
discretization of the Vlasov equation. Explicit time integration offers simplicity of imple-
mentation and low computational cost per iteration. However, explicit methods suffer from
temporal stability constraints, requiring small time steps to resolve the fastest waves. They
also face spatial stability constraints, with numerical instabilities like the finite grid instability
[27, 24] occurring when the grid cell size is equal to or larger than the plasma’s Debye length.

PIC methods also contend with a significant challenge: the statistical error arising from
sampling the probability density function with a finite number of numerical particles. This
numerical noise decreases only slowly with an increase in the average number of particles
per cell, scaling inversely with the square root of the mean number of particles per cell. The
computational costs and storage requirements grow exponentially with the dimensionality of
the problem, an issue known as the curse of dimensionality.

Thus, applying explicit PIC methods to multidimensional problems, especially three-
dimensional geometries or high plasma densities, can be computationally demanding and
cumbersome. In this paper, we address these computational challenges by proposing a
numerical method that (i) alleviates the numerical constraints of explicit methods, maintaining
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stability with larger time steps and grid sizes, and (ii) significantly mitigates the statistical error
and reduces the size of the problem, offering gains in memory consumption and computational
time.

To address the numerical stability challenges, implicit PIC schemes have been developed
[14], gaining attention for their stability properties. Notable examples include the implicit-
moment method [4, 30] and the direct implicit method [28, 6, 23]. These implicit methods
alleviate numerical constraints, maintaining stability with larger time steps and grid sizes.
Ideally, implicit methods should non-linearly couple the particle and field equations, requir-
ing Newton or Picard iterations. However, due to early solver efficiency limitations, linear
approximations were favored, leading to numerical approximations that violated energy con-
servation and caused significant artificial plasma heating or cooling. These methods, which
linearize the particle-field coupling, are known as semi-implicit methods.

The solutions of the continuous Vlasov-Maxwell equations adhere to certain conservation
properties, such as the conservation of total energy and momentum. The charge continuity
equation also follows from the Vlasov equations (zero-order moment). The issue of conserving
these physical quantities in numerical simulations has been a topic of interest for many years
[3]. Explicit PIC methods typically conserve momentum but not energy. Conversely, implicit
PIC implementations can conserve energy but not momentum.

Recently, a semi-implicit method known as the Energy-Conserving Semi-Implicit Method
(ECSIM) was developed to exactly conserve the system’s discrete total energy [29]. ECSIM
retains the simplicity of explicit schemes, where particles are advanced first, followed by
fields without iteration. By partially linearizing the particle-field coupling and using a mass
matrix, ECSIM ensures exact discrete energy conservation. Unlike previous semi-implicit
methods, ECSIM’s particle pusher and field equation derivation are distinct, requiring no
inner iteration and maintaining a complexity similar to explicit formulations. However, the
field matrix is considerably more intricate to achieve energy conservation down to round-
off errors. The primary advantage over fully implicit schemes is the reduced algorithmic
complexity, facilitating development for three-dimensional simulations. This method has
been extensively applied to large-scale kinetic simulations [35, 34, 5, 7].

Sparse grid reconstructions aim to mitigate the statistical error in PIC methods. These
methods employ the sparse grid combination technique, wherein particle distribution moments
are computed on a hierarchy of coarse resolution component grids. On each component grid,
the average number of particles per cell is larger compared to standard grids, thereby reducing
statistical noise or decreasing the total number of numerical particles needed for comparable
precision. This approach has been applied to explicit PIC discretizations of the Vlasov-Poisson
model in two dimensions [13] and three dimensions [33, 31, 10, 11], with extensions to high-
order basis functions proposed [12]. It has been employed in classical benchmarks of kinetic
plasma physics, such as the simulation of Landau damping and diocotron instability, and
has been extended to the simulations of low-temperature (and collisional) plasma discharge,
as well as drift instabilities in Hall plasma thrusters [16, 17, 19, 20]. Significant gains in
memory consumption and computational time, by two to three orders of magnitude compared
to standard grid approaches, have been documented.

The application of sparse grids to semi-implicit PIC methods was initially explored in
[21]. This exploration led to the development of two schemes: the SISPIC-sg scheme and
the ECSPIC! scheme. These schemes, akin to the ECSIM scheme in linearizing particle
equations, adopt a div-Ampere formulation tailored for electrostatic regimes, ensuring the
electromagnetic field is free from any solenoidal (or inductive) components. In the SISPIC-sg

IThis scheme will be referred to as ECSPIC-1 in this paper, distinguishing it from the newly introduced scheme,
which will be referred to as ECSPIC-2.



scheme, the explicit component of current density—acting as the source term of the Ampere
equation—is computed using the sparse grid combination technique. Meanwhile, the im-
plicit contribution is conventionally handled with standard grid techniques. The combination
technique approximates current density on a hierarchy of coarse grids (component grids) and
reconstructs a fine approximation through a linear combination of these coarse contributions.
However, this approach does not conserve discrete total energy. Contrarily, the ECSPIC-1
scheme expands upon this approach by employing a comprehensive sparse grid discretization.
It computes both components of current density across the hierarchy of component grids and
discretizes the div-Ampere equation accordingly. To ensure exact conservation of discrete
total energy, the electric field is interpolated at particle positions using the combination tech-
nique. Nonetheless, this scheme has exhibited numerical instability, attributed to the loss of
non-negativity in the field energy, which is a combination of field energies defined on coarse
grids. Designing a sparse grid scheme that exactly conserves total energy, defined as the sum
of non-negative kinetic and field energies, poses a significant challenge due to the inherent
property of the combination technique, which does not preserve non-negativity.

In this paper, we build upon the findings of [21] by introducing a novel semi-implicit PIC
scheme based on sparse grid discretization that conserves exactly the discrete total energy
while maintaining numerical stability. Named the ECSPIC-2 scheme, our method utilizes
a Galerkin approach to the variational formulation of the div-Ampere equation. The source
term, specifically the divergence of the current density, is computed using a density estimation
technique [22, 32]. This technique seeks the optimal approximation within a finite-dimensional
space, approximating the quantity as a sum of Dirac masses centered at particle positions.
The finite-dimensional space used for both the Galerkin method of the div-Ampere equation
and the density estimation is constructed from a hierarchical sparse grid representation of
linear basis functions. To our knowledge, this method is the first sparse-PIC approach that
does not rely on the combination technique. The sparse grid hierarchical representation
employed here facilitates the definition of a non-negative field energy, thereby ensuring exact
conservation of total energy encompassing non-negative kinetic and field energies, thereby
maintaining stability. Indeed, throughout simulations, particle velocities and electric fields
remain bounded, constrained by the initial total energy of the system. Additionally, our
scheme benefits from computational cost reductions offered by sparse grid techniques. The
size of the linear system to solve is reduced to O (n?~!2") compared to O (29") for standard
ECSIM schemes or the SISPIC-sg scheme, where d represents the dimension of the problem
and n is a spatial discretization parameter. Furthermore, statistical noise is reduced compared
to standard schemes due to sparse grid discretization employing fewer and larger cells than
standard discretizations, thereby ensuring more particles per cell in the simulation.

Key properties of the ECSPIC-2 scheme include:

P1: The scheme is consistent with an electrostatic formulation, i.e. it computes an

irrotational electric field.

P;: The scheme is unconditionally stable with respect to the plasma period, allowing

arbitrary time step choices.

P3: The finite grid instability is eliminated, allowing grid discretization without con-

straints related to the Debye length.

P4: The discrete total energy of the system is exactly conserved for any discretization

parameters.

Ps: The scheme is devoid of numerical instabilities associated with the loss of non-

negativity of field energy.

Pg: The statistical error is significantly reduced compared to standard schemes with grid

of comparable resolution and the same number of particles.

P7: The size of the linear system is reduced compared to standard schemes with grid of
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comparable resolution.

Table 1: Properties P;-P7 of the newly introduced scheme (ECSPIC-2) and the existing
schemes (SISPIC-std, SISPIC-sg, ECSPIC , ECSIM).

scheme reference P P, P3 Py P5 P6 P7
ECSIM [29] X X X
SISPIC-std [21] X X
SISPIC-sg [21] X X
ECSPIC-1 [21] X
ECSPIC-2 | this paper

We provide Table 1 summarizing the properties Py to P verified, or not, by existing
semi-implicit methods and the ECSPIC-2 scheme.

This paper is organized as follows: Section 2 introduces the general framework of
the article, focusing on the electrostatic Vlasov-(div)Ampere formulation and PIC methods.
Section 3 focuses on the time discretization through a semi-implicit formulation and the
spatial discretization employing Galerkin methods with sparse grids. Herein, the ECSPIC-2
scheme is introduced, emphasizing its properties including energy conservation, preservation
of non-negativity, and the well-posedness of the linear system. Finally, Section 4 investigates
and compares the method with existing approaches (explicit schemes, SISPIC-sg, ECSPIC)
using two-dimensional classical test cases: Landau damping and two-streams instability.

2. General framework.

2.1. Notations. In this section, we establish the general framework and introduce the
notations used throughout this paper. Let d € N* be the dimension of the problem, and let the
spatial domain be the d-dimensional periodic unit interval Q = (R/Z)¢. For multi-indices

a=(ay,...,ag) eNYand B = (B,...,Bs) € N? we define the following order relations:
(2.1) a<fB o Vie{l,...,d}, a; < B,
2.2) a<fB © a<Band Fie{l,...,d}suchthat ¢; < ;.

We also introduce the following notations:

1
(23) aB=(aif,...,aaBa), o '=

ap- Qg ’
The /! and [*° norms for a multi-index v € N¢ are defined by:

d
(2.4) lal; = Zl o], oo = max ol
2.2. Electrostatic Vlasov-div-Ampere (VdA) formulation. In this section, we recall
the electrostatic VdA formulation introduced in [21], which defines the fundamental equations
underpinning the scheme presented in this paper.

DEerinITION 2.1 (Vlasov-div-Ampere (VdA) formulation). In an electrostatic regime, i.e.,
with a vanishing magnetic field B = 0, assuming initial potential ®y(x) and particle distri-
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bution fs o(x,v), the VdA formulation is given by:

aaj;“ (ZB, v, t) +v- me?(my ’U,t) + ﬁ-F}(:C’[) : V,va(m,v,[) = 0’
mg
2.5) (VdA) : E()ag;b (z,t) =V -J(z,1), E(z,t)=-Vo(x,1),

¢($, O) = (D()(:I)), f:\‘(m’ 'U, 0) = f:Y,O(a:9 v)
The system is defined for (z,v,t) € Q x R? x R*. Here, fi(x,v,1) is the phase-space
distribution function for species s; qs and mg are the corresponding charge and mass; € is

the vacuum permittivity; @ is the electric potential; E is the electric field; and J is the plasma
current density derived from the phase-space distribution of each species:

(2.6) J(x, 1) = ) Jg(x,t) = qS/ v fs(x,v,1)dv.
The initial electric potential is computed via the resolution of a Poisson equation:

2.7 —£0A®(x) = po(x),

where po(a) is the initial plasma charge density, defined from the initial distribution of each
species:

(2.8) o(x) = s,0(x) = s, Mg = / s.0(x, v)dv.
p()gpuzq [ Fo@.v)
The VdA system is equivalent to the Vlasov-Ampere (VA) system in electrostatic regimes:
afs qs B
o (z,v,t) +v-Vyfs(x,v,t) + —E(x,t) - Vy fs(x,v,1) =0,
msg

(29) (VA :{ VxE(z,1) =0,

oE
GOE(Q?, t) =—-J(x,1),

Indeed, since the electric field is derived from a potential, its curl vanishes:
(2.10) VXE=-VxVb=0.

Traditionally, the VA system is commonly employed in implicit PIC methods. However, in
electrostatic regimes and multidimensional settings, enforcing the irrotational electric field
condition (V x E = 0) numerically poses challenges. Therefore, our scheme is derived from
the VdA formulation, which is more suitable for electrostatic regimes.

Remark 2.2. If the charge continuity equation or the Gauss’s law, defined by:
ap 1
(2.11) E(w,t)+V-J(:c,t)=0, V-E(x,t) = —p(x,t),
£0

is satisfied, the VdA (and VA) formulation is equivalent to the electrostatic Vlasov-Poisson
(VP) formulations, traditionally used in explicit schemes:

af:v qS —
(2.12) (VP) : W(x,v,t)"'v'vmfs(m,v’f)"'m—E(.’IJ,I) -Vofs(x,v,1) =0,

—AD(z,1) = p(x,1), E(x,1) = ~Vd(w,1).
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2.3. Particle-In-Cell (PIC) discretizations. In PIC methods, the distribution of parti-
cles (f;) is represented by a collection of macro-particles. A macro-particle, also called a
numerical particle, refers to a group of physical particles of the same species (e.g., electrons,
ions). Let Ny denote the number of macro-particles associated with species s and N the
total number of particles. The positions and velocities of a particle at time ¢ are denoted
by (z,(1),v,(1)), where p = 1, ..., Ny is the index of the particles. We assume that all the
numerical particles of one species have the same weight, defined by the ratio of physical
particles (ny) to numerical particles (Ny):

an‘vdm
(213) (,UpzTS, szl,...,Ns
and the same charge and mass:
(2.14) qp = qswp, Mp=MsWp, Vp=1,...,N;.

The numerical distribution of the particles is defined by the sum of Dirac masses centered at
particle positions and velocities:

Ny
2.15) fon (@, v,1) = Z wpb(x =, (1)5(v — v, (1)).

p=1

Positions and velocities are initialized such that f; n(x, v,0) is a good approximation of the
initial distribution function f; ¢(2, v). From this approximation, the moments of the particle
distribution, i.e. the current and charge densities, can be defined by:

216 I =0 [ fov@onude. py@n=Ya. [ fv@ond.

Specifically, it leads the following definition of the current density, which is of particular
interest in this work:

DerintTION 2.3 (Numerical approximation of current density). The current density, that
is the source term of Ampere equation, is defined by:

NS
(2.17) In(@,1) = 3" gpup(0s(x -, (1)),

s p=1

In PIC methods, the moments of the particle distribution must be approximated on a mesh to
solve the field equations using mesh-based techniques (e.g., finite element or finite difference
methods). Typically, a shape function W},, dependent on the mesh discretization parameter /4, is
associated with the particles to perform the density accumulation onto the mesh. In this article,
we instead consider a density estimation technique [22, 32] to compute an approximation of
these quantities on the mesh. The idea is to seek the best approximation of Jy, or py, in a
suitable finite-dimensional space. This procedure will be defined later in the paper.

An approximation of the electric field is computed using the fields equations and in-
terpolated at the particle positions. Finally, the particles are advanced by considering the
characteristics of the Vlasov equation:

dx (1)

dt =vp(0),
dv, (1
2.18) %() = & B, (1),1),
z,(0) =zY, v,(0) =19,
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3. Energy-conserving method using sparse grid.
3.1. Spatial and time discretizations.

3.1.1. Implicit formulation and linearization. Let A¢ € R} denote the time discretiza-
tion step, and let the superscript k € N represents the evaluation of quantities at iteration
k:

3.1 * = kAt, mf, = :vp(tk), Uf, = vp(tk), etc.
We introduce our implicit scheme used for the time discretization of the electrostatic

VdA system of Eq. (2.5), where the position is staggered half a time step with respect to the
velocities and the fields as follows:

k+3 k-1 k+%
x, =z, *+Atv,
q 1 k4t
vﬁ” = vﬁ + AL EF*2 (:Bp 2)
(3.2) mg , keN.
t

Ad)k+1 _ A(I)k el v Jk+%
Ek+1 - _V(I)k+180

The following averaged quantities have been introduced:

1 1
Ek+ (a:f,“) + EF (:B[k;+2)] )

The scheme introduced in Eq. (3.2) is fully implicit due to the coupling between particles
and fields. It requires solving a nonlinear system. Semi-implicit approaches, such as the
moment implicit method [4, 30], the direct implicit method [28, 23], or the method introduced
here, are based on a linearization of the equations. However, the method introduced in this
paper differs from the direct implicit method (where the shape function Wy, is linearized using
Taylor expansions) and the moment implicit method (where the linearization is obtained from
moments of the Vlasov equation). The method is similar to the one introduced in [21], inspired
by the ECSIM method [29]. The linearization is obtained directly in the particle equations
by updating the particle positions with a known velocity, i.e., the first equation in Eq. (3.2)
becomes:

11 1 1
o i) ()2

1 1 Af 1
(3.4) :cf;z = :I:f, 2+ - vf, + Ati—iE“% (a:f;rz) + vf,
(3.5) = o+ Aroh +0(ar?).

As a result, the implicit model becomes linear so that the implicit contribution of the
electric field (evaluated at the known particle position) can be obtained from the div-Ampere
equation by solving a linear system. The particle equations then are:

DerintTION 3.1 (Particle equations). Given the electric field at time step k and k + 1, the
particles are advanced according to:

k+1 k=1
mp+2 =z, °’ +At'uf,,
(3.6) L ket . keN.
vf,” = vf, + Atq—pEk+7 a:,,+2
m
p
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3.1.2. Spatial discretization with Galerkin methods. We proceed with the spatial
discretization of the field equations (div-Ampere and electric field) using a Galerkin method
applied to their variational formulations. Let V := H'(Q) denote the Sobolev space H!,
comprising functions with integrable weak derivatives in the L? norm. The variational form
of the div-Ampere equation in this space is expressed as:

At
(3.7) / (ADK! — AdF)vde = = [ J*ivdx, WveV,
Q €0 Jao
where j’”% := V - J&*2 s a shortcut notation for the divergence of the current density.

Applying an integration by parts on the periodic domain €, one gets:
At
(3.8) - / (VO - vk . Vvde = — / J*vde, Vv eVv.
Q €0 Jo

Similarly, the variational form of the relation between the electric field and the potential is
given by:

(3.9) / EFlydx = - / Voktlyde, VveV.
Q Q

Let us now detail the procedure to approximate the divergence of the current density,
i.e. the source term of the div-Ampere (see Eq. (3.7)). It is based on nonparametric density
estimation techniques with splines smoothing [22, 32]. The task is to construct an estimated
density function based on a data set of samples drawn from an unknown distribution with
unknown probability density function. The idea is to first give us a highly-overfitted guess of
the density of interest and then use spline smoothing to obtain a better approximation. In our
case we seek an approximation of g2 by considering the set of the particle positions as
data samples. We choose the numerical approximation of the current density by Dirac masses,
defined by Eq. (2.17), as the highly-overfitted guess:

~ k+d 1
(3.10) TN =V-Ju

The idea of spline smoothing is to consider the following minimization problem:

2
o gl
G.11) g = argmin/ (j-gﬁz) de.
Jev JQ
Here we seek the optimal approximation in L?-norm of our highly-overfitted guess in the

space V. Usually the space V is substituted by a finite dimensional space of spline functions.
The minimization problem can be reformulated in weak form as:

~ k+L
(3.12) /jk%vdsc:/jszvdx, Wwev.
Q Q

Note here that our highly-overfitted guess is only well-defined if considered within an integral
as in Eq. (3.12).

Remark 3.2. The approach introduced here to approximate the divergence of the current
density is different from the one used in the SISPIC and ECSPIC schemes [21]. In that
previous work, a shape function Wy, /h?, that is continuous, linear by part and with support
scaled on the mesh discretization h, is introduced to compute an approximation of the current
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density. By identifying J k+l/2

by:
(3.13)

T @) = (TN ;Vj;( j—-)>—Zqu "*2 (@) = @p(1), Vj=1,..N,

as a Radon measure, an approximation is defined on the mesh

where Ny, is the number of grid nodes. The dlvergence of the current density is then defined
by applying a discrete divergence operator Vy, to this quantity. Note that this approach intro-
ducing a shape function is also used in all existing explicit sparse-PIC schemes, computing
an approximation of the charge density.

By substituting Eq. (3.12) to Eq. (3.8) and performing integration by parts on the right
side, one gets:

(3.14) / (VOr! — vok). Vvd:c—— / I vaz, wev,

We proceed with a Galerkin method by introducing a finite-dimensional approximation space
Vi, C V, defined as:
(3.15) Vh = span{Wh,l,. . -’Wh,N;,,}’

where Ny, is the dimension of V},, representing the number of basis functions employed. The
specific construction of V}, will be detailed in the subsequent section. By expanding the
electric potential in terms of the basis functions of Vj,, we derive the discretized div-Ampere
equation:

DeFiniTION 3.3 (Discretized div-Ampere equation). The Galerkin method of the div-
Ampere equation with respect to the approximation space Vy, is formulated as:

Nn
(3.16) Z(éj“ —éj)/vwh,i~vwh,jdm=
J=1 @

ZZ k+2-(/6(m " )VWhlda:) Vi=1,...Np

s p=1
where hatted quantities denote coefficients in the basis of Vy,.
1
Let EZ+2 be the approximation of the electric field in V},. Upon solving equation (3.16),

we define the electric field interpolated at the particle positions through convolution with a
Dirac delta function centered at these positions:

1 1 1
(3.17) E": (m§+2) ;:/5(m mf,+2)Ez+2dm.
’ Q
By utilizing (3.9) and performing integrations by parts, we obtain the following representation

of the electric field.

DeriniTION 3.4 (Interpolation of the electric field). Let <i>§+l , Ci);? be the coefficients of the
electric potential in the basis of Vi,, computed by Eq. (3.16), then the electric field interpolated
at particle positions is expressed as:

(3.18) EZf,é("+2) Z@ / (a; zy )th,dm

2~ = A

where q) = (@R 4 @k,



3.1.3. Hierarchical sparse grid discretizations. We introduce some background on
the sparse grids. Let I € N, j € N be multi-indexes and h; = (274, ...,27%) € R be
the sparse grid discretization. Let us consider basis functions defined by tensor products of
one-dimensional hat functions as follows:

(3.19)
d

th,j(w) = (®Wh1i,ji) (:I)), Whl_,-,ji (X) =W (hl:l(xi - jihli)) s W(x) = max (1 - |.X| ’0) .

i=1
A space of d-dimensional hat functions, denoted V},,, is defined by:
(3.20) Vi, :=span{Wi,; | 5 € In,}.  In, :=[0.h;' = 1] x ... x [0, h; ' = 1] ¢ N¢

where {Wy, ; | j € In, } is called the nodal basis of the space V},, and I, the nodal basis index
set. The basis functions verify a partition of unity property:

3.21) D W j(@) = 1.

Jjeln,
Additionally, we introduce hierarchical increments of Vj,, denoted by Uj, and defined by:

d
(3.22) Un, = Vi \EPVi, .., where Vy, :=0 if 3i € {1,...,d} s.t. ;= -1,
i=1

and e; € N is the unit vector with the i’ coordinate equal to one. The hierarchical increment
comprises all Wy, ; € Vj, not included in smaller V, , with k < I, and can also be expressed
as:

(3.23) Up, = span{Wh, ; | 5 € Bn,}, Bpn ={jeN?|0<j<h', jodd},

where {Wj, ; | 7 € By, } is called the hierarchical basis of the space V,, and By, the hierar-
chical basis index set. The space of piecewise d-linear functions of level I can be represented
with its hierarchical basis:

(3.24) Vi, = P B Un, = P

ki<ly kg<lg k<l

Thus, each function vy, € V},, can be represented in the hierarchical or nodal basis of Vj,, :

(3.25) V=) O Wi Vi = D viiWiigs

k<l jGBhk jEIhl
where ¥y, ; are the coeflicients of vy, in the hierarchical basis, called hierarchical surplus, and

vy,; are the coefficients of v, in the nodal basis which are the nodal values of the function vy, .
The hierarchical surplus are defined by the application of a d-dimensional stencil as follows:

Ji—1 Jit+1
v( 5 hli)+v( > hl,—)]~

(3.26)

d
. . 1
Vg = v, Hij = ®%ki»ji’ K j;v = v(jihi) + By

i=1
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We introduce a discrete approximation space, of dimension denoted by Np,,, which is the
space of d-dimensional piecewise linear functions with respect to the set of indices L and is
denoted VE; :

(3.27) Vi = PUn: Nu, =|vic)-
lel

Here, h, = 27", n € N*, denotes the underlying grid discretization and L is a multi-index
set allowing to disqualify some of the subspaces in the approximation space. For example,
L) = {l € N¢ | |l|c < n} leads to the standard approximation space and L(") = {I €
N¥ | |I|; < n} leads to the traditional sparse grid approximation space. The dimension of
the space depends on the choice of the multi-index L, e.g.

d-1
_—-d Lol _ ;-1 N
=yt Vi =

(o0)
(3.28) |v}}n ~d, L

Remark 3.5. The hierarchical sparse grid representation adopted here for spatial dis-
cretization distinguishes itself from all existing sparse-PIC schemes (both explicit and semi-
implicit). Traditionally, sparse-PIC methods discretize quantities of interest using nodal
basis functions on a hierarchy of coarse grids known as component grids, which are then
reconstructed via linear combinations:

d-1

(3.29) V=20 Dy el ) vigWigs
i=0 [U|1=n+d—11=1 jely,

where ¢y represents combination coefficients [13], typically taking values of 1 or —1 in two
dimensions. This technique, referred to as the combination technique, is illustrated in Fig. 1
and contrasted with the hierarchical sparse grid method.

[Hierarchical sparse grid | [ sparse grid combination technique |

' nodal )
4 hierarchical iy basis functions /W, ,
basis functions Py component A
5 +/grids
3 : i
. 3

Fig. 1: Hierarchical sparse grid and combination technique discretizations for n = 4.

3.1.4. Derivation of the linear sytem. In this section, we introduce the algebraic ma-
nipulations leading to the linear system to solve. Building upon the Galerkin method of
the div-Ampere equation outlined in previous sections, we apply it to the sparse grid ap-
proximation space defined in Eq. (3.27), with L. = L"), By employing Eq. (3.16) with the
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basis functions from this space, the discretized div-Ampere equation’s right-hand side can be
decomposed into explicit and implicit components:

(3.30)
Z Z (cbﬁ}l-éfj)/vwhi,i-vwhl’jdmz foi ¥ Tk Vel ie By,
1eL() jeBy, Q —_—— ——

explicit  implicit

Here, the explicit and implicit components are defined as:

(3.31) szq” k (/95(:,: zh )VWhl dcc)
A ]
R ) Z oo ;0 By () ([0t W Wiaae).

where we utilize the second equation of Eq. (3.6) and the subsequent relation:

k+1 k
ke+4 k ( +v )
(3.33) vk b

The electric field is interpolated at the particle positions according to the relation:

1 1 | N A
(3.34) E:+21V(a:f,+2)=— > E(cpf,;qu)/(s(x ) )VWhle:c
’ LEL) € B, Q

Let us now define the following stiffness matrices:

(3.35) (K;’j;hf

qutz
(3.36) (sh) = 224," - (/5(3,- z) )th” YWy, idx| .
p

The first matrix represents the discretization of the Laplacian operator with Galerkin methods,
whereas the second matrix denotes the linear term reflecting the particle response to the
electric potential. It is noteworthy that the second stiffness matrix varies between iterations
due to its dependence on particle positions, necessitating its computation at each step. In
contrast, the first stiffness matrix remains unchanged and can be computed initially.

Z/VWhl’j-VWh[,idw,

Let " denote the vector comprising all hierarchical coefficients of the potential at time
k and %" the vector representing the explicit contribution of the current divergence. The
contribution of the electric potential at time k + 1 can thus be obtained by solving the following
linear system:

(3.37) (Khl,hi + Shz,h[) (i)k” = khy (Khz,h[ _ Shl,h[) (i)k'

The main steps of the scheme are summarized in Algorithm 3.1.
12



Algorithm 3.1 Overview of ECSPIC-2 scheme.

Compute the stiffness matrix K"/
Compute an initial approximation of the electric potential (D(,)ln by solving! Poisson equation,
i.e. Eq. (2.7).
for each time step kAr do

Advance the particle positions in time with an explicit contribution of the particle
velocity:

XEHIZ 2 ke 12 | gk

Compute? the explicit component of the divergence of the current density ﬁzl according
to Eq. (3.31).

Compute? the stiffness matrix S/

Solve the linear system of Eq. (3.37).

Interpolate? the electric field at particle positions according to Eq. (3.34).

Advance the particle velocities in time with the implicit contribution of the electric
field:

qp,At
viH — gk IPT phel )2 (Xk+1/2).
P P m, hn p

end for

3.2. Properties of the method.

3.2.1. Total energy conservation. In this paper, we derive a scheme that exactly con-
serves the discrete total energy of the system through time. The discrete total energy comprises
the kinetic energy and field energy components. An energy-conserving scheme ensures that
changes in kinetic energy, arising from particle velocities, are offset by corresponding changes
in field energy, induced by the electric field.

DerintTION 3.6 (Discrete total energy). The discrete total energy at time step k, denoted

!t can be done either with finite differences method using the combination technique like in explicit sparse-PIC
schemes [13] or with a Galerkin method using the stiffness matrix Khohi,

2The integral is computed by introducing an approximation of the gradient of the basis functions that is well-
defined for all x € Q, e.g.

k+d k+L\ - _ k+l
(3.38) / s (m - :1:,,+2) YWy, idz = / s (m - zc,,+2) VWi.ide = VW, i (zc,,+2) ,
Q Q
where
(3.39)
d
- —hi__l l—[ Whl'k’ik (xx) if (ix — 1)hl~k < xi < ikhl"k,
ViWi;,i() T k=1
- _ k#j
VWi;,i(x) = : s ViWpi(e)=1 4 N )
?dWh[,i (:13) hij B Whl'k’ik (xk) if lkhik < XxXi < (lk + 1)hik’
k#j
0 else,
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by EX, is defined as the sum of the kinetic energy 8’7‘( and the field energy 8;2:

(3.40) &k =8 + &L,
1 . & &
(3.41) QZmP(Uﬁ)Z, gk ::70/9|E;:"|2dsc=30'/9|v<1>’;n|2da:.
p:

THeorem 3.7 (Exact total energy conservation). The ECSPIC-2 scheme conserves the
total discrete energy exactly:

(3.42) el =gk, vken

Proof. The changes in kinetic energy between steps k + 1 and k can be expressed as:

g _ gk = szp ( k+l) ( 5)2 :Zi%(vﬁn_'_v;) (,Uf;rl_v[/;)
s p=
N (wf)
s p=1
I N R L |

leL() i€By,; s p=l

e 1
k2
_hl-,i

Recognizing the source term of the discretized div-Ampere equation, we establish:

E 2 A
o -ek=-F 31 3 (¥ al) 3 3 @l -l [ VW TWisde
[eL) i€By, T el jeBy, Q
80 & k+1 k+1
O] | 3 0T | de
lg]L(l)'LEBh | leL() j€By,
L) A 2
ETAPPITRIN AP TR I
Q feL() i€By; leL() je By,
_ K+l k
- (&l - &b :

Remark 3.8. A crucial observation is that the field energy defined in Eq. (3.41) is non-
negative for all discretizations, i.e., for all approximation spaces Vi, ¢ H' (Q). Consequently,
both the kinetic and field energies are non-negative, ensuring the stability of the scheme.
Specifically, since both energy contributions (from particles and the field) remain non-negative,
then by induction, the following inequalities hold:

(3.43) Eh <8, EL<&Y, VkeN

Thus, both the particle velocities and the electric field are bounded by the initial total energy
of the system.
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3.2.2. Well-posedness and complexity of the linear system. In the previous sections
we have introduced a novel semi-implicit scheme in which the implicit contribution of the
field is computed by solving a linear system with a stiffness matrix A/ := Kh-hi 4 ghihe,
Since the discrete space is an approximation of H'(Q), all constant functions are included in
the kernel of the Laplacian operator, i.e. the Laplacian stiffness matrix K/ is not invertible.
To address this, we impose a value for the potential at the origin by considering the following
modified stiffness matrix:

S  ifj=0
~hl7h[) . 0,2 _ J s
(3.44) (®E) - { K e

where ¢ ; is the Kronecker delta symbol, which equals 1 if 2 = 0 and O otherwise. By
constraining only one value of the potential, the electric field remains unchanged.

Let us recall N, the dimension of the sparse grid space, i.e. the size of the linear system
discretizing the div-Ampere equation and the size of the stiffness matrix. First, let us assure
that the linear system is now well-posed, i.e. the matrix A"/t = K-h 4 §™-he is invertible.

ProrosiTiON 3.9. The matrix of the linear system discretizing the div-Ampere equation,
denoted A™-"i | is a symmetric positive definite matrix and thus invertible.

Proof. The symmetry property follows directly from the definition. Let ® € RV
be a vector, whose coordinates can be considered as hierarchical coefficients of a function
Dy, € Vf;:). Let ¥, € Vf;fl) be the function with the same hierarchical coefficients as @, ,
except the one corresponding to the first level, which is set to zero. The two stiffness matrices
Kh-hi and $hhi are positive semi-definite:

q)TKhl,h[q):q)é_'_L; Z Z VWi, |- Z Z D ; VW, i |dx

leL(l)jEBhl 1eL(M zEBh
1+0 1+0

=<I>(2)+/|V\Phn|2d:c20,
Q

and
ol sl =
N qz A2 |
ZZZ’Z So./ Z Z P VWhig |- Z Z @; ; VWi, 5(-’3—38?2)6133
s p=1 P Q leL() jeBy, feL(')iEBhi
2
-ZZZ:;A;/w@m(m )

>O

Let us now prove that the modified Laplacian stiffness matrix K" is positive definite. We
assume that:

(DTKhL,h[(D — (I)% +/ iv\yhn|2 d:l: =0.
Q
Then it follows:
@®)=0, VY, (x)=0, Yz €,

and since ¥y, (0) =0, ¥y, =0and thus ®; =0,i = 1, ..., Np,,. O
15



One of the advantages of semi-implicit methods over explicit methods, is the significant
gain achieved by enabling larger time steps and coarser mesh discretization without causing
numerical instability. However, this comes at the cost of increased computational complexity
due to the necessity of solving a linear system at each iteration, with the matrix needing to
be recomputed each time. Sparse grid discretization aims to alleviate these computational
burdens. In the following section, we provide insights into the potential benefits offered by
the hierarchical sparse grid discretization of our newly introduced scheme, in comparison to
standard discretizations and sparse grid discretizations based on the combination technique.
Let us denote the sizes of the linear systems corresponding to the SISPIC-sg [21] (which is
similar to the SISPIC-std [21] and ECSIM [29] schemes), ECSPIC-1 [21], and ECSPIC-2
schemes, respectively, as follows:

d-1 5d-1-r
_ 2 (n+d-2-r)! _
345 NSIS — p=d - NECST _ 2: nol
(3.45) By =M Ny, Li(d-1 (n-1-nt "
3.46 NEES: = et 01 1og hy -2
(° ) hn _(d—l)'n+ |Og l’l| .

While the linear system sizes for the two energy-conserving schemes are of the same order,
specifically O (h;,'|log h,|97"), the constants in their estimations differ. Consequently, the
ECSPIC-2 scheme shall yield a significantly smaller system size compared to the ECSPIC-1
scheme (see Fig. 1). This characteristic, which becomes more pronounced in three dimensions,
highlights the advantages conferred by the hierarchical sparse grid representation over the
combination technique.

4. Numerical results. In this section, we aim to demonstrate the conservation and
stability properties of the scheme introduced in this paper, as well as establish its validity
through a series of classical test cases. Specifically, we examine two numerical test cases:
(weak and strong) Landau damping and two-stream instability. Our method is compared
to existing PIC schemes, including the explicit standard (Exp-std) and sparse (Exp-sg) PIC
schemes, and the semi-implicit sparse-PIC schemes (SISPIC-sg and ECSPIC-1) introduced
in [21].

All subsequent simulations are conducted on a laptop equipped with an Apple M2 CPU
and 24GB of RAM. The linear systems are solved using the DGESV routine from LAPACK
library [15].

Although the benefits of sparse grid methods are more pronounced in three-dimensional
computations, we have implemented these methods in two spatial dimensions and three
velocity dimensions (2d-3v) for preliminary evaluation. In this study, we do not provide direct
comparisons of computational time between the newly introduced method and existing ones,
as a fair comparison would necessitate optimizations tailored to each method. For instance,
we utilize a dense linear algebra library (LAPACK) for all schemes, which is particularly
advantageous for handling the dense linear systems of sparse grid schemes compared to the
sparse linear systems of standard grid schemes.

The domain is a periodic square Q = (R/LZ)?, of dimension L € R*. Dimensionless
variables are considered, the reference length and time units being the Debye length and the
plasma period, defined by:

(4.1) Ap =VeoTe/qeno,  w,' =1/yqeno/meso.

The electrons are considered immersed in a uniform, immobile, background of ions. Electron
mass, temperature and charge are normalized to one. Periodic boundary conditions are
considered for the particles and the field.
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The results are compared without any filtering methods for all schemes. The momentum
error in the simulation at iteration & is measured by the sum of the momentum error vector:

d Ny vk 0
1 <& mgVs — mgV

4.2 J::E E—g—J;—l ,

4.2) ML\ 2 N4 mr

r
r

where vy := /2¢q,Ts/m; is the thermal velocity of the electrons. The total discrete energy
error at time iteration k is defined by:

a [Eh+EL - (85 +8Y)

0 0
8W+8¢

k ._
“4.3) €g =
r=1
-
where 8’7‘( and 8’; are the kinetic and field energy measured at time k.
Throughout this section, we will refer to the mean number of particles per cell, denoted
P, relating the amount of statistical noise in the simulation. It is defined by:

(4.4) P.=N,N_ |

where N, is the total number of particles (i.e. electrons) and N, j,, is the total number of grid
cells. For the Exp-std, and ECSPIC-1 schemes, this quantity corresponds to the size of the
linear system, denoted by N, and defined in Eq. (3.45). For the Exp-sg and SISPIC-sg it is
defined by:

d-1
-1 -1
4.5) NE = Yyt

o=0|l|,=n+d-1-0o

and for the ECSPIC-2 scheme, it is defined by:

(4.6) NECS2= " mtohy).
leL(M

4.1. Finite grid instability. The phenomenon known as aliasing or finite grid instabil-
ity, initially examined in [27], is a prevalent numerical instability encountered in PIC plasma
simulations. This instability arises from the discrepancy between the discrete Eulerian grid
discretization of the fields and the continuous phase-space discretization of Lagrangian parti-
cles [24].

In simulations, this instability manifests as numerical heating of the plasma [2], influenced
by numerical parameters. As aliasing introduces artificial heat into the system, it is also
characterized by a violation of energy conservation. To mitigate aliasing instability, PIC
simulations typically employ a grid discretization that is equal to or smaller than the Debye
length (h, < Ap), even for problems where the scales of interest are significantly larger
than the Debye length. For instance, dense plasmas are adequately described by the quasi-
neutral approximation in most regions, and simulating plasma physics does not require grid
cells smaller than the Debye length. Consequently, substantial benefits could be realized
with coarser grid cells that do not resolve the Debye length, particularly in three-dimensional
computations.

In this section, we aim to numerically establish that the introduced ECSPIC-2 scheme
do not exhibit finite grid instability in classical configurations where an explicit discretization
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does. We consider an initially Maxwellian and stable plasma with the following electron
distribution:

27,2
=1V %
e~ VBV

0/in 1
4.7 fr(v) = (—\/;VT)

where vy = /2T.q./me is the thermal velocity of electrons and ||v||2 = v + v2 + v . The
size of the domain is L = 57, 157, 507 and the grid discretization is &, = 2 SL. Some of
these configurations (the two lasts) shall lead to the development of the finite-grid instability
for the explicit schemes, since the grid discretization is larger than the Debye length. The first
dimension of the particle phase space (x1, v;) is represented at time 7 = 200 on Fig. 2 for the
standard explicit scheme and the ECSPIC-2 scheme, in various configurations of the domain.

50

40

20 [,
-30

-40

_50 1 I I I 1 I I I 1 -5 I I I I I I 1 1 I
0O 01 0.2 03 04 05 06 07 0.8 09 1 0O 01 0.2 03 04 05 06 07 0.8 09 1

XL X¢/L

Fig. 2: Finite-grid instability: representation of the phase space (xj,v;) of an initially
Maxwellian distribution of electrons at time 7 = 200. P. = 100, Ar = 0.05 for the explicit
scheme and At = 0.5 for the ECSPIC-2 scheme.

The finite grid instability is apparent in the explicit scheme when the grid discretization
exceeds the Debye length: the particle velocities increase, leading to a rise in the system’s
total energy. We observe that the ECSPIC-2 scheme is free from finite grid instability in
configurations where the explicit scheme demonstrates instability. As noted in Remark 3.8,
this stability is guaranteed by the exact conservation of energy and the non-negativity of both
kinetic and field energy, which ensure that the velocities and field energy remain bounded by
the initial total energy.

4.2. Landau damping.

4.2.1. Weak damping. The first test case examined is the well-known phenomenon of
Landau damping [26, 25]. When a plasma is slightly perturbed from its equilibrium state,
it returns to equilibrium through exponential damping. For this test, we consider a slight
perturbation in the electron distribution from an equilibrium state:

(4.8) fe(x,v,0) = £ (V) £2(x),
18



where the initial velocity distribution is Maxwellian, similar to the previous configuration
defined by Eq. (4.7), and the perturbation has the following form:

(4.9) Fo(x) = (1 +aycos (kix1)) (1 + aacos (kaxz)) .

« is the magnitude and k is the period of the perturbation. The perturbation is considered
uniform in each dimension, i.e. k; = k, k € R and the domain size depends on the perturbation:

2
4.1 L=—.
(4.10) .

By considering the roots of the dispersion function (¢(w, k) = 0), which is as follows:

1 1 w w

one can find the damping rate of the plasma (J(w)) for given values of k € R [2]. E.g. for
k = 0.3, the root with the largest imaginary part is w = +1.1598 — 0.0126i, etc.

Let us parametrize the perturbation with a; = @, = 0.05, k = 0.3 such that the domain
size is L = 207r/3. The final time is T = 50. The grid discretization is 4,, = 277 L so that the
Debye length is resolved: 4, = 0.651p.

The evolution of the electric field L2-norm in time is provided on the panels of Fig. 4 for
different configurations described in Fig. 3. The evolution of the total energy error in time is
also provided on the bottom right panel of Fig. 4. For the ECSPIC-1 scheme, the L?-norm of
the electric field is computed on the Cartesian grid after combination of the field. An expensive
standard explicit simulation with At = O.Ola);,l and P. = 5,000 is chosen as a reference and
compared to the sparse grid semi-implicit schemes with a larger time step ranging from
At = O.lw;1 to At = la);l and fewer particles per cell P. = 500. We observe, as highlighted
in [21], that the ECSPIC-1 scheme is numerically instable, leading to an increase of the total
energy and total momentum error in time. The ECSPIC-2 is exempted from this numerical
instability thanks to the non-negative field energy involved in the total energy conservation.
Out of the three semi-implicit sparse grid schemes, the ECSPIC-2 is the one providing results
that suit the best the reference solution. The theoretical rate of damping is matched for all
At. The ECSPIC-2 scheme also offers a significant reduction in grid complexity. The size
of the linear system (N, ) to solve is reduced by a factor of 4 compared to the ECSPIC-1
scheme and by a factor of approximately 10 compared to the SISPIC-sg scheme. The total
energy is exactly, up to machine precision, conserved for the ECSPIC-2 scheme as proved by
Theorem 3.7. Additionally, the total momentum error remains around 1E—04.

4.2.2. Strong damping. When the perturbation of the equilibrium state is considered
large enough to invalidate the linear approximation, the previous analytic damping rate is not
available anymore. In order to assess the efficiency of the method, the results are compared to
a reference solution computed with a high-resolution simulation performed with the Exp-std
scheme. This reference solution is considered with Ar = 0.01, P, = 10, 000 and k,, = 27°.

Let us parametrize the perturbation with a@; = a» = 0.2, k = 3 and the domain size is
L = 60. The final time is T = 5.5. The grid discretization has to be at least 1, = 2 9L for
the Exp-std scheme so that the Debye length is resolved: &, ~ 0.9381p. Fig. 5 presents the
evolution of the electric field L?-norm over time for various configurations of the different
schemes, as summarized in the table within the same figure. Additionally, Fig. 6 provides
a representation of the electric potential interpolated at the standard grid at time ¢ = 2.9.
As observed in Fig. 5, the ECSPIC-2 scheme closely aligns with the reference solution for
all Ar values, similar to the SISPIC-sg scheme, while the Exp-std scheme fails to accurately
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Table 3: Landau damping (weak damping): configurations of the simulations (Fig. 4),
k=0.3.

Np,,
scheme At hn (% of nonzero)
Ex-std (ref) 0.01 2 1,024 (2.1%) | 5,000 | 2.5E+06 [ |
SISPIC-sg | 0.1;0.5;1 | 2~ 1,024 (2.1%) 500 2.24E+05 [ ]
2
2

P, N, color

5

5
ECSPIC-1 | 0.1;0.5;1 =5 | 448 (56.4%) 500 | 2.24E+05
ECSPIC-2 | 0.1;0.5; 1 3 112 (39.7%) 500 1.6E+05

1Ell 2
IIEI. 2
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time
1
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0.01
0.0001 ¢ ; : 'r.’.:
X107 4 -
- N std —e—
2 motf Eclil Bpst] —— 1
= o Eefl] E&RpIET2
o —= 1x107"° | EE“E’H ,’§| Plé—sg 1
= = 1) SISPIC-sg
o t‘qt JECSPIC-] —%—
& 012 E&(t), ECSPIC- —=—
L HHHAHHHNTT
14 M-x—*—)e—*****
1x10
1x1071®
1x107"8
1 1 1 1
0 10 20 30 40 50 0 10 20 30 40 50
time time

Fig. 4: Landau damping (weak damping): evolution of the electric field L2-norm ||Ey||,2 in
time for different time steps At, k = 0.3(cf. Fig. 3). Evolution of the total energy error eg(t)
and total momentum error €4(¢) in time (bottom right panel), corresponding to the top left
panel simulation.

reproduce the oscillation periods for larger A¢. Additionally, the ECSPIC-1 scheme performs
slightly less effectively than the ECSPIC-2 scheme in these configurations. Fig. 5 also
demonstrates that the ECSPIC-2 scheme achieves a reasonable approximation of the electric
potential with significantly fewer grid nodes and particles compared to the standard scheme.
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10 T T

]

Exp-std AtE%f.‘I,EﬁS:_S_g
N FESBET AEDT i s
" s —0.1' h"=5-6
scheme fn (% of nonzero) Al Pe Ne color SISPICSY MEG e 258
— ECSPIC-2 A=0.1 nh=078 ——
Ex-std (ref) | 2 4,096 (0.12%) | 0.01 | 10,000 | 4.1E+07 [ | 1 Mg EOOPIC-2 A1=0.5, hp=2 7 —e— |
Ex-std 276 1 4,096 (0.12%) | 0.1 500 2.0E+06 [ | S » i
Ex-std | 276 | 4,096 (0.12%) | 0.5 | 500 | 2.0E+06 b
ECSPIC-1 | 27% | 1,088 (40.8%) | 0.1 500 5.4E+05 =
ECSPIC-1 | 273 448 (56.4%) 0.5 500 2.2E+05
SISPIC-sg 276 | 4,096 (0.5%) 0.1 500 5.4E+05
SISPICsg | 275 | 1,024 (2.0%) | 0.5 | 500 | 2.2E+05
ECSPIC-2 | 27% | 256 (33.6%) 0.1 500 3.8E+05 ]
ECSPIC-2 | 273 112 (39.7%) 0.5 500 1.6E+05 [ | i i i i i
0.01
0 1 2 3 4 5

time

Fig. 5: Landau damping (strong damping): evolution of the electric field L?-norm ||Ey,||,2 in
time (right panel). Different configurations considered (left table).

CDhn, Exp-std (ref) scheme <Dhn, ECSPIC-2 scheme

2
1.5
1
0.5
0
-0.5
-1
-1.5
-2

Fig. 6: Landau damping (strong damping): Electric potential interpolated at the standard grid
at time ¢ = 2.9. Exp-std scheme: At = 0.01, P, = 10,000, h, = 2-6 (left panel; m on Fig. 5).
ECSPIC-2 scheme: At = 0.1, P, = 500, h,, =27° (right panel; m on Fig. 5).

4.3. Two-streams instability. The two-stream instability configuration, as described by
[1], involves two particle beams moving with opposite mean velocities. The initial electron
distribution is given by a Maxwellian distribution:

(4.12) fo(x,v,0) = £2(v) f2(x),

where the perturbation has a similar form to that of Landau damping, and the initial velocity
distribution comprises two beams:

1 \2 ~lv-vol3 ~llv+v I3
(4.13) f&(v)z(ﬁ) e 7 +e %

vo = (vo,0) € R? is the mean velocity of the beams in opposite direction and the domain size
is:

4.14 L="
4.14) R
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where k; = k € R, for i = 1,2. Depending on the values of k and v, the configuration can
be either stable or unstable. When the two streams pass through each other in such a way that
one wavelength is traveled in one cycle of the plasma frequency, the perturbation from one
stream amplifies the perturbation in the other, causing the perturbation to grow exponentially
over time. The linear dispersion relation for this test case is:

2 2

1 Wp Wp
4.15 —e(w.k)=1- - :
(.15) 805(«) ) (w-k-v9)? (w+k-vp)?

The four roots of the linear dispersion relation are [2]:

1712
(4.16) w=1+ [kzvg + 0w, (4k2v§ +a)’;‘,)z} ,

which can be imaginary, and lead to instability, for:

4.17) 00 v
Wp

Let us parametrize the perturbation with @1 = @ = 0.005, k = 0.05 such that the domain
sizeis L = 40rr. The mean velocity is vo = 12 and the final time 7 = 70. The grid discretization
is h,, = 277 L for the semi-implicit schemes and &,, = 27" L for the explicit scheme to ensure the
Debye length is resolved, yielding 4, ~ 0.981p. To reduce computational costs, we employ
the sparse-PIC explicit scheme as a comparison to semi-implicit schemes. It is considered
with At = 0.01, P. = 1,000 and h,, = 277,

Fig. 7 presents the evolution of the electric field L?-norm over time for various configura-
tions summarized in the table on the left panel. All schemes adhere to the theoretical growth
rate. It is notable that the ECSPIC-1 scheme exhibits instability in this test case, whereas the
ECSPIC-2 scheme remains stable.

100

ol e
2 pe=50Q; A28
' Pe=500, At=0'1
theoretical rate
Np, 10 VX 1
scheme hy, (% of nonzero) At P, N, color X]\""\(,; ;\{x.\”‘*‘x
—; | 7 of 256 (1.9%) = W
- 7 w
Ex-sg 2 6 of 128 (3.9%) 0.01 | 1,000 | 2.6E+06 [ | o
SISPIC-sg | 27 1,024 (2.0%) 0.1 500 2.2E+05 ] ]
ECSPIC-1 | 273 448 (56.4%) 0.1 500 2.2E+05
ECSPIC-2 | 275 112 (39.7%) 0.1 500 1.6E+05
01 1 1 1
30 40 50 60
time

Fig. 7: Two-streams instability: evolution of the electric field L>-norm ||Ey,||;2 in time for
different schemes, k = 0.05, vo = 12, At = 0.1, P. = 500.

5. Conclusion. This paper introduces a novel numerical method, the ECSPIC-2 scheme,
based on an implicit discretization of the Vlasov-Maxwell system in the electrostatic regime,

22



incorporating sparse grids to exactly conserve discrete total energy. By employing a weak
formulation of the div-Ampere equation, a non-negative field energy is defined. The scheme
ensures exact conservation of total energy, including non-negative kinetic and field energies,
thereby ensuring stability. This represents a significant improvement over existing semi-
implicit schemes with sparse grids, which do not guarantee exact energy conservation and
stability simultaneously. The method incorporates all advantages of existing semi-implicit
PIC schemes, summarized in Table 1. Moreover, the hierarchical sparse grid representation
of basis functions reduces the complexity of the linear system to solve compared to existing
sparse grid semi-implicit schemes (SISPIC-sg and ECSPIC-1).
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