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Chapter 1

Random geometric optics I: short
time asymptotics

1.1 Rays without the wave equation — the formal theory

We consider in this section the very basic ray theory in a random emdium without any refer-
ences to the wave equation — this material is based on the classical paper by J.B. Keller [38].

1.1.1 Perturbative ray theory

Fermat’s principle postulates that light goes from point A to B as fast as possible. Such fastest
path is called a ray connecting points A and B. The medium in which light is propagating is
described in terms of the local speed of light ¢(x). Let T' be a ray from A to B, then

Here the infimum is taken over all continuous curves v connecting A and B. Equivalently,
parameterizing v by z(t) = (z1(t), z2(t), z3(t)), 0 <t < 1, we need to minimize the functional

1
[ nlao)lits)ids (L.1)
0

with n(z) = ¢o/c(x) being the refractive index. Here ¢y = const is a reference speed that
is some typical speed of propagation in the medium. This will be sometimes formalized by
requiring that n(z) does not deviate from ny = 1 too much but that is not required a priori.
The Euler-Lagrange equations for the functional (1.1) are

doF OF

a0, om0

with F(x,%) = n(z(s))|Z(s)|. This may be rewritten as

9 g2y,
dt \ |z Oz
Let 6 be the unit vector along the ray: § = & /||, then the above equations take the form

d

= (n6) —[&|Vn = 0. (1.2)



A convenient way to parameterize the path is to use the arclength parameter [ along the curve
x(t), then dl = |Z|dt and we obtain the ray equation

d
=0. 1.
a (nf) —Vn =0 (1.3)
It may be also written as
d dx

Equation (1.4) should be supplemented by the initial conditions:

2(0) =0, %(0) = 0y, |00] = 1. (1.5)

This is the fundamental equation of the ray optics that describes the geometry of rays con-
necting different points in an inhomogeneous medium. Observe that if n(x) = const, then
df/dl = 0 and the direction 6 doesn’t change along the ray. Therefore rays in a homogeneous
medium are straight lines. Similarly, if the medium is layered, that is, the refraction variable
depends only on the variable x1: n = n(x1) then rays that point initially in the direction of
x1 are straight lines — this also follows immediately from (1.5) with n = n(x;) and the initial
data 90 = e€1.
Let us now consider the case when index of refraction deviates slightly from unity:

n(z) =1+ ep(z).

We assume that ¢ is a small parameter: ¢ < 1 and employ the formal perturbation theory to
determine the perturbed path z(l, ¢) expanding it as

z(l,e) = zo(l) + ex1 (1) + 2z (1) + . ..
We insert this expansion in the ray equations (1.4) and get in the order £*:

d2x0
dl?

so that xo(l) = 16y. The first order correction in ¢ is determined by the equation

d2x1 dxg dzxg
_ _ . 4o 1.

with the initial condition x1(0) = dx1/dl(0) = 0. The right side of (1.6) is the component of
Vi normal to 6p. We will denote it by V| i below. The solution of (1.6) is given by

l
/ (I —s)V 1 u(fps)ds. (1.7)
0

It follows that (z7 - xg) = 0 — this is typical for a first order correction in the perturbation
series. A straightforward computation using the fact that x; is perpendicular to 6y shows that
the second order term xo satisfies a lengthy equation

d2.%'2

dx dxo dxg dx
dl?

=<x1-m>w<xo>—;w2—( . vmco))dl— dl-vmo))dl (1.8)



with the initial data z2(0) = dzo/dl(0) = 0. Its solution is given by

l s

zo(l) = /ds(l —s) | (z1(s) - VL)V Lpu(sbh) — %Vﬂﬁ(seo) — b /(VML(S%) - Vip(rbo))dr
0 0
(B - Vu(s60)) / Vo u(r)dr | - (1.9)
0

1.1.2 Weakly perturbed rays in a random medium

Expressions for the corrections z1 and 3 obtained above are valid for any perturbation u(x).
Let us now specify that u(x) is a random function that has mean zero and its statistics is
spatially homogeneous and isotropic:

(u(x)) =0, (u@)uly)) =Rz —yl), (wp)uq) = 2m)"R(P)s(p+ q). (1.10)

The correlation function R(|z|) is smooth, has maximum at zero, is a decreasing and rapidly
decaying function of |z|, and the power spectrum R(p) is its Fourier transform.
The mean ray position

Let us first compute the average ray position using expressions obtained in Section 1.1. The
first order correction has mean zero: (z1) = 0 so that

(x(1)) = 10 + £*(x2) + O(£%).

The expected value of of zo may be computed explicitly using expression (1.9). Observe that
(V1p?) = 0 since (u?) is constant because of spatial homogeneity. To compute the mean of
the first term in (1.9) we use (1.7) and the Fourier transform, as well as the last identity in
(1.10). This term becomes:

l s l s

ds [ dsi(l—s)(s—s1)(VLpu(s16o) - Vl)Vlu(590)> = [ds [ dsi(l—s)(s—s1)
[+ [“]
[ et (ip (0 - 5) ) -G = (00 - )00) i = iC00 - )00 (0)7 )
l s
= i/ds/d81(l —5)(s — 81)/€islp'90_i8p'0° I = (80 - p)0o” (p — (60 - p)60) R(p) (;f)n
0 0

We claim that the integral in p vanishes. To see that we choose a coordinate system such that
0o = ey is the unit vector in the direction of x,,. The integral in p becomes

o N dp
/61(81 S)Pn ’plyzp/R(p) (271')” = 07 p, - (p17p27 «e oy Pn—1, O>7



because R depends only on Ip| so that R(p',pn) = ﬁi(—p’ ,Pn)- Similarly one may show that
the average of the last term in (1.9) vanishes. Indeed, it is equal to

l s
- < / (1 - )00 - Vu(s60)) / vLu<Teo>drds>
0

s

O/ (=) [ Pm 1 ip)(a) 0o - (i) i ia-00)0u] yrds

NO\NO

. . . dp
-/ / (=) [ 0 R )00 1) I (- B0)0] 7y s,
0
With the same choice of coordinates such that 6y = e, is along the p,-variable and p’ =
(p1,--.,Pn—1,0) the integral in p above is
< . d,
Z(S*T)an / D -0
/ e (p)Pnp )
as R(p',pn) = R(—p,pn) because R(z) is isotropic.
Thus only the third term has a non-zero mean and we obtain

(2(1)) = 16y — 20, / ds(l — s) / dr (VL p(s00) - ¥ La(760))) + O(2).

The second term may be evaluated using the Fourier transform as above:
dp
(2m)m

Here A is the Laplacian in the direction transverse to #y: with our usual choice of 6y along
the coordinate x,, we have

(VL pu(s60) - ¥ ju(60)) = / TP () (G - p)o) R(p) L = ~ AL R((s — 7)f0).

When R(|z|) is radially symmetric this is

n—1 n—1 1/ 2 / 2
8 [R(jz)x R'(|2|)a3 L B(aD) R/ (|])a;
Aufilr Zaxj[ - Z( FIE N P

Jj=1

and in particular

AL R(rby) = (”_12]3”'(7").
This leads to l
) =t (14 P8 [P0 4y o), (1.11)
0

We see that the mean location of the endpoint of a ray of length [ which starts from the
origin is in the direction 6y. However, its distance from the origin is less than when the ray
is not perturbed since R'(r) < 0. Physically this is expected because the presence of the
inhomogeneities slows down the propagation as light no longer propagates along a straight
line.



The mean square fluctuations

Let us denote by p deviation of the ray from the straight line x = 0pl: p(l) = x-(I) — pl. Then
we have

(p(D)?) = e*(al) + o(e?).

We set now space dimension n = 3 and compute the above average in the same manner as

before:
l l l 3
2r2 41
—/ /(l—s)(l—T)ALRﬂs—T)deS——/ R’(@[ U ]dr
0 0 0 3 37"'

For [ large compared to the correlation length a the last term above dominates so that

4?13 [ R
(p(D)?) ~ — 83 /0 rr)dr + O(e®) for I > a. (1.12)

Similarly one may compute the average deviation « of the direction of the ray from the
mean direction 6g:
dx 2
2 2
1) = — — 6 =
(0?(1) = <(dl o)> <

9 1
> +0(e?) = &2 <0/ 0/ VJ_,UJ(GOS)VJ_M(GOT)> drds
L1
252// R"T_ drds = 4¢> [R(l) — R(0) —z/ol R/y)dr] +O(ED).

0

dz1
di

For [ large compared to the correlation length a this becomes

/
(?()) ~ —4521/ LAGS + O(&%) for I > a. (1.13)
0 T
Expressions (1.12) and (1.13) may be written as
1
(p*(1)) ~ ng3 + 0(e?) (1.14)
and
(a®(1)) = DL+ O(%). (1.15)
Here we introduced the ray diffusion coefficient
o0 /
D= —452/ Ry)dr. (1.16)
0

Expressions (1.14) and (1.15) may also be obtained by treating the ray direction «(l) as a
Brownian motion with the diffusion coefficient D and p(l) as its time integral:

da = VDdB, dp = a(l)dl.

Here B(l) is the standard Brownian motion. Then a simple calculation shows that

T

However, the a priori assumption that ray direction may be described in terms of such Markov
process is not easy to justify unlike the derivation presented above. Nevertheless, this concept
is important and the ray direction does behave as a Markov process in a certain asymptotic
limit that we will discuss in the rest of this chapter.



1.1.3 Random Liouville equations: small time formal asymptotics
Reduction to a time-dependent stochastic accelaration problem

In order to make the above discussion of the diffusive ray behavior somewhat more careful
(albeit not yet rigorous) we consider the Liouville equations in phase space

99

o +c(2)k - Voo — |k|Ve(z) - Vig =0 (1.17)

with the speed c¢(x) = 1+ du(x). Here p(z) is a spatially homogeneous random process with
the correlation function as in (1.10). Then (1.17) becomes

0 ~
£+[1+5u(x)}k-vx¢—5Vu(x)|k:| Vo =0 (1.18)
and solutions are close to those of
0
o TR Ve =0 (1.19)

for times ¢t = O(1). In order to see some more interesting phenomena, in particular, the ray
diffusion mentioned above, we look at the bicharacteristics of (1.18):

X(t) = —(L+6u(X)K(t), K(t)=8Vu(X®)|K(®), X(0)=w, K(0)=ko. (1.20)

It is convenient to re-write this system in terms of the unit vector K (t) = K (t)/|K (t)| using
the relation . ] )

K K (K- K). X .

—_— = — K=46Vu(X)—0(K-Vu(X))K.

R p(X) — 8(K - V(X))

This allows us to re-write (1.20) as

PO _ ook, B0 —swuxm) - (k- vax)k. (2
Let us introduce the rescaled quantities Y (t) = X (t)+kot —zo and P = (K (t)—ko)/6* with
a > 0 to be chosen. Naively, one would expect that over a time T the direction K deviates
from its initial value by d7 which means that the trajectory deviates from Xy(t) = —kot
by T - §T = 6T%. Hence we would expect that Y (¢) behaves non-trivially on the time scale
0(6_1/ 2). We will see, however, that because the random perturbation has mean zero, the
effect takes place on a longer time scale.
In the new variables the system (1.21) becomes

Y (t) = —0°P(t) — (X (£)) oo — 67 (X (£) P(0), (1.22)
P(t) = 8" [Vu(X (1) - (K - Vu(X)K).

In the slow time variable ¢’ = §%¢ this is

- / ,
dl;,ff) = —P(t") = 6" (wo - kg + Y(t’)) koo — Op (xo — koj + Y(t’)) P(t), (1.23)

dP(t')
dt’

= 91720 1= Gho + ") o+ 5% P T (0~ 2+ 70



with Y (t') = Y (¢'/6%) and P(t') = P(t'/6%). We choose o = 2/3 so that §'2¢ = §=*/2 and
introduce & = §1/3:

W) _ poy oy (xo - ";?j' + ?(t@) e (1‘0 - kjfl + ff(t’)) P(t), (1.24)

- % [[ — (ko +2P(t) @ (ko + 5215(#))] Vi <a:0 - kg’ + Y(t’)> .

Let us keep only the leading order terms in (1.24). The analysis that we perform on the
simplified system may be applied to the full problem as well albeit at the price of somewhat
lengthier calculations that we are not willing to pay at the moment. Then (1.24) becomes (we
now drop both the primes and tildes)

Y(t)=—P(t), Y(0)=0 (1.25)

. 1 A « kot

P =2 [T tho )] T (a0 - 25 4 v0) . PO =0,
which is the system we will study. The vector P(t) is orthogonal to kg for all ¢ > 0 — hence
so is P(t) and thus (Y (t) - ko) = 0 for all ¢ > 0 as well. This is a familiar phenomenon for the
perturbation theory — the first order correction is orthogonal to the mean dispalcement. It is
convenient to set g = 0 and choose the coordinate axes so that ky = e,, the unit vector in the

direction of x,,. Then Y (t) = (Y1,...,Yn-1,0), P(t) = (P1,...,Py,—1,0) and (1.25) may be re-
written as the following system for Z(t) = (Yi(t),...,Y,—1(t)) and Q(t) = (Pi(t), ..., Py—1(1)):

Z(t)=—-Q(t), Z(0)=0 (1.26)

an =16 (5.20). Qo=

where

r r
Glana’) = (W(fg;cl :vn)’m’@u(a:;,fn» o eRrL

This system also happens to describe the motion of a classical particle moving in a random
time-dependent force field e 7'G(t/£2, ) and is called the stochastic acceleration problem in
this context. Equivalently, (1.26) describes the trajectories for the Liouville equation

1 t

which appears in the semi-classical limit § — 0 for the Schrodinger equation

59

aﬁ Aw—fG< )Y =0, $(0,z) = 5(x),

with the parameter ¢ > 0 fixed.

A very formal derivation of the diffusive limit

We now describe a very formal but quick and effective way to obtain the limit of (1.26) as
€ — 0. Let us write the corresponding Liouville equation

0 t
£+q V.p— <<€2,z>-vq¢:0. (1.27)



Instead of assuming that the random function G(s,x) is as in (1.26) we make a more general
hypothesis that for each x € R™ the process G(s,z) € R™ is stationary in time with the
two-point correlation tensor

Rpi(s,x) = (G (t, 2)Gp(t + s, )).
We seck the solution as a multiple time scale expansion
b= ¢o(t,2) +epi(t,,2) +2Po(t, T,2) + ..., T =t/ (1.28)

As usual in such expansions in random media we assume that the leading order term is
independent of the fast variable and is deterministic. The higher order corrections are assumed
to be stationary in the fast variable 7. These assumptions are typically very hard to justify
rigorously — nevertheless they often provide the correct answer. We insert the expansion into
(1.27) and obtain in the leading order O(1/¢)

0
% — G(r,2) - Vool 2)
so that
¢1(t,2,’7’) = X(Ta Z) 'Vq¢0(t7 Z) (129)

with the corrector x(7, z) that solves x = G(7,2). It is very convenient to introduce a regu-
larization parameter 6 that we will send to zero later and write

X (T, 2) = /T G (s, 2)ds. (1.30)

The terms of the order O(1) in (1.27) are

ddo ol
W‘FQ'VZ(ﬁO—G(T,Z)'vq(Zﬁl—FW—O.

We take the expectation of this equation using the fact that ¢g is deterministic and argue that
because ¢9 is stationary in 7 we have
0
<¢2> _o.
or

With these two closure assumptions we obtain

0
O 44 Vitn = (G (7,2) V).

The term on the right side is computed explicitly using expression (1.29)-(1.30) for ¢;:

(6 2) Vo) = (G r2) g | [ 600200552 )

—o0 dp
T aQ(b /0 82(15
0s 0 0
= e’ Ryp(s — 1, 2)ds — Ryp(s, z)ds as 0 — 0.
/_oo o ) OgmOay ) o " (5,2) Oqm Oy

Therefore, the function ¢g(t, g, z) satisfies a degenerate parabolic equation

0 0?
ﬂ +q-V.po = Dmp(z) 8qmq;(;p

o (1.31)

10



with the symmetrized diffusion coefficient

Doy (2) :% [ / D Ry (5,2)ds + /_ OOO Rpm(s,z)ds] _ % /_ Z Ryp(s, 2)ds.

—00

If the statistics of G(s,x) is identical for all z € R™ then the diffusion matrix is constant in
space. This means that in the limit ¢ — 0 the process Q(t) becomes a diffusion while Z(t) is
its integral in time.

Going back to the short time asymptotics for the geomtric optics we see that the rescaled
deviation of the wave vector from its original value kg converges to a diffusion process Q(t)
and the deviation of the spatial position from its average kot converges to the time integral of
Q(t) on a time scale of the order O(6=2/3). This time is much longer than the naive prediction
O(0~1/2) discussed below (1.21). Here ¢ is the relative size of the variations of the refraction
index. This provides a formalization of the ray diffusion we have discussed in Section 1.1.2,
at least for short times. It turns out that the randomization of the wave vector on the time
scale O(072/3) is related to the appearance of a caustic. kIt has been shown by B. White
[61] appears on this time scale with probability one. This means that the ray approach in a
random medium works only on a very short time scale as caustics appear very qucikly. On the
other hand, one may follow the solutions of the Liouville equations for arbitrarily long times.

1.2 Basic facts on weak convergence in C' and D

Weak convergence

We recall in this section basic facts from [11] on weak convergence of probability measures.
All the proofs of the results of this section can be found there as well as a wealth of other
information. Recall that a sequence of Borel measures P, defined on a space ) converges
weakly to a Borel measure P on 2 if for every bounded continuous real function f we have

/Q fap, — /Q fdPp.

This condition is equivalent to the following: for every set A with P(0A) = 0 we have P,(A4) —
P(A). A family F of (Borel) probability measures on {2 is relatively weakly compact if every
sequence P, of elements in F' contains a weakly convergent subsequence P,, which converges
weakly to a probability measure Q.

Weak convergence in C

One of the main examples we are going to discuss is the weak convergence in the space
C = C([0,T];R™) of continuous functions (paths) on an interval [0,7]. An effective way
to verify weak compactness in C is provided by Prokhorov’s theorem. Recall that a family
F' of probability measures is tight if for every € > 0 there exists a compact set K so that
P(K) > 1 — ¢ for all measures P € F.

Theorem 1.2.1 If a family F is tight then it is relatively compact.
As a corollary we have the following basic criterion for weak convergence.

Corollary 1.2.2 Let P, and P be probability measures on C. If the finite-dimensional dis-
tirbutions of P, converge weakly to those of P and {P,} is a tight family then P, converge
weakly to P.

11



It is important to note that convergence of finite-dimensional distributions in C' in itself
does not imply weak convergence and tightness assumption in Corollary 1.2.2 can not be
dropped. Indeed, consider a sequence of piece-wise linear functions z, which increase from 0
to 1 on the interval [0,1/n], decrease from 1 to 0 on the interval [1/n,2/n] and are equal to
zero for t > 2/n. Set the measure P,, = §,, and let P = ¢y, the delta-function concentrated on
the function z = 0. Suppose that A is a finite-dimensional subset of C', that is, there exists a
finite set of times t1,.. ., so that if a path z(¢) lies in A then so do all paths y(¢) such that
x(t;) = y(t;) for all 1 < i < k. If A is a finite-dimensional set then as soon as n is so large that
1/n < t; for all i = 1,...,k such that ¢; > 0 (this qualifier is needed since it is possible that
some t; = 0) we have P,A = PA simply because z,(t;) = z(t;) for all j =1,...,k (including
the time ¢; = 0 if there is such an i) and thus z, lies in A if and only if z € A. On the other
hand if we define f(z) = min[2, ||z||] with the uniform norm

|z|l = sup |z(t)]
0<t<1

then f is by definition a bounded continuous function on C' but

/fdPn =1
/fdP:O.

Therefore P,, does not converge weakly to P. This example shows that convergence of finite-
dimensional distributions is not sufficient for weak convergence.

The advanatage of tightness is that it is a verifiable notion by means of various moduli of
continuity. The usual modulus of coninuity of a function z(t), ¢ € [0, 1] is defined as

while

we(e) = sup |z(s) —z(t)], 0<e<L1.
[t—s|<e

The Arzela-Ascoli theorem implies that a set A is relatively compact in C' if and only if both
Sup,ea [2(0)] < 400 and

lim sup sup w,(g) = 0.
e—0 z€A

The following theorem (Theorem 7.3 in [11]) is the most basic criterion for tightness in C'.

Theorem 1.2.3 A sequence of probability measures P, on C is tight if and only if the following
two conditions hold: (i) for each nn > 0 there exist ng and a > 0 so that

Pplz: x(0) > a] <n for all n > no, (1.32)
and (i) for each § > 0 and n > 0 there exists 0 < ¢ < 1 and ng so that
P,z : wy(e) >8] <n for all n > ny. (1.33)

Condition (1.32) is usually easy to verify, especially so when we the measures P,, are generated
by solutions of differential equations (with coefficients that depend on the parameter n) with
a prescribed initial point — then x(0) does not depend on n. On the other hand, verifying
(1.33) is the heart of the proof of many limit theorems. Some criteria for (1.33) to hold will
be given in the next section.
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The space D

The cadlag functions. It is quite common that one has to deal with convergence of processes
that have jumps but are “nice” otherwise. The appropriate space to work with consists of
functions that have limits on the left and are continuous on the right:

(i) For 0 <t < 1 the right limit z(¢7) = lim,_,,+ x(s) exists and x(t) = z(tT).
(ii) For 0 < ¢ <1 the left limit z(¢7) = lim,_,;— x(s). (1.34)

Such functions are often called cadlag functions (“continu & droite, limites 4 gauche”).
Cadlag functions can not be too bad: for instance, it is easy to check that for any cadlag

function z(t) and any £ > 0 one can find a finite partition 0 = ¢ty < t; < --- < t,, = 1 of the

interval [0, 1] such that the oscillation wy[t;—1,t;) < €. Here the oscillation of the function x(t)

on a set S is defined as
wy(S) = sup |z(s) — z(t)]. (1.35)
s,tes
It follows that any cadlag function x(¢) is uniformly bounded and, moreover, has at most
countably many discontinuities since the number of points where the jump magnitude exceeds
1/n is finite for all n € N. We will continue to denote the usual uniform norm by

lz]| = sup [z(t)].
0<t<1
The Skorohod topology. The usual uniform topology is too rigid to work in the space

D. If we think of functions in D as, for instance, realizations of a random jump process then
we would like to think of two realizations as close even if the jumps occur not at exactly the
same time but rather at close times. The uniform norm does not capture this idea. Instead,
for two functions z and y in D we define the distance d(z,y) as the smallest number € > 0 so
that we may find an increasing continuous function (“time change”) A(¢) such that A\(0) = 0,
A(1) =1 and both

sup |A(t) —t| <e

t€(0,1]

and
sup |z (t) —y(A(t))| = sup [z(A7(1) —y(1)] <e. (1.36)
t€[0,1] t€[0,1]
This metric defines the Skorohod topology.
Let A be the set of increasing continuous functions A(¢) such that A(0) =0, A(1) = 1. Then
a sequence T, (t) converges to z(t) in the Skorohod topology in D if there exists a sequence
An € A such that Z,(t) = z,(A,(f)) converges to x(t) and A, (t) converges to ¢t — both in the
uniform topology of [0,1]. In particular, the usual uniform convergence implies convergence
in the Skorohod topology — simply take A, (t) = ¢t. Moreover, as

20 () — 2(t)] < |z (t) — 2(An(@))] + [2(An(t)) — z(E)], (1.37)

it follows that x,(¢) converges pointwise to z(¢) at the points where z(¢) is continuous. Since
x(t) is continuous for all but countably many points, Skorohod convergence implies pointwise
convergence except on a countable set of points. In addition (1.37) implies that if the limit
x(t) is continuous on [0, 1] (and hence uniformly continuous) then the Skorohod convergence
implies the uniform convergence.
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The problem with the above metric is that the space D is not complete under the metric
d as can be seen on the following example. Let z,(t) = 1 for 0 < ¢ < 1/2" and z,(t) = 0
otherwise. Let A, € A be a (piecewise) linear function:

on the interval [0,1/2"] and

11— 1
A t) = + on+1 <t o )
0 = g+ (g
on the interval [1/27,1] so that A, maps [0,1/2"] onto [0,1/2""!]. Then z,11(\n(t)) = 2 (t)
and |\, (t) — t| < 1/2""L. This means that d(z,,rn1) < 1/27F and therefore the sequence
zn(t) is Cauchy in the metric d. On the other hand, x,(t) converges pointwise to z(t) = 0
for all t > 0. Therefore, if x,, converges in the Skorohod topology the only possible limit
function is z(t) = 0 (because Skorohod convergence implies pointwise convergence except on a
countable set). However, the distance from each x,(t) to z = 0 is equal to one (simply because
z(A(t)) = 0 for all A € A and 2,(0) = 1 for all n) and thus z,(¢) does not converge in the
Skorohod topology.
The way to make the space D complete is to introduce a different metric dy defined as
follows. For A € A define
Alt) = A(s)
. .

1
08— —

[Allo = sup
s<t

This means that the slopes of A are bounded away from zero and infinity if ||\ < co. The
distance do(z,y) for x,y € D is the smallest number ¢ > 0 so that there exists A € A such
that ||[Allo < & and (1.36) holds. This is more restrictive than d: it requires that not only A is
close to identity in the uniform norm but the slopes of A are all close to one. In particular,
the above example of a non-converging Cauchy sequence involves A, which are not close to
identity in this norm. We have the following proposition.

Proposition 1.2.4 The metrics d and dy are equivalent on D in the sense that d(zy,z) — 0
if and only if do(xn,x) — 0. Moreover, the space D is separable under both d and dy and
complete under dy.

Note that there is no contradiction in this proposition to the above example of a sequence
2y, which is d-Cauchy in D but does not converge. This sequence is simply not dy-Cauchy:

do(@n; Tnt1) = [[Anllo = log 2.

Compactness in D

Compactness in terms of w/,(d). Modulus of coninuity is not a right notion for a function
in D as w;(d) does not vanish in the limit § — 0. An alternative modulus which allows for
jumps is defined as follows. We have mentioned that for any function x(¢) € D and any € > 0
one can find a finite partition 0 = ty < t; < --- < t, = 1 such that on each sub-interval the
oscillation wy[t;—1,t;) < €. We say that a partition {t;} is d-sparse if t; — t;—1 > 0 for all 7.
Define the modulus
wy(9) = glf} ax wolti-1,ti)

with the infimum taken over all -sparce partitions {t;}. The previous argument shows that
lims_.o w!.(§) = 0 for any cadlag function = € D. It is straightforward to check that we always
have w!,(§) < w;(26). There can be no inequality in the opposite direction because the usual
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modulus of conitnuity w;(d) does not go to zero as § — 0 for a discontinuous function from
D. However, for a continuous function x(¢) we do have an inequality w,(d) < 2w/ () so for
continuous functions the two moduli are equivalent.

The most basic criterion for compactness in D is the following analog of the Arzela-Ascoli
theorem.

Theorem 1.2.5 A necessary and sufficient condition for a set A to be relatively compact in
the Skorohod topology is that sup,c 4 ||| < oo and lims_gsup,e 4 wh(8) = 0.

Since the space D is separable and complete an immediate consequence of this theorem is the
following tightness criterion.

Theorem 1.2.6 A necessary and sufficient condition for a sequence Py, of probability measures
on D to be tight is that

a—00

(1) lim limsup P, [z : ||z|| > a] =0,
n

and

(i)

%in%limsup Py [z: w,(6) >¢] =0 for alle > 0.
- n

Compactness in terms of w/(d). Another useful generalization of the modulus of
continuity is the following modulus

wy(8) = sup | sup (min[lz(u) —z(t)], |2(t) — 2(s)]])
0<u—s<§ Ls<t<u

This is yet another relaxation as it is not hard to see that w(0) < w!(d). However, once
again, there is no inequality in the opposite direction: for the functions

1, for 0 <t < 1/n,
xn(t) = ,
0, for I/n<t<1

we have w), (§) = 0 while w/, (§) = 1 for 6 > 1/n because any J-sparse partition will still
contain an interval [0,¢;) with ¢; > ¢ > 1/n where the oscillation is equal to one. This is an
end-point phenomenon which also happens for the functions

0, for0<t<1-—1/n,
yn(t) = .
I, for1-1/n<t<1

Nevertheless this is the only obstacle for a compactness criterion in terms of w//() alone. The
following result takes this problem into account.

Theorem 1.2.7 A necessary and sufficient condition for a set A to have a compact closure
in the Skorohod topology is that sup,c 4 ||| < oo, lims_osup,ecq wy(d) =0 and

lim sup |z(0) — z(0)] =0, and limsup |z(17) — (1 —§)| = 0.
6—0z¢cA 0—0zecA

A direct analog of Theorem 1.2.6 is then the following.
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Theorem 1.2.8 A necessary and sufficient condition for a sequence Py, of probability measures
on D to be tight is that

(¢) lim limsup P, [z : ||z| > a] =0,

and
(7i.1) %irr(l) limsup P, [z : wj(6) >¢| =0 for alle >0
and

(i1.2) limg_glimsup,, P, [z : |z(0) —z(0)] >¢] =0
ii.
lims_olimsup,, P, [z : |z(17) —x(1 —0)| > ¢] = 0.
A convenient and more practical criterion for weak convergence is the following. Given
a probability measure P we denote by Tp the set of all times ¢ such that P[J;] = 0 where
Jy={x € D: x(t) # x(t7)} is the set of all functions that have a jump at time ¢. If X is a
random variable on D then we write Tx for Tp where Tp is the law of X.

Theorem 1.2.9 Suppose that the finite-dimensional distirbutions (X{:,..., X}') of random
variables X™ defined on D converge weakly as n — oo to (Xy,,..., Xy, ) whenever all t; lie in
Tx, and X1 — Xq_5 goes weakly to zero as § — 0. Assume also that there exists B > 0 and
a > 1/2 so that for all T < s <t and A > 0 we have

C
Plmin{] X7 = X7, [ X' = XT[} > M| < 5[ F(8) = F(s)[*, (1.38)
where F is a non-decreasing continuous function on [0,1]. Then X, converge weakly to X as
n — 0.
The key estimate in the proof of Theorem 1.2.9 is that (1.38) implies that there exists a

constant K that depends only on C, o and 3 so that

Plufn(d) > ] < 2

< Q) - F(0))[wr(28)]**7H, (1.39)

where wp is the modulus of continuity of the function F. This means that (1.38) ensures
that condition (ii.1) of Theorem 1.2.8 holds. A useful and verifiable condition that guarantees
(1.38) is that there exist > 0, « > 1/2 and C > 0 so that

E{IX7 - X7 X7 - X} < Ot — (1.40)

for all n. Then we may take F'(t) =t and (1.39) becomes

K o,
P [wa(6) > €] < ETﬁé? L (1.41)

This is why we need o > 1/2 in (1.40). It follows that we may use (1.40) as a substitute for
condition (ii.1) in Theorem 1.2.8.

In turn, the following condition is sufficient to ensure that (1.40) holds: for any 7" > 0 and
v > 0 there exists a constant C(T,v) so that for all n, and all 0 < s <t <u < T, we have

E {|Xn(u) — Xn(0)*[Xn(t) = Xn(s)]"} < C(T,v)(u — OE{|Xn(t) = Xn(s)["}. (142)
Indeed, when v = 0 in (1.42) we have

E {| X (u) — Xn(t)|2} <C(T,v)(u—t)forallnand all 0 <t <u <T.
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Taking v = 2 in (1.42) we get, using the above:

E{[X(0) = Xn (1) P Xn(t) — Xa(s) 2} < C(T,w) (1 — E {| Xalt) — Xn(s)[?} (1.43)
< C(T,v)(u—t)(t —s) < C(T,v)(u — s)*

and thus (1.40) indeed holds. A somehwat more general estimate than (1.42) is a reformulation
in terms of the conditional expectation

E{|Xn(t) — Xn(s)]|| Fs} < C(T)(t - s). (1.44)

A practical advantage of working with the conditional expectation in (1.44) is that the power
of (t — s) on the right is equal to one, not larger than one as in (1.40).

1.3 A limit theorem for a particle in a random flow

We now return to the question of the limiting behavior of solutions of the ray equations (1.26)
Z(t) = —Q(t), Z(0)=0 (1.45)
a0 =16(5.20). Qo =o

The rigorous approach to this problem lies via understanding the more general problem of the
behavior of a particle in a rapidly varying in time random flow:

_ éV <;2X> CX(0) =1, (1.46)

with a random function V' when ¢ < 1. This question goes back to the papers by Khas-
minskii [41] from the 60’s with subsequent contributions by various authors: without any
attempt at completeness we mention the work of Papanicolaou and Kohler [52], and Kesten
and Papanicolaou [39]. We present a version of the limit theorem due to T. Komorowski [43].

Let us explain where the scaling in (1.46) comes from, apart from coinciding with that in
(1.45). To see that let us start with a dynamical system

v _ (TY
dT_UO t() Zo

with a random time-dependent function V(s,z) and introduce non-dimensional space-time
variables X =Y/xg, s = T'/to:

dX—sV(s X), E:Uo—to.

ds o
Let us now assume that € < 1 is a small parameter — physically this means that the time it
takes the particle to pass one spatial correlation length is much larger than the correlation
time of the random fluctuations. Therefore, in this regime the temporal randomness of V' (s, x)
“dominates” the spatial variations. If we now introduce a slow time ¢ so that ¢ = £2s, then in
the variables (¢,z) the particle obeys (1.46). The limit ¢ — 0 now corresponds to observing
the particle at times much larger than the correlation time of the random fluctuations and on
the spatial scale of the order of the correlation length of the medium.

The first order equation corresponding to (1.46) is

%41 v( )-w:o, 6(0.2) = do(a). (1.47)
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Its solution is ¢(T,z) = ¢o(X(0;2;7T)), where X (¢;x,T) is the solution of (1.46) with the
initial data prescribed at time 7 X (T;z,T) = x.

When does one expect the trajectories of (1.46) to behave diffusively? First of all, V' has to
have mean zero so that the mean displacement would not be clearly biased. Second, V' should
“mix things around” which means that the flow should be incompressible. It helps if dynamics
at “far away” points is nearly independent: this is formalized by the mixing assumption below
that eliminates the memory effect. Finally, there should be no distinguished times — this
requires stationarity of V' in time.

The ray equations (1.45) are not quite of the form (1.46): one should consider a slightly
more general dynamics with an additional slow component F(¢,x):

% _ %G <;2X> LR X), X(0) =, (1.48)
with a function F which we will assume to be deterministic for simplicity. Then equations

(1.45) are of the form (1.48) with X = (Z,Q), G = (0,V) and F = (—Q,0).

Assumptions on the random field

Stationarity. The random field V (¢, x) is strictly stationary in time and space. This means
that for any t1,te,...,t;,, € R, z1,...,2n € R, and each h € R and y € R™ the joint
distirbution of V(t; + h,z + y),V(te + h,x + y),...,V(tm + h,x + y) is the same as that of
V(t1,x),V(ta, x),...,V(tm,z). We will denote by R, (¢, z) the two-point correlation tensor
of V(t,z):
Rom(t,z) = E{Vy(s,y)Vin(t + s,y + )} . (1.49)
Mixing. Given C' > 0 and p > 0 let us denote by Vg (C, p) the o-algebra generated by the
sets of the form {w: V(t,z,w) € A} where a <t < b, |z| < C(1+t”) and A is a Borel set
in R"”. We will assume that there exists C' > 0 and 1/2 < p < 1 such that for any m > 0 the
mixing coefficient

B(h; C, p) = sup sup [P(AN B) — P(A)P(B)]

(1.50)
tAEVgR, (C.p),BEVH(Cyp) P(B)

satisfies
h"GB(h; C, p) < Cp, for all h > 0.

Boundedness. The random field V(¢,z) has three spatial derivatives and there exists a
deterministic constant C' > 0 so that with probability one we have

oV (t,x) oV PV
0 0x;0x; 010201

|v<t,:c>|+\ <O < 400

forall 1 <4,7,1 <n.
Incompressibility. The field V is divergence free, that is, almost surely

V-V(t,x)zzg?:o,
g=1 """

The mixing assumption is sometimes strengthened considering larger o-algebras 1}3 gen-
erated by the sets of the form {w : V(t,z,w) € A} where a <t < b, x € R" (there is no
restriction on x now) and A is a Borel set in R™ with the corresponding mixing coefficient

5 |[P(AN B) — P(A)P(B)|

By =sup  sup
b A€V, BEVE P(B)
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The stronger assumption does not apply to shifts by a mean flow, that is, random fields of the
form V(t,x) = U(x — ut), where U(x) is a field that is mixing in space and @ is a mean flow.
This is an important and interesting class of random fields that we would like to include in
our consideration. The small price to pay for its inclusion is the modification of the mixing
condition as in (1.50).

The spatial stationarity of V (¢, x) is not a necessary assumption but it allows to simplify
a few expressions in what follows. This can be seen already from the formal computation in
Section 1.1.3. It can, however, be dropped and we adopt it here simply for convenience. On
the other hand, stationarity in time is essential for the limit theorem.

The limit theorem

Let us define the diffusion matrix

i = [ AV OV(0.0) + Vot OV(0. 0kt = [ [Ryy(t.0) + Ryp(t, 0]
0 0

2

and its symmetric non-negative definite square-root matrix o: ¢“ = a. Then the following

theorem holds.

Theorem 1.3.1 Suppose that the random field V (t,x) satisfies the assumptions above. Then
the process X¢(t) converges weakly as e — 0 to the limit process X (t) that satisfies a stochastic
differential equation

dX(t) = F(t, X (t))dt + cdW,.
Here W; is the standard Brownian motion.

The main result of [43] is actually much more general — it applies also to non-divergence free
velocities. Then the large time behavior is a sum of a large (order 1/¢) deterministic component
that comes from the flow compressibility and an order one diffusive process. Komorowski also
accounts for the possible small scale variations of the random field looking at equations of the

form X _ 1, ( ¢ X(t))

dt € g2’ g

with 0 < a < 1. We will not describe these generalizations in detail here. We should also
mention that when o = 1 a new regime arises — the time it takes the particle to pass one
spatial correlation length is no longer much larger than the correlation time of the random
fluctuations. This seriously changes the analysis.

We will present the proof of Theorem 1.3.1 under two simplifying assumptions: first, the
drift ¥ = 0 and second, the matrix ¢ is invertible. While they do not subtract any of the
essential aspects of the proof, they do shorten many expressions and calculations which are
sufficiently long even without them. The proof proceeds in several steps. First, we establish a
mixing lemma that translates the mixing properties of the random field into a “loss-of-memroy”
effect for the trajectories. Second, using the mixing lemma we establish the tightness of the
family of processes X (t). This is done in the space D. However, as the processes X.(t) are
all continuous the limit process also has to be continuous and convergence take place in C. In
the last step we identify the limit as a Brownian motion multiplied by the matrix ¢ by means
of the martingale characterization of the Brownian motion.
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The proof of tightness
The mixing lemmas

A crucial component in many proofs of this kind is some sort of a mixing lemma. It translates
the mixing properties of the random field into the mixing properties of the trajectories. At
the end of the day this allows us to split expectations into product of expectations and either
“Justify”, or explain away the closure assumptions that are often made formally. In our
particular problem it explains why the formal assumption that the leading order term in the
asymptotic expansion (1.28) is deterministic produced the correct answer.

We set Go(s1,x) =V (s1,z) and

Wilsnw)
Gl] S1,82,T ZV S92, ail )7 3217"_’n'
p

Incompressibility of V' (¢, x) and its spatial stationarity imply that E{G(s1, s2,z)} = 0. In the
next lemma we drop C' and p in the notation for the o-algebras Vj(C, p).

2
Lemma 1.3.2 Fix T > 0 and let 0 < u < s < T. Assume that Y is a Vg/e -measurable
random vector function. Then there exists eg > 0 and a constant C' > 0 such that for any
0<u<s<s9<s<T and 0 < e < ey we have

‘E{V <§,X5(u))Y(€2)H < CB(s1 — 5)E ‘Y( ) : (1.51)
‘E{aik [V (g,Xa(u))} % (;2)}' < OB(s1 — s)E ‘Y ( ) (1.52)

and
{6 (38 50)r () £l (). s
e{ o [0 (3 Bxcw)] ¥ (2)}] £ 090 - o ea- |y ()] 150

forall1 <k <n.

Proof. First of all, we note that for p > 1/2, C > 1 +sup|V(t,z)] and 0 < € < go(T) the

process X.(t), 0 <t < u < T does not leave the ball of the radius C(1 + u” /&) centered at
2

the origin, and hence is Vy /e (C, p) -measurable:

1 u
X)) < =
o<z [
for all 0 <t < w.

We first prove (1.51)-(1.52). We prove only the second inequality, (1.52) as the proof of
(1.51) is identical. The idea is to replace the random variable X, (u) by a deterministic value
and use the mixing properties of the field V(¢,z) in time. Let M € N be a fixed positive
integer and [ € Z". Define the event

V(%,Xe(s))‘dsg (’;“ <C <1+:2p)

lj—l-l
M

l; .
Al) = |w: MJSXj(u)< , jzl,...,n}, l=(l1,...,1n).

The event A(l) is VS/ < measurable since u < s. When M is sufficiently large, that is, if

1 tr
w1+ %),
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for almost every realization w there exists exactly one [ € Z™ so that w € A(k). Then we may
decompose the expectation in (1.52) using the fact that the random variable X, (u) is close to
the non-random value [ /M on the event A(l) as follows:

'E{;%[V (;,Xsw))]y(;)}‘: ;E{j%[v (;,ng))]y(;) XA<Z>}|
([ b (om)] g [ ()] (2w
[Ee b () )

The second term above may be now estimated using the mixing property (1.50) and the fact

that E{0V/0zx;} = 0 by
el ()} =20 (57w (B}
uniformly in M.

As we have assumed that two spatial derivatives of the field V (¢, z) are bounded by a de-
terministic constant, 0V/dxy is uniformly continuous in space. Therefore, using the Lebesgue
dominated convergence theorem we conclude that I — 0 as M — 400 and (1.52) follows. An
identical proof shows that in addition we have the same bound for the second derivatives of
the random field V:

0? s s
‘E{Bazkaxm [V (;;’Xs(u))} Y (52)}
We now prove (1.54) — the proof of (1.53) is identical. Let us first write out the expression
for GG1 :
\E{a & (5.5 xw)] v ()]
oxy, g2’ g2’ g2

< S [ (3 00) 2 (v ()] v ()

Now we may apply (1.52), (1.55) in two different ways using different parts of the inequality

=I+1I.

IT < 2K/5<

< CB(s1 — s)E ‘Y (;2)‘ . (1.55)

0<u<s<sy <sy.

First, we may use (1.52), (1.55) with the gap between s; and so, that is, we group into “Y”
n (1.52), (1.55) all terms that involve s and s2. Using in addition the uniform bounds on V
and its derivatives this leads to

2o, [0 (3 3 xw)] v (5)}] <en (52 s{lr (5}

Second, note that (1.52) may be slightly generalized to apply with 9V /dzy, replaced by a suffi-
ciently smooth in space V;Z; random variable with an expectation equal to zero. As E{G1} =0
indeed, we can use use this modified version of (1.52) with the gap between so and s, taking

“Y” in (1.52) to be simply Y (s/e?):
=) ()

0 51 89 s
B [ (23 Xe0) Y () | <
) {axk Gz 2 () g2 cb
Multiplying these two inequalities and taking the square root we conculde that (1.54) holds.
This finishes the proof of Lemma 1.3.2. [J
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The proof of tightness
We will establish the inequality

E{|Xe(t) = Xe(s)PXe(s) = Xe(u)*} < Ot — u)'™” (1.56)

with v > 0. This is the criterion (1.40) for tightness in the space D. The main step in the
proof is to find vy € (1,2) such that for all times ¢ and s such that ¢ —s > 10e” we have an
estimate for the conditional expectation

E{|X:(t) — Xc(s)]?| Fs} < C(t —s) for t — s > 10e”. (1.57)

Step 0. Nearby times. As we have explained before, the estimate (1.57) itself is sufficient
to establish tightness in D for the family X.(¢) if it were to hold for all t > s. As we will prove
it only for pairs of time with a gap: t — s > 10¢”, we may at the moment conclude only that

E{|X-(t) — X.(3)|*|Xc(s) — Xe(u)*} < C(t —u)'* for t — s > 107 and s — u > 10¢7.

Our first step is to establish that, with an appropriate choice of v € (1, 2), if either t —s < 10e”
or s —u < 107, the estimate (1.56) follows from (1.57) together with the dynamical system
(1.48) governing X.(t). If both ¢ —s < 10e” and s — u < 10¢” then we have directly from
(1.48):

E{|X.(1) — X () | Xo(s) — Xo(u)|2} < Ce4(t — 5)2(s — u)?
< 06117/4—4(1: - u)5/4 < C(t - u)5/4
provided that v > 16/11. On the other hand, if, say, t — s < 10e” but s —u > 107, (1.57)

implies that
E{|X(s) - X(w)*} < C(s — ),

and (1.48) implies that with probability one

X0 - x(s)] < L2

Therefore, the following estimate holds for such times ¢, s and w:

E {1X(8) - Xo(9)P1X-(9) — Xe(u)2) < St~ %~ w)
< 067’7/4—2(t o u)5/4 < C(t . u)5/47

provided that v > 8/7. We see that, indeed, (1.57) together with (1.48) are sufficient to
prove the tightness criterion (1.56). The rest of the proof of tightness of the processes X.(t)
is concerned with verifying (1.57).

Step 1. Taking a time-step backward. We start with a pair of times ¢t > s with a gap
between them: ¢ — s > 10¢”. Consider a partition of the interval [s,¢] into subintervals of the

length
At=1.=(t—s t—s 1
&€ ( ) E’j 9

where [z] is the integer part of z. Then the time step [. is such that ¢7/2 < [, < 2¢7 and
the partition is s = tg < t; < -+ < tpyr41 = t with a time step At = t;41 — t; = lc. The
parameter v € (1,2) is to be defined later. The important aspect is that v < 2 so that At is
much larger than the velocity correlation time 2. The basic idea in the proof of (1.57) is “to
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expand X.(t) — Xc(s) in a Taylor series” with a “large” time step O(At). This will produce
explicitly computable terms which are the first two terms in this expansion. The error terms
which are nominally large are shown to be small using the mixing Lemma 1.3.2.

Dropping the subscript € of X, we write for ¢t > s:

tit1
X () — X(s) = i/ V(5 X () du= if: / V(% X)) du (1.58)
§ i=0 f.

Therefore our task is to estimate the integral inside the summation in the right side of (1.58).
In the preparation for the application of the mixing lemma the integrand on the interval
t; < u < t;41 can be rewritten as

V(5xw) =V (Gxen)+ [ v (5 ) da

iy dun

v () + [ 3 v (S xton)] (B (2 x0wn) )

The next step is to expand G1 as well, also around the “one-step-backward” time ¢;_1:

u ot —a (LM xq L™, (b w v
Gl (?7 gax(ul)) - Gl (52’ 627X(t7,—1)) + c /t;-l G2 (62’ 827 52 7X(u2)> duQ
with
.9
GQ(ua Ul,UQ,ZL‘) = ; 87@1 [Gl (u7u1a$)] VZI (u2?$) .

Putting together the above calculations we see that
X{E) = X(s) = ii/t;m v (E%vX(uD du = ii/t;m 1% <€%,X(ti—l)> du
/Ti G1 <€%’ g,X(ul)) dull du
/timl 174 (%,X(ti—l)> du + 6% Z /t i+l [/tu_l G, (6% %,X(ti_1)> dUl] du
[ () e

The triple integral on the last line is deterministically small with an appropriate choice of ~:
the time interval in each integration is smaller than €Y and the total number of terms is at
most 2(t —s)/e” as we have assumed that t —s > 10¢”. Therefore, the last integral is bounded

by
Mt v “ U Ul u
Go—=,—=, 2. X dus | duy | d
,Z;/ti [/ti_l [/ti—l 2<52’52’52’ (uz)) us | duq | du
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which is small if 4 > 3/2. This is a general idea in proofs of weak coupling limits: pull back
one time step and expand the integrands until they become almost surely small, then compute
the limit of the (very) finite number of surviviing terms. In our present case we have shown
that, for 3/2 <y < 2,

X(t) — X(s) = Li(s,t) + La(s, t) + E(s, 1)

where

and
tit1

QZ/ / u,zzl,X(ti_l))dul] du,

while |E(s,t)] < Ce®*(t —s) with some o > 0 and a deterministic constant C' > 0. This finishes
the first preliminary step in the proof of tightness.

Step 2. Application of the tightness criterion. Now we are ready to prove (1.57).
That is, we have to verify that for any non-negative and Vg/ <
we have for all 0 < s <t < T such that ¢ > s+ 10e7:

-measurable random variable Y

E{|X(t) - X(s)?Y} < C(T)(t — s)E{Y}.
Our estimates in Step 1 show that it is actually enough to verify that
E{(L;j(s,t)’Y} < C(t—s)E{Y}, j=1,2.

An estimate for L;. We first look at the term corresponding to Li: it is equal to

E{(Li(s,0))Y} = 5 ZZI f?ﬂ { <€%,X(ti_1)> v, <:2/,X(tj_1)> y} Q' du
3 LYy J/H ]/H { (5 xt-0) % Cf; X(t;- 1)) }du du=3"1;.

J p=1j i<j

]

The idea is to use separation between t;_1 and t;_; and apply the mixing lemma. Accordingly
we look at the cases i < j — 2,7 =j — 1 and i = j separately as the terms end up being of a
different order. The terms with ¢ < j—2 may be estimated with the help of the mixing Lemma
1.3.2 using the time gap between the times u’ and tj—1 > t;y1 > u which is much larger than

the correlation time &2
tit1 tj41
ZZ|I”|< QZZ // ( >E{Y}dudu
7=01:<j-2 7=0i<j— Qt t;
C _
<56 () (t—s)’E{Y} < CeP(t —s)E{Y}

24



for any p > 0 since v < 2 and [(s) decays faster than any power of s. The term I3 corresponding
to ¢ = j can be estimated using the mixing lemma again, using the fact that ¢;_; is smaller
than both u and u’:

Zuﬂ\ <5 z;) 7171 { (;,X(tj_l))v <g;,X(t]_1)> Y}du’du (1.59)
]26;/ / < >duduE{Y}<C’(t—sE{Y}/ B(u

The integral I» with i = j — 1 is estimated similarly.

A better estimate estimate for L;. Let us now go one step further and actually identify
the limit of E{L1 j(s,t)L1m(s,t)Y } with 1 < j,m < n. The previous calculations already show
that the term corresponding to the previous I; (but now with V; and V,, replacing V), and V)
satisfies |I1| < Ce®(t — s)E{Y } with a > 0 so we are interested only in the limit of I and I3.
The term I3 is computed as in (1.59) with the help of the mixing lemma:

ti+1 ti41 ,

Sl = Z// { (UZ,X(tj1))Vm<52,X(tj1)>Y}du'du (1.60)

jel =0 i

1tj+1 tjt1

=5 Z / / <“;,“/o> dudu'E{Y} + o(1)(t — s)E{Y'}

tj
- [/_Oo Rjm(7,0)dr + 0(1)} (t—s)E{Y}.

Finally, I5 corresponding to ¢ = j — 1 is computed as

ng;’fa Ll =3 ]Z% :/Ht/tl { (%’X(tj—1)> Vin <g;,X(tj_2)) Y} di'du (1.61)
= jze; f]l im ( 0) dudu/E{Y} + o(1)(t — $)E{Y} = o(1)(t — s)E{Y'}.

because tj 11 —t; =7 > 2. Therefore we actually have a more precise estimate
(0.9]
E{(L1,;(s,t)L1m(s,1)Y} = [/ R (7,0)dT +0(1)| (t —s)E{Y}. (1.62)
—00

An estimate for L,. Following the above steps one also establishes the required estimate
for Lo:
E {(La(s,1))’Y} < C(t — s)E{Y'}. (1.63)

There is no reason to repeat these calculations separately for Lo except that an even stronger
estimate than (1.63) holds with an appropriate choice of ~:

E {(La(s,1)’Y } < Ce*(t — s)E{Y} (1.64)
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with o > 0. We will need (1.64) in the identification of the limit, thus we will show it now:
E {(La(s,t))?Y} is equal to

tit1

€4Z/du 71du /dul/dulE{Gl “ A X(tie )) G1<“ Z;,X(tj_1)> Y}.

Once again, you split the sum above into terms with ¢ < j —2,¢=j—1 and ¢ = j: those with
1< j—2addup to

Z 7ldu J/Hdu /dul/dul {G1 (5 X(ti) Gy <Z,Z‘;1,X(tj_1)> Y}

< 0527 46 (&7~ 2) (t— s) E{Y}

We used in the above estimate the mixing lemma with the gap between t;_1 and ¢;_; as well
as the fact that the length of each time interval is €7 while the total number of terms in the
sum is not more than (2(t — s)/&7)2. The important difference with L; is that the term with
1 = j is also small:

z+1 z+l
u u1 u )
64Z/du/du /dul/dulE{Gl (tz 1)) Gl (62’62’X(ti1)> Y}

< 0537 At —s)E{Y}

simply because now the number of summands is bounded by (2(t—s)/¢”) (without the square).

This means that if we take v > 4/3 this term is bounded by the right side of (1.64). The

contribution of the terms with ¢ = j — 1 is estimated identically — hence (1.64) indeed holds.
Summarizing our work so far (and restoring the missing indices) we have shown that

EKX%@)—X%A@XX%@)—X%@DY}Z[/WDRmAﬂOMT+Oﬂ)(ﬁ—$E{Y} (1.65)

for all t > s with t — s > 10e”. This, of course, implies (1.57) and hence the tightness of the
family X.(¢) follows.

Identification of the limit

In order to identify the limit, using the Levy theorem (the martingale characterization of the
Brownian motion) (see, for instance, Theorem 3.16 in [37]) all we have to do is verify that the
limit is continuous (that we already know) and the following two conditions hold: first,

lim E {[(X5 (1) — X5(9)) (X5, (8) — X50(5)) — ajm(t — )] W} =0

for all bounded non-negative continuous functions ¥ = W(X_(t1),..., Xc(t,)) with 0 < ¢; <
tg <o <t, <s<t<T. Second, we need

hmsupIE{ X5 (t }<+oo
e—0
for all ¢ > 0. These conditions allow us to conlude that the limit process is a martinagle. The
former condition we have already verified in the previous section in the proof of tightness. The

latter may be checked using very similar arguments. This finishes the proof of Theorem 1.3.1.
O
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Chapter 2

Random geometric optics II: the
long time limit, from rays to
diffusion

Here we study the long time asymptotics of rays in a weakly random medium. This problem
is analyzed in the general setting of a particle in a weakly random Hamiltonian field. This
chapter is based on the results of [6] and [44].

2.1 A particle in a random Hamiltonian

We have considered in Chapter 1 the asymptotic behavior of a ray in a medium with weakly
random sound speed and have seen that on a short time scale the rescaled deviation of the
direction of the ray from its original value becomes a diffusion process. The long time behavior
of this system is an example of the analysis of the long time, large distance behavior of a particle
in a weakly random time-independent Hamiltonian flow. It turns out that this limit is also
described by the momentum diffusion but now, of course, without rescaling of the momentum:
the particle momentum itself undergoes the Brownian motion on the energy sphere. This
intuitive result has been first proved in [40] for a classical particle in dimensions higher than
two, and later extended to two dimensions with the Poisson distribution of scatterers in [22],
and in a general two-dimensional setting in [45]. On the other hand, the long time limit of
a momentum diffusion is the standard spatial Brownian motion. Hence, a natural question
arises if it is possible to obtain such a Brownian motion directly as the limiting description
in the original problem of a particle in a quenched random potential. This necessitates the
control of the particle behavior over times longer than those when the momentum diffusion
holds. This is what we do in this chapter.

We consider a particle that moves in an isotropic weakly random Hamiltonian flow with
the Hamiltonian of the form Hg(z,k) = Ho(k) + VoH (2, k), k = |k|, and =,k € R? with
d> 3:

dx? dK?

7, = ka57

2~ _V.Hs. X°0)=0. K°0) = k. 2.1
dt dt Va: d (0) 07 (0) k() ( )

Here Hy(k) is the background Hamiltonian and Hi(z, k) is a random perturbation, while the
small parameter § < 1 measures the relative strength of random fluctuations. One expects
that the effect of the random fluctuation would be of order one on the time scale of the order
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t ~O(571). And indeed, as we have mentioned, it has been shown in [40] that, when

k2
Hy(x, k) = 5 + VoV (z),

and under certain mixing assumptions on the random potential V' (z), the momentum process
K°(t/68) converges to a diffusion process K (t) on the sphere k = ko and the rescaled spatial
component X°(t) = §X%(t/8) converges to X (t) = fot K (s)ds. This is the momentum diffusion
mentioned above. Another special case,

Hj(z, k) = (co + Ve (x))|k, (2.2)

arises in the geometrical optics limit of wave propagation and this is the problem we are mostly
interested in these notes. Here ¢ is the background sound speed, and c;(x) is a random
perturbation. This case has been considered in [6], where it has been shown that, once again,
K®(t/6) converges to a diffusion process K (t) on the sphere {k = ko} while X9(t) = 6X%(¢/6)
converges to X (t) = ¢ fot K(s)ds, K(t) :== K(t)/|K(t)|.

We show in this chapter how the momentum diffusion may be obtained and that this
analysis may be pushed beyond the time of the momentum diffusion, so that under certain
assumptions concerning the mixing properties of H; in the spatial variable there exists ag > 0
such that the process 81+ X9(t/§112%) converges to the standard Brownian motion in R? for all
a € (0,ap). The main difficulty of the proof is to obtain error estimates in the convergence of
K°(-) to the momentum diffusion. The error estimates allow us to push the analysis to times
much longer than §~! where the momentum diffusion converges to the standard Brownian
motion. The method of the proof is a modification of the cut-off technique used in [6] and
[40].

A similar question arises in the semi-classical limit of the quantum mechanics and high
frequency wave propagation. The Wigner transform, or the phase space energy density of
the solution of the Schrodinger equation, is approximated in a weakly random medium by
the solution of a deterministic linear Boltzmann equation. This behavior is also conjectured
for the acoustic and other waves in a weakly random medium [53]. As in the momentum
diffusion model for a particle, the long time limit of the Boltzmann equation is the spatial
diffusion equation. It has been recently shown by Erdés, Salmhofer and Yau in [24, 25] that,
indeed, one may push the Erdos-Yau analysis of [23] beyond the times on which the Boltzmann
equation holds and obtain the diffusive behavior of the energy density of the solutions of the
Schrodinger equation in the weak coupling limit.

We also discuss in some detail the application our results to the problem of multiple
scattering of the acoustic waves. Our approach is different from that of [24, 25] mentioned
above: we first consider the random geometrical optics approximation of the wave phase space
energy density. The rays in the phase space satisfy the Hamiltonian equations (2.1) with the
Hamiltonian given by (2.2). Therefore, the aforementioned convergence result of the solutions
of (2.1) to the standard Brownian motion, combined with the standard error estimates [6, 49]
on the geometrical optics approximation of the Wigner distribution of the solutions of the wave
equation, allows us to establish rigorously the diffusive behavior of the wave energy density.
To the best of our knowledge, this is the first result of such kind for classical waves.

2.2 The main result and preliminaries

2.2.1 The notation

As we will avoid the singular point £ = 0, where the dynamics may not be well-defined, it is
convenient to introduce R? := R4\ {0} and R?? := RY x RY. Also SdR_l(x) (Bgr(x)) shall stand
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for a sphere (open ball) in R? of radius R > 0 centered at 2. We shall drop writing either z,
or R in the notation of the sphere (ball) in the particular cases when either z = 0, or R = 1.
For a fixed M > 0 we define the spherical shell A(M) := [k € R : M~! < |k| < M] in the
k-space, and A(M) := R? x A(M) in the whole phase space. Given a vector v € R? we denote
by v :=v/|v| € S¥! the unit vector in the direction of v.

For any non-negative integers p, ¢, , positive times 7' > T, > 0 and a function G : [T}, T] X
R2¢ — R that has p, ¢ and 7 derivatives in the respective variables we define

1G]

[T..7] . sup 1020807 G(t, z, k). (2.3)
" Z (t,z,k)€[T:, T)xR2d ! k

The summation range covers all integers 0 < « < p and all integer valued multi-indices |3| < ¢
and |y| < r. In the special case when T, = 0, T' = 400 we write [|G||pqr = |G| 1[2};}00). We
denote by CP*" ([0, +00) x R?9) the space of all functions G with |G| pq,» < +00. We shall
also consider spaces of bounded and a suitable number of times continuously differentiable

functions CP/(R2?) and CF(RY) with the respective norms || - |4 and || - ||p.

2.2.2 The background Hamiltonian
We assume that the background Hamiltonian Hy(k) is isotropic, that is, it depends only on

k = |k|, and is uniform in space. Moreover, we assume that Hy : [0, +00) — R is a strictly
increasing function satisfying Hy(0) > 0 and such that it is of C*-class of regularity in (0, +00)
with H|(k) > 0 for all k£ > 0, and let

* . / " " L . /
W)= max (R + LG+ LY R, b0 = min (k). (24)

Two examples of such Hamiltonians are the quantum Hamiltonian Ho(k) = k2/2 and the
acoustic wave Hamiltonian Hy(k) = cok. The qualitative reason for the above assumptions on
Hy(k) is that we need the background dynamics ‘to take the particle to various regions where

it will sample the nearly independent random fluctuations. The overall effect will then lead to
a Markovian limit. This makes the problem much simpler than a seemingly similar problem

X =V(X), (2.5)

with a mixing in space and time-independent random field V' (z). Unlike our problem, (2.5)
lack any mechanism to move the particle around which makes it extremely difficult to obtain
any rigorous, or even formal results for the particle behavior in (2.5).

2.2.3 The random medium

Let (2, %, P) be a probability space, and let E denote the expectation with respect to P. We
denote by || X||zr(q) the LP-norm of a given random variable X : Q@ — R, p € [1,+o00]. Let
Hy : R4 % [0, +00) x  — R be a random field that is measurable and strictly stationary in the
first variable. This means that for any shift x € R?, k € [0, +00), and a collection of points
r1,..., 2, € R? the laws of (Hy(xy + 2, k), ..., Hy(xy + x,k)) and (Hy(21,k),..., Hi(2n, k))
are identical. In addition, we assume that EH;(z, k) = 0 for all k > 0, = € R?, the realizations
of Hy(x,k) are P-a.s. C%-smooth in (z,k) € R? x (0, +0c) and they satisfy

D; j(M) := max ess-sup \8§8iH1(x, k;w)| < +o0, i,j=0,1,2. (2.6)
lal=i (g kw)eRIx [M—1,M]xQ

We define D(M) := > o<ivj<a Dij(M).
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We suppose further that the random field is strongly mixing in the uniform sense. More
precisely, for any R > 0 we let Cj; and C% be the o—algebras generated by random variables
Hi(x,k) with k € [0,400), x € Br and x € B respectively. The uniform mixing coefficient
between the o—algebras is

6(p) = sup| [B(B) — B(B|A)| : R >0, A€ Ch, B €Chy,).
for all p > 0. We suppose that ¢(p) decays faster than any power: for each p > 0
hy :=sup pPo(p) < +o0. (2.7)
p=0

The two-point spatial correlation function of the random field H; is
R(y, k) := E[Hi(y, k) H (0, k)],
Note that (2.7) implies that for each p > 0

4

hp(M) := sup (1+ [y *)P?(05 R(y, k)| < +o0, M >0. (2.8)
! ; mzi (y, k)R X [M—1,M] Y

We also assume that the correlation function R(y,l) is of the C*°-class for a fixed [ > 0, is
sufficiently smooth in [, and that for any fixed { > 0

~

R(k,1) does not vanish identically on any hyperplane H, = {k: (k-p) = 0}. (2.9)

Here R(k,1) = [ R(x,1) exp(—ik - x)dz is the power spectrum of Hj.

The above assumptions are satisfied, for example, if Hy(x, k) = ¢1(x)h(k), where c¢1(x) is
a stationary uniformly mixing random field with a smooth correlation function, and h(k) is a
smooth deterministic function.

2.2.4 The path-spaces

For fixed integers d,m > 1 we let C*™ := C([0, +00); R? x R™): we shall omit the subscripts
in the notation of the path space if m = d. We define (X (t), K(t)) : C%™ — R% x R™ as the
canonical mapping (X (t;7), K(t; 7)) := n(t), 7 € C»™ and also let 0(7)(-) := 7(- + s) be the
standard shift transformation.

For any u < v denote by M}, the o-algebra of subsets of C generated by (X (¢), K(t)),
t € [u,v]. We write M" := My and M for the o algebra of Borel subsets of C. It coincides
with the smallest o—algebra that contains all M?, t > 0.

Let 6,(M) := Hy (M™1) /(2D(M)). For a given M > 0 and § € (0,,(M)] we let

Mj := max {HO_l(HO(M) + 26D (M)), [Ho—l <H0 (;4) - 2\/5[)(M)>] _1} . (2.10)

For a particle that is governed by the Hamiltonian flow generated by Hs(z, k) we have
Myt < |K(t)] < Ms
for all ¢ provided that K (0) € A(M). Accordingly, we define C(T,¢) as the set of paths 7 € C

so that both (2Ms)~! < |K(t)| < 2Mj, and
¢
X(t) — X (u) — /H(’)(K(s))f((s)ds < D@2Ms)Vo(t —u), forall 0<u<t<T.
u
In the case when 6 = 1, or T' = 400 we shall write simply C(T'), or C(J) respectively.
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2.2.5 The main results

Let the function ¢4(¢, x, k) satisfy the Liouville equation

é
% + Vo Hs (,k) - V¢ = ViHs (2, k) - V0° =0, (2.11)

¢6(0, Z, k) = ¢0(5$7 k)

We assume that the initial data ¢o(x, k) is a compactly supported function four times dif-
ferentiable in k, twice differentiable in z whose support is contained inside a spherical shell
A(M) = {(z,k) : M~ < |k| < M} for some positive M > 0.

Let us define the diffusion matrix D,,, by

5 1 [ 92R(H}(1)sk,1) 1 > 2R (sk, 1)
Dy (k1) = —= 0 s = — "2 ds, n=1,...,.d
(k1) 2/_00 01,0 m g 2H|(1) /_Oo 0z, 0T m S mhn
(2.12)
Then we have the following result.
Theorem 2.2.1 Let ¢° be the solution of (2.11) and let ¢ satisfy
— d —
0p 0 - 00 N _
— = — | Dy (B k) =— H)(k)k -V, 2.13
5= 2 g (Pmln )+ i R0 (2.13)

¢(O7$7 k) = (bO(x? k)

Suppose that M > My > 0 and T > Ty > 0. Then, there exist two constants C, ag > 0 such
that for all T > Tj

swp |66 (55.0) - b k)| <OT+ fonhas (210
IxK

(t7$7k)6 [07T

for all compact sets K C A(M).

Remark 2.2.2 We shall denote by C, C4,..., ag, @1,..., Y0, 71,--- throughout this article
generic positive constants. Unless specified otherwise the constants denoted this way shall
depend neither on §, nor on T. We will also assume that 7' > Ty > 0 and M > My > 0.

Remark 2.2.3 Classical results of the theory of stochastic differential equations, see e.g.
Theorem 6 of Chapter 2, p. 176 and Corollary 4 of Chapter 3, p. 303 of [32], imply that there
exists a unique solution to the Cauchy problem (2.13) that belongs to the class C’;’LQ([O, +00) x
R24). This solution admits a probabilistic representation using the law of a time homogeneous
diffusion Q, , whose Kolmogorov equation is given by (2.13), see Section 2.3.3 below.

Note that

d d ~
o 1 * 92R(sk, k) -
>~ Do)l = = 3~ 5 /oo “Dandy s

B 1 > OR(sk,k)\ ,
__mZZIQH(’)(k)/OOds ( Oxyp, >d8_0

and thus the K-process generated by (2.13) is indeed a diffusion process on a sphere k = const,
or, equivalently, equations (2.13) for different values of k are decoupled. Assumption (2.9)
implies the following.
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Proposition 2.2.4 The matriz D(k,1) has rank d — 1 for each k € S and each | > 0.

The proof can be found in [6] (Proposition 4.3 in [6]). It can be shown, using the argument
given on pp. 122-123 of this paper that, under assumption (2.9), equation (2.13) is hypoelliptic
on the manifold R? x Si‘l for each k£ > 0.

We also show that solutions of (2.13) converge in the long time limit to the solutions of
the spatial diffusion equation. More, precisely, we have the following result. Let gZ_LY(t, x, k) =
o(t/v*, x/v, k), where ¢ satisfies (2.13) with an initial data ¢(0,¢,z, k) = ¢o(yz, k). We also
let w(t, z, k) be the solution of the spatial diffusion equation:

ow d O*w
w(0, 2, k) = ¢o(z, k)

with the averaged initial data

1
T'gq §d—1

po(x, k) = do(, k)dQ(k).

Here d(k) is the surface measure on the unit sphere S and T, is the area of an n-
dimensional sphere. The diffusion matrix A := [an,] in (2.15) is given explicitly as

1
Fg—1 Jga—

(k) = H{(K) kX (k) dQ(E). (2.16)

The functions x; appearing above are the mean-zero solutions of

d
S L (Db )25 =~y (217)
T ok

m,n=1

Note that equations (2.17) for x,, are elliptic on each sphere {|k| = k}. This follows from the
fact that the equations for each such sphere are all decoupled and Proposition 2.2.4. Also note
that the matrix A is positive definite. Indeed, let ¢ = (c1,...,cq) € R? be a fixed vector and
let x¢ := Zib:l CmXm- Since the matrix D is non-negative we have

d ~
_ 1 A 0 o Oxe(k, 1) 7
(Ae, €)ps = —p— mzn; /S L xelk g <Dmn(k,l)akn >dQ(k) (2.18)

d
R 0 el D)\ ) d
- mzn;l/m Xc(k:,l)akm< (0 )5(k Do

1
C Ty_q Jga—

(D(k,1)Vxe(k, 1), Vxe(k, 1)) gadQ(k) > 0

The last equality holds after integration by parts because D(l%,l)/;: = 0. Moreover, the in-
equality appearing in the last line of (2.18) is strict. This can be seen as follows. Since the
null-space of the matrix D(k,1) is one-dimensional and consists of the vectors parallel to k,
in order for (Ac,c)gs to vanish one needs that the gradient ch(k 1) is parallel to k for all
k € S%1. This, however, together with (2.17) would imply that k - ¢ = 0 for all k, which is
impossible.

The following theorem holds.
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Theorem 2.2.5 For every pair of times 0 < Ty, <T' < 400 the re-scaled solution q%(t, x, k) =
o(t/v2,x/v, k) of (2.13) converges as v — 0 in C([T, T]; L°(R?*%)) to w(t,x,k). Moreover,
there exists a constant C' > 0 so that we have

lw(t, ) — dy(t, )l < C YT 4+ v7) lldoll1 (2.19)
forall T, <t <T.

Remark 2.2.6 In fact, as it will become apparent in the course of the proof, we have a
stronger result, namely T, can be made to vanish as v — 0. For instance, we can choose
T, = 7%/2, see (2.105). We can not set T, = 0 since there is a small initial layer when the
solution of (2.13) adjusts to become independent of the direction k.

The proof of Theorem 2.2.5 is based on some classical asymptotic expansions and is quite
straightforward. As an immediate corollary of Theorems 2.2.1 and 2.2.5 we obtain the following
result, which is the main result of this chapter.

Theorem 2.2.7 Let ¢ be solution of (2.11) with the initial data ¢s(0,z,k) = ¢o(d1 7%, k)
and let w(t,x) be the solution of the diffusion equation (2.15) with the initial data w(0,z, k) =
450(3:, k). Then, there exists ag > 0 and a constant C > 0 so that for all 0 < a < ag and all
0 < T. <T we have for all compact sets K C A(M):

sup ‘w(t,x, k) — E¢s(t, x, k:)‘ < CTo*~*, (2.20)
(t,2,k)€[To, T)x K

where ¢s(t,z,k) = ¢5 (t/6'72 /51T k) .

Theorem 2.2.7 shows that the movement of a particle in a weakly random quenched Hamil-
tonian is, indeed, approximated by a Brownian motion in the long time-large space limit, at
least for times T' < §~0. In fact, according to Remark 2.2.6 we can allow T, to vanish as
6 — 0 choosing T, = §3a/2,

In the isotropic case when R = R(|z|,k) we may simplify the above expressions for the
diffusion matrices D,,, and a,,,. In that case we have

Dk, k) = —=
(k. ) 2 /) 00T m,

= nm o . o |
_/ |:kk‘]; ”( 6(k)s’k) <5nm - kk]; ) ( O(k)s k):| ds
0

1 &0 R/(S k‘) knkm
= - ’ d 5nm - T35 |
Hy () /0 s 0 ( K2 >

so that the matrix [Dpn(k, k)] has the form

ds

1 /00 O?*R(H}(k)sk, k)

D(k, k) = Do(k) (1_ s k) . Dolk) = _H(’)l(k;) /Ooo Rr(j,k)d&

The functions x; are given explicitly in this case by

gy o HOWPIEPR 5 o [ R (s )
Xj<k7k)_ (d—l)DO(kJ) ’ Do(k)_ /0 s d
and
_ = (R)PIEP o o [ Hy(B)PIEP
anm (k) = Fy1(d— 1)D0(k:) /Sd—l Fon i (k) = d(d — 1)D0(k) e
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2.2.6 A formal derivation of the momentum diffusion

We now recall how the diffusion operator in (2.13) can be derived in a quick formal way. We
represent the solution of (2.11) as ¢9(t, x, k) = ¢°(6t, 6z, k) and write an asymptotic multiple
scale expansion for 1)°

Btz k) = d(t, z, k) + Voo (t,:p, %k) Y (t,x, %k) . (2.21)

We assume formally that the leading order term ¢ is deterministic and independent of the fast
variable z = /6. We insert this expansion into (2.11) and obtain in the order O (§~1/2):

V. Hi(z, k) Vid — Hy(k)k - V.1 = 0. (2.22)

Let 8 < 1 be a small positive regularization parameter that will be later sent to zero, and
consider a regularized version of (2.22):

1 .
mvzHl(Z, k) -Vip—k-V.p1+60d1 =0,
Its solution is
d N _
1 o0 OHi(z + sk, k) 0¢(t,z, k) _,
= TN 5ds. 2.2
¢1(2, k) HIF) /0 oo o€ ds (2.23)

m=1

The next order equation becomes upon averaging

S =B (P b Vo) E(VLH( D) Vi) + HOR- Vo6 (220

The first two terms on the right hand side above may be computed explicitly using expression
(2.23) for ¢;:

OH (2, k) »
d ~ _
- OHi(2,k). O 1 /°° OH: (2 + sk, k) 06(t, 2, k) _,,
=k mznzl ok man (H()(k) o 92 ok, ¢ %
d ~ _
OH, (2, k) O 1 [ OH, (2 + sk, k) 98(t, 2, k) _p,
B mznzl D2 Ok (H{)(k:) /0 o7 ok, ¢
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Using spatial stationarity of Hi(z, k) we may rewrite the above as

- - _
0Hi(z,k), 0 1 © 0H (2 + sk, k) 0p(t, z, k) _gq
£ mznil ok o (H()(k) /0 92, ok, ¢ %
. A ) -
B o 0 1 © OH (z + sk, k) 0p(t, z, k) _gq
Bl MR o (H(’)(k) /0 o2 ok, ¢ %

d ) - |
_ 0 1 00 82H1(Z + sk, k) \ 0o(t,z, k) —os
= 2 [Hauc) /0 . (H( B endm o s

d 00 92 7, y
. P ( 1 / O*R(sk, k) 0(t.x.k) _y, ds)
0

el Ok, \ Hy(k) 0x, 0%, Ok,
d oo 92 I Y
1 0 (_1 / OR(sk ) 00(ta. k), \ o
2 = Oky, \ Hi(K) J_o O0zpn0xm, Ok,
We insert the above expression into (2.24) and obtain
— d —
09 0 - 09 . _
5= 2 g (P ) k-0 (2.25)

with the diffusion matrix D(k,k) as in (2.12). Observe that (2.25) is nothing but (2.13).
However, the naive asymptotic expansion (2.21) may not be justified. The rigorous proof
presented in the next section is based on a quite different method.

2.3 From the Liouville equation to the momentum diffusion.
Estimation of the convergence rates: proof of Theorem
2.2.1

Outline of the proof

The basic idea of the proof of Theorem 2.2.1 is a modification of that of [6, 40]. We consider
the trajectories corresponding to the Liouville equation (2.11) and introduce a stopping time,
called 75, that, among others, prevents near self-intersection of trajectories. This fact ensures
that until the stopping time occurs the particle is “exploring a new territory” and, thanks to
the strong mixing properties of the medium, “memory effects” are lost. Therefore, roughly
speaking, until the stopping time the process is approximately characterized by the Markov
property. Furthermore, since the amplitude of the random Hamiltonian is not strong enough
to destroy the continuity of its path, it becomes a diffusion in the limit, as § — 0. We
introduce also an augmented process that follows the trajectories of the Hamiltonian flow
until the stopping time 75 and becomes a diffusion after ¢ = 75. We show that the law of the
augmented process is close to the law of a diffusion, see Proposition 2.3.4, with an explicit
error bound. We also prove that the stopping time tends to infinity as § — 0, once again with
the error bound that is proved in Theorem 2.3.6. The combination of these two results allows
us to estimate the difference between the solutions of the Liouville and the diffusion equations
in a rather straightforward manner (see Section 2.3.6): they are close until the stopping time
as the law of the diffusion is always close to that of the augmented process, while the latter
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coincides with the true process until 75. On the other hand, the fact that 75 — oc as § — 0
shows that with a large probability the augmented process is close to the true process. This
combination finishes the proof.

The random characteristics corresponding to (2.11)

Consider the motion of a particle governed by a Hamiltonian system of equations

2(8) (t:x 20 (:x
SR, (VicHy) (R m O (1%, k) )

m® (t:x 20 (t:x
AT — (9. Hy) (2R, m ) (1, k) (2:26)

20(0;x, k) =x, m®(0;x,k) =k,

where the Hamiltonian Hs(z, k) := Ho(k) + V0H1(z, k), k = |k|. The trajectories of (2.26)
are the characteristics of the Liouville equation (2.11). The hypotheses made in Section 2.2
imply that the trajectory (z(9(t;x,k), m® (t;x, k)) necessarily lies in C(T,8) for each T >
0, 0 € (0,6,(M)], provided that the initial data (x,k) € A(M). Indeed, it follows from
the Hamiltonian structure of (2.26) that the Hamiltonian Hg(z,m) = Ho(m) + Vo Hy(z,m)
must be conserved along the trajectory. Hence, the definition (2.10) implies that M; <
Im@(;x, k)] < Ms. We denote by stk( ) the law over C of the process corresponding to
(2.26) starting at t = s from (x,k) (thls law is actually supported in C(§)). We shall omit
writing the subscript s when it equals to 0.

The stopping times

We now define the stopping time 75, described in Section 2.3, that prevents the trajectories of
(2.26) to have near self-intersections (recall that the intent of the stopping time is to prevent
any “memory effects” of the trajectories). As we have already mentioned, we will later show
that the probability of the event [75 < T'] for a fixed T" > 0 goes to zero, as § — 0.

Let 0 < €1 <e3<1/2,e3€(0,1/2—€3), €4 € (1/2,1 — €1 — €2) be small positive constants
that will be further determined later and set

N=1[%, p=[0%, q=p[d®], Ni=Np[o ] (2.27)

We will specify additional restrictions on the constants €; as the need for such constraints
arises. However, the basic requirement is that ¢;, ¢ = 1,2, 3 should be sufficiently small and
€4 is bigger than 1/2, less than one and can be made as close to one as we would need it. It
is important that €; < €2 so that N < p when § < 1. We introduce the following (M?);>0—

stopping times. Let tl(f) := kp~! be a mesh of times, and 7 € C be a path. We define the
“violent turn” stopping time

Ss(m) := inf [t >0: for some k > 0 we have t € [t(p) tfﬂl> and (2.28)

]\1,1>-f<(t><1—ﬂ,

K(—1/p) := K(0). Note that with the above choice of e, we
) > 1 —1/N, provided that § € (0,d9] and dy is sufficiently

N N 1 N
Kt ) K@) <1- o K <t,<5> -

where by conventlon we se

t
have K( 1/N) K(t ,(C
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small. We adopt in (2.28) a customary convention that the infimum of an empty set equals
+00. The stopping time Ss is triggered when the trajectory performs a sudden turn — this is
undesirable as the trajectory may then return back to the region it has already visited and
create correlations with the past.

For each t > 0, we denote by X;(w) := |J X (s;m) the trace of the spatial component of
0<s<t
the path 7 up to time ¢, and by X;(¢;7) := [z : dist (z, X(7)) < 1/¢| a tubular region around

the path. We introduce the stopping time
Us(m) :=inf [t>0: 3k >1 and t € [t”, ")) for which X(t) € X,) (q)|. (229
k—1

It is associated with the return of the X component of the trajectory to the tube around its
past — this is again an undesirable way to create correlations with the past. Finally, we set
the stopping time

75(m) := Ss(m) A Us (). (2.30)

2.3.1 The cut-off functions and the corresponding dynamics

Let M > 0 be fixed and p, ¢, N, N1 be the positive integers defined in Section 2.3. We define
now several auxiliary functions that will be used to introduce the cut-offs in the dynamics.
These cut-offs will ensure that the particle moving under the modified dynamics will avoid
self-intersections, will have no violent turns and the changes of its momentum will be under
control. In addition, up to the stopping time 75 the motion of the particle will coincide with
the motion under the original Hamiltonian flow.

Let a1 = 2 and ag = 3/2. The functions t; : RY x S{™1 — [0,1], j = 1,2 are of C*™ class
and satisfy

1, if k-1>1-1/N and Mt < k| < M;
wj(ka 1) =
0, if k-1<1-aj/N, or [kl<(@2M;)~', or |kl >2M;.
(2.31)
One can construct ¢; in such a way that for arbitrary nonnegative integers m,n it is possible
to find a constant Ciy, ,, for which [[1);|lmn < CpnN™™. The cut-off function

v (K (47)) e (1 K (47 = 1/M)) - for te [P, 67),) and k> 1

Ut k;m) =
¥ (k, K(0)) for t € [0,t7)

(2.32)
will allow us to control the direction of the particle motion over each interval of the partition
as well as not to allow the trajectory to escape to the regions where the change of the size of
the velocity can be uncontrollable.

Let ¢ : R? x R? — [0,1] be a function of the C* class that satisfies ¢(y,x) = 1, when
ly — x| > 3/q and ¢(y,x) = 0, when |y — x| < 2/q. Again, in this case we can construct ¢ in
such a way that ||@||lm.n < Cg™™ for arbitrary integers m,n and a suitably chosen constant
C. The function ¢y, : R? x C — [0, 1] for a fixed path 7 is given by

oryim) = ] ¢ <y,X (é)) : (2.33)

0<i/q<t?,
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We set

1, if0<t<t?

O(t,y;m) = (2.34)

or(y;m), it <t<t?.

The function ® shall be used to modify the dynamics of the particle in order to avoid a
possibility of near self-intersections of its trajectory.

For a given t > 0, (y,k) € R2? and 7 € C let us denote O(t,y, k; 7) := U(t,k;7)® (t,y; 7).
The following lemma can be verified by a direct calculation.

Lemma 2.3.1 Let (1, 52) be a multi-index with nonnegative integer valued components, m =
|B1| + |B2|. There exists a constant C depending only on m and M such that

01020ty k;m)| < CTIg?AI NI
for allt € [0,7], (y,k) € A2M), m € C.
Finally, let us set
Fs(t,y,m,w) =0(t, oy, ;7)VyHi (y, |l|;w) . (2.35)

For a fixed (x,k) € R?, § > 0 and w € Q we consider the modified particle dynamics with
the cut-off that is described by the stochastic process (y(5) (t;x, k,w), 1) (t;x,k, w))¢>0 whose
paths are the solutions of the following equation

) (t;x y® (t:x (8
W) [y (1915, K)]) + VAL (L2840 1,19 ) | 1) (8, K )

1 (1:x @) (t;x
A Goeld — Ly (1, VO 101, K)s O (%, k), 1) (4, K) ) (2.36)

yO(0;x,k) =x, 19(0;x,k) = k.

We will denote by QSL the law of the modified process (@ (-;x,k),19(-;x,k)) over C for a

given § > 0 and by E)(fl){ the corresponding expectation. We assume that the initial momentum
k € A(M). From the construction of the cut-offs we immediately conclude that

(@) 120 ) >1- % te [l 1P, k>0, (2.37)

2.3.2 Some consequences of the mixing assumption

For any t > 0 we denote by F; the o-algebra generated by (y(‘s)(s),l(‘s)(s)), s < t. Here we
suppress, for the sake of abbreviation, writing the initial data in the notation of the trajectory.
In this section we assume that M > 0 is fixed, X1, X5 : (R x R? x R™)2 — R are certain
continuous functions, Z is a random variable and g1, go are R? x x [M~ L. M]-valued random
vectors. We suppose further that Z, g1, g2, are F;-measurable, while X7, XQ are random fields
of the form

k) = X, ((ag Hy(x, k), Ve Hy (x, k), V20U Hy (x, k))j:() 1) .

For i = 1,2 we denote g; := (ggl),gf)) where ggl) € R4 and g@) € [M~1 M]. We also let

()

U(@l,gg) =E [X1(01>X2<92):| , 01,05 € R? x [Mﬁl,M]. (2.38)
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The following mixing lemma is useful in formalizing the “memory loss effect” and can be
proved in the same way as Lemmas 5.2 and 5.3 of [6]. It is also similar in spirit to Lemma
1.3.2.

Lemma 2.3.2 (i) Assume that r,t > 0 and

(6)
G Y (w)| 7
Inf |9 5 |T 9 (2:39)
P-a.s. on the set Z # 0 fori=1,2. Then, we have
E[%1(90)%e(92)2] ~E[U(01,02)2)| < 26 (55) X1l e | Xl |2 1oy (240)

(ii) Let EX1(0,k) = 0 for all k € [M~1, M]. Furthermore, we assume that go satisfies (2.39),

) (a1
g Y 5( )

r—+nr
- 4

(2.41)

and |g§1) — g§1)| > r107! for some r1 > 0, P-a.s. on the event Z # 0. Then, we have

[E [X1(91) %a(92) 2] ~E[U(g1,02)2]| < O (55) 072 (55 ) Xl | Xell= | Z ]2 )

(2.42)
for some absolute constant C' > 0. Here the function U is given by (2.38).
2.3.3 The momentum diffusion
Let k(t) be a diffusion, starting at k € R? at ¢ = 0, with the generator of the form
A d A
LFE) = S Dol [K)OZ, 4 FU) + 3 Ennlk, [K)0, FK)  (2.43)
m=1

Here the diffusion matrix is given by (2.12) and the drift vector is

. oo 3R( sk, 0°R(sk, 1)
Ep(k,1) = Com=1,....d
( H' ZZ/ Gmm(?a?Q ds, m d

Employing exactly the same argument as the one used in Section 4 of [6] it can be easily seen
that this diffusion is supported on S‘,f_l, where k = |k|. Moreover, it is non-degenerate on the
sphere, for instance, under the assumption (2.9), cf. Proposition 4.3 of ibid.

Let Qx k be the law of the process (x(t),k(t)) that starts at ¢ = 0 from (x,k) given by
x(t) =x+ f(f H}(|k(s)|)k(s)ds, where k(t) is the diffusion described by (2.43). This process
is a degenerate diffusion whose generator is given by

LF(x,k) = Ly F(x,k) + H)(|k|) k- V. F(x,k), F e CZRY. (2.44)

Here the notation Lj stresses that the operator £ defined in (2.43) acts on the respective
function in the k variable. We denote by 9, ;. the expectation corresponding to the path
measure Qx k.
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2.3.4 The augmented process

The following construction of the augmentation of path measures has been carried out in
Section 6.1 of [58]. Let s > 0 be fixed and m € C. Then, according to Lemma 6.1.1 of ibid. there
exists a unique probability measure, that is denoted by dr ®sQx(s), K (s), Such that for any pair
of events A € M?®, B € M we have 6, @5 Qx(s),x(s)[A] = 1a(m) and 5z @5 Qx(s),x(s)[0s(B)] =
Qx(s),k(s)[B]- The following result is a direct consequence of Theorem 6.2.1 of [58].

Proposition 2.3.3 There exists a unique probability measure RY 23 on C such that R(s) plA] =
Qg(ck[ A] for all A € M™ and the regular conditional probability distribution ofR [ |MT5] is
gwen by dr Qrs(x) QX (5(x)),K (r5(x))s ™ € C. This measure shall be also denoted by Q(ék Ors
QX (r5), K (75)

Note that for any (x,k) € A(M) and A € M" we have

RO 4] = QVL1A] = QLA (2.45)

X,

that is, the law of the augmented process coincides with that of the true process, and of
the modified process with the cut-offs until the stopping time 75. Hence, according to the

uniqueness part of Proposition 2.3.3, in such a case 629(65,)€<X>T(S QX (), K (r5) = Qg(f,l@)m QX (75),K (7s) -
We denote by E (8 ) the expectation with respect to the augmented measure described by the
above prop051t10n. Let also R®) | )

Ny Dy denote the respective conditional law and expectation

obtained by conditioning Rg(ﬂ j; on M.

The following propositioﬁ is of crucial importance for us, as it shows that the law of the
augmented process is close to that of the momentum diffusion as § — 0. To abbreviate the
notation we let

N(G) = G(t, X (1), K (£)) — G(0, X (0 / X(0), K (0))) do
0

for any G € Cp3([0, +00) x R24) and ¢ > 0.

Proposition 2.3.4 Suppose that (z,k) € A(M) and ¢ € Cy((R2)") is nonnegative. Let
Y €(0,1/2) and let 0 <t; < - <ty <Ty <t <v<T. We assume further that v—t > 67°.
Then, there exist constants v1, C such that for any function G € CH13([T, T] x R2?) we have

0 {6 - M@ ¢} = 00w - 0l GIRGE T B (2.46)

Here {(r) := C(X(t1), K(t1), ..., X (tn), K(tn)), © € C(T, ). The choice of the constants v, C
does not depend on (x,k), 0 € ( 1], ¢, times t1,...,tn, Ty, T, v,t, or the function G.

Proof. Let 0 =s9g <s51<...<s, <tand By,...,B, € B(de) be Borel sets. We denote
Ap:=C and for any k € {1,...,n}, s < s we define the events

Ap = [m: (X(s1),K(s1)) € B1,...,(X(sk), K(s)) € By
and their shifted counterparts

A = [ (X (s — ), K(sk — 5)) € Bry.. ., (X (50— 5), K(5n — 5)) € By).
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For (x,k) € R 7 ¢ Cand G € CH12([0,4+00) x R2?) we let

L:G(t,x, k; ) == H)(|k|) k - VoG(t,x, k) + O(t, X (t), K (t); 7) LpG(t, 2, k)
d
- @(tv X(t)v K(t); 77) Z aKm@(t7 X(t)v K(t)§ 71-)Dm,n(f{’ |k’)8k‘nG(t7 €, k)

m,n=1

and

~

Ni(G) == G(t, X (1), K(t)) — G(0, X(0), K(0)) — /(39 +L,)G(0, X (0), K (0); ) do.
0

It follows from the definition of the stopping time 75(7) and the cut-off function © that
VKOt X (1), K(£);m) =0, ¢ € [0,75()],

hence
EtG(t,X(t),K(t);ﬂ) = ZG(t,X(t),K(t);W), t € [0, 75(m)].

We need the following result.

Lemma 2.3.5 Suppose that (z,k) € A(M) and ¢ € Cp((R2)") is nonnegative. Let ~} €
0,D),0<t1 < <t, <Ty<t<v<Tandt—Ty > 8%. Then, there exist constants s
C' > 0 such that for any function G € CYV3([Ty, T] x R2?) we have

=) (175 . x : T, T) 2 1(8) *

IR, - M@Ie} < oot - )G T2 ED)C (2.47)
The choice of the constants vy, C' does not depend on (z,k), 6 € (0,1], times t1,..., tn, T,
T,v,t, or function G.

The proof of this lemma follows very closely the argument presented in Section 5.3 of [6] and
we postpone it until Section 2.6. In the meantime we apply this result to conclude the proof
of Proposition 2.3.4. We write

Ei‘(,;l)(,ﬂ' [NU (G) - Nv/\7'5 () (G)’ An}
n—1

= 1[sp7s,,+1)(Ta(ﬂ))lA,,(W)WX(T(;(W)),K(T(;(N))[Nv—m(w)(G)aAf;fyr))]

p=

+ 15,00 (T6(7)) LA, ()X (75 (1)), K (75 (1)) [ N o5 () (G) ]- (2.48)

[en]

When 75(7) € [sp, Sp+1) Wwe obviously have

S):RX(T(;(7r)),K(7'5(7r)) [Nv—Tg(ﬂ') (G)7 Ag-—igﬂ—))] = mX(Tg(ﬂ)),K(Tg(w)) [Nt—75(7r) (G)¢ Ag—i%ﬂ—))]

and M x (75 (x)), K (rs () [No—r5(x) (G)] = 0. Hence the left hand side of (2.48) equals

n—1
Z Lo, 1) (76(7)) 1, ()N (75 (1)), K (5 () [N o= 75 () (G) A,(J:fgﬂ))] (2.49)
p=0

1)
= E:Ec,l)(,fr[Nt(G) - Nt/\T(g(ﬂ') (G)a An]
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We conclude from (2.48), (2.49) that

9 19
E") INJ(G), Aq) = EY)

z,

Nonrs(m)(G) 4+ Nie(G) = Nipry(m)(G), An] (2.50)
™ [N(v/\‘r(g(ﬂ'))vt(G)y An]

and therefore
0 é 6
ELUNV(G), An] = ESL [ ESL [N wry(mpvi () An]] (2:51)
é
= B[S [Nonry(mpwi(@), An ] 7o(m) < ¢]

+ E;f;){ [Eg(fl)m [Nwars(ryvi(G)s An |, 75(m) > t} :

The first term on the utmost right hand side of (2.51) equals E( ) « (Vi (G), Ay, 75 < t], while
the second one equals Eg(“)( [N(’U/\T(;)\/t(G)7 B] . Here B := A, N [T5 > t] is an M;—measurable
event. Suppose that v}, € (70 +1/2,1) and let L := [§77] be yet another mesh size parameter.

We define
o := L Y([L(v A15)] 4+ 2) v ([Lt] + 2)]

and note that
LU +2

ik [No Z Ezk[ p/L(G), B, az%] (2.52)
p=[Lt]+2

Representing the event [0 = p/L] as the difference of [c > p/L] and [¢ > (p+1)/L] (note that
[0 > ([Lv] +3)/L] = ) and grouping the terms of the sum that correspond to the same index
p we obtain that the right hand side of (2.52) equals

[Lv]+2
-(®) Pt 1] (2.53)

ok [N(rga2)(G), B+ ) E( ) [Np+1/L(G) = Nyyr(G), By o 2 =——1.
p=[Lt]+2

Since the event BN [0 > (p+ 1)/L] is M®~1/L.measurable, from Lemma 2.3.5 we conclude
that the absolute value of each term appearing under the summation sign in (2.53) can be

estimated by C’HGH1,173571L*1Q~;52{[B] which implies

[Lv] 4+ 1 — [Lt]
7
A direct calculation using formulas (2.26) allows us to conclude also that both |N,(G) —
Nonmyut(G)] and [N (1414211 (G) = N(G)| are estimated by C||G|[}576771/2. Hence, (since
7 > 1/2+ )

~ (8 ~ (8 . 5
B0 INo(G), Bl = EC [Npiyay1(6), B]| < o612 QL B

|ECL [Nonmspa(G@), B) = EXL [NU(G), BI| < [ES [No(G) = Nipnryynl @), B]|

~(& ~(& ~(&
+ Eg(cll [No(G), B] — E;(c ) [N(rg+2)-1(G), B] ‘ + ) xl)< [N(rg+2)1-1(G) — Ny, B]‘
< con |G| T2 QLB (v — 1) v o (2.54)

for a certain constant C' > 0 and 7; := min[y) — v — 1/2,v1]. From (2.51), (2.54) and the
observation just below (2.51), we obtain

EC)ING(G) — Ni(G), Aul| < €6 |G| 53 T2 RO} [A4,) (0 — ) v 67

for a certain constant C' > 0 and the conclusion of Proposition 2.3.4 follows. [J
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2.3.5 An estimate of the stopping time
The purpose of this section is to prove the following estimate for RS’%{ [1s < T.
Theorem 2.3.6 Assume that the dimension d > 3. Then, one can choose €1, €2, €3, €4 in such
a way that there exist constants C,~vy > 0 for which
RY

Z,

75 <T) < COT, ¥6e(0,1],T>1, (z,k) € AM). (2.55)
Proof. We obviously have
(15 <T)=[Us <715, Us <T)U[S5 <715, 55 <T] (2.56)

with the stopping times S5 and Us defined in (2.28) and (2.29). Let us denote the first and
second event appearing on the right hand side of (2.56) by A(d) and B(d) respectively. To
show that (2.56) holds we prove that the R:(f,)g probabilities of both events can be estimated
by CS7T for some C,~ > 0: see (2.64), (2.65) and (2.69).

An estimate of Rg,)g [A(0)]

The first step towards obtaining the desired estimate will be to replace the event A(d) whose
definition involves a stopping time by an event C'(d) whose definition depends only on deter-
ministic times, see (2.57) below. Next we use the estimate (2.46) of Proposition 2.3.4 for an
;5,1 probability of
A(5) by an easier problem of estimating its 9, j probability (£, x corresponds to a degener-
ate diffusion determined by (2.44)). The latter is achieved by using bounds on heat kernels
corresponding to hypoelliptic diffusions due to Kusuoka and Stroock.

We assume in this section to simplify the notation and without any loss of generality that
h*(M) = 1. Note that then

appropriately chosen function G to reduce the question of bounding the R

a0 cae=[[x (D -x (D] <2icicicma =izl e
and thus
rO10) < oo {19 [|x (1) - x (3)| < 2| v i< < ima pi-a = 2.
(2.58)

Suppose that f(® : RY — [0,1] is a C™-regular function that satisfies f(z) = 1, if |z| < 4h/q
and fO)(z) = 0, if |z| > 5/q. We assume furthermore that i, are positive integers such that
(j —1i)/q €[0,1] and ||f¥) |5 < 2¢3. For any ¢ € R? and i/q < t < j/q define

Gj(t, @, ks 00) = Mg f (X <j - 75) - fc0> :
q
Obviously, we have )
0G,(t,z,k;z0) + LG(t, z, k5 20) = 0.

Hence, using Proposition 2.3.4 with v = j/q and ¢t = i/q (note that v —¢ > 1/p > 02 and
€2 € (0,1/2)), we obtain that there exists ; > 0 such that

’Eﬁ [f(a) (X (3) —a;o) -G (Z,X (z) K (Z) ;xo> ’ Mz‘/q]
: q q 1 !
< CJ ; : HG](> "y ';"EO)”[li,/l?g’)j/q}T2671’ Vo e (0’ 1]

(2.59)
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According to [57] Theorem 2.58, p. 53 we have

1G5 (-, s 2| P%/ ) < €| f D)5 < C¢® < a3t jefo,...,[qT)). (2.60)

Hence combining (2.59) and (2.60) we obtain that the left hand side of (2.59) is less than, or
equal to C §713(e2tes) for all § € (0,1]. Let now ig = j — g so that 1 <14 <ip<j<[Tq]. We
p

()<= e () ()] e

have

According to (2.59) and (2.60) we can estimate the utmost right hand side of (2.61) by

sup {Sﬁx,kf(‘s) (X <1> — y> cx,y eRY k€ A(2M)} + C gn—3leates) 2, (2.62)
z,yk p

To estimate the first term in (2.62) we use the following.

Lemma 2.3.7 Let p,q be as in (2.27). Then, there exist positive constants Cy, Cy and Cs
such that for all x,y € RY, k€ A2M), j € {1,...,[pT]}, § € (0,1] we have

. C2
Qu k HX <J) —y‘ < 5] <y (p i +e‘c3p> . (2.63)
P q q

We postpone the proof of the lemma for a moment in order to finish the estimate of R;;ﬂ [A(6)].
Using (2.63) we obtain that the expression in (2.62) can be estimated by

C:
Cl (pqd2 n e_csp) T 0571_3(62+63)T2 < Cla(d—02)€2+d€3 + exp {_036—62} + 0671—3(52+53)T2.

Hence, from (2.58), we obtain that

)
R,

JIA(8)] < [Tq)? (C16d-Coleatdes | oy I g2 4 ¢ gn—3eates) 2 2.64
k

S CT2 (5(d—2—01)62+(d—2)63 + 6—2(€2+€3) eXp {_036—62} + 671—5(62+63)T2> S C(S’YQT4

for vo := min[(d — 2 — C1)ea + (d — 2)e3,v1 — 5(e2 + €3)] > 0, provided that €3 + €3 < v1/5
and €3 € (0, (d — 2)e3/(C1 + 2 — d)). Here with no loss of generality we have assumed that
C1 + 2 > d. Recall also that d > 3. Now suppose that 3 € (0,72). Consider two cases:
T3 < 6~ and T3 > 673, In the first one, the utmost right hand side of (2.64) can be bound
from above by C§72~ T, In the second we have a trivial bound of the left side by 673/37T. We
have proved therefore that

RUVA(6)) < COT (2.65)

for some C,~ > 0 independent of § and T
The proof of Lemma 2.3.7. We prove this lemma by induction on j. First, we verify
it for j = 1. Without any loss of generality we may suppose that k = (ki,...,kq) and
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kg > (4dMs)~'. Let Dpp : R*P S R,omn=1,...,d—1, Ep :R“T SR, m=1,...,d be
given by

Dypg(1) := Dy (k"L k" 'WE2 — 12,k),  E,(1) := Ep(k~ 'Lk~ '"Vk2 — 2, k),

when 1 € Z := 1 € B&! . kW2 12 > (4dMs)~"], I = |l|. These functions are C*
smooth and bounded together with all their derivatives. Note also that the matrix D = [Dyn]
is symmetric and D¢ - € > Mo|€|? for all € € R and a certain A9 > 0. The projection
K(t) = (Ki(t),...,K4(t)) of the canonical path process (X (t;7), K(t; 7)) considered over the
probability space (C, M, Q,k,), where ko := (L, Vk? —1?), with 1 € Z, is a diffusion whose
generator equals £, see (2.43). It can be easily seen that (K(t),...,Kq-1(t));>¢, is then a
diffusion starting at 1, whose generator N is of the form

d—1 d—1
NFE(Lx) =Y XJF)+ > ag)o,F(l), FeCF®R™Y, (2.66)
p=1 q=1
where a4(1), g =1,...,d — 1 are certain C*°-functions and

d—1
Xp():=>_ D}*May,, p=1,....d- L
q=1

The (d — 1) x (d — 1) matrix [Dzl,f(l)] is non-degenerate when 1 € Z. Let

d—1
NP(Lx):=) XF(L,x)+ XoF(Lx), FeCr®R™! xRY),
p=1

where X is a C>®-smooth extension of the field

Hy(k) Hy(k) S
Xo(l) := =5 > lg0a, + p VE =105, + Y a,1)dy,, 1€Z
q=1 g=1
It can be shown, by the same type of argument as that given on pp. 122-123 of [6], that for
each (z,1), with 1 € Z, the linear space spanned at that point by the fields belonging to the
Lie algebra generated by X, ..., X471 is of dimension 2d — 1. One can also guarantee that the
extensions Xo, ..., X4_1 satisfy the same condition. We shall denote the respective extension

of N by the same symbol.

Set lp := (ki1,...,kq—1). Let Ry, 7~€x,10 be the path measures supported on C%~' and
C%4=1 regpectively that solve the martingale problems corresponding to the generators A and
N with the respective initial conditions at ¢ = 0 given by ly and (x,1p). Let 7(t,z —y, 11, Iy),
t € (0,+00), z,y € R% 1;,15 € R be the transition of probability density that corresponds

to Rx1,- Using Corollary 3.25 p. 22 of [47] we have that for some constants C,m > 0
r(ty, k1) <Ct™, VyeR% k 1eR“ te(0,1] (2.67)

Denote by 77(7) the exit time of a path 7 € C?~! from the set Z. For any 7 € C%4~! we set
also 7z(m) = 77 (K(-;m)). Let S : Bzfl — Siil be given by

SM) = (I lage1, VE2 = 12), 1= (l,...,lg—1) €BI L 1=
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and let Si Cd’djl — C be given by S(7)(t) :== (X(t;7),S o K(t;m)), t > 0. For any A € M7z
we have Ry 1,[S71(A)] = Qx 500)[A]. Since the event [|X (1/p) —y| < 5/q] N [fz > 1/p] is
M7Z-measurable we have

1 5 - 1 5 1 1
Quk HX () —YI < ] < R [X () —Y‘ < =7z > ] + Ry, [Tz < ](2-68)
p q p q p p

n
< Cagp™ () + Ce P,
q

Here @y denotes the volume of BY. To obtain the last inequality we have used (2.67) and an
estimate for non-degenerate diffusions stating that Ry, [tz < 1/p] < Ce~ 3P for some constants
C,C3 > 0 depending only on d and A, see e.g. (2.1) p. 87 of [58]. Inequality (2.68) implies
easily (2.63) for j = 1 with C; = m. To finish the induction argument assume that (2.63)
holds for a certain j. We show that it holds for j + 1 with the same constants Ci,Cy and
Cs3 > 0. The latter follows easily from the Chapman-Kolmogorov equation, since

<(57)s=il= [ k() =i o Gorbarn)

RXS*

induction assumpt.
t < ’ Ch [—l—ec‘”’] //Q( v,k dy,dl) Ch [—1—603”}

and the formula (2.63) for j + 1 follows. Here Q(t,z,k,-,-) is the transition of probability
corresponding to the path measure Q, ;. [

Qx,k |:

An estimate of R(d)[ B(9)]

We start with a simple observation concerning the Holder regularity of the K component of
any path m € B(d). Let us denote p := 2M6_1N_1/2 and

D :=|meC(T,d):|K(t) — K(s)| > p for some k s.t. t,(cp) < T and t,(ﬁl <s< t;ﬁp) <t< t,(ﬂl},

where M; has been defined in (2.10) and N in (2.27). Suppose that 7 € B(¢), then we can
find ¢ € [t(p) t,(ﬂl] s € [t,ill)l,t,gp)] for which K(t) - K(s) < 1 —1/N. This, however, implies
that

K0~ KO 2 3 K0 ~ K6 2 5o

thus m € D. Hence the desired estimate of R;‘S,)g [B(9)] follows from the following lemma.
Lemma 2.3.8 Under the assumptions of Theorem 2.3.6 there exist C,~v > 0 such that

RU\D] <CT§", Vo€ (0,1, T >1, (z,k) € AM). (2.69)
Proof. We define the following events:
F, = |K(t) — K(s)| > p forsome s, t€[0,7],0<t—s< ; t < 75}
Fy = \K(t)—K(s)\ > p for some s,t € [0,T], 0<t—s<]2) s>7'5]
Fs .= -|K(7'5) —K(s)| > g for some s € [0,7], 0 < 75 — s < —, 75 < T]
Fyom |15 () — K@) > g for some ¢ € [0,T], 0 < t — 75 < ;] .
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4
Observe that D C |J F;. Note that Fj, F5 are M7 —measurable, hence

i=1
ROF) = QU R, i=1.3 (2.70)
On the other hand for i = 2,4 we have
ROIR) = [ Oxistmp e Firl Q)

where for a given w € C
Fo = [|K(t) — K(s)|>p forsome s,t €[0,(T —715(m)) N0, 0 <t —5s< 12)} ,
Fin = [|K(0) ~K(t)| > g for some t € [0, (T — 75(7)) A 0], 0 < t < ﬂ .
Since all Fj, ¢ = 1,3 and Fj r, @ = 2,4, m € C are contained in the event
S LCECE

(2.69) would follow if we show that there exist C' > 0 and v > 0 for which
QUL[F] < CTé" for all (2,k) € A(M) (2.71)

N

2
for some s,t € [0,T], 0 <t—s< },
p

and
Qu x[F) < CTS" for all (z,k) € A(Ms). (2.72)

The estimate (2.72) follows from elementary properties of diffusions, see e.g. (2.46) p. 47
of [57]. We carry on with the proof of (2.71). The argument is analogous to the proof of

Theorem 1.4.6 of [58]. Let L be a multiple of p such that L := [§7%], where v}, € (1/2,1)

is to be specified even further later on. Let also 5,(~C ) = k/L, k =0,1,.... We now define

the stopping times 7 (7) that determine the times at which the K component of the path 7
performs k-th oscillation of size p/8. Let 19(7) := 0 and for any k& > 0

Tar(m) = inf |5 2 m(m) ¢ K (s”) = K(mu(m)] = £
with the convention that 7,41 = 400 when 7, = +00, or when the respective event is impos-
sible. Let Ny := min[n : 7,41 > 7] and 6" := min[r, — 7,1 : n = 1,..., Nx]. Then, for a
sufficiently small dp and ¢ € (0,4dp) we have F C [6* < 1/p] so we only need to estimate ij;ﬁ
probability of the latter event.

Let f: R — [0,1] be a function of C5°(R?) class such that f(0) = 1, when |k| < p/16 and
f(k) =0, when |k| > p/8. Let also fi(-) := f(- —1) for any 1 € R%. Note that according to
Lemma 2.3.5 we can choose constants A,, C' > 0, where C' is independent of p, in such a way
that A, < CT?p~3 and the random sequence

sk = EY) [fl (K (N“))‘ MN/L] + A, 7’ N >0 (2.73)

is a Qf;;submartingale with respect to the filtration (MN/ L) N>0
1] € ((3Ms)~1,3Mj) provided that & is sufficiently small. We can decompose

for all 1 with the norm

Q0 [5* < ﬂ < Q) [5* <5 Vg < [0” ]] +QY [6* < ;, Ny > [0 (2.74)
5=

L R
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where o > 0 is to be determined later. We will show that

5o
~ 61/2(61+62)
3Ny > 5] < Cet <1 - 2) .15
and
Q) [~ < a2 | | < oo, (276)

for 0 < v < minfes — 3€1/2,7v) — (1 + €1)/2]. From (2.73), (2.74) (2.75) and (2.76) we further
conclude that

(2.77)

670(
- 1 1/2(e1+e2)
QL) [5* < p] < OT?6 + Ce” (1 _om

2

for some C' > 0, independent of 6 € (0,1] and T > Tp, provided that we choose o € (1/2(e1 +
€2),7). This is possible if minfes — 3€1/2,7) — (1 + €1)/2] > (€1 + €2)/2, which is true if we
assume e > 10e; > 0 and 1 > ’yé > (1 + €2)/2 + €1. Now, by the argument made after
(2.64) we can always replace the first term on the right side of (2.77) by CT'§7". We can also
assume that the second term on the right hand side of (2.77) is less than or equal to CTé".
This can be seen as follows. Let 5 := a — 1/2(e; + €2). The term in question is bounded by
Cexp{T —C167°} with C; = inf e (0.1 p~ " log (1 — p/2)"t. For 6P > 2T/Cy we get that
exp {T — 015*6} is less than or equal to exp {—016*5/2}, while for 67 < 2T/Cy the left
side of (2.77) is obviously less than 27'6° /C}. In both cases we can find a bound as claimed.
This proves (2.71) and hence the proof of Lemma 2.3.8 will be complete if we prove (2.75) and
(2.76).

To this end, let Q(5) m € C denote the family of the regular conditional probability

x, k0

distributions that corresponds to QSL [- | M™]. Then, there exists a M™ measurable, null

Q(ji probability event Z such that for each m ¢ Z and each 1 € Rf the random sequence
SN = SNLpon/z(Ta(m), N >0

is an (MN/L)N>O submartingale under Qg(f,)m Let Th x = Tny1 A (Tn(m) + 2[L0€]/L), where

e € (0,1) is a constant to be chosen later on. We can choose the event Z in such a way that

QY [Tr>ma(m)] =1, VrdZ (2.78)

xz,k,m
Let S N = S]{,{’(:‘(W) ), then the submartingale property of <5‘ N’”)N>0 and (2.78) imply that

Eg(ﬁ(?’)fmgLTn,mW 2 E(a)

x, kT

SLTn(W),W =1+ Aan(ﬂ-)a (2'79)

provided that v9 > (14 €1)/2. The latter condition assures that p > C/(L\/$) so that K does
not change by more than p during the time 1/L. In consequence of (2.79) we have

- 1
E:S,Sl)c,w I:fK(Tn(TI')) <K <Tn,7r + L>) ] +24,6°> 1, (2.80)

as Ty, — Tp(m) < 2[Ld°]/L. Since

. C
‘fx(mn)) (K (TM * L>) ~ Ty (K (Tn’”))‘ = Lo
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we obtain from (2.80)

C

-
245072 Bl 1= fre(ruen) (K (Tno))] = 557

so in particular

[L5]

C
24,0+ > By, [1 = K(ramy (K (011)) s Tut < () + (2:81)

L 51/2 -
[L5°]
L

~ 69 [M < ra(m) +

We have shown, therefore, that

CT?5¢ C
,03 + Lp51/2

Lé¢
Q;(,j])C Tntl — Tn < [ ]

L

< 0(66—361/2T2 + 576_(1+61)/2) < 0571T2
(2.82)

for v1 < minfe — 3€1/2,7v; — (1 + €1)/2] and some constant C > 0. We can always assume

that T207/2 < 1. If otherwise, we can always write Q [ ] < T6"* and (2.71) follows. In
particular, selecting € := (€1 + €2)/2, one concludes from’ (2 82) that

e

~ e te ~ L§(erte)/2
O lexp{—(rns1 — )} M™] < G0 L oy MT”]
+Q(52€ Tl — Tn < M MT”] (2?) e—5<61+62)/2 L C (1 . e—5<61+62>/2) 51/2
x, = I =
§lerte2)/2
<l-— (2.83)

provided that ¢ is sufficiently small. From (2.83) one concludes easily, see e.g. Lemma 1.4.5
p. 38 of [58], that (2.75) holds.

On the other hand, taking e = € in (2.82) we obtain (2.76) with 0 < 7 < min[ez —
3€1/2,7) — (1 + €1)/2]. Hence the proof of Lemma 2.3.8 is now complete. [

2.3.6 The estimation of the convergence rate. The proof of Theorem 2.2.1.

Recall that ¢s, ¢ satisfy (2.11), (2.13), respectively, with the initial condition ¢o. We start
with the following lemma.

Lemma 2.3.9 Assume that ¢g satisfies the hypotheses formulated in Section 2.2.5. Then,

OT]

161557 < liollo.o. Z 10,0112 < o110 (2.84)

=1

Furthermore, there exists a constant C > 0 such that for oll T > 1

Hatéf;H[[J%ﬂ < Cl¢oll1,2- (2.85)

In addition, for any nonnegative integer valued multi-index v = (o, ag, ag) satisfying |y| < 3

we have
d

T
Z 19 Kiy ki ki ¢|’00(])<CTM||¢OHM (2.86)

11,52,13=1
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Proof. The estimates (2.84) follow directly from differentiating (2.13) with respect to x. To
obtain the estimates (2.85) and (2.86) we note first that the application of the operator £ to
both sides of (2.13) and the maximum principle leads to the estimate Hﬁé(t, T, )| e (aan)) <
HE@Z)OHLOO ) for all £ > 0, hence we conclude bound (2.85). )

In fact thanks to already proven estimate (2.84) we conclude that [[Lo(t, 7, )| e (a(ar)) <
C||¢ol|1,2 for some constant C' > 0 and all (t,x) € [0,+0c) x RY. Let Z be as in the proof of
Lemma 2.3.7. Define S : Z x [M~1, M] — A(M) as S(1,k) := (1, Vk? — [2), where | = |1|. Let
also (1, k) = ¢o S(1,k). We have (Lp¢)o S(1,k) = N(l, k), see (2.66). The LP estimates for
elliptic partial differential equations, see e.g. Theorem 9.13 p. 239 of [33] allow us to estimate

[llw2ezy < CUIYLe(z) + INYl Le(2)) < Cligoll1,2-

Choosing p sufficiently large we obtain that 3, [|9;,4[ L= (z) < C||¢oll1,2, which in fact implies
that |D(-)Vio(t,-)llze(s(z)) < Clldoll1,2. Obviously, one can find a covering of A(M) with
charts corresponding to different choices of the components of k£ being projected onto the
hyperplane R?~! and we obtain in that way that [|D(-)Vid(, )|l L aan) < Cllidoll1,2 for all
t > 0. Since the rank of the matrix D(l%, k) equals d — 1, with the kernel spanned by the
vector k, we obtain in that way the L estimates of directional derivatives in any direction
perpendicular to k. We still need to obtain the L® bound on the derivative in the direction
k, denoted by 0, := k10, + ...+ kqOk,. To that purpose we apply 0, to both sides of (2.13)
and after a straightforward calculation we get 8,0,¢ = LOnd — 2L + L1¢ + H(’)’(k)l% -V,

where
d

L= > 82 <ak n (K, k)jﬁ)

m,n=1

Note that D(k, k)k = 0 implies that 9,D(k, k)k = 0 hence || L16(t, )|l L= (a(n
We already know that L¢ and ||Vy¢||Lec(a(ar)) are bounded, hence [0,6(t, )| Lo anr)) <
Cll¢o|[1,2T for t € [0,T]. We have shown therefore that ||¢(¢,-)||1,1 < C|l¢oll1,2T for t € [0,T].
The above procedure can be iterated in order to obtain the estimates of the suprema of
derivatives of the higher order. [J

Proof of Theorem 2.2.1. Let u € [§70, T], where we assume that ) (as in the statement
of Lemma 2.3.5) belongs to the interval (1/2,1). Substituting for G(t,z, k) := ¢(u — t, 2, k),
¢ =1 into (2.46) we obtain (taking v = u, t = §7%)

EL) | do(X (u), K (u) — ¢(u — 67, X (67), K (870)) - / (0 + Lo)G(0. X (0). K (0)) do
570

< | lenT?, Vo e (0,1]. (2.87)

Using the fact that |X(§7%) — x| < C§%, |K(57) — k| < Co%~1/2, Qfgv—a.s. for some deter-
ministic constant C' > 0, cf. (2.36), and Lemma 2.3.9 we obtain that there exist constants
C,~v > 0 such that

u

EC) | 60(X (u), K (u)) — ¢(u,x, k) — / (9 + Ly)G(0, X (0), K(0)) do
0
< |G T2, e (0,1, T>1,uel0,T] (2.88)
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We have however

EY) [¢o(X (u), K (u)) — d(u, 2, k), 75 > T]| = |E®) [do(X (u), K (u)) — $(u, z, k), 75 > T]

) )

(2.8
< oje T + ( 013) QChrs < 7). (2.89)

8

Using M7 measurability of the event [75 < T we obtain that Q( [1s <T] = R‘,E?ﬁ (15 < T

and by virtue of Theorem 2.3.6 we can estimate the right hand 81de of (2.89) by
[0 T ) Lemmga 2.3.9 C(S’YT5

On the other hand, the expression under the absolute value on the utmost left hand side
of (2.89) equals

clGIIs T + T (

EX) [¢0(X (u), K () — ¢(u,z,k) | = EL) [60(X (w), K(u) — $(u,x,k), 75 < T] |
The second term can be estimated by

(2.55)
2l|ollo0 Ry [75 < T] < C87||dollo,oT

by virtue of Theorem 2.3.6. Since
Bos (5, 5.%) = Eao(=? (us 2, k), m (us 2, k) = ES)oo(X (u), K (w)

we conclude from the above that the left hand side of (2.14) can be estimated by C§7||¢o||1,4T°
for some constants C,~v > 0 independent of 6 > 0, T' > 1. The bound appearing on the right

hand side of (2.14) can be now concluded by the same argument as the one used after (2.64).
U

2.4 Momentum diffusion to spatial diffusion: proof of Theorem
2.2.5

We show in this section that solutions of the momentum diffusion equation (2.13) in the long-
time, large space limit converge to the solutions of the spatial diffusion equation (2.15). We
first recall the setup of Theorem 2.2.5. Let ¢~ (¢, 2, k) = ¢(t/+?, 2/7, k), where ¢ satisfies (2.13)
and let w(t,z, k) be the solution of the spatial diffusion equation (2.15). In order to prove
Theorem 2.2.5 we need to show that the re-scaled solution ¢, (¢, z, k) converges as v — 0 in
the space C([0,T]; L>*(A(M))) to w(t,z, k), so that

() = &, (1)l (acry < C (7T +92) gollag, 0T, (2.90)

Proof of Theorem 2.2.5. The proof is quite standard. We present it for the sake of com-
pleteness and convenience to the reader. The function ¢, is the unique C; ’1’2([0, +00), R2d)-
solution to

d

O ) X )
72 ;;ﬁy - Z 8T <D (k k)afj’y> + HO( )kvxﬁb'y (2.91)
m,n=1 m
QEW(O,.T,k‘) = qbo(x,k),
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see Remark 2.2.3. We represent ng, as
by = w + ywy + v2ws + R. (2.92)

Here w is the solution of the diffusion equation (2.15), the correctors w; and we will be
constructed explicitly, and the remainder R will be shown to be small. The first corrector w;
is the unique solution of zero mean over each sphere qu of the equation

d 8 8w1
E - I - _H’ 2 AV

m,n=1

It has an explicit form

(2, k) ZX] Ou t x ult, 2,k) (2.94)

with the functions x; defined in (2.17). The second order corrector wy is the unique zero mean
over each sphere Sz_l solution of the equation

d
0 - Owg\  Ow R
> T (Dmn(k:,k) 8k:n> =5 — Ho(k)k - Vour. (2.95)

m,n=1

Note that the expression on the right hand side of (2.95) is of zero mean since thanks to (2.15)
and equality (2.16) we have

ow 1

= H (k) - YV pwdQ(E).
Bt~ Ty Joan o(k)k - ViawidQ(k)

Equations (2.93) and (2.95) for various values of k = |k| are decoupled. As a consequence of
this fact and the regularity properties for solutions of elliptic equations on a sphere we have
that wy, wy belong to C([0,T]; L>*(A(M))). More explicitly, we may represent the function
w9 as

3wt:rk
o(t, z, k) Z@ZJJZ )

= Ox 0z
The functions 1, (k) satisfy
9 L Oy )
Z D <Dmn(k),k) 8kj ) = —H()(k)k)jxl(k?) + ijl(k'). (2.96)
m,n=1 m n

A unique mean-zero, bounded solution of (2.96) exists according to the Fredholm alternative
combined the regularity properties for solutions of (2.96) on each sphere Szfl. With the above
definitions of w, w1, wa, equation (2.91) for ¢, implies that the remainder R in (2.92) satisfies

8R 8w1 8102 ~ ~ 8 8R
2 30wy | 40wz Ly ) 3y ) _ g
y En +v Ey vy Ey Hy(k)k-VoR—~"Hy(k)k - Vzwo mgnl 8km< mn(k k)ak )
We re-write this equation in the form
d
OR 1 1 0 OR
- -5 2.
ot 5 (k:)k VR 2 2 18km< k)ak ) f (2.97)

R(()?:Ca k) = ¢0(£E k) QEO( xz, ) ’Y’UJI(O,.T, k) - ’}/QZUQ(O,.%', k)a



where f := —y0w; — 20w —”yHO(k)l% Vws. Here, as before, R is understood as the unique
solution to (2.97) that belongs to C1’1’2([0 +00), R?). We may split R = R; + Ry according

to the initial data and forcing in the equation: R; satisfies

d

ORy 1 _, .- 1 0 - ORy

— —Hy(k)k -V, - 5 Dy (k, k =/
GRS G L B
R(0,2,k) = —yw1 (0, z, k) — v*ws(0, , k) (2.98)

and the initial time boundary layer corrector Ry satisfies

ORy 1, .- i B2 _
W—;Ho(kr)k-vag o Z T < k)ak> 0 (2.99)

m,n=1

R2(0,z,k) = ¢o(z, k) — do(, k).

Using the probabilistic representation for the solution of (2.98) as well as the regularity of w;
and wy we obtain that
HRl(t)HLOO(A(M)) S C’)/T, 0 S t S T. (2.100)

To obtain the bound for Ry we consider RJ(t,x, k) := Rao(v*/?t,x, k). This function satisfies

8R'2Y 1/2 / a Y 8R'2Y
i~V Hy(k)k - VRS — 1/2mzn:1‘9k ( o (K k)ak:n> =0
Rg(oax)k) ¢0(‘T k) ¢0(‘T?k)
We also define RJ, the solution of
OR IR
t 1/2 mzn:1 T ( (K, k) 8kn> =0 (2.101)

Rg((),l“, k) = Qb()(I', k) - Q;U(xv k)

The uniform ellipticity of the right hand side of (2.101) on each sphere Sz_l implies, see e.g.
Proposition 13.3, p. 55 of [60] that the function Rg satisfies the decay estimate on each sphere

i Cy(d-D/4 Cryld=1)/4
HRg(t)HLOO(Sd*l) < H(d—1)/2 ||¢OHL1(Sz*1) < Hd-1)/2 ||¢O||LOO(SZ*1) (2-102)
for t € [0,T] and, similarly,
CA(d-1)/4

IVa By (Ol oo 1) < —rammyz

Furthermore, the difference ¢7 = R — Rg satisfies

9q" 1/2 777 (1)} i 9q” 1217 (1)} 5
— Hy(k)k -Vq" — g k,k = Hy(k)k - VoR2.1
q7(0,z,k) =0.

We conclude, using the probabilistic representation of the solution of (2.103), that

g7 (D) 2= (aqary) < C**tlIoll1,0
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and thus

IR (v ) | e acnryy < IR3 W) nos (aary + 167 (D)l zoe cacany)
< C (Y gollo0 + 2l goll10) -

The maximum principle for (2.99) implies that we have the above estimate for all ¢ > A3/2;

B (8) 2 anny < € (Y 6ol + 72 Vaollio) ¢ 22 (2.104)

Combining (2.92), (2.100) and (2.104) we conclude that

[w(t) = ¢ (8) || Loo(aary) < C (’YT + @D 4 71/2> Igoll1o, ¥/2<t<T, (2.105)

and thus (2.90) follows, as d > 3. This finishes the proof of Theorem 2.2.5. [J

2.5 The spatial diffusion of wave energy

In this section we consider an application of the previous results to the random geometrical
optics regime of propagation of acoustic waves. We show that when the wave length is much
shorter than the correlation length of the random medium, there exist temporal and spatial
scales where the energy density of the wave undergoes the spatial diffusion. We start with the
wave equation in dimension d > 3

1 8%

209 Ap=0 (2.106)

and assume that the wave speed has the form c(z) = co+V/dcy (). Here co > 0 is the constant
sound speed of the uniform background medium, while the small parameter § < 1 measures
the strength of the mean zero random perturbation ¢;. Rescaling the spatial and temporal
variables = 2//0 and t =t/ /0 we obtain (after dropping the primes) equation (2.106) with a
rapidly fluctuating wave speed

cs(x) = co+ Ve (%) : (2.107)

It is convenient to rewrite (2.106) as the system of acoustic equations for the “pressure”
p = ¢¢/c and “acoustic velocity” u = —V¢:

)

8—1; VY (c5(z)p) = 0 (2.108)
9

a—? +es(x)V-u=0

We will denote for brevity v = (u,p) € R¥! and write (2.108) in the more general form of a
first order linear symmetric hyperbolic system. To do so we introduce symmetric matrices Ag
and D7 defined by

As(z) = diag(1, 1,1, ¢s(x)), and D) =ej®eqr1+eq1®ej, j=1,...,d. (2.109)

Here e, € R%*! is the standard orthonormal basis: () = k-
We consider the initial data for (2.108) as a mixture of states. Let S be a measure space
equipped with a non-negative finite measure p. A typical example is that the initial data
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is random, S is the state space and p is the corresponding probability measure. We as-
sume that for each parameter ¢ € S and £,§ > 0 the initial data is given by v3(0,z;¢) :=
(—eVey(z),1/cs(x)pG(x)) and Vg(t, x; C) solves the system of equations

(A(;( Wo(x )) = 0. (2.110)

The set of initial data is assumed to form an e-oscillatory and compact at infinity family [31]
as € — 0. By the above we mean that for any continuous, compactly supported function
¢ : RY — R we have

lim hmsup/ lpv3|2dk — 0 and lim limsup/ v |[2dz — 0
R—4o00 o0+ Jik|>R/e R—4o00 -0+ Jiz|>R

for a fixed realization ( € S of the initial data and each § > 0. In the regime of geometric
acoustics the scale € of oscillations of the initial data is much smaller than the correlation
length ¢ of the medium: ¢ < § < 1.

The dispersion matrix for (2.110) is

d
P k) =3 As(a)k; DI As(a —1205 )k DI = iC5(a:)(l%®ed+1+ed+1®lZ:),(2.111)
j=1

where k = 2?21 k;jej. The self-adjoint matrix (—iP?) has an eigenvalue Hy = 0 of the
multiplicity d — 1, and two simple eigenvalues

Hi(x,k) = +cs(x)|k|. (2.112)

Its eigenvectors are

1 [k
0 _ (1L _ . _
W = (km0> m=1,...,d—1; by \f<|k| ied+1> (2.113)

where k- € R is the orthonormal basis of vectors orthogonal to k.
The (d+ 1) x (d + 1) Wigner matrix of a mixture of solutions of (2.110) is defined by

W2(t,x, k) kIO (t, 2 — —,g) “(t,o+ 2 ,c)dyu(dg) (2.114)

RdS

It is well-known, see [31, 49, 53], that for each fixed 6 > 0 (and even without introduction of
a mixture of states) when W2(¢t = 0) converges weakly in S'(R? x R%), as ¢ — 0, to

Wo(z, k) = S (, k)by (k) @ by (k) + u® (2, k)b_ (k) @ b_ (k). (2.115)
then W2 (t) converges weakly in S’(R? x R%) to
U (t, 2, k) = ul(t, 2, k)by (k) ® by (k) + ul (£, k)b_ (k) @ b_ (k).
()

The scalar amplitudes vy’ satisfy the Liouville equations:

ol + Vi HS - Voud — V. HY - Viud,
(2.116)

u% (0,2, k) = ul (x, k).
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These equations are of the form (2.11), written in the macroscopic variables, with the Hamil-
tonian given by (2.112).

One may obtain an L?-error estimate for this convergence when a mixture of states is
introduced, as in (2.114). In order to make the scale separation ¢ < § < 1 precise we define
the set

Ky = {(5,5) L |Ing| 23 < 5 < 1}.

The parameter p is a fixed number in the interval (0,2/3). The following proposition has been
proved in Theorem 3.2 of [6], using straightforward if tedious asymptotic expansions.

Proposition 2.5.1 Let the acoustic speed cs(x) be of the form (2.107) and such that the
Hamiltonian Hg(x) given by (2.112) satisfies assumptions (2.6). We assume that the Wigner
transform W2 satisfies

W2(0,z,k) — Wo(z, k) strongly in L2(R? x R?) as K,, > (¢,5) — 0. (2.117)
We also assume that the limit Wy € C2(R? x R?) with a support that satisfies
supp Wo(x, k) C A(M) (2.118)

for some M > 0. Moreover, we assume that the initial limit Wigner transform Wy is of the
form

Wola, k) = > ug(a, )Tg(k), (k) = by(k) & b(k). (2.119)
q==

Let US(t,x, k) = Z ug(t,x,k)ﬂp(k:), where the functions ug satisfy the Liouville equations
p==%
(2.116). Then there exists a constant C1 > 0 that is independent of 6 so that

W2t 2 k) = U (¢, k) 2 < C(0) (IWollprze®2" 4 2| Woll g e/ ) 4 | W2 (0) = W o,
(2.120)

where C'(0) is a rational function of § with deterministic coefficients that may depend on the
constant M > 0 in the bound (2.118) on the support of Wy.

The Liouville equations (2.116) are of the form (2.11). Therefore, one may pass to the limit
0 — 0 in (2.116) using Theorem 2.2.1 and conclude that Eui converge to the respective

solutions of

9 ~ Ol .

= — 2D (B)—= ) =+ cok - Vi 2.121
> o (WD WG ) & ok Vit (2.121)

m,n=1

ot

with the initial conditions as in (2.116). Here the diffusion matrix D(k) = [Dy, (k)] is given

by
- 1 [ 92R(cosk)

Dy (k :—/ g R0 gs, 2.122
ron () 2 J_o OxpOzp, ( )
where R(z) is the correlation function of the random field ¢i(x): E[c1(2)ci(z + 2)] = R(x).
Furthermore, it follows from Theorem 2.2.7 that there exists ag > 0 so that solutions of (2.116)
with the initial data of the form v (0, z, k) = u%. (6%, k) with 0 < @ < g, converge in the long
time limit to the solutions of the spatial diffusion equation. More precisely, in that case the
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function @ (¢, x, k) = ud (t/5%*, x/6%, k) (and similarly for u’ ) converges as § — 0 to w(t,z, k)
— the solution of the spatial diffusion equation

d

ow 0w

m,n=1
1

w(0, 2, k) = @ (k) = / a0 (e, k)dR).
Fg—1 Jga—

with the diffusion matrix a.,, given by:

) = /S hatm(R)dO(R), (2.124)

and the functions x; above are the mean-zero solutions of

I AY
— (2D, (k)22 ) = —coks. 2.12
m;—l Okm (k (k)akn ok (2:125)

Theorems 2.2.1, 2.2.5 and 2.2.7 allow us to make the passage to the limit €, ,v — 0 rigorous.
The assumption that ¢ < § <« 7 is formalized as follows. We let

Kup = {(&&V) : 0> |Ine[ 3 and 5 > 5’7},

with 0 < p < 2/3, p € (0,1). Suppose also that ud € C3(R??) and supp ui C A(M). Let
WOz, k) == ul (2, k)bi (k) @ by (k) +u’ (2, k)b (k) @ b_(k), (2.126)

and
W(t,x, k) :=wy(t,x;k)by (k) @ by (k) +w_(t,z;k)b_(k) @ b_(k). (2.127)

Our main result regarding the diffusion of wave energy can be stated as follows.

Theorem 2.5.2 Assume that the dimension d > 3 and M > 1 are fized. Suppose for some
0<pu<2/3, pc(0,1) we have, with W as in (2.126) and W2 defined by (2.114)

/ 'EWf (o, xk:) — WOz, k)
v
R2d

Then, there exists p1 € (0, p] such that for any T > T, > 0 we have

2
drdk — 0, as (¢,9,7) — 0 and (¢,9,7) € K p.

2

t
T drdk — 0, as (¢,9,7) — 0 and (¢,9,7) € Ky p,-

sup /’IEVV‘s (,,k) —Wi(t,z, k
te[T,T) S\ Ny ( )

Here W (t,z, k) is of the form (2.127) with the functions wy that satisfy (2.123) with the initial
data we (0,2, k) = ul(z, k).

The proof follows immediately from Theorems 2.2.1, 2.2.5 and 2.2.7 as well as Proposition
2.5.1.
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2.6 The proof of Lemma 2.3.5.

Given s > 0 > 0, m € C we define the linear approximation of the trajectory
L(o,s;7) := X(0) + (s — 0)H)(K (o)) K () (2.128)
and for any v € [0, 1] let
R(v,o0,s;m) := (1 —v)L(o,s;7) + vX(s). (2.129)
The following simple fact can be verified by a direct calculation, see Lemma 5.4 of [6].

Proposition 2.6.1 Suppose that s > o >0 and w € C(5). Then,
X (s) — L(o, s;m)| < D(2Ms)Vé(s — o) + / |Hy(K (p))K (p) — Hy(K (a)) K (o)|dp.

We obtain from Proposition 2.6.1 for each s > ¢ an error for the first-order approximation of
the trajectory

C(s—o0)?
26

Here 19)(0, s) := 29 (0) + (s — 0)m'®) (o) is the linear approximation between the times o and
s and

120)(5) =19 (0, 5)| < D(2M;)Vé(s — o) + § € (0,6,(M)].

Ci= sup (Mshi(Ms)+ hi(Ms))D(2M;).
5€(0,6.(M)]

With no loss of generality we may assume that x = 0 and that there exists k such that

t,bu € [t,(cp ),t,(ﬁl). We shall omit the initial condition in the notation of the solution to (2.36).
Throughout this argument we use Proposition 2.6.1 with

o(s) :=5— 8774 for some y4 € (0,1/16 A (1 —€4)), s € [t,u]. (2.130)
The aforementioned proposition proves that for this choice of ¢ we have
ILO)(0,5) —y©®)(s)] < CA0%/224, V5 e (0,1]. (2.131)

Throughout this section we denote ¢ = ¢(y@ (t1),19(t1),... ,y ¥ (t,), 1) (t,)). We assume
first that G € C%(R%) and ||G||2 < +o00. Note that

d u
GO (u)) — GO (t) = —;5 > / 0;G(I(5)) Fy 5 <5, y(éj;(s) ) l(‘”(s>> ds. (2132
J=1%

We can rewrite then (2.132) in the form I + 1?4+ 1®) | where

=1
d u S
1 y (s) y (p)
1= 5% [ [a,6a90)0,F <s,5,z<é><p> Fis (0. 55210 ) dsp,
t

@3 .1 G 2 1(6) yO(s) ) ¥ (p) )
10223 [ [o2,6a0 5 (555100 ) R (0552000 ) dsdp
t

and o is given by (2.130). Each of these terms will be estimated separately below.
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The term E[I(){]

The term I can be rewritten in the form J® + J@) where

d u
JW = = Z/ J5< L((S)fsms)’l(é)(ﬂ)) ds,

and

R(‘S)(U g,5)
2) . 7 4 (9) (8)
J? .= 53/2 g //8 G(I'(0))0y, Fjs ( ; ,l( )(J) (y; ' (s)—L;"(o,5))ds dv,

1,j=1%

(2.133)
where (see (2.128) and (2.129) for the definition of L and R) we abbreviate L® (o,s) =
L(o,s;99(),190)), R9(g,s) = R(c,s;y9(),1®(:)). We use part (i) of Lemma 2.3.2 to
handle the term E[J(V¢]. Let Xy (x, k) = —8,, Hi(x, k), Xo(x, k) = 1,

Z=6 (t?f’% e >) GV ()

and g1 = (L9 (0,5)671, 119 (5)]). Note that g; and Z are both F, measurable. We need to
verify (2.39). Suppose therefore that Z # 0. For p € [O,t,(f_)l} we have |L)(a,s) — 9 (p)| >
(2¢)~!, provided that C48%/2-274 < 1/(2q), which holds for sufficiently small §, since our
assumptions on the exponents €z, €3,74 (namely that ez, e3 < 1/8, v4 < 1/8) guarantee that

€a+ €3 < 3/4—y4/2. For p € [t,(ﬁl,a] we have
(LO(0,5) =y () - 17 (87) = (s = N H O @)D ()17 (1) (2:13)
o

(2.37)
>

> (s — o)h«(2Ms) (1 - ;) ;

provided that ¢ € (0, dp] and dp is sufficiently small. We see from (2.134) that (2.39) is satisfied
with r = (1 — 2/N) h.(2Ms)61 =74, Using Lemma 2.3.2 we estimate

B0 < D (j%@ IGILEL] / ¢ (02”8;") ds (2.135)

< CQIGIEQS Y26 (C6774) (u— 1) < CPIGIERI6(w — 1)

and C’( ) exists by virtue of assumption (2.7). On the other hand, the term J® defined by
(2.133) may be written as J(2) = J1(2) + JQ(Q), where
LY (g, s) 5 5
I = - 53/2 Z / 9,01 (0))0y, 5 ( S I090) ) 6 (9) - L (0, 9)) ds

9.7 1t
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and

2) RN
7 Z/
t

,5,k=1

x 0;GAD (o) (1 (s) — L (0, 9)) 4V (5) — L\ (5, 5)) ds dv db.

The term involving JQ(Q) may be handled easily with the help of (2.131) and Lemma 2.3.1. We
have then . 3 .
ELIDC)] < O D(@Ms)E[)|Gl1 (u — £)5~5/253 - = learea) 2 (2.137)
< 01(45)51/274’\/1474(62+63)T2(u N t)E[aHGHl

In order to estimate the term corresponding to J1(2) we write J1(2) = 1(21) + Jl(?Q), where

L=l

g@ . 1 - Sa-(; 19)(0))d,, F; LO00,5) 1 2.138
1,1 = —m Z j ( (J)) yid'j,0 37fa (U) ( : )
d

x (s = 1) o [HO D (o)) B )| ds iy

and
d u s
1 L® 0,8
13 =52 / / 0,61 (0))3,, Fy ( (:2) 105)
=1y 5
(9) .
x O H, (y 5(’)), 1© <p>|) i (p) ds dp,
with
d ~ +(8) d A
- H O (0D B (1) | = HY T (o)1) @ (p1), = 1 (1))t ) (1) (2.139)
dp1 dp1
_ d +(8) d 4
HER DI (o) | 1) = @7 o), 2 00 ) )|

We deal with J1(22) first. It may be split as J1(22) = J1(,22),1 + J1(,22),2 + Jl(?2)73, where

M, 1) (a)> (2.140)



and

i,j=1 o o

d LY (o, s N
L gurny [ EE28) 40501 ) 19 (1) | dsdp .
d,O1 )

By virtue of (2.131), definition (2.35) and Lemma 2.3.1 we obtain easily that
[B[J{350)| < O 612 Bras2eat2a)| G| T (u — £)EC. (2.141)

The same argument and equality (2.139) also allow us to estimate \E[Jl(?ﬁg ]| by the right hand
side of (2.141).
Using Lemma 2.3.1 and the definition (2.35) we conclude that there exists a constant

Cﬁf) > 0 independent of § such that

LY (g, s LY (g, s
0, Fys <s,§),z<6><a> 0 (8 L9 (0,9).19(0)) 23, 11, | ZAT 1))

< 05‘7)5172(62%3@7 i,j=1,...,d.

Therefore, we can write

B0+ 5 Y [ [E[0610@)e (1. L9w0.9.19()) (2.142)

(9) (9) N -
x 0,4, (Lfga) |l<‘”<a>|> OHy (LE;”) rl<5><o>|> i (o) c] ds dp

< Cf)dl_m—meﬁeg)(u — 1)||G|1 TEC.

With our choice of the exponents we have § < (2q)[1*'“*2(62“3)]_1 for all § € [0,d9) where
dp > 0 is sufficiently small. We apply now part (ii) of Lemma 2.3.2 with

7= 9,6V ()0 (1, L¥(0,5),19(0)) I (0) ,
Xi(x,k) =03, , Hi(x, k), Xa(x) = OpHi(x, k),

©®)(g. s ) (g
g = (Lfs’),u@(a)r) L= (Lg’p),u@(o)\) ,

r= C’I(L‘g)(p —0), TM= 01(49)(8 — ).
We conclude that

L(5) ,s) —
%02 _R1< (o 8)5

(6) N -
Lo0), |l<5><o>\> ZE‘”<a>c] dsdp

< 0(8)51,7A72(62+63)(u — t)HGHlT]Eg

(10 _ 9o _
—i—iHGHﬂE //¢1/2< )> P2 (C (285 p)) ds dp,

61




where

Ri(y, k) == E[H(y, k)OLH1(0,k)], (y,k) € R%x [0,400). (2.144)

We can use assumption (2.7) to estimate the second term on the right hand side of (2.143) e.g.
by 01(411)5(u —)||G|{EC. The second term appearing on the left hand side of (2.143) equals to

d u
0)0 (£ L (5,5),19(5) (2.145)
5 fefucreoion |

u“ [ / ot (S5 )1 ). 110 dp] 5} ds

and integrating over dp we obtain that it equals

d u
) o (; )
_]Z_:/ {H, 1O (o)) @(tk ,L(5>(a,s),l(a)(o)) Oy, R (0,|l(6>(g)|) g} ds  (2.146)

d u
(2)) (») a0 5(8) -
+;/ {H 1P (0)) @(tk 7L(5)(o,s),l(‘”(o))aij1 (5 4] (a),|z<5>(a)|) g} ds.

By virtue of (2.8) the second term appearing in (2.146) is bounded e.g. by 022)5(u—t)||GH1IE5

for some constant 01(412) > 0, thus we have shown that

d
E[3, (] Z/ {H/ o ))’; @(t;p),m)(g, s),l(5)(0)) 8, Ry (0,|l(6>(0—)\) 5} ds

(2.147)
< O §1-1a-2(ea+e) (y _ 1))\, TEL.

Let us consider the term corresponding to Jﬁ), cf. (2.138). Note that according to (2.139)
and (2.36) we have Jl(zl) = ‘]1(,21),1 + J1(,21),2’ where

LO (g, s)
e 5 ’ )
I3 = -5 E://aaﬂ )0y, Fjs ( T,l()(a)

t,y=1 t o
(9)
X (8 — pl)ri (pl, y(s(pl),l(é)(a')> ds dpl,
with

L (p,y,1) s= My () [ (L F5 (0.3.D) b= Fus (py.D)| = HY (W) (LB (poy 1)) T

while

d (6)
X (s—p1) P L (Pl, Y (p1)>l(5)(02)> ds dpy dps. (2.148)



Note that ]d%zl}\ < 01(414)5_1/ 2 for some constant C,(414) > 0. A straightforward computa-
tion, using (2.130) and Lemma 2.3.1, shows that \IE[Jl(Ql)QCH < 025)51/2—(3m+2e2+253)(u
t)|GILTE[C]. An application of (2.131), in the same fashion as it was done in the calculations
concerning the terms E[Jl(?Q)QC] and E[Jl(?gsg], yields that

522//3—P1

LI= 1t o
LY (o
x T; ()017(5) 1o )) C] dsdpy| <

For j=1,...,d we let

;G119 (), Fy 5 <3,L(6)§"’5),l<5>(a)> (2.149)

< C(16)51/2—(4’YA+2€2+263)(u —)||GILTE[C].

d

=y (Hy (W) = Ho(W)) 85, 4, 4 By = ¥, Wil

i,k=1

d

+Z (|1m1’ 1 yl,yz,y]R(y_y/7’l|)7
i=1
and also
Alt,y,y L) :==0O(,y, Lm0,y ;n), t>0y,y € R 1eR?, 7 ec, (2.150)

P = (L(é)(()', s), LY (o, pl),l(‘s)(a))7 Ps = ((5—1L(5)(0, s),0 1LY (g, pl),l(‘s)(a)> and

O(s) = O,y (),19(5):y @ (),19()).

Applying Lemma 2.3.1 and part ii) of Lemma 2.3.2, as in (2.142) and (2.143), we conclude
that the difference between the second term on the left hand side of (2.149) and

522 / / 5= B [0,GU0) (@) Ao, PYV; (P5) ] ds dpy, (2151)

=1t &
can be estimated by 01(417)57?(11 —1)||G|1E[(] for some 71(41) > 0. Using the fact that
1O (p) —10(0)| < 61214, pe o), (2.152)

estimate (2.131) and Lemma 2.3.1 we can argue that

(A(a, p)-©°

(S)‘ < 0218)(51/2—“—61 + §1/2-20ateta) ),
We conclude therefore that the magnitude of the difference between the expression in (2.151)

and
u

1 d
522/1[‘3
j:lt

(9jG(l(5)(a))@2(s) (/(s — pl)Vj(Pg)dm) 5] ds, (2.153)

(&
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can be estimated by C’(lg)&'YA (u—t)|G[LTE[(] for some 'y(Az) > 0. Using shorthand notation

(5
Q(o) == H)(1 (o)) l( )(a) we can write the integral from o to s appearing above as being
equal to

d
> (H WO @)~ B @)) 5,0 R ( —PLQ(0), rl“)(a)r)

5 s — p1
<I (@i (0) + Hy (1 o) 12 ( = Q(0),11V(0)] )] dp1,
which upon the change of variables p; := (s — p1)/d is equal to

§77A d
/‘m{EZ(Hﬁlmkﬁ)Hﬂﬂﬁw)»aiww (mQ()U (ﬂ)$V®$Wd

O ,k:1
+H (1) (o)) 1( \12 oo (m@(ax\l“)(a)\)] dpr. (2.154)

Using the fact that

Z (plcz<a>,|l<5><a>|)ié”(o)=Hé(,li%mdm (02,7 (1 Qo). 190

we obtain, upon integrating by parts in the first term on the right hand side of (2.154), that
this expression equals

d
Hy (O (@)) = (B (O )]) — Ha () )Z {5 192, R (674Q(0), 19(0)]) I (o)

07 7A

[ R (1 QO i) dp 2.155)
0

5774

HHUO D@ [ 910540, B (11 Q) NP (@)1 dpr.
0
(2.156)

Note that VR(0) = 0 and
d

7(8) _ 1 d
Z;%mb OHQ 1© (”)h(U%_H“u@@ﬂbdmawR@”Q“%W®WN)
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We obtain therefore that the expression in (2.155) equals

d
Hy(1 (@) (Hy (1 (o)) = By (1 (o)) {Z 57403, , R (57 Q(0), 19 (0)]) (o)
i=1
—~Hy([1(@)) 70, R (57 Qo). 119 (o)) (2.157)
a A
+Hy(10(o Y / 019340, R (01 Q(0), 19(0)]) dp.

Recalling assumption (2.8) we conclude that the expressions corresponding to the first two

3)

. . . (3) ..
terms appearing in (2.157) are of order of magnitude O(674 ") for some v’ > 0. Summarizing
work done in this section, we have shown that

sz Z/C 1) (0))8%(5)9,G(19 (o)) ds

5} < 5 (u — 1) G| T2EL

(2.158)
for some constants C’g ),71(44) > 0 and (cf. (2.144))

8y, R (0, [1])

Ci(1) = E;(1, 1)) + AT

d T
E;(1,k)

1631 YiYj ( 1H6(k)i7k) dpl, ] == 1, e ,d,

The terms E[I(Q)f] and E[[(3)§]

The calculations concerning these terms essentially follow the respective steps performed in
the previous section so we only highlight their main points. First, we note that the difference
between E[I(?){] and

5 Z // 8 G )8@ ( y(ég(s),l(é)(0)> E,& (ﬂ, y(ajg(p)jl(é)(o_)> 5] dep

1,j=1
(2.159)
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is less than, or equal to C( D (u—1)||G|LE[(], cf. (2.152). Next we note that (2.159) equals

©)(y. s ®) (o )
; Z / / 0,61 (0))01, F, ( Lf;’),l@(a)) Fis (p,Lgm%) c] dsdp

J/ZE

)

d
ol
x F (p Lo p ),l@)(a)) 0\ (s) = L (o, s))fl ds dp dv
d
j, k=

1
T

=y

40

(%)
9 G (0))y, 0y, Fis ( R“{;m,l@ <a>> (2.160)

’ d

JiJ"

(6) -
% 0y Fis (p, W,z@(a)) w00 - Lo, p>><] ds dpdv.

=

17]

(9)
0,C 1% (0))01,Fy ( AU <a>>

1 o

J

A straightforward argument using Lemma 2.3.1 and (2.131) shows that both the second and

third terms of (2.160) can be estimated by 0223)51/2*(3“*262*263)(u —1)||G|\T?E[C]. The first
term, on the other hand, can be handled with the help of part ii) of Lemma 2.3.2 in the same

fashion as we have dealt with the term J1(,22),1a given by (2.140) of Section 2.6, and we obtain
that

{ {1(2 Z/ 0% (s) + Ji(s:9 (), l“)(-))@(s)) ajG(l<5>(a))ds] 5}

J=1%
(2.161)
(6) >
< OV (u— )| GIL TELC)
Here 9, Ra(0.1)
D(l) = 22l Ry(y, 1) = B[O (y, 1) Hy (0, 1)], (2.162)
Hy (1)
: i
Ti(s:90 (). ZGZ (), 19 (o)),
Bils) = ali@<s,y<‘”<s>,l< ()50 (), 10()).
Finally, concerning the limit of E[/ (3)5], another application of (2.131) yields
B0 - 7] < F 0 (w = 1) G EL], (2.163)

where

u s ®) o ~
= ;//E{azz,]G(l(a)(U))Fjﬁ (S,L((SO-’S)’Z(‘;)(O')> E,(g <p7LESO-’p)7l(5)( )) <}d8dp
t o

Then, we can use part ii) of Lemma 2.3.2 in order to obtain
u

d
Z/ 0), 19 (0))8" ()92, GV (0)) ds| < CEVSK (u — )| G| TELC),

(2.164)
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Next we replace the argument o, in formulas (2.158), (2.161) and (2.163), by s. This can
be done thanks to estimate (2.152) and the assumption on the regularity of the random field
Hiy(+,-). In order to make this approximation work we will be forced to use the third derivative
of G(-).

Finally (cf. (2.144), (2.162)) note that

VyRi(0,1) + VyR(0,0) =V E[oH:(y,l)H1(y,1)] = 0.

y |y=0

Hence we conclude that the assertion of the lemma holds for any function G € C3(R%) satisfying
IG|l3 < +o0. Generalization to an arbitrary G € C;’l’g([(), +00) x R?d) is fairly standard. Let
ro be any integer and consider si :=t + k:ral(u —t), k=0,...,r9. Then

B {6,y (1)1 () - G(t,5 (6), L @)]¢} (2.165)

Using the already proven part of the lemma we obtain

ro—1
> E{ [N (Go, ™ (s1),)) = Ry (Gl y® (50, DIC| (2.166)
k=0

(9) ~
< P55 (u — 1)||G111 5T?EL.
On the other hand, the second term on the right hand side of (2.165) equals

ro—1 Sk+1
Y E / {@, +
k=0

Sk

HY (19 (p)]) + V3oL H, (W |l<5><p>\>] i) vy} (2.167)

x G(p,y"(p), l(‘”(sk))fdp}

The conclusion of the lemma for an arbitrary function G € C’; 13([0,400) x R24) is an easy
consequence of (2.165)—(2.167) upon passing to the limit with ro — +oo. O
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Chapter 3

The parabolic regime

The geometric optics regime described in the previous chapter fails when inhomegeneities of
the random medium vary on a scale comparable to the wave length. Then the ray theory no
longer applies and kinetic description in terms of the Fokker-Planck equation is not applicable.
Wave direction undergoes not a continuous diffusive process in the angular variable but rather
becomes a jump process. This is the regime of radiative transfer when angularly resolved
energy obeys an equation of the form

W (t,z, k)

- +cl%-vwW(t,x,k):/a(k,p)W(m,p)dp—z(x,k)vv(x,k).

The differential scattering cross-section o(k,p) and the total scattering cross-section X(z, k)
are determined in terms of the properties of the random medium. The derivation of the
macroscopic transport equations from the microscopic wave equations is a very difficult and
to a great extent open problem. We will consider in this section the simplest case when
fluctuations are “time-dependent” — this dramatically reduces the complexity of rhe problem.

3.1 Derivation of the parabolic wave equation

Let us consider the scalar wave equation for the pressure field p(z, z,t):

1 0%

= TP _Ap—o. 1
2(z,x) Ot? p=0 (3:-1)

Here c(z,z) is the local wave speed that we will assume to be random, and the Laplacian
operator includes both direction of propagation, z, and the transverse variable z € R%. In the
physical setting, we have d = 2. We consider dimensions d > 1 to stress that the analysis
of the problem is independent of the number of transverse dimensions. If we assume that at
time ¢ = 0, the wave field has a “beam-like” structure in the z direction, and if back-scattering
may be neglected, we can replace the wave equation by its parabolic (also known as paraxial)
approximation [59]. More precisely, the pressure p may be approximated as

p(z,z,t) =~ / e (TO0RtTR2) (2 2. k) eodrs, (3.2)
R
where the function i satisfies the Schrédinger equation

Qng—f(z, z, k) + Aptp(z, 2, k) + K2(n?(z,2) — D)Y(z,2,k) = 0,
¥(z=0,z,K) = Yo(z, k),

(3.3)
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with A, the transverse Laplacian in the variable z. The index of refraction n(z, z) = c¢o/c(z, ),
and ¢ in (3.2) is a reference speed.

A formal justification for the above approximation goes as follows. We start with the
reduced wave equation

Ap+ k*n?(z,2)p =0, (3.4)
and look for solutions of (3.4) in the form p(z, ) = €***3(z, z). We obtain that
82
4 AN zmai’ + A+ K2(n? — 1) = 0. (3.5)

The index of refraction n(z, x) is fluctuating in both the axial z and transversal = variables

and thus has the form
n?(z, )—1—20V<lz f)

where V' is a mean-zero random field, and where [, and [, are the correlation lengths of V' in
the transverse and longitudinal directions, respectively. The small parameter ¢ measures the
strength of the fluctuations.

We now introduce two macroscopic distances of wave proapagation: L, in the z-plane and
L, in the z-direction. We also introduce a carrier wave number xg and replace Kk — Kok, K NOW
being a non-dimensional wavenumber. The physical parameters determined by the medium
are the length scales [, [, and the non-dimensional parameter o < 1.

We present the relationship between the various scalings introduced above that need be sat-
isfied so that wave propagation occurs in a regime close to that of radiative transfer. Equation
(3.5) in the non-dimensional variables z — z/L,, * — x/L; becomes

1 0%  2ikkg 81/} zL, :CL
Let us introduce the following parameters
Iy I, 1 1
52? = 52 = —, r = 5 7z = 5 3-7
L, L, B Kol K kol ( )
and recast (3.6) as
0% ¢ 22 2k20 z T
50 2iK % LA — — = =0. .
g 2 4 et = IV (25 Y=o 35

Let us now assume the following relationships among the various parameters
0y =0, < 1, 72:73 <1, oc=9%\V0s, ¢€=0,. (3.9)
Then (3.8), after multiplication by £/2, becomes

£2 §2
V:€” 0 ¢ 3¢ 2
A NG ( e =o. 3.10
We now observe that, when x = 0(1) and 7, < 1, the first term in (3.10) is small and
may be neglected in the leading order since |¢2¢),,| = O(1). Then (3.10) becomes
o 2
i/ﬁs—w + E—Axw — k2\EV (E, {) =0 (3.11)
0z 2 e e
which is the parabolic wave equation (3.3) in the radiative transfer scaling. The rigorous
passage to the parabolic approximation in a three-dimensional layered random medium in a
similar scaling is discussed in [1].

69



Exercise 3.1.1 (i) Show that the above choices imply that
le <.

Therefore the correlation length in the longitudinal direction z should be much longer than in
the transverse plane x.
(ii) Show that

Ly

Iz

The latter is the usual constraint for the validity of the parabolic approximation (beam-like

structure of the wave).

In the above scalings, there remains one free parameter, namely v, = [2/I2, as one can

verify, or equivalently
L, I

L. L
where 1 > 0 is necessary since L, < L,. Note that as n — 0, we recover an isotropic random
medium (with I, = [,) and the usual regime of radiative transfer. The parabolic (or paraxial)
regime thus shares some of the features of the radiative transfer regime, and because the
fluctuations depend on the variable z, which plays a similar role to the time variable in the
radiative transfer theory, the mathematical analysis is much simplified.

e, n >0, (3.12)

3.2 Wigner Transform and mixture of states

We want to analyze the energy density of the solution to the paraxial wave equation in the
limit € — 0. Let us recast the above paraxial wave equation as the following Cauchy problem

Y. €2 9 z x B
5 A RVE (2 7) ve =0

e (0, 2) = Y2(;C).

1ER

(3.13)

Here, the initial data depend on an additional random variable  defined over a state space S
with a probability measure dw((). Its use will become clear very soon.

Let us define the Wigner transform as the usual Wigner transform of the field 1. averaged
over the space (5, dw(()):

oy, (z v — %y; g) e <z -+ %y; g) (2‘?)ddw(g). (3.14)

We(z,z, k) = /
Rix S
We assume that the initial data W.(0,z, k) converges strongly in L?(R? x RY) to a limit
Wo(x, k). This is possible thanks to the introduction of a mixture of states, i.e., an integration
against the measure w(d¢). This is the main reason why the space (S, dw(()) is introduced.
Note that the Wigner transform of a pure state (e.g. when w(d§) concentrates at one point
in S) is not even bounded in L?(R??) uniformly in ¢ unless 1. converge strongly to zero in L?
as € — 0. Indeed, if we set

Welu, v](z, k) = /Rd eik'qu (x — %) Ve (33 + %) (;f./)d

then we have )
[ Wl ) )t = gl 0l ey (315)
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We thus need to regularize the Wigner transform if we want a uniform bound in L?(R¢ x R9).
This may be achieved by taking random initial data as we did here. We will come back to the
effect of not regularizing the Wigner transform at the end of the chapter.

We verify that the Wigner transform satisfies the following evolution equation

ow, 1 K ip- p p dv (g,p)
Lvow = [ v (k- Py —woik s By N .
0z ﬂk TUE e Rde < (k 2) (k 2)> (2m)d (3-16)

Here, V (2, p) is the partial Fourier transform of V(z,z) in the variable z. The above evolution
equation preserves the L2(R? x R?) norm of W.(t,-,):

Lemma 3.2.1 Let W.(t,z,k) be the solution of (3.16) with initial conditions W.(0,z, k).
Then we have

||W5(t, ‘y ‘)HLQ(RdXRd) == ||Wg(0, ‘y ')HLQ(RdXRd), fOT’ all t > 0 (317)

Proof. This can be obtained by integrations by parts in (3.16), in a way that is similar
to showing that (3.13) preserves the L? norm. This can also be obtained from the definition
of the Wigner transform in the same way as (3.15) is obtained, and using the preservation of
L%morm by (3.13). O

3.3 Hypotheses on the randomness

We describe here the construction of the random potential V(z,z). Our main hypothesis is
to assume that V(z,x) is a Markov process in the z variable. This is gives us access to a
whole machinery relatively similar to the one used in the previous chapter. The Markovian
hypothesis is crucial to simplify the mathematical analysis because it allows us to treat the
process z — (V(z/e,x/e), We(z,z, k)) as jointly Markov.

In addition to being Markovian, V'(z, z) is assumed to be stationary in x and z, mean zero,
and is constructed in the Fourier space as follows. Let )V be the set of measures of bounded
total variation with support inside a ball By, = {|p| < L}

Y = {V : / |dV| < C, supp V C Br, V(p) = V*(—p)} , (3.18)
Rd

and let V(z) be a mean-zero Markov process on V with infinitesimal generator Q. The random
potential V' (z,z) is given by

Vz,z) = /Rd d‘(;(;)’f)eip"”. (3.19)

It is real-valued and uniformly bounded; |V (z,z)| < C. The correlation function R(z,z) of
V(z,x) is

R(z,z) =E{V(s,y)V(z+s,2+y)} for all z,y € R% and z,s € R. (3.20)

In the Fourier domain, this is equivalent to the following statement:
B{(7(). )V +2).0)} = )" | dpRE 9w, (3:21)

where (-, -) is the usual duality product on R? x R?, and the power spectrum R is the Fourier
transform of R(z,x) in :

R(z,p) = /Rd dze”PTR(z, ). (3.22)
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We assume that R(z, p) € S(R xR%), the space of Schwartz functions, for simplicity and define

R(w,p) as

~

R(w,p):/Rdze_sz(z,p), (3.23)

which is the space-time Fourier transform of R.

We now make additional assumptions on the infinitesimal generator so that the Fredholm
alternative holds for the Poisson equation. Namely, we assume that the generator @) is a
bounded operator on L*° (V) with a unique invariant measure 77(17), i.e. a unique normalized
measure such that Q*7 = 0, and assume the existence of a constant o« > 0 such that if
(g, ) =0, then

le gl < Cligllngpe (3.24)

The simplest example of a generator with gap in the spectrum and invariant measure 7 is a
jump process on V where

Qg(V) = /

g(W)dr (V1) — g(V), / dr(V) = 1.
v %

Given the above hypotheses, the Fredholm alternative holds for the Poisson equation

Qf =g, (3.25)

provided that g satisfies (7, g) = 0. It has a unique solution f with (m, f) = 0 and [|f||Le <
Cllgll rge- The solution f is given explicitly by

f(V)=- /0 - dre™@g(V), (3.26)

and the integral converges absolutely thanks to (3.24).

3.4 The Main result

Let us summarize the hypotheses. We define W.(z,z,k) in (3.14) as a mixture of states of
solutions to the paraxial wave equation (3.13). We assume that W, (0, z, k) converges strongly
in L2(R2%) to its limit Wy (0, z, k). We further assume that the random field V (z, z) satistifies
the hypotheses described in Section 3.3. Then we have the following convergence result.

Theorem 3.4.1 Under the above assumptions, the Wigner distribution W, converges in prob-
ability and weakly in L*(R??) to the solution W of the following transport equation

ﬁagz/ + k- VW = kLW, (3.27)
where the scattering kernel has the form
5[ Ip1? — 1k[? dp
_ _ _ , 2
LW (2, ) / R< =) (W) - W) ) 5 (3.28)

Rd

More precisely, for any test function A € L?(R??) the process (W.(z),\) converges to (W (2), \)
in probability as € — 0, uniformly on finite intervals 0 < z < Z.
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Note that the whole process We, and not only its average E{W.} converges to the (deter-
ministic) limit W. This means that the process W is statistically stable in the limit e — 0. The
process W.(z,x, k) does not converge pointwise to the deterministic limit: averaging against
a test function A(x, k) is necessary.

The next section is devoted to a proof of the theorem. We first summarize the main ingre-
dients of the proof. Recall that the main mathematical assumption is that V(z,z) is Markov
in the z variable. Let us set L > 0 and consider z € [0, L]. Then (V(z/e,x/e), We(2,x,k)) is
jointly Markov in the space V x X', where X = C([0, L|; Bw ), where By = {||W|]2 < C} is an
appropriate ball in L?(R? x R%).

Step 1. Evolution equation and random process. Since k plays no role in the deriva-
tion, we set k = 1 for simplicity. Recall that W, satisfies the Cauchy problem

oW,
0z

with W.(0,z, k) = W2(z, k), where

+k- vxwa = £6W€7

-z
dv(=,p)
— 1 g’ ip-x/e b p
LWe=i | a5 Wt k= 5y = Wtk + 5] (3.29)

The solution to the above Cauchy problem is understood in the sense that for every smooth
test function A(z,z, k), we have

(V- AE) = W2 AO) = [ 0000), (5 + - T £2) AN

Here, we have used that L. is an anti-self-adjoint operator for (-,-). Therefore, for a smooth
function Ao(z, k), we obtain (We(2),\o) = (W2, A.(0)), where \c(s) is the solution of the

backward problem
O)e

Os
with the terminal condition Ac(z,z, k) = Ao(x, k).

+k-Vide + LAA(s) =0, 0<s< 2,

Step 2. Tightness of the family of eé—measures. The above construction defines the
process W.(z) in L?(R??) and generates a corresponding measure P. on the state space
C([0, L]; L?(R?)) of continuous functions in time with values in L?. The measure P: is ac-
tually supported on paths inside X defined above, which is the state space for the random
process W.(z). With its natural topology and the Borel o—algebra F, (X,F, P.) defines a
probability space on which W,(z) is a random variable. Then Fy is defined as the filtration of
the process We(z), that is, the filtration generated by {W.(7),7 < s}.

The family P. parameterized by €9 > € > 0 will be shown to be tight. This in turns implies
that P. converges weakly to a limit probability measure P. This means that we can extract
a subsequence of P., still denoted by P:, such that for all bounded continuous functions f
defined on X, we have

EPe{f};/ f(w)dPE(w)—>/ f(w)dP(w) =EX{f}, as e — 0. (3.30)
X X
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Step 3. Construction of a first approximate martingale. Once tightness is ensured,
the proof of convergence of W, to its deterministic limit is obtained in two steps. Let us fix
a deterministic test function A(z,x,k). We use the Markovian property of the random field
V(z,x) in z to construct a first functional Gy: X — C[0, L] by

# oA
GAIWI(2) = (WNG) = [ (52 4 k- Tod+ LX) Q. (3.31)
0
Here, £ is the limiting scattering kernel defined in (3.28). We will show that G is an approx-
imate P.-martingale (with respect to the filtration F;), and more precisely that

[E"= {GA[W](2)|Fs} — GA[W](s)] < Ca Lz (3.32)

uniformly for all W € X and 0 < s < z < L. The two convergences (3.30) and (3.32) (weak
against strong) show that

E” {GA[W](2)|Fs} — GA[W](s) = 0, (3.33)

which implies that G»[W] so constructed is a P-martingale. Taking s = 0 above, we obtain
the transport equation (3.27) for W = E¥ {W(2)} in its weak formulation.

Step 4. Construction of a second approximate martingale and convergence of

the full family of e—measures. So far, we have characterized the convergence of the first

moment of P.. We now consider the convergence of the second moment and show that the

variance of the limiting process vanishes, whence the convergence to a deterministic process.
We will show that for every test function A(z,x, k), the new functional

GaalWI(2) = WN(:) =2 [ (WO G+ TA+ LN (339

is also an approximate P.-martingale. We then obtain that
EP {(W,\)?} — (W, \)2 (3.35)

This crucial convergence implies convergence in probability. It follows that the limit measure
P is unique and deterministic, and that the whole sequence P. converges.

3.5 Proof of Theorem 3.4.1

The proof of tightness of the family of measures P. is postponed to the end of the section
as it requires estimates that are developed in the proofs of convergence of the approximate
martingales. We thus start with the latter proofs.

3.5.1 Convergence in expectation

To obtain the approximate martingale property (3.32), one has to consider the conditional
expectation of functionals F'(W, V) with respect to the probability measure P. on the space
C([0, L]; V x Bw) generated by V(z/¢) and the Cauchy problem (3.16). The only functions we
need consider are in fact of the form F(W, V) = (W, AX(V)) with A € L>®(V; ([0, L]; S(R2%))).
Given a function F(W, V) let us define the conditional expectation

e PV} () =B [PV (), V) W) =WV () =V}, 722
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The weak form of the infinitesimal generator of the Markov process generated by P. is then

given by
dW% Ao} een Lo+ (w (2 kv, + i, D) a
where the operator I is defined by
N 1 dV . P P

Koo b V) =1 [ e [ k-5~ venh+ 5] a1

The above equality implies that
A # 1 0 1 AT
e __ _ _ _ . - —
= A - [ (W (er ke ok R )N ) s (339

is a P.-martingale since the drift term has been subtracted.
Given a test function \(z,z, k) € C1([0, L]; S) we construct a function

Ae(z,2,k, V) = Nz, 2, k) + VeX (2,2, k, V) + eXs(z, 2, k, V), (3.39)

with Af () bounded in L*°(V; L?(R?d)) uniformly in z € [0, L]. This is the method of per-
turbed test function. Rather than performing asymptotic expansions on the Wigner trans-
form itself, which is not sufficiently smooth to justify Taylor expansions, we perform the
expansion on smooth test functions.

The functions Af 5 will be chosen to remove all high-order terms in the definition of the
martingale (3.38), i.e., so that

1G5.(2) = GA(2) L= (v) < Cav/e (3.40)

for all z € [0, L]. Here G_ is defined by (3.38) with A replaced by A., and G} is defined by
(3.31). The approximate martingale property (3.32) follows from this.
The functions A] and A5 are as follows. Let Ai(z,x,n,k,V) be the mean-zero solution of

the Poisson equation
kE-Vy 4+ QM = —KA. (3.41)

It is given explicitly by

1 dV (D) ir(keop)si(n. p D
- rQ 2P A ir(kp)+i(n-p) N £
Mz, x,m,k, V) = ’L/o dre /d (27r)de [)\(z,x,k 2) A(z,ac,k:%—z)}.
(3.42)

Then we let )\6( xz, k,V ) = M(z,z,z/e, k, V). Furthermore, the second order corrector is
given by A5(z, 2, k, V) = Xao(z, 2,2 /e, k, V) where Xo(z,x,7, k, V) is the mean-zero solution of

k - Vn)\Q + Qlo =LA — KA, (3.43)
which exists because E {ICA\1} = LA, and is given by

oz, 2,0, k, V) = —/ dre’? [E)\(z,:z,k:) — [KM(z,z,m + 1k, k, V)] .
0

Using (3.41) and (3.43) we have
d _p.
% W,V .z

1
VE

:<m<(§z+k-v>)\+£)\>+< (g ke V) (VBN + 229) + VBRIV, 5 )
)

:<W(8+k-v >)\+£)\
0z

{W )} (z+h)

<W,< +k-V,+ IC[V,:H;Q) (A+\@/\i+a/\§)>

+VE(W, (),
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with 3 3
A _ [ Y . 5 e . 5 ¥ E €
CE—(8Z+/< V$>A1+\/E(8Z+k v$> 2+IC[V,€])\2.

The terms k- Vg A] 5 above are understood as differentiation with respect to the slow variable
x only, and not with respect to n = z/e. It follows that G5, 1s given by

5.(2) = (W(2),A:) —/st<W, (i+k.vx+z> )\> (s)—\/E/OZdSO/V,CE)‘)(S) (3.44)

0

and is a martingale with respect to the measure P. defined on D(]0,L]; X x V), the space of
right-continuous paths with left-side limits [11]. The estimate (3.32) follows from the following
two lemmas.

Lemma 3.5.1 Let A € C'([0, L]; S(R?*?)). Then there exists a constant Cy > 0 independent
of z € [0, L] so that the correctors \j(z) and N\5(z) satisfy the uniform bounds

AT () Lo vip2) + 122 (2) | (vs2y < O (3.45)
and
0Ai(2) . X5 (2) .
. ' e |
|52 k- vexi )| - | %22 + 5 mQ(z)HLm(V;Lz) <, (3.46)

Lemma 3.5.2 There exists a constant Cy such that
IKIV, 2/l p2mp2 < C
for any V €V and all e € (0,1].

Indeed, (3.45) implies that [(W,A) — (W, \.)| < Cy/z for all W € X and V € V, while
(3.46) and Lemma 3.5.2 imply that for all z € [0, L]

1€ (2) 12 < C, (3.47)

for all V € V so that (3.32) follows.

Proof of Lemma 3.5.2. Lemma 3.5.2 follows immediately from the definition of X, the
bound (3.18) and the Cauchy-Schwarz inequality.

We now prove Lemma 3.5.1. We will omit the z-dependence of the test function A to
simplify the notation.

Proof of Lemma 3.5.1. We only prove (3.45). Since A € S(R??), there exists a constant
C so that

C)

(14 [ (1 + [k[>)
The value of the exponents 5d is by no means optimal, and is sufficient in what follows. Then
we obtain using (3.18) and (3.24)

Az, k)| <

N (z,2,k, V)| =C 5

/ drerQ/ AV (p)eirkp)tilep)/e [)\(z,:c, k — g) — Az, 2, k+ E)} ‘
R4

0
<o [ areor ? P p
< re”“sup | |dV(p)| |IMz, 2,k — )|+ [Nz, 7,k + 3
0 V ]Rd 2 2

C
= T PO+ (] = LPxpgmsr (£)
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and the L2-bound on \; follows.
We show next that A5 is uniformly bounded. We have

. o0 1 dv () i
€ _ rQ _ = SV \F ip-(x/e+rk)
A5 (x, k, V) = _/0 dre [E/\(x,k) : /Rd an) e

X {Al(x,g—l—rk,k— g,f/) —Al(x,g—i-rk,k—i-g,f/)“ .

The second term above may be written as

1 [ dV(p) , . .
. /d (%@ew/ew [Al(x, g Yok k- g, V) - Mz, g Yk, k o+ g, V)]
R
_ _/ dV(p) eip-(z/s+rk) /OO dsesQ/ dV(Q) eis(kfp/2)-q+i(ac/s+rk)-q
Rra (2m)7 0 Rra (2m)¢
p q P q
x Mo k=2 - )~ A k- L+ )]
_|_/ dV(p) eip-(z/s+rk) /oo dsesQ/ dV(q) 6is(k+p/2)-q+i(m/s+rk)-q
ra (2m)7 0 Rra (2m)¢
p q q
X [)\(.I’,k’—i-i - 5)—)\(1',]€+*+§):|

Therefore we obtain

|)\§(x,k,f/)\ §C/ dre=°" [\E)\(x,k)\+sup/ dV(p)]/ dse”“*su / \dffl(q)|
0 v JRd 0 7, JRd

\ %1

p q p 9 p q p 9
(k=2 =D k=L D ek D = DAk L+ D)

1
< |Jexe D1+ G G D)
and the L2-bound on A5 in (3.45) follows because the operator £ : L? — L? is bounded. The
proof of (3.46) is very similar and is left as a painful exercise.

Lemma 3.5.1 and Lemma 3.5.2 together with (3.44) imply the bound (3.40). The tight-
ness of measures P given by Lemma 3.5.4 implies then that the expectation E{W.(z,z,k)}
converges weakly in L?(R??) to the solution W (z,z,k) of the transport equation for each
z € [0, L].

3.5.2 Convergence in probability

We now prove that for any test function A the second moment E {(WE, A)Q} converges to
(W, A)2. This will imply the convergence in probability claimed in Theorem 3.4.1. The proof
is similar to that for E {(W.,A\)} and is based on constructing an appropriate approximate
martingale for the functional (W ® W, u), where p(z,x1,k1,x2,k2) is a test function, and
W @ Wz, x1, k1,29, ko) = W(z,21,k1)W (2, 22,k2). We need to consider the action of the
infinitesimal generator on functions of W and V of the form

F(W, V) = (W (1, k)W (z2, ka), (2, 21, k1, w2, ka, V) = (W @ W, u(V))

where p is a given function. The infinitesimal generator acts on such functions as

A gh {w e w.u()} +h

1
dh WV .z = (W W.QN) + (W © W, Hzu), (3.48)

h=0
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where

2 .
1 N .
€, — . - J . . A4
S ;:1 7/@ {V, J/Hk Vi bt (3.49)
with )
KalVomlu=7 [ V@™ [l =5 k) =t + 5 1)
1 Rd 2 2
and
1 5 (N (D) p
KalVymlu =5 [ V)™ ke, ks = ) — ik by 4 5)]
1 R4 2 2
Therefore the functional
2. __ ¥y
G2 = (W @ W, u(V))(2) (3.50)
—/Z W@W(1Q+3+k1 Voo + by - Vi, + —=(Ka [V, DY KGIT, ) ) ) (5)ds
0 ) c a 1 2 f ’ €

is a P° martingale. We let u(z,z,K) € S(R** x R?%) be a test function independent of V,
where x = (r1,22), and K = (k1, k2). We define an approximation

M6(27x7 K) = M(Z,l',K) + \/‘g,ul(zvxv .’L'/E, K) + €/_L2($,$/€, K)

We will use the notation uj(z, z, K) = pui(z,z,z/e,K) and p5(z, x, K) = pa(z, z, x/e, K). The
functions p; and pg are to be determined. We now use (3.48) to get

2
D, = Eyv . (WeW, (V) (z + h) = é <W® W, | Q-+ ij Vi L13>51)

dh ’h:O o

2 2
+\2 <W®W, QI KV |+ YK [V M>

J=1 Jj=1

2
+<W®W, Q+> K-V, u2+ZIC [Vn}ulnLa—JerJ W>

j=1 j=1

+\[<W®WZIC [Vn},ug—i— —+Zk Vi (M1+\/5M2)>-

7=1

The above expression is evaluated at 1; = x;/e. The term of order e~ 1 in D, vanishes since
1 is independent of V and the fast variable 7. We cancel the term of order e~'/2 in the same
way as before by defining 4, as the unique mean-zero (in the variables V and n = (11,72))
solution of

2 2
(Q+Zkﬁ'-an)p,ﬁZICj[V,nﬂ}u:o. (3.52)

j=1 j=1
It is given explicitly by
(e, n, K, V) = / dre’"Q/ av (p)e D) [y, — £oka) = pulky + g,l@)}
R

1
{
1 ,

/ drerQ/ dV (p)e'rk2p)+i0mp) [#(k‘l, ko — E) — ulky, kg + 2)} .
1 R 2 2
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When p has the form p = A® A, then pq has the form p; = A\ ® A+ A® A1 with the corrector
A1 given by (3.42). Let us also define pg as the mean zero with respect to my solution of

2 2 2
(Q+ DK V)2 + DK (Vo | = 321 [V, (3.53)
=1 j=1 j=1
where f = [ dnry f. The function us is given by
o
//JQ(:L‘a’r/aK?V) = / dre"“Q [’Cl[Vﬂh +7’]€1]:U’1($777+TK5K) (354)
0

— K1V, m + rkalpa)(z,m + 7K, K, V)]

— / dre™@ [ICQ[V, ko + rno)pi(x,n + 1K, K)
0

- [K:2[V7 T2 + TkQ],ul](xa n + ’I”K, Ka V)] .

Unlike the first corrector p;, the second corrector ps may not be written as an explicit sum of
tensor products even if p has the form p = A ® A because py depends on V.
The P¢-martingale Gi’f is given by

5 z 0
G2 = (W W, u(V))(2) — /O <W ® W, (— + k1 Va, + ko Vi, + ﬁ%)u> (s)ds

0z
~VE [ oW s, (3.55)
0
where (% is given by
2 o 0 .
G=2 K [V s | 5+ DM Vi | (i VERD)
j=1 j=1
and the operator L5 is defined by
1 e ~ , py.
g/L: _d/ d?" dpR(T7p) [ezr(kl—’—g)p()u(zaxlakthak2) _M(za$1ak1 +pa ZEQ,]{}Q))
(2m)¢ Jo R4

76”(]“7%).])(/’6(2’ x1, kl — Db, X2, k2) - #(27 T1; kl’ T2, k2))i|

r . Jwg—x) irko-
P T TR P (2, Ry + B xo ke — B) — plz, @, k4 B mo, ke +

r . k‘ . .xl—acQ.
+ | P TP (2w ke — B ao, ke + §) — plz, wn k — B ao, ko —

r]—T

< 2‘p(p(z,x1,k‘1 + %,SUQ,]{?Q + g) —p(z, 1, by + %,SUQ,]{?Q — %

irky-p+i

P
2
—ev e (u(z, 21, k1 — 5,20, ke — 8) — p(z, 21, k1 — 5,20, k2 + 5)
p
2

e R AR P (12, @y, Ky, g, k) — p(z, 21, k1, T, ko 4 D))

_eir(k27g).p(ﬂ(z’ X1, klu T2, k? - p) - M(Z7 X1, k;lv T2, k2)):| .
(3.56)
We have used in the calculation of £5 that for a sufficiently regular function f, we have

dA(Q) - re’? % r = - T R(r r.p, —
LG [ e [ v ,p,q>]— | [ R sep. -

The bound on ¢ is similar to that on Cé\ obtained previously as the correctors pi5 satisfy the
same kind of estimates as the correctors A;:

E
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Lemma 3.5.3 There exists a constant Cy, > 0 so that the functions ui, obey the uniform
bounds

17 (2) || 2 (r2ay + |45 2 (r2a)y < Cs (3.57)

and

Haualz +Zk Vi, 1 (2 )’ 8“5 +Z/~€ Vi 15(2 )’

Cu,  (3.58)

L2 (RQd) ’ ’ L2 (R2d) -

for all z € [0,L] and V € V.

The proof of this lemma is very similar to that of Lemma 3.5.1 and is therefore omitted.

Unlike the first moment case, the averaged operator L5 still depends on €. We therefore do
not have strong convergence of the Pe- martingale G to its limit yet. However, the a priori
bound on W, in L? allows us to characterize the hm1t of Gua and show strong convergence.
This is shown as follows. The first and last terms in (3.56) that are independent of & give the
contribution:

) p2_k2
E2M / dT/d |: np— k;l) : (:u(zaxlapu'l?a k?) - M(zv$1vkl)x27k2))
R
2
+R(r, k1 — pe ir L3 (2, w1, p1, 72, k2) — p(z, 21, k1, 22, K2))
~ . p —k2
FR(z,p — k)€™ 7 (u(z, 21, by, w2, p) — iz, 1, k1, T2, ko)

2_ 2

~ . k5—p
+R(Z, k2 _p)el?“ 22 (M(Z,l’l,k‘l,%g,p) - M(vala klax%k?))

d R 2—/{32
:/Rd (27-(1-))dR(p 2 l)p_kl)(,u(z,l'l,p,[[?Q,kQ)—M(Z,$1,k1,$2,k2))

2 12
5 2 p — ko) (u(z, 1, k1, w2, p) — p(z, 21, k1, 22, k2)).

+R(2

The two remaining terms give a contribution that tends to 0 as ¢ — 0 for sufficiently smooth
test functions. They are given by
2 -p)

(L5 — Lo)p 2 / d?“/ dpR r,p) 22 firks-p + eirkrp—&-ixl_‘”
) R

(2’73317k1+2 x2, ko + w(z,x1, k1 + = 3327132—2))

2’ 2
.p)

x27k2 - g)_ lu’(27x17k1 - 57(1}'2,]{32 + §)>:| .

X (u 5 -
2
+ (eip- 22- 21 firky-p + ek piTAZT2

X M(Z,.’L'l,k?l—g,

We have . 3
R(Z,p) = R(_Zv _p) >0

by Bochner’s theorem. Since (£§ — £2) and A are real quantities, we can take the real part of
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the above term and, after the change of variables r — —r and p — —p, obtain

(L5 — L) 2 / dr/ dpR r,p) cos(p - T2 _xl)(eiTk2~p+eirk1-p)
) R
X(M(z,xl,k‘1+§,x2,k2+ =)+ w(z,z1,k1 — 3 1;2,]4;2 ]29)
_M(Z"Il?kl +gvm27k2 _g) —H(Z,$1,k1 - §7$27k2+§))

— 2 M ~ -/BQ _xl
- (Qﬂ)d/RddP(R( ki -p,p) + R(—ko - p,p)) cos(p )
X (,U(Z,l‘la k1 + g,xg,k‘g + g) — u(z, 21,k — g’@’ koo + g)>

=01 +g92+93+94+cc

We have (since p is real-valued)

I :/dl‘ld/ﬁdm2dk2‘gl(z,$1,k1,$2,k2)|2
R4d

=C ggsldkldxzdkzdpdqéekl -p,p)R(—k1 - q,q)
R

N T2
Xel(p Q) =

g7x27k2 + g

b p
- ko + = .
, X2, K2 + 9 2)

2 Q)M(Zaxlakl_

p(z, x1, k1 —
Using density arguments we may assume that p has the form
ki, o, ko) = pa (21 — z2)pa (w1 + 2)ps (k) pa (k2).
Then we have
I=C Rgxldkld:vgdkgdpdqf{(—kl -p,p)R(=k1 - q,q)
xe =022 () i (o) s (g — g)m(/@ + g)ﬂs(kl - g)u4(k2 + g)

= Cllpa|l72 /R dkidkodpdgR(=ky - p.p)R(~k - 0. 9)(P—)

p P q q
<z (ky — 5)malke + 3)ps(kr = S)palke + )

where v(z) = p2(z). We introduce G(p) = sup,, R(w, p) and use the Cauchy-Schwarz inequality
in k1 and ko:

1= Cllalallal ol || dpdnG)Gta)

a(p_q)‘.

We use again the Cauchy-Schwarz inequality, now in p, to get

1) < Clpale sl e sl 2 | G e / dqG(q) ( / dp
R4 R4
d
< O a2 132 a2 G 2 1 Gl 1

This proves that ||(£5 — L2)p||r2 — 0 as € — 0. Note that oscillatory integrals of the form
/ "= u(p)dp, (3.59)
Rd
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are not small in the bigger space A’, which is natural in the context of Wigner transforms. In
this bigger space, we cannot control (£5 — L2)p and actually suspect that the limit measure
P may no longer be deterministic.

We therefore deduce that

. z o
Gi =WaW,uV))(z) - / <W Q@ W, (% +k1-Va + ko Vo, + ﬁ2)M> (s)ds
0

is an approximate P. martingale. The limit of the second moment
Wa(z, @1, k1, @, ko) = BF {W (2,21, k1 )W (2, 22, k2) }

thus satisfies (weakly) the transport equation

OW:
(97152 + (kl Vg, + ko - sz)Wz = LoWs,

with initial data Wy (0, z1, k1, 2, ko) = Wo(z1, k1)Wo(x2, k2). Moreover, the operator Lo acting
on a tensor product A ® A has the form

LoAIA@N =LARA+A® L.
This implies that
EP {W (2,21, k1)W (2, 29, ko) } = EX {W (2, 21, k1) } EF {W (2, 22, ko) }

by uniqueness of the solution to the above transport equation with initial conditions given by
Wo(z1, k1)Wo (2, k2). This proves that the limiting measure P is deterministic and unique
(because characterized by the transport equation) and that the sequence W, (z, z, k) converges
in probability to W (z, z, k).

3.5.3 Tightness of P.

We now show tightness of the measures P. in X. We have the lemma
Lemma 3.5.4 The family of measures P. is weakly compact.

The proof is as follows; see [12]. A theorem of Mitoma and Fouque [50, 29] implies that in order
to verify tightness of the family P. it is enough to check that for each A € C'*([0, L], S(R? x
R9)) the family of measures P. on C([0, L];R) generated by the random processes W§(z) =
(We(2),A) is tight. Tightness of P follows from the following two conditions. First, a Kol-
mogorov moment condition [11] in the form

B {[(W,A)(2) = (W, N (2" [V, A)(21) = (W, ) ()} < Ca(z = 9)! 7, 0<s<z<L
(3.60)
should hold with v > 0, 8 > 0 and C\ independent of €. Second, we should have

lim lim sup Prob”= { sup |[(W,A\)(z)| > R} = 0.
R—oco -0 0<2<L

The second condition holds automatically in our case since the process Ws(z) is uniformly
bounded for all z > 0 and € > 0. In order to verify (3.60), note that we have

(W(2):0) = G5, () =VEW.X5)—e(W )+ [ ds(W, VX b LN (5)+VE [ dsW.c2) (o).
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The uniform bound (3.47) on ¢2 and the bounds on [AT 2(2) [ L2(R2ay in Lemma 3.5.1 imply
that it suffices to check (3.60) for

ze(2) = is(z)—i-/ ds(V[/,gjj\—i—k'Vx)\—i-E/\)(s).
0

We have
2

E { l2(2) — m5(5)|2‘ ;ES} <9E {

/ dr (W, % + k- Va4 LA)(7)

fs}
+28{[G5.(5) — G5 )°| A} < O — 92 +2B {(G5.)(2) — (GR)()| i}

Here <G§\s> is the increasing process associated with Gf5_. We will now compute it explicitly.
First we obtain that

d _p. B o\ 1 AT 1

%E;W {(W,Ae)2(z+h)} e 2WAe) (W, 5= + k- Vade + %IC[V, S+ QW Ae)?]
so that

AP = [ (2007 52 4 k- T+ K7 D) (0) + 1Q (VA () ds

is a martingale. Therefore we have
@560 = [ as [ atma - 2waaoron)| )
= [ s @I - WDV Q) + VE [ st

with

H. =2/ (QUW, X)) (W, A5)] — (W, A9) (W, QA5) — (W, A5) (W, QAT))
+e (QUW, A5)% — 2(W, A5) (W, QX3)) -

The boundedness of A§ and that of @ on L*°(V) imply that |H.(s)| < C for all V' € V. This
yields
E{{G5.)(2) = (G5,)(8)| Fs} < C(z — 5)

whence

E{|z.(2) — we(s)P| £} < O - ).
In order to obtain (3.60) we note that

B {Jze(2) = ze(21)[" |2e(21) — 2=(5)]"}
= B (B {|2:(2) — 2e(20)|"| Foi } e (21) — 2e(s)]}

< 57 { [ {Jaete) = auten P £ }] o) - a1 |

< Oz = 2) 2B {Jax(21) — (o)} < Oz = 2)2EP {EP {Jax(21) — ae(s)] 1))
< C(z — 21)?E" { B {Jae(z1) - 2e(5)P A } < C(z —21)"*(z1 — 8)2
<C(z—s).

Choosing now v > 1 we get (3.60) which finishes the proof of Lemma 3.5.4.
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3.5.4 Remarks

Statistical stability and a priori bounds. As we have already mentioned, the uniform
L? bound for the Wigner transform is crucial in the derivation of Thm. 3.4.1. In the absence
of an a priori L? bound, we are not able to characterize the limiting measure P. However we
can characterize its first moment. The derivation is done in [2]. Let us assume that W is
bounded in A’, the space of distributions dual to

I£la= [ sup|F(o.)ldy,

as is the case for the Wigner transform of a pure state . uniformly bounded in L?(R¢). Then
we can show that EF={WW.} converges weakly to W, solution of (3.27), with appropriate initial
conditions (the Wigner transform of the limit 1.(0,z)). The proof is very similar to that
obtained above, except that in the proof of convergence, as well as in the proof of tightness of
the sequence of measures P. (now defined on a ball in C([0, L]; A")), we need to show that the
test functions A; o are bounded in A’ rather than L2?(R?d).

However the proof of convergence of the second martingale in section 3.5.2 does not extend
to the case of a uniform bound in A’. Technically, the obstacle resides in the fact that the
oscillatory integrals (3.59) are small in L?(R??) but not in A’. Since A’ includes bounded
measures, any measure p(dp) concentrating on the hyperplane orthogonal to x will render the
integral (3.59) an order O(1) quantity.

The above discussion does not provide proof that P. does not converge to a deterministic
limit. However it strongly suggests that if W is allowed to become quite singular in A’, then on
these paths P-. may not become sufficiently self-averaging to converge to a deterministic limit.
Actually, in the simplified regime of the It6-Schrodinger equation (a further simplification
compared to the paraxial wave equation), it is shown in [3] that the measure P. does not
converge to a limiting deterministic measure when the initial Wigner measure is very singular
(converges to a delta function in both z and k). Instead, scintillation effects, which measure
the distance between the second moment of W, and the square of its first moment, are shown to
persist for all finite times (for an appropriate scaling). This does not characterize the limiting
measure P either (this remains an open problem even in the It6-Schrédinger framework), but
at least shows that P is not deterministic.

Paraxial and radiative transfer regimes. Note that in the limit where the potential
V(z, x) oscillates very slowly in the z variable, so that R(z,z) converges to a function that does
not depend on z (because V(z,x) becomes highly correlated in z), whence R(w, p) converges
to a function of the form &(w)R(p), we obtain the limiting average transport equation

7 2 2

/iaavl/ + k- VW =k » R(p — k)5<|k2’ — p2|> <W(3:,p) — Wz, k)) (Qdf)d. (3.61)
This is the radiative transfer equation for the Schrédinger equation (3.13) when the potential
V(x) is independent of the variable z. We do not recover the full radiative transfer since we
started with the paraxial approximation. However we recover the correct radiative transfer
equation for the Schrodinger equation.

Note that the dispersion relation for wave equations w = ¢p|k| is now replaced by its “parax-
ial” approximation w = |k|2/2, where k now is the transverse component of the wavevector
only.
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Chapter 4

Applications to Time-Reversal
Experiments

This chapter is based on [4, 5] but the concept of one-step time reversal emerged during early
discussions with Knut Solna.

4.1 Time-reversal experiments

In time reversal experiments, acoustic waves are emitted from a localized source, recorded in
time by an array of receivers-transducers, time reversed, and re-transmitted into the medium,
so that the signals recorded first are re-emitted last and vice versa [20, 21, 28, 35, 42, 46]: a
schematic description of the time reversal procedure is depicted in Fig. 4.1.

Figure 4.1: The Time Reversal Procedure. Top: Propagation of signal and measurements in
time. Bottom: Time reversal of recorded signals and back-propagation into the medium.

Early experiments in time reversal acoustics are described in [20]; see also the more recent
papers [26, 27, 28] — this list is by no means exhaustive and the literature on the subject
is by now vast. The re-transmitted signal refocuses at the location of the original source
with a modified shape that depends on the array of receivers. The salient feature of these
time reversal experiments is that refocusing is much better when wave propagation occurs
in complicated environments than in homogeneous media. Time reversal techniques with
improved refocusing in heterogeneous medium have found important applications in medicine,
non-destructive testing, underwater acoustics, and wireless communications (see the above
references). It has been also applied to imaging in weakly random media [10, 14, 28] and led
to a recent concept of coherent interferometric imaging (CINT) of Borcea, Papanicolaou and
Tsogka [15, 16, 17].

A very qualitative explanation for the better refocusing observed in heterogeneous media
is based on multipathing. Since waves can scatter off a larger number of heterogeneities, more
paths coming from the source reach the recording array, thus more is known about the source
by the transducers than in a homogeneous medium. The heterogeneous medium plays the
role of a lens that widens the aperture through which the array of receivers sees the source.
Refocusing is also qualitatively justified by ray theory (geometrical optics). The phase shift
caused by multiple scattering is exactly compensated when the time reversed signal follows
the same path back to the source location. This phase cancellation happens only at the
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source location. The phase shift along paths leading to other points in space is essentially
random. The interference of multiple paths will thus be constructive at the source location
and destructive anywhere else. This explains why refocusing at the source location is improved
when the number of scatterers is large.

As convincing as they are, the above explanations remain qualitative and do not allow us
to quantify how the refocused signal is modified by the time reversal procedure. Quantitative
justifications require to analyze wave propagation more carefully. The first quantitative de-
scription of time reversal was obtained in [18] in the framework of one-dimensional random
media. That paper provides the first mathematical explanation of two of the most prominent
features of time reversal: heterogeneities improve refocusing and refocusing occurs for almost
every realization of the random medium. Various extensions and generalizations to the three-
dimensional layered case, including nonlinear effects, have been done in the work by Garnier,
Fouque, Nachbin, Papanicolaou and Solna, and are described in detail in the recent excellent
book [30]. The first multi-dimensional quantitative description of time reversal was obtained
in [13] for the parabolic approximation, i.e., for waves that propagate in a privileged direction
with no backscattering (see also [54] for further analysis of time reversal in this regime). That
paper shows that the random medium indeed plays the role of a lens. The back-propagated
signal behaves as if the initial array were replaced by another one with a much bigger effective
aperture. In a slightly different context, time reversal in ergodic cavities was analyzed in [8].
There, wave mixing is created by reflection at the boundary of a chaotic cavity, which plays a
similar role to the heterogeneities in a heterogeneous medium.

In this chapter we consider the theory of time-reversal experiments for general classical
waves propagating in weakly fluctuating random media. It is convenient to understand refo-
cusing in time reversal experiments in the following three-step general framework:

(i) A signal propagating from a localized source is recorded at a single time 7' > 0 by an
array of receivers.

(ii) The recorded signal is processed at the array location.

(iii) The processed signal is emitted from the array and propagates in the same medium
during the same amount of time T.

As we will see, this formulation allows us to reduce the mathematical problem of the description
of the refocused signal to the question of the passage from the wave equations to the kinetic
models. While the latter problem is also difficult, we may apply whatever is known in that
area to the time-reversal problems. Accordingly, the mathematical rigor of our statements on
time-reversal experiments below depends on the regime of consideration — for instance, they
are mostly formal in the radiative transfer regime but are rigorous in the random geometric
optics regime (see [6] for the precise statements). To keep the presentation uniform we will
concentrate here solely on the transport regime.

The first main result of this chapter is that the repropagated signal will refocus at the
location of the original source for a large class of waves and a large class of processings. The
experiments described above correspond to the specific processing of acoustic waves in which
pressure is kept unchanged and the sign of the velocity field is reversed.

The second main result is a quantitative description of the re-transmitted signal. We show
that the re-propagated signal u”(¢) at a point ¢ near the source location can be written in
the high frequency limit as the following convolution of the original source S

u” (&) = (F % 8)(¢). (4.1)
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The kernel F' depends on the location of the recording array and on the signal processing.
The quality of the refocusing depends on the spatial decay of F'. It turns out that it can be
expressed in terms of the Wigner transform [53] of two wave fields. The decay properties of
F' depend on the smoothness of the Wigner transform in the phase space and it is here that
the kinetic theories becomes useful. Here we consider the high frequency regime when the
wavelength of the initial signal is small compared to the distance of propagation. In addition we
assume that the wavelength is comparable to the correlation length of the medium. This is the
radiative transport regime. It has been extensively studied mathematically for the Schrédinger
equation [23, 56] and formally using perturbation expansions for the classical waves [7, 53].
In this regime the Wigner transform satisfies a radiative transport equation, which is used
to describe the evolution of the energy density of waves in random media [36, 53, 55, 56].
The transport equations possess a smoothing effect so that the Wigner distribution becomes
less singular in random media, which implies a stronger decay of the convolution kernel F'
and a better refocusing. The diffusion approximation to the radiative transport equations
provides simple reconstruction formulas that can be used to quantify the refocusing quality
of the back-propagated signal. This construction applies to a large class of classical waves:
acoustic, electromagnetic, elastic, and others, and allows for a large class of signal processings
at the recording array.

4.2 Classical Time Reversal and One-Step Time Reversal

Propagation of acoustic waves is described by a system of equations for the pressure p(t, )
and acoustic velocity v(¢,x):

0
p(m)a—i +Vp=20 (4.2)

/i(x)glz+v‘v:0,

with suitable initial conditions and where p(z) and x(z) are density and compressibility of
the underlying medium, respectively. These equations can be recast as the following linear

hyperbolic system
Ju - Ju
Alz)—+D'=— =0, zeR3 4.3
()5, D (4.3)
with the vector u = (v,p) € C* The matrix A = Diag(p, p,p, k) is positive definite. The
4 x 4 matrices D7, j = 1,2,3, are symmetric and given by D},, = Omadnj + 0nadmj. We use
the Einstein convention of summation over repeated indices.
The time reversal experiments in [20] consist of two steps. First, the direct problem

ou ;O0u
u(0,z) = S(x)

with a localized source S centered at a point xg is solved. The signal is recorded during the
period of time 0 < ¢t < T by an array of receivers located at @ C R3. Second, the signal is time
reversed and re-emitted into the medium. Time reversal is described by multiplying u = (v, p)
by the matrix I' = Diag(—1,—1,—1,1). The back-propagated signal solves

Ou 1 jO0u 1

_ _— = — — < < .
5 + A (z)D 5 TR(?T t,x), T <t<2T (4.5)
u(T,z) =0
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with the source term
R(t,z) =Tu(t, z)x(z). (4.6)

The function () is either the characteristic function of the set where the recording array is
located, or some other function that allows for possibly space-dependent amplification of the
re-transmitted signal.

The back-propagated signal is then given by u(27,z). We can decompose it as

T
u(2T,x) = ;/Ods w(s,x;s), (4.7)

where the vector-valued function w(¢, z; s) solves the initial value problem

ow(t,x; s) ;oW (t, x5 8)
A) =+ D=5
w(0,z;s) = R(s, z).

=0, 0<t<s

We deduce from (4.7) that it is sufficient to analyze the refocusing properties of w(s, z;s) for
0 < s < T to obtain those of u(27,z). For a fixed value of s, we call the construction of
w(s,x;s) one-step time reversal.

We define one-step time reversal more generally as follows. The direct problem (4.4) is
solved until time ¢t = T to yield uw(7'~,z). At time 7', the signal is recorded and processed.
The processing is modeled by an amplification function y(z), a blurring kernel f(z), and a
(possibly spatially varying) time reversal matrix I'. After processing, we have

w(T, z) =T(f * (xw) (T, z)x(z). (4.8)
The processed signal then propagates for the same amount of time 7"
ou - ou
Ale)—+D'— =0, T <t<2T 4.9
(0) 55 + DI =0, T< b2 (49)

w(Tt,z) =T(f = () (T, 2)x(2).

The main question is whether u(27', z) refocuses at the location of the original source S(x) and
how the original signal has been modified by the time reversal procedure. Notice that in the
case of full (2 = R3) and exact (f(z) = §(x)) measurements with I' = Diag(—1, —1, —1, 1), the
time-reversibility of first-order hyperbolic systems implies that u(27, x) = I'S(x), which corre-
sponds to exact refocusing. When only partial measurements are available we shall see in the
following sections that u(27, x) is closer to I'S(z) when propagation occurs in a heterogeneous
medium than in a homogeneous medium.
The pressure field p(t, x) satisfies the following scalar wave equation

e G
:

o2 k(x)
A schematic description of the one-step procedure for the wave equation is presented in Fig. 4.2.
A numerical experiment for the one-step time reversal procedure is shown in Fig. 4.3. In the

vp> — 0. (4.10)

0
Figure 4.2: The One-Step Time Reversal Procedure. Here, p; denotes 8]7?'

numerical simulations, there is no blurring, f(z) = d(x), and the array of receivers is the
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Figure 4.3: Numerical experiment using the one-step time reversal procedure. Top Left: initial
condition p(0,z), a peaked Gaussian of maximal amplitude equal to 1. Top Right: forward
solution p(T~, z), of maximal amplitude 0.04. Bottom Right: recorded solution p(T*,z), of
maximal amplitude 0.015 on the domain € = (—1/6,1/6)2. Bottom Left: back-propagated
solution p(27T, ), of maximal amplitude 0.07.

domain Q = (—1/6,1/6)? (x(x) is the characteristic function of ). Note that the truncated
signal does not retain any information about the ballistic part of the original wave (the part
that propagates without scattering with the underlying medium). In a homogeneous medium,
the truncated signal would then be nearly identically zero (not quite zero since the numerics
are done in two dimensions) and no refocusing would be observed. The interesting aspect of
time reversal is that a coherent signal emerges at time 27" out of a signal at time 7' that
seems to have no useful information.

4.3 Theory of Time Reversal in Random Media

Our objective is now to present a theory that explains in a quantitative manner the refocusing
properties described in the preceding sections. We consider here the one-step time reversal for
acoustic wave. Generalizations to other types of waves and more general processings in (4.9)
are given in Section 4.4.

4.3.1 Refocused Signal

We recall that the one-step time reversal procedure consists of letting an initial pulse S(x)
propagate according to (4.4) until time T,

Wl ,z) = G(T,x;2)S(2)dz,
RS

where G(T, z; z) is the Green’s matrix solution of

6G t>$7y ] y L3
A(x) (at )+Dﬂ (a:cj )zo,ogth (4.11)

G(0,23y) = 16(x — y).

At time T, the “intelligent” array reverses the signal. For acoustic pulses, this means keeping
pressure unchanged and reversing the sign of the velocity field. The array of receivers is located
in O ¢ R®. The amplification function x(z) is an arbitrary bounded function supported in
€2, such as its characteristic function (x(x) = 1 for x € 2 and x(x) = 0 otherwise) when all
transducers have the same amplification factor. We also allow for some blurring of the recorded
data modeled by a convolution with a function f(z). The case f(x) = d(x) corresponds to
exact measurements. Finally, the signal is time reversed, that is, the direction of the acoustic
velocity is reversed. Here, the operator I' in (4.8) is simply multiplication by the matrix

I = Diag(—1,—1,—1,1). (4.12)

The signal at time T after time reversal takes then the form
u(r"2) = [ TGN f o~ S (:)dady. (413)
R6
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The last step (4.9) consists of letting the time reversed field propagate through the random
medium until time 27". To compare this signal with the initial pulse S, we need to reverse the
acoustic velocity once again, and define

u”(z) = Tu(2T, z) =/ PG(T,zy)PG(T,y's 2)x(y)x(y) f(y — y)S(2)dydy'dz.  (4.14)
RO
The time reversibility of first-order hyperbolic systems implies that u”(z) = S(z) when
Q=R xy =1, and f(x) = §(z), that is, when full and non-distorted measurements are
available. It remains to understand which features of S are retained by u?(x) when only
partial measurement is available.

4.3.2 Localized Source and Scaling

We consider an asymptotic solution of the time reversal problem (4.4), (4.9) when the support
A of the initial pulse S(x) is much smaller than the distance L of propagation between the
source and the recording array: € = A\/L < 1. We also take the size a of the array comparable
to L: a/L = O(1). We assume that the time T between the emission of the original signal and
recording is of order L/cp, where ¢ is a typical speed of propagation of the acoustic wave. We
consequently consider the initial pulse to be of the form

)

in non-dimensionalized variables ' = x/L and ' = t/(L/cy). We drop primes to simplify
notation. Here xq is the location of the source. The transducers obviously have to be capable
of capturing signals of frequency e~! and blurring should happen on the scale of the source, so
we replace f(x) by e~¢f(e~'2). Finally, we are interested in the refocusing properties of u?(z)
in the vicinity of xog. We therefore introduce the scaling x = xg + €£. With these changes of
variables, expression (4.14) is recast as

T — X0

u(0,z) = S(

3

u? (& x0) = Tu(2T, 2o + £€) (4.15)

= / LG(T,zo + €& y)TG(T, y'; 20 + £2)x(y, y')S(2)dydy dz,
R9

where ,

y—y
€ )

x(w,9") = x()x W) f( (4.16)

In the sequel we will also allow the medium to vary on a scale comparable to the source scale €.
Thus the Green’s function G and the matrix A depend on €. We do not make this dependence
explicit to simplify notation. We are interested in the limit of u?(¢;zg) as € — 0.

4.3.3 Adjoint Green’s Function

The analysis of the re-propagated signal relies on the study of the two point correlation at
nearby points of the Green’s matrix in (4.15). There are two undesirable features in (4.15).
First, the two nearby points zg+c€ and xg+ecz are terminal and initial points in their respective
Green’s matrices. Second, one would like the matrix I between the two Green’s matrices to be
outside of their product. However, I' and G do not commute. For these reasons, we introduce
the adjoint Green’s matrix, solution of

0G(t,x;y) 8G*(t,?v; Y) Di =0
ot O’ (4.17)

G.(0,2;y) = A7) (2 — y).

A(z) +
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We now prove that
G.(t,z;y) = TG(t,y;2) A~ ()T (4.18)

Note that for all initial data S(x), the solution u(t,z) of (4.4) satisfies
u(t,z) = | Gt —s,z;y)uls,y)dy
R4

for all 0 < s <t < T since the coefficients in (4.4) are time-independent. Differentiating the
above with respect to s and using (4.4) yields

_ _ OG(t — s, z;y) B B ' . 0u(s, y)
0_/11@( Tu(s,y) G(t—s,x;y)A " (y)D o )dy

Upon integrating by parts and letting s = 0, we get

= /R (- 2050 | O Gy a o)D) )S(w)ay.

ot oyl
Since the above relation holds for all test functions S(y), we deduce that
oGt aiy) D P
—= — — |G(t,x;y)A D’ =0. 4.19
5t 57 [CET A W) D] (4.19)

Interchanging x and y in the above equation and multiplying it on the left and the right by
I', we obtain that

% [LG(t, y;2) A (z)] A(z)l — 8837] [TG(t,y;2)A™ " (z)] D'T = 0. (4.20)
We remark that ‘ ‘

o’ =-p’r and IA(z) = A(z)T, (4.21)
so that

% [TG(t, y;2) A (2)D] A(z) + % [TG(t,y; x)A_l(x)F] DI =0

with I'G(0,y; ) A~ (z)I' = A~Y(2)6(z — y). Thus (4.18) follows from the uniqueness of the
solution to the above hyperbolic system with given initial conditions. We can now recast (4.15)
as

u?(& o) = / PG(T, w0 + €& y)Go (T, wo + €23y )T
RQ

(@) =Y

One may further simplify (4.22) with the help of the auxiliary matrix-valued functions
Q(t,x;q) and Q«(t,x,q) defined by

(4.22)

VA(zo + £2)S(z)dydy'dz.

QT.21q) = / G(T, 239)x(y) eV dy,

d A (4.23)
Q:«(T,z;q) = j:G*(T,x;y)x(y)e"q'y/sdy-

3

They solve the hyperbolic systems of equations (4.4) and (4.17) with initial conditions given

by Q(0,z;q) = x(2)e'%/°I and Q.(0,z;q) = A~ (x)x(x)e "%/  respectively. Thus (4.22)
becomes

B s, dqdz

u”(&; xo)Z/RﬁFQ(T, o + €85 q)Qx(T, w0 + €23 )T'A(zo + €2)S(2) f(q)

(27)3’

(4.24)
where f(q) = Jga €% f(z)dz is the Fourier transform of f(z).
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4.3.4 Wigner Transform

The back-propagated signal in (4.24) now has the suitable form to be analyzed in the Wigner
transform formalism [31, 53]. We define

Welt,z k)= | F@U-(t, 2, k; q)dg, (4.25)
R
where p
ik- €Y €Y Y
(t,z, k:q) = FYO(t x — -2 q)Qu(t . . 4.2
Uittoakia) = [ Qe - Fia)uthr+ Fra s (4.26)
Taking the inverse Fourier transform we verify that
Q(t,239)Qx(t,y: q) =/ e /ey (1, 2V s g)a,
R3
hence
uB (& 20) = / R E=TW (T, 20 + 628 B)T A(wg + £2)S(2) L (4.27)
R6 2 (271')3

We have thus reduced the analysis of u(§; xo) as e — 0 to that of the asymptotic properties
of the Wigner transform W,.. The Wigner transform has been used extensively in the study of
wave propagation in random media, especially in the derivation of radiative transport equations
modeling the propagation of high frequency waves. We refer to [31, 49, 53|. Note that in the
usual definition of the Wigner transform, one has the adjoint matrix Q* in place of @, in
(4.26). This difference is not essential since @, and Q* satisfy the same evolution equation,
though with different initial data.

The main reason for using the Wigner transform in (4.27) is that W has a weak limit W
as ¢ — 0. Its existence follows from simple a priori bounds for W.(¢,x, k). Let us introduce
the space A of matrix-valued functions ¢(z, k) bounded in the norm || - || 4 defined by

lolla= [ suplole.pldy,  where  3w.p) = [ Vol Rk

We denote by A’ its dual space, which is a space of distributions large enough to contain
matrix-valued bounded measures, for instance. We then have the following result:

Lemma 4.3.1 Let x(z) € L*(R3) and f(q) € L'(R3). Then there is a constant C > 0
independent of € > 0 and t € [0,00) such that for allt € [0,00), we have |W.(t,z,k)|| 4 < C.

The proof of this lemma is essentially contained in [31, 49], see also [4]. One may actually
get L2-bounds for W, in our setting because of the regularizing effect of f in (4.25) but this
is not essential for the purposes of this chapter as we are working on a formal level. However,
this setting is one example when the mixture of states arises naturally. This is also crucial for
trhe rigorous justification of the analog of the results of this chapter in the geometic optics
regime in [6].

We therefore obtain the existence of a subsequence €, — 0 such that W, converges weakly
to a distribution W € A’. Moreover, an easy calculation shows that at time ¢t = 0, we have

W0, 20, k) = (o) 2A5 (z0) f (). (4.28)
Here, A9 = A when A is independent of ¢, and Ay = lir% A, if we assume that the family
e—

of matrices A.(x) is uniformly bounded and continuous with the limit A in C(RY). These
assumptions on A, are sufficient to deal with the radiative transport regime we will consider
in section 4.3.7. Under the same assumptions on A, we have the following result.
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Proposition 4.3.2 The back-propagated signal uP(&;xo) given by (4.27) converges weakly in
S'(R3 x R3) as e — 0 to the limit

dzdk
(2m)

B (€ 0) = / M ETW (T, 20, k)T Ao (20)S (2) (4.20)
]RG

The proof of this proposition is based on taking the duality product of u?(¢; z) with a vector-
valued test function ¢(&;zg) in S(R? x R3). After a change of variables we obtain (u?, ¢) =

(We, Z¢). Here the duality product for matrices is given by the trace (A, B) =, ; (Aix, Bix),
and

z+& z—&

2

dzde
(2m)?

)S*(2)Ac(xo + €

T

Z(zo, k) = /6 ek =T (€, 2o — ¢ (4.30)
R

Defining Z as the limit of Z. as € — 0 by replacing formally € by 0 in the above expression,

(4.29) follows from showing that ||Z; — Z||4 — 0 as ¢ — 0. This is straightforward and we

omit the details.

The above proposition tells us how to reconstruct the back-propagated solution in the
high frequency limit from the limit Wigner matrix W. Notice that we have made almost no
assumptions on the medium described by the matrix A;(z). At this level, the medium can be
either homogeneous or heterogeneous, and the particular scale of oscillations is not important
as long as A.(z) strongly converge to Ag. Without any further assumptions, we can also obtain

some information about the matrix W. Let us define the dispersion matrix for the system
(4.4) as [53]

L(x, k) = Ay (x)k; D7, (4.31)
It is given explicitly by
0 0 0 ki/p(x)
0 0 k x
Lo — 2/pla)
0 0 0 ks/p()

k1/k(x) ko/k(x) ks/K(x) 0

The matrix L has a double eigenvalue wy = 0 and two simple eigenvalues w4 (z, k) = tc(x)|k|,
where c¢(x) = 1/+/p(x)k(z) is the speed of sound. The eigenvalues wy are associated with
eigenvectors b (x, k) and the eigenvalue wg = 0 is associated with the eigenvectors bj;(z, k),
j =1,2. They are given by

Lk 2/ (k)
bz, k) = 20(x) | bj(x. k)= | Vel |, (4.32)
2k(x) 0

where k = k/|k| and z'(k) and z2(k) are chosen so that the triple (k,z'(k),22(k)) forms an
orthonormal basis. The eigenvectors are normalized so that

(Ao(x)bj(x, k) - br(z, k) = dji, (4.33)

for all j,k € J = {+,—,1,2}. The space of 4 x 4 matrices is clearly spanned by the basis
b; ® by. We then have the following result:
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Proposition 4.3.3 There exist scalar distributions a+ and ai'™, m,n = 1,2 so that the limit
Wigner distribution matriz can be decomposed as

2
Wt k)= > a)"(t z,k)b;(z,k) @by (x,k) (4.34)
7,m=1

+aq(t,z,k)by(x, k) @by(x, k) +a_(t,z,k)b_(z,k) @ b_(z, k).

The main result of this proposition is that the cross terms b; ® by with w; # wy do not
contribute to the limit W. The proof of this proposition can be found in [31] and a formal
derivation in [53].

The initial conditions for the amplitudes a; are calculated using the identity

A () =D bj(a, k) @ by(, k).
jeJ

Then (4.28) implies that aj?(0,, k) = a3*(0,x,k) = 0 and
a (0,2, k) = ax(0,2,k) = [x(@)*f(k), j=12 (4.35)

4.3.5 Mode Decomposition and Refocusing

We can use the above result to recast (4.29) as

u® (& o) = (F(T, -5 w0) * S)(£), (4.36)
where
dk
F(T, &) m; L g T 0.) © b, ) o) g
+/ M€ (T, 20: K)Tbs (20, k) @ b (0, k) Ao(20)T - (4.37)
s + s 40y + (L0, +{£L0, 0 <0 (271')3 .
+ /RB e*€a_ (T, 20: k)Tb_ (20, k) @ b_ (o, k)AO(:UO)F(;f)g.

This expression can be used to assess the quality of the refocusing. When F(T,&; ) has
a narrow support in &, refocusing is good. When its support in £ grows larger, its quality
degrades. The spatial decay of the kernel F'(t,§; ) in £ is directly related to the smoothness
in k of its Fourier transform in ¢:

2
7 dk
F(T, ks w0) = m; 5" (T’ 203 k)b (0, K) © (o, ) Ao(ao) T 55
+T [ay (T, xo; k)b (20, k) @ by (20, k)4 a— (T, z0; k)b_ (0, k) @ b_(xg, k)] Ag(z0)T.

Namely, for F' to decay in &, one needs F(k) to be smooth in k. However, the eigenvectors b;
are singular at k = 0 as can be seen from the explicit expressions (4.32). Therefore, a priori
F' is not smooth at k& = 0. This means that in order to obtain good refocusing one needs the
original signal to have no low frequencies: S (k) = 0 near k = 0. Low frequencies in the initial
data will not refocus well.

We can further simplify (4.36)-(4.37) is we assume that the initial condition is irrotational.
Taking Fourier transform of both sides in (4.36), we obtain that

al (k;z0) = Z a;(T, 0, k) Sy (k) (Ao(20)Tby (0, k) - bj (0, k))Tbj(z0, k) (4.38)
jned
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where we have defined R X
S(k) = Su(k)bn(zo, k). (4.39)

neJ

Irrotationality of the initial condition means that Sy and S, identically vanish, or equivalently
that
Vo(x
S(x) = o) (4.40)
p(x)

for some pressure p(x) and potential ¢(x). Remarking that I'by = —b< and by irrotationality

that (Ag(z0)S(k) - b12(k)) = 0, we use (4.33) to recast (4.38) as
WP (k; x0) = a_ (T, 20, k) Sy (k)by (20, k) + ay (T, xo, k)S_(k)b_(z0, k). (4.41)
Decomposing the initial condition S(x) as
S(z) =Sy (z)+S_(x), suchthat Si(k)=SL(k)bi(zo,k),
the back-propagated signal takes the form

u® (& a0) = (a— (T, @0, ) * S+())(€) + (a+(T, z0, -) * S_(-))(€) (4.42)

where ay is the Fourier of ay in k. This form is much more tractable than (4.36)-(4.37). It
is also almost as general. Indeed, rotational modes do not propagate in the high frequency
regime. Therefore, they are exactly back-propagated when x(zp) = 1 and f(x) = d(x), and
not back-propagated at all when x(zp) = 0. All the refocusing properties are thus captured
by the amplitudes a4 (T, xo, k). Their evolution equation characterizes how waves propagate
in the medium and their initial conditions characterize the recording array.

4.3.6 Homogeneous Media

In homogeneous media with ¢(z) = ¢p the amplitudes ay (T, z, k) satisfy the free transport
equation [31, 53]
Jay

with initial data a+ (0,2, k) = |x(z)2f(k) as in (4.35). They are therefore given by
a(t, o, k) = [x(x0 F cokt)* f (k). (4.44)

These amplitudes become more and more singular in k£ as time grows since their gradient in
k grows linearly with time. The corresponding kernel F' = Fy decays therefore more slowly
in £ as time grows. This implies that the quality of the refocusing degrades with time. For
sufficiently large times, all the energy has left the domain 2 (assumed to be bounded), and the
coefficients a. (¢, zo, k) vanish. Therefore the back-propagated signal u?(¢;zg) also vanishes,
which means that there is no refocusing at all. The same conclusions could also be drawn by
analyzing (4.14) directly in a homogeneous medium. This is the situation in the numerical
experiment presented in Fig. 4.3: in a homogeneous medium, the back-propagated signal
would vanish.
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4.3.7 Heterogeneous Media and Radiative Transport Regime

The results of the preceding sections show how the back-propagated signal u?(¢&; z¢) is related
to the propagating modes a+ (T, zg, k) of the Wigner matrix W (T, o, k). The form assumed by
the modes a4 (T, xo, k), and in particular their smoothness in &, will depend on the hypotheses
we make on the underlying medium; i.e., on the density p(x) and compressibility x(z) that
appear in the matrix A(z). We have seen that partial measurements in homogeneous media
yield poor refocusing properties. We now show that refocusing is much better in random
media.

We consider here the radiative transport regime, also known as weak coupling limit. There,
the fluctuations in the physical parameters are weak and vary on a scale comparable to the
scale of the initial condition. Density and compressibility assume the form

pla)=po+Vep (D) and k(@) = Ko+ VERI (D). (4.45)

The functions p; and k; are assumed to be mean-zero spatially homogeneous processes. The
average (with respect to realizations of the medium) of the propagating amplitudes a, denoted
by @+, satisfy in the high frequency limit € — 0 a radiative transfer equation (RTE), which is
a linear Boltzmann equation of the form

Oa4

i Eak Vaas = [ olbp)@ste.0) st )6k ~ o)y

a4 (0,2, k) = |x(x)]*f (k).

(4.46)

The scattering coefficient o (k, p) depends on the power spectra of p; and 1. We refer to [53] for
the details of the derivation and explicit form of o(k,p). The above result remains formal for
the wave equation and requires averaging over the realizations of the random medium although
this is not necessary in the physical and numerical time reversal experiments. A rigorous
derivation of the linear Boltzmann equation (which also requires averaging over realizations)
has only been obtained for the Schréodinger equation; see [23, 56]. Nevertheless, the above
result formally characterizes the filter F(T,; x¢) introduced in (4.37) and (4.42).

The transport equation (4.46) has a smoothing effect best seen in its integral formulation.
Let us define the total scattering coefficient X(k) = [zs o(k,p)d(co(|k| — |p|))dp. Then the
transport equation (4.46) may be rewritten as

a+(t,x, k) = ax (0, z F cokt, k)e >Rt (4.47)

k|2 e
Ll / ds / (k, [KD)as (5, 2 F colt — )k, |k]B)e W9 a0(p).

Here p = p/|p| is the unit vector in direction of p and dQ(p) is the surface element on the
sphere S2. The first term in (4.47) is the ballistic part that undergoes no scattering. It has
no smoothing effect, and, moreover, if a(0,z, k) is not smooth in z, as may be the case for
(4.35), the discontinuities in x translate into discontinuities in k at later times as in (4.44) in
a homogeneous medium. However, in contrast to the homogeneous medium case, the ballistic
term decays exponentially in time, and does not affect the refocused signal for sufficiently long
times t > 1/%. The second term in (4.47) exhibits a smoothing effect. Namely the operator
Lg defined by

2
Lo(t,z, k) = "‘7’ / ds/ (k. [BD)g(s5, 2 F colt — )k, [k|p)e==ME=g0(p)
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is regularizing, in the sense that the function g = Lg has at least 1/2-more derivatives than g
(in some Sobolev scale). The precise formulation of this smoothing property is given by the
averaging lemmas [34, 51] and will not be dwelt upon here. Iterating (4.47) n times we obtain

C_l:t<t, €T, k) = a’(:)l:(ta x, k) + a:ll:(ta Zz, k) +o a?l:(tv €, k) + £n+1aﬂ:<t7 Z, k) (448)
The terms aY, ..., a’L are given by
a9 (t, 2, k) = ax (0,2 F cokt, k)e =Wt (t, 2, k) = Lo’ (t, 2, k).

They describe, respectively, the contributions from waves that do not scatter, scatter once,
twice, .... It is straightforward to verify that all these terms decay exponentially in time and
are negligible for times ¢ > 1/X. The last term in (4.48) has at least n/2 more derivatives
than the initial data ag, or the solution (4.44) of the homogeneous transport equation. This
leads to a faster decay in £ of the Fourier transforms ay (T, xo,&) of ax(T,xo, k) in k. This
gives a qualitative explanation as to why refocusing is better in heterogeneous media than
in homogeneous media. A more quantitative answer requires to solve the transport equation

(4.46).

4.3.8 Diffusion Regime

It is known for times ¢ much longer than the scattering mean free time 75, = 1/ and distances
of propagation L very large compared to ls. = co7s. that solutions to the radiative transport
equation (4.46) can be approximated by solutions to a diffusion equation, provided that ¢(z) =
¢p is independent of z [19, 48]. More precisely, we let 6 = l5./L < 1 be a small parameter and
rescale time and space variables as t — t/6? and & — x/§. In this limit, the wave direction is
completely randomized so that

it k) ~a-(t k) ~ alt,, k),

where a solves
da(t,z, |k|)
ot

a(0,, [k]) = x(x)[?

- D(’k’)Aﬂla(t7x7 ‘kD - 07

1 .
i L Fdtia = e

The diffusion coefficient D(|k|) may be expressed explicitly in terms of the scattering coefficient
o(k,p) and hence related to the power spectra of p; and k1. We refer to [53] for the details.
For instance, let us assume for simplicity that the density is not fluctuating, p; = 0, and that
the compressibility fluctuations are delta-correlated, so that E{&;(p)#1(q)} = k3Rod(p + q).
Then we have

(4.49)

rc|k> Ry

o(k,p) = 5

S(|k|) = 2n2colk[*Ro (4.50)

and

Cg ()

~ 3%(k))  6m2|k|* Ry
Let us assume that there are no initial rotational modes, so that the source S(x) is decom-
posed as in (4.40). Using (4.41), we obtain that

D(|k|) (4.51)

a8 (k; 20) = a(T, xo, |K|)S(k). (4.52)
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When f(z) is isotropic so that f(k) = f(|k|), and the diffusion coefficient is given by (4.51),
the solution of (4.49) takes the form

37ryk\4ﬁzo)3/2/ o ( 32 |k[* Ro|wo — y|?
R3

a(T, o, k) = F(Ik)( JIx@)Pdy.  (453)

200T 200T
When f(z) = 6(z), and Q = R3, so that x(z) = 1, we retrieve a(T,zg,k) = 1, hence the
refocusing is perfect. When only partial measurement is available, the above formula indicates
how the frequencies of the initial pulse are filtered by the one-step time reversal process. Notice
that both the low and high frequencies are damped. The reason is that low frequencies scatter
little from the underlying medium so that it takes a long time for them to be randomized.
High frequencies strongly scatter with the underlying medium and consequently propagate
little so that the signal that reaches the recording array €2 is small unless recorders are also
located at the source point: zg € ). In the latter case they are very well measured and back-
propagated although this situation is not the most interesting physically. Expression (4.53)
may be generalized to other power spectra of medium fluctuations in a straightforward manner
using the formula for the diffusion coefficient in [53].

4.3.9 Numerical Results

The numerical results in Fig. 4.3 show that some signal refocuses at the location of the initial
source after the time reversal procedure. Based on the above theory however, we do not expect
the refocused signal to have exactly the same shape as the original one. Since the location
of the initial source belongs to the recording array (x(zo) = 1) in our simulations, we expect
from our theory that high frequencies will refocus well but that low frequencies will not. This

Figure 4.4: Zoom of the initial source and the refocused signal for the numerical experiment
of Fig. 4.3.

is confirmed by the numerical results in Fig. 4.4, where a zoom in the vicinity of g = 0 of the
initial source and refocused signal are represented. Notice that the numerical simulations are
presented here only to help in the understanding of the refocusing theory and do not aim at
reproducing the theory in a quantitative manner. The random fluctuations are quite strong
in our numerical simulations and it is unlikely that the diffusive regime will be valid. The
refocused signal on the right figure looks however like a high-pass filter of the signal in the left
figure, as expected from theory.

4.4 Refocusing of Classical Waves

The theory presented in section 4.3 provides a quantitative explanation for the results observed
in time reversal physical and numerical experiments. However, the time reversal procedure
is by no means necessary to obtain refocusing. Time reversal is associated with the specific
choice (4.12) for the matrix I' in the preceding section, which reverses the direction of the
acoustic velocity and keeps pressure unchanged. Other choices for I' are however possible.
When nothing is done at time T, i.e., when we choose I' = I, no refocusing occurs as one
might expect. It turns out that I' = I is more or less the only choice of a matrix that prevents
some sort of refocusing. Section 4.4.1 presents the theory of refocusing for acoustic waves,
which is corroborated by numerical results presented in Section 4.4.2. Sections 4.4.3 and 4.4.4
generalize the theory to other linear hyperbolic systems.
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4.4.1 General Refocusing of Acoustic Waves

In one-step time reversal, the action of the “intelligent” array is captured by the choice of the
signal processing matrix I' in (4.13). Time reversal is characterized by I' given in (4.12). A
passive array is characterized by I' = I. This section analyzes the role of other choices for I,
which we let depend on the receiver location so that each receiver may perform its own kind
of signal processing.

The signal after time reversal is still given by (4.13), where I'(y’) is now arbitrary. At time
2T, after back-propagation, we are free to multiply the signal by an arbitrary invertible matrix
to analyze the signal. It is convenient to multiply the back-propagated signal by the matrix
I'y = Diag(—1,—1,—1,1) as in classical time reversal. The reconstruction formula (4.15) in
the localized source limit is then replaced by

u? (& a0) = /Rg DoG(T,z0 + €& y)T(v)G(T, y's zo + e2)x(y, y')S(2)dydy'd= (4.54)

with x(y,%’) defined by (4.16). To generalize the results of section 4.3, we need to define an
appropriate adjoint Green’s matrix G,. As before, this will allow us to remove the matrix
I' between the two Green’s matrices in (4.54) and to interchange the order of points in the
second Green’s matrix. We define the new adjoint Green’s function G, (¢, z;y) as the solution
to

aG*(;;ﬁ; Y Atz) + aG*éij; Ypi—g
(4.55)
G.(0,2;9) = T(2)Do A (2)(z — y).
Following the steps of section 4.3.3, we show that
Gult:2,y) = T(y)G(t,y;2) A (2)To. (4.56)

The only modification compared to the corresponding derivation of (4.18) is to multiply (4.19)
on the left by I'(x) and on the right by I’y so that I'(y) appears on the left in (4.20). The
re-transmitted signal may now be recast as

uB(f; xo) :/FOG(T, xo + €& y)Go (T, xo + €25 y’)FglA(aco +¢e2)x(y,y")S(2)dydy'dz. (4.57)
]RQ

Therefore the only modification in the expression for the re-transmitted signal compared to
the time reversed signal (4.22) is in the initial data for (4.55), which is the only place where
the matrix I'(x) appears.

The analysis in Sections 4.3.3-4.3.7 requires only minor changes, which we now outline. The
back-propagated signal may still be expressed in term of the Wigner distribution (compare to
(4.27))

28 ToA(zy + 22)S(2) Cgf)k

. (4.58)

w

u? (& 20) = / €ik’(£_z)FoWa(T, xo+€
]Rﬁ

—~

The Wigner distribution is defined as before by (4.25) and (4.26). The function @ is defined as
before as the solution of (4.4) with initial data Q(0, z;q) = x(z)e**/¢I, while Q. solves (4.17)
with the initial data Q. (0, z;q) = I'(x)[oA~!(z)x(x)e "¢*/¢. The initial Wigner distribution
is now given by X

W (0,2, k) = |x()*T(2)LoA™ () f (k). (4.59)
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Lemma 4.3.1 and Proposition 4.3.2 also hold, and we obtain the analog of (4.29)
u(&; ) = / e*E=T W (T, 20, k)To Ao(0)S (2)dzdk. (4.60)
R6

The limit Wigner distribution W (T, xo, k) admits the mode decomposition (4.34) as before. If
we assume that the source S(z) has the form (4.40) so that no rotational modes are present
initially, we recover the refocusing formula (4.41):

P (k; o) = a_ (T, 20, k) Sy (k)b (z0, k) + ay (T, x0, k)S_(k)b_(x0, k). (4.61)
The initial conditions for the amplitudes a are replaced by
a+(0,2,k) = Tr [Ao(z)W (0, z, k) Ao ()b (0, k)b (20, k)] (4.62)
= [x(2)2f (k) (Ao ()T (2)bs (2, k) - b (, k).

Observe that when I'(xz) = I'g, we get back the results of Section 4.3.7. When the signal is not
changed at the array, so that I' = I, the coefficients a4 (0, z, k) = 0 by orthogonality (4.33) of
the eigenvectors b;. We thus obtain that no refocusing occurs when the “intelligent” array is
replaced by a passive array, as expected physically.

Another interesting example is when only pressure p is measured, so that the matrix
I' = Diag(0,0,0,1). Then the initial data is

s (0,2, ) = S Ix(@) (k)

which differs by a factor 1/2 from the full time reversal case (4.35). Therefore the re-
transmitted signal u® also differs only by a factor 1/2 from the latter case, and the quality
of refocusing as well as the shape of the re-propagated signal are exactly the same. The same
observation applies to the measurement and reversal of the acoustic velocity only, which cor-
responds to the matrix I' = Diag(—1, —1, —1,0). The factor 1/2 comes from the fact that only
the potential energy or the kinetic energy is measured in the first and second cases, respec-
tively. For high frequency acoustic waves, the potential and kinetic energies are equal, hence
the factor 1/2. We can also verify that when only the first component of the velocity field is
measured so that I' = Diag(—1,0,0,0), the initial data is

K

s 0,2, K) = [x(2) P (4) gt

(4.63)

As in the time reversal setting of Section 4.3, the quality of the refocusing is related to
the smoothness of the amplitudes a+ in k. In a homogeneous medium they satisfy the free
transport equation (4.43), and are given by

ax(t,z, k) =|x(x — cokt)|>f(k)(Ao(x — cokt)T(z — cokt)bx(x — cokt, k) - b (x — cokt, k)).

Once again, we observe that in a uniform medium a+ become less regular in k as time grows,
thus refocusing is poor.

The considerations of Section 4.3.7 show that in the radiative transport regime the ampli-
tudes a+ become smoother in k also with initial data given by (4.62). This leads to a better
refocusing as explained in Section 4.3.5. Let us assume that the diffusion regime of Section
4.3.8 is valid and that the kernel f is isotropic f(k) = f(|k|). This requires in particular that
Ap(z) be independent of x. We obtain that as (T, x0,k) = a(T,zo, |k|), thus the refocusing
formula (4.61) reduces to

a8 (k; 20) = a(T, xo, |k|)S(k). (4.64)

100



The difference with the case treated in Section 4.3.8 is that a(T,z,|k|) solves the diffusion
equation (4.49) with new initial conditions given by

z)|? N
a0 k) = X5 [ Rl @b @ bo@)slal - kdg (1.5

T 2 ~
- 'ﬁvjﬂz /R F(lal)(AoT (2)b.t(q) - b-(q))d(|g| — |k|)dg.

When only the first component of the velocity field is measured, as in (4.63), the initial
data for a is

(0, IK) = ¢ [x(@) F(K)

Therefore even time reversing only one component of the acoustic velocity field produces a
re-propagated signal that is equal to the full re-propagated field up to a constant factor.

More generally, we deduce from (4.65) that a detector at = will contribute some refocusing
for waves with wavenumber |k| provided that

[, FOHD AT @ 0) - b)) d2(d) # 0.

When f(z) = f(]z|) is radial, this property becomes independent of the wavenumber |k| and
reduces to [¢2 (Aol (2)bx(q) - b(§))d(q) # 0.

4.4.2 Numerical Results

Let us come back to the numerical results presented in Fig. 4.3 and 4.4. We now consider
two different processings at the recording array. The first array is passive, corresponding to
I' = I, and the second array only measures pressure so that I' = Diag(0,0,0,1). The zoom
in the vicinity of xg = 0 of the “refocused” signals is given in Fig. 4.5. The left figure shows

Figure 4.5: Zoom of the refocused signals for the numerical experiment of Fig. 4.3 with
processing I' = I (left), with a maximal amplitude of roughly 410~2 and I" = Diag(0, 0,0, 1)
(right), with a maximal amplitude of roughly 0.035.

no refocusing, in accordance with physical intuition and theory. The right figure shows that
refocusing indeed occurs when only pressure in recorded (and its time derivative is set to 0 in
the solution of the wave equation presented in the appendix). Notice also that the refocused
signal is roughly one half the one obtained in Fig. 4.4 as predicted by theory.

4.4.3 Refocusing of Other Classical Waves

The preceding sections deal with the refocusing of acoustic waves. The theory can however be
extended to more complicated linear hyperbolic systems of the form (4.4) with A(x) a positive
definite matrix, D’/ symmetric matrices, and u € C™. These include electromagnetic and
elastic waves. Their explicit representation in the form (4.4) and expressions for the matrices
A(z) and D7 in these cases may be found in [53]. For instance, the Maxwell equations

oF 1

= = ——cwlH
ot e(x)
a—H = — 1 curl £
ot p(x)
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may be written in the form (4.4) with u = (E, H) € C® and the matrix
A(z) = Diag(e(x), €(x), €(x), p(x), p(x), p(x))-

Here €(z) is the dielectric constant (not to be confused with the small parameter ¢), and u(x)
is the magnetic permeability. The 6 x 6 dispersion matrix L(x, k) for the Maxwell equations
is given by

0 0 0 0 —ks/e(x)  ko/e(w)
0 0 0 kyfel@) 0 —ki/e)
Lk =—| 0 0 —hyfe(x) ki/e(x) 0
0 ke/ue) —ha/u(z) 0 0 0
—k3/p(x) 0 k1/p(z) 0 0 0
ka/p(z)  —ki/p(x) 0 0 0 0

Generalization of our results for acoustic waves to such general systems is quite straight-
forward so we concentrate only on the modifications that need be made. The time reversal
procedure is exactly the same as before: a signal propagates from a localized source, is recorded,
processed as in (4.13) with a general matrix I'(y’), and re-emitted into the medium. The re-
transmitted signal is given by (4.54). Furthermore, the equation for the adjoint Green’s matrix
(4.55), the definition of the Wigner transform in Section 4.3.4, and the expression (4.60) for
the re-propagated signal still hold.

The analysis of the re-propagated signal is reduced to the study of the Wigner distribution,
which is now modified. The mode decomposition must be generalized. We recall that

L(z,k) = Ay (x)k; D7

is the m x m dispersion matrix associated with the hyperbolic system (4.4). Since L(z, k)
is symmetric with respect to the inner product (u,v)4, = (Apu - v), its eigenvalues are real
and its eigenvectors form a basis. We assume the existence of a time reversal matrix I'g such
that (4.21) holds with I' = I'y and such that I'4 = I. For example, for electromagnetic waves
I'y = Diag(1,1,1,—1,—1,—1). Then the spectrum of L is symmetric about zero and the
eigenvalues +w® have the same multiplicity. We assume in addition that L is isotropic so that
its eigenvalues have the form wq (z, k) = £c*(x)|k|, where ¢4 () is the speed of mode a. We
denote by 7, their respective multiplicities, assumed to be independent of x and k for k£ # 0.
The matrix L has a basis of eigenvectors b$” (z, k) such that

Lz, k)bY (2, k) = +w(z, k)bY (2, k), j=1,... 7,

and bi’j form an orthonormal set with respect to the inner product (,)a,. The different w,
correspond to different types of waves (modes). Various indices 1 < j < r, refer to different
polarizations of a given mode. The eigenvectors bi’j and b™’ are related by

Lob%? (z,k) = b2 (2,k), Tob%(z,k) = bl (,k). (4.66)
Proposition 4.3.3 is then generalized as follows [31, 53]:

Proposition 4.4.1 There exist scalar functions aj‘:’jm(t, x, k) such that

Witz k)= > a$?™(t,2 k)bY (v,k) @ bL™ (2, k). (4.67)

+,a,5,m

Here the sum runs over all possible values of £+, o, and 1 < j,m < rq.
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The main content of this proposition is again that the cross terms bi’j (z, k) ® bi’m(x, k)
do not contribute, as well as the terms b$” (z, k) @ bi/’m(:r, k) when o # . This is because
modes propagating with different speeds do not interfere constructively in the high frequency
limit.

We may now insert expression (4.67) into (4.60) and obtain the following generalization of
(4.61)

al(kz) = Y [afivmj (T, 20, k) S (a0, k)bS™ (0, k) (4.68)

,3,m

+ ai’mj (T7 zo, k)s'gﬁ (an k‘l)b%m(x(% kj) ;

where 537 (k) = (A(z0)S(k) - bi’j(azo, k)). This formula tells us that only the modes that are

present in the initial source (5S¢ (k) # 0) will be present in the back-propagated signal but
possibly with a different polarization, that is, j # m.

The initial conditions for the modes a$”™ are given by

a3 (0,2, k) = [x(@) P FR) (A(@)T (2)b§™ (2, k) - b (2, b)), (4.69)

which generalizes (4.62). When I'(z) = I, we again obtain that a$’™(0,z, k) = 0, i.c., there
is no refocusing as physically expected. When I'(x) = I'g, we have for all a that

a3’ (0,2, k) = [x(2)* f (k) jm-

In a uniform medium the amplitudes ai’jm satisfy an uncoupled system of free transport
equations (4.43):

8ai’jm 7 a,jm

v + ok - Vea?" =0, (4.70)
which have no smoothing effect, and hence refocusing in a homogeneous medium is still poor.
When f(z) = 6(x) and Q = R?, so that y(z) = 1, we still have that a$’™ (T, xo, k) = §;,,, and
refocusing is again perfect, that is, u(&;xz9) = S(€), as may be seen from (4.68).

4.4.4 The diffusive regime

The radiative transport regime holds when the matrices A(x) have the form

Afw) = Ao(@) +vEAL (2),

as in (4.45). Then the ro X 7, coherence matrices w§ with entries w ;. = a$?™ satisfy
a system of matrix-valued radiative transport equations (see [53] for the details) similar to
(4.46). The matrix transport equations simplify considerably in the diffusive regime, such as
the one considered in Section 4.3.8 when waves propagate over large distances and long times.
We assume for simplicity that Ag = Ao(x) and I' = I'(z) are independent of z. Polarization
is lost in this regime, that is, a®™(t,x, k) = 0 for j # m and wave energy is equidistributed
over all directions. This implies that

o (b2, k) = a7 (2, k) = aa(t,z, K])

so that a®¥/ is independent of j = 1,...,74 and of the direction k = k/|k|. Furthermore,
because of multiple scattering, a universal equipartition regime takes place so that

aa(t7x0>|k|) :gb(t:x()aca’kD? (471)
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where ¢(t, z,w) solves a diffusion equation in z like (4.49) (see [53]). The diffusion coefficient
D(w) may be expressed explicitly in terms of the power spectra of the medium fluctuations
[53]. Using (4.69) and (4.71), we obtain when f is isotropic the following initial data for the
function ¢

00.2.) = =@ [ = o 2 A core i v g, )

where |a| is the number of non-vanishing eigenvalues of L(x, k), and dQ(k) is the Lebesgue
measure on the unit sphere S2.

~ Let us assume that non-propagating modes are absent in the initial source S(z), that is,
S’(J)(k) = 0 with the subscript zero referring to modes corresponding to wp = 0. Then (4.68)
becomes

(ki 20) = > 6T, 2o, calkl) [T (k)DL (w0, k) + S29 (k)6 (wo, k)| . (4.73)

7]

This is an explicit expression for the re-propagated signal in the diffusive regime, where ¢
solves the diffusion equation (4.49) with initial conditions (4.72).

4.5 Conclusions

This chapter presents a theory that quantitatively describes the refocusing phenomena in time
reversal acoustics as well as for more general processings of acoustic and other classical waves.
We show that the back-propagated signal may be expressed as the convolution (4.1) of the
original source S with a filter F'. The quality of the refocusing is therefore determined by the
spatial decay of the kernel F'. For acoustic waves, the explicit expression (4.37) relates F' to the
Wigner distribution of certain solutions of the wave equation. The decay of F' is related to the
smoothness in the phase space of the amplitudes a;(t, z, k) defined in Proposition 4.3.3. The
latter satisfy free transport equations in homogeneous media, which sharpens the gradients of
a; and leads to poor refocusing. In contrast, the amplitudes a; satisfy the radiative transport
equation (4.46) in heterogeneous media, which has a smoothing effect. This leads to a rapid
spatial decay of the filter F' and a better refocusing. For longer times, a; satisfies a diffusion
equation. This allows for an explicit expression (4.52)-(4.53) of the time reversed signal. The
same theory holds for more general waves and more general processing procedures at the
recording array, which allows us to describe the refocusing of electromagnetic waves when
only one component of the electric field is measured, for instance.
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