
Pulsepropagationandtimereversalinrandomwaveguides

JointworkwithG.Papanicolaou(Stanford).

-Bytheanalysisoftheone-dimensionalmodel,wehaveidentifiedthe

mechanismresponsibleforstatisticalstabilityintime-reversal:

Decorrelationinfrequencyofthereflectioncoefficient(Green’sfunction)

=⇒self-averagingintimeoftherefocusedpulse.

-ExperimentalconfirmationbyM.Fink(ultrasoundacoustics):Time

reversalisefficientwithbroadbandpulses,failswithnarrowbandpulses.

But:Timereversalexperimentsinoceanacoustics(W.Kuperman).

-Useofnarrowbandpulses.

-Timereversalisstatisticallystable.

-Diffraction-limitedfocalspot.

-Geometry:perturbedwaveguide.

=⇒Analysisofthemechanismsresponsibleforstatisticallystabletime

reversalinawaveguidegeometry.



Perfectacousticwaveguide

waveguidecross-section

D⊂R
2

D

z

x

ρ̄
∂u

∂t
+∇p=F,

1

K̄

∂p

∂t
+∇·u=0,forx∈Dandz∈R.

pistheacousticpressure,uistheacousticvelocity.

ρ̄isthedensityofthemedium,K̄isthebulkmodulus.

ThesourceismodeledbytheforcingtermF(t,r).

Waveequationwiththesoundspeedc̄=
√

K̄/ρ̄:

∆p−
1

c̄2

∂
2
p

∂t2=∇.Fforx∈Dandz∈R.

Dirichletboundaryconditions

p(t,x,z)=0forx∈∂Dandz∈R.



Timeharmonicwaveequationk=ω/c̄

∂
2
zp̂(ω,x,z)+∆⊥p̂(ω,x,z)+k

2
(ω)p̂(ω,x,z)=0

Spectrumof∆⊥withDirichletBC=infinitenumberofdiscreteeigenvalues

−∆⊥φj(x)=λjφj(x),x∈D,φj(x)=0,x∈∂D,forj=1,2,...

NumberofpropagatingmodesN(ω):

λN(ω)≤k(ω)<λN(ω)+1,

Propagatingmodes1≤j≤N(ω):

p̂j(ω,x,z)=φj(x)e
±iβj(ω)z

,βj(ω)=
√

k2(ω)−λj.

Evanescentmodesj>N(ω):

q̂j(ω,x,z)=φj(x)e
±βj(ω)z

,βj(ω)=
√

λj−k2(ω).



Excitationconditionsforapointsource

Sourcelocalizedintheplanez=0:

F(t,x,z)=f(t)δ(x−x0)δ(z)ez.

p̂(ω,x,z)=

[

N∑

j=1

âj(ω)
√

βj(ω)
e

iβjz
φj(x)+

∞∑

j=N+1

ĉj(ω)
√

βj(ω)
e
−βjz

φj(x)

]

1(0,∞)(z)

+

[

N∑

j=1

b̂j(ω)
√

βj(ω)
e
−iβjz

φj(x)+
∞∑

j=N+1

d̂j(ω)
√

βj(ω)
e

βjz
φj(x)

]

1(−∞,0)(z),

with

âj(ω)=−b̂j(ω)=

√

βj(ω)

2
f̂(ω)φj(x0),

ĉj(ω)=−d̂j(ω)=−
√

βj(ω)

2
f̂(ω)φj(x0).

Fork(ω)z�1:

p̂(ω,x,z)=

N(ω)
∑

j=1

âj(ω)
√

βj(ω)
φj(x)e

iβj(ω)z



Perturbedwaveguide:Timeharmonicapproach

x

L /ε2 0

d/2

-d/2

pinptr

z

ρ(r)
∂u

∂t
+∇p=F,

1

K(r)

∂p

∂t
+∇·u=0,

1

K(x,z)
=







1

K(1+εν(x,z))forx∈D,z∈[0,L/ε
2
]

1

Kforx∈D,z∈(−∞,0)∪(L/ε
2
,∞)

ρ(x,z)=ρ̄forx∈D,z∈(−∞,∞)

PerturbedwaveequationwithDirichletboundaryconditions:

∆p̂(ω,x,z)+k
2
(1+εν(x,z))p̂(ω,x,z)=0.

Wavemodeexpansions:

p̂(x,z)=

N
∑

j=1

φj(x)p̂j(z)+

∞∑

j=N+1

φj(x)q̂j(z)

Right-goingandleft-goingmodeamplitudesâj(z)andb̂j(z):

p̂j=
1
√

βj

(

âje
iβjz

+b̂je
−iβjz

)

,
dp̂j

dz
=i
√

βj

(

âje
iβjz

−b̂je
−iβjz

)

,j≤N



Coupledmodeequations

Neglectevanescentmodes.

Coupledmodeequationsforj≤N:

dâj

dz
=

iεk
2

2

∑

1≤l≤N

Cjl(z)
√

βjβl

(

âle
i(βl−βj)z

+b̂le
−i(βl+βj)z

)

db̂j

dz
=−

iεk
2

2

∑

1≤l≤N

Cjl(z)
√

βjβl

(

âle
i(βl+βj)z

+b̂le
i(βj−βl)z

)

where

Cjl(z)=

∫

D

φj(x)φl(x)ν(x,z)dx

Boundaryconditions:

âj(0)=âj,0,b̂j(
L

ε2)=0

Rescaling:

â
ε
j(z)=âj(

z

ε2),b̂
ε
j(z)=b̂j(

z

ε2)



Coupledmodeequations

Rescaling:

â
ε
j(z)=âj(

z

ε2),b̂
ε
j(z)=b̂j(

z

ε2)

Coupledmodeequationsforj≤N:

dâ
ε
j

dz
=

ik
2

2ε

∑

1≤l≤N

Cjl(
z

ε2)
√

βjβl

(

â
ε
le

i(βl−βj)
z

ε2+b̂
ε
le

−i(βl+βj)
z

ε2

)

db̂
ε
j

dz
=−

ik
2

2ε

∑

1≤l≤N

Cjl(
z

ε2)
√

βjβl

(

â
ε
le

i(βl+βj)
z

ε2+b̂
ε
le

i(βj−βl)
z

ε2

)

Boundaryconditions:

â
ε
j(0)=âj,0,b̂

ε
j(L)=0,j=1,...,N

↪→Diffusionapproximationtheorem.



Theforwardscatteringapproximation

Diffusion-approximation=⇒multi-dimensionaldiffusionprocess.

Couplingcoefficientsbetweenleftandright-goingmodes:
∫

∞

0

E[Cjl(0)Cjl(z)]cos(βj(ω)+βl(ω))z)dz,j,l=1,···,N(ω).

Couplingcoefficientsbetweenright-goingmodes:
∫

∞

0

E[Cjl(0)Cjl(z)]cos(βj(ω)−βl(ω))z)dz,j,l=1,···,N(ω).

Wecanneglecttheleft-going(backward)propagatingmodesifthefirst

typeofcoefficientsarenegligiblecomparedtothesecondones.

→reducedsystem:

dâ
ε

dz
=

1

ε
M(

z

ε2)â
ε
(z)

Mjl(z)=
ik

2

2
√

βjβl

Cjl(z)e
i(βl−βj)z



Themodeamplitudes(â
ε
j(ω,z))j=1,···,Nconvergeindistributionasε→0to

adiffusionprocess(âj(ω,z))j=1,···,Nwhoseinfinitesimalgeneratoris

L=
1

4

∑

j6=l

Γ
(c)
jl(ω)

(

AjlAjl+AjlAjl

)

+
1

2

∑

j,l

Γ
(1)
jl(ω)AjjAll

+
i

4

∑

j6=l

Γ
(s)
jl(ω)(All−Ajj),

Ajl=âj
∂

∂âl

−âl

∂

∂âj

=−Alj.

Γ
(c)
jl(ω)=

ω4

2c̄4βj(ω)βl(ω)

∫

∞

0
cos((βj(ω)−βl(ω))z)E[Cjl(0)Cjl(z)]dzifj6=l,

Γ
(c)
jj(ω)=−

∑

n6=j

Γ
(c)
jn(ω).



Meanmodeamplitudes

TheexpectedvaluesofthemodeamplitudesE[â
ε
j(ω,z)]convergeasε→0

toE[âj(ω,z)]givenby

E[âj(ω,z)]=exp(qj(ω)z)âj0(ω)

Re(qj(ω))<0

↪→exponentialdampingofthemeanamplitudes.



Meanmodepowers

Themodepowers(|â
ε
j(ω,z)|

2
)j=1,···,Nconvergeindistributionasε→to

(Pj(ω,z))j=1,···,Nwhoseinfinitesimalgeneratoris

LP=
∑

j6=l

Γ
(c)
jl(ω)

[

PlPj

(

∂

∂Pj

−
∂

∂Pl

)

∂

∂Pj

+(Pl−Pj)
∂

∂Pj

]

↪→diffusiononHN=
{

(Pj)j=1,···,N,Pj≥0,
∑

N

j=1Pj=R
2
0

}

whereR
2
0=

N
∑

j=1

|âj,0|
2

ThemeanmodepowersE[|â
ε
j(ω,z)|

2
]convergetoP

(1)
j(ω,z)

dP
(1)
j

dz
=
∑

n6=j

Γ
(c)
jn(ω)

(

P
(1)
n−P

(1)
j

)

startingfromP
(1)
j(ω,z=0)=|âj,0|

2
,j=1,···,N.

Thisshowstheasymptoticequipartitionofmodeenergy:

sup
j=1,···,N

∣

∣

∣

∣P
(1)
j(ω,z)−

1

N
R

2
0

∣

∣

∣

∣≤Cexp

(

−
z

Lequip

)

where
1

Lequip
=secondeigenvalueofΓ

(c)
.



Fluctuationstheory

P
(2)
jl(ω,z)=lim

ε→0
E
[

|â
ε
j(ω,z)|

2
|â

ε
l(ω,z)|

2
]

=E[Pj(ω,z)Pl(ω,z)].

UsingthegeneratorLPwegetasystemofordinarydifferentialequations

forlimitforthmoments(P
(2)
jl)j,l=1,···,Nwhichhastheform

dP
(2)
jj

dz
=
∑

n6=j

Γ
(c)
jn

(

4P
(2)
jn−2P

(2)
jj

)

,

dP
(2)
jl

dz
=−2Γ

(c)
jlP

(2)
jl+

∑

n

Γ
(c)
ln

(

P
(2)
jn−P

(2)
jl

)

+
∑

n

Γ
(c)
jn

(

P
(2)
ln−P

(2)
jl

)

,j6=l.

Thenormalizedcorrelation

Cor(Pj,Pl)(z):=
P

(2)
jl(z)−P

(1)
j(z)P

(1)
l(z)

P
(1)
j(z)P

(1)
l(z)

,

hasthefollowingasymptoticform

Cor(Pj,Pl)(z)
z→∞
−→











−
1

N+1
ifj6=l,

N−1

N+1
ifj=l.

WhenNislarge:Pjuncorrelated,withexponentialdistribution.



Narrowbandpulsepropagationinarandomwaveguide

Point-likenarrowbandsourceterm

F
ε
(t,x,z)=f

ε
(t)δ(x−x0)δ(z)ez

f
ε
(t)=f(ε

2
t)e

iω0t
,f̂

ε
(ω)=

1

ε2f̂
(

ω−ω0

ε2

)

Transmittedpulse:

p
ε
tr(t,x,L)=ptr

(

t

ε2,x,
L

ε2

)

p
ε
tr(t,x,L)=

1

4πε2

∫

N∑

j,l=1

√βl
√

βj

φj(x)φl(x0)f̂
(

ω−ω0

ε2

)

T
ε
jl(ω)e

i
βj(ω)L−ωt

ε2dω

whereT
ε
jl=â

ε
j(L)whenâ

ε
j(0)=δjl(T

ε
:transfermatrix).

p
ε
tr(t,x,L)=

1

4π

∫

N
∑

j,l=1

√βl
√

βj

φj(x)φl(x0)

×f̂(h)T
ε
jl(ω0+ε

2
h)e

i
βj(ω0)L−ω0t

ε2e
i[β

′

j(ω0)L−t]h
dh



Homogeneouswaveguide

InahomogeneouswaveguidewehavethatT
ε
jl=δjland

p
ε
tr(t,x,L)=

1

2

N
∑

j=1

φj(x)φj(x0)e
i

βj(ω0)L−ω0t

ε2f
(

t−β
′
j(ω0)L

)

Superpositionofmodes.

Eachmodepropagateswithitsvelocity1/β
′
j(ω0).

Modaldispersion∼L.



Randomwaveguide

Meanamplitude:

E[p
ε
tr(t,x,L)]=

1

4π

∫

N∑

j,l=1

√βl
√

βj

φj(x)φl(x0)

×f̂(h)E[T
ε
jl(ω0+ε

2
h)]e

i
βj(ω0)L−ω0t

ε2e
i[β

′

j(ω0)L−t]h
dh

Meanintensity:

E[p
ε
tr(t,x,L)

2
]=

1

16π2

∫

N
∑

j,l,m,n=1

√βl
√

βj

φj(x)φl(x0)

√βn
√βm

φm(x)φn(x0)

×f̂(h)f̂(h′)E[T
ε
jl(ω0+ε

2
h)T

ε
mn(ω0+ε

2
h
′
)]

e
i
[βj(ω0)−βm(ω0)]L

ε2e
i[β

′

j(ω0)L−t]h−i[β
′

m(ω0)L−t]h
′

dhdh
′



Autocorrelationfunctionofthetransmissioncoefficients

Forfixedindicesmandn:

U
ε
jl(ω,h,z)=T

ε
jm(ω,z)T

ε
ln(ω−ε2h,z)

isthesolutionof

dU
ε
jl

dz
=

ik
2

2ε

(

Cjj(
z

ε2)

βj(ω)−
Cll(

z

ε2)

βl(ω−ε2h)

)

U
ε
jl

+
ik

2

2ε

∑

j16=j

Cjj1(
z

ε2)
√

βjβj1(ω)
e

i(βj1−βj)(ω)
z

ε2U
ε
j1l

−
ik

2

2ε

∑

l16=l

Cll1(
z

ε2)
√

βlβl1(ω−ε2h)
e

i(βl−βl1)(ω−ε
2
h)

z

ε2U
ε
jl1,

withtheinitialconditionsU
ε
jl(ω,h,z=0)=δmjδnl.



Expandβ·(ω−ε
2
h)withrespecttoε.

IntroducetheFouriertransform

V
ε

jl(ω,τ,z)=
1

2π

∫

e
−ih(τ−β

′

l(ω)z)
U

ε
jl(ω,h,z)dh,

solutionof

∂V
ε

jl

∂z
+β

′
l(ω)

∂V
ε
jl

∂τ
=

ik
2

2ε

(

Cjj(
z

ε2)

βj(ω)−
Cll(

z

ε2)

βl(ω)

)

V
ε

jl

+
ik

2

2ε

∑

j16=j

Cjj1(
z

ε2)
√

βjβj1(ω)
e

i(βj1−βj)(ω)
z

ε2V
ε

j1l

−
ik

2

2ε

∑

l16=l

Cll1(
z

ε2)
√

βlβl1(ω)
e

i(βl−βl1)(ω)
z

ε2V
ε

jl1,

withtheinitialconditionsV
ε

jl(ω,h,z=0)=δmjδnlδ(τ).

↪→diffusionapproximationtheorem.



Autocorrelationfunctionofthetransmissioncoefficients

Theautocorrelationfunctionofthetransmissioncoefficientsattwonearby

frequenciesadmitsalimitasε→0.

E[T
ε
jj(ω,L)T

ε
ll(ω−ε2h,L)]

ε→0
−→e

Qjl(ω)L
ifj6=l,

E[T
ε
jl(ω,L)T

ε
jl(ω−ε2h,L)]

ε→0
−→e

−iβ
′

j(ω)hL

∫

W
(l)
j(ω,τ,L)e

ihτ
dτ,

E[T
ε
jm(ω,L)T

ε
ln(ω−ε2h,L)]

ε→0
−→0intheothercases,

where(W
(l)
j(ω,τ,z))j=1,···,N(ω)isthesolutionofthesystemoftransport

equations

∂W
(l)
j

∂z
+β

′
j(ω)

∂W
(l)
j

∂τ
=
∑

n6=j

Γ
(c)
jn(ω)

(

W
(l)
n−W

(l)
j

)

startingfromW
(l)
j(ω,τ,z=0)=δ(τ)δjl.

ThedampingcoefficientsQjl(ω)<0.



Probabilisticrepresentation

LetusdefinethejumpMarkovprocessJzwhosestatespaceis

{1,···,N(ω)}andwhoseinfinitesimalgeneratoris

Lφ(j)=
∑

l6=j

Γ
(c)
jl(ω)(φ(l)−φ(j)).

WealsodefinetheprocessBzby

Bz=

∫

z

0

β
′
Jsds,z≥0.

Kolmogorovequation:
∫

τ1

τ0

W
(n)
j(ω,τ,L)dτ=P(JL=j,BL∈[τ0,τ1]|J0=n).

(Jz)isanergodicMarkovchainwithuniformstationarydistribution.

Fromtheergodictheoremwehave

Bz

z
z→∞
−→β′(ω),whereβ′(ω)=

1

N(ω)

N(ω)
∑

j=1

β
′
j(ω)

Exponentialconvergencerate=1/Lequip



ByapplyingacentrallimittheoremforfunctionalsofergodicMarkov

processes,

Bz−β′(ω)z
√z

z→∞
−→N(0,σ

2
β
′
(ω))

where

σ
2
β
′
(ω)=2

∫

∞

0

Ee

[

(β
′
J0(ω)−β′(ω))(β

′
Js(ω)−β′(ω))

]

ds

W
(n)
j(ω,τ,L)

L�Lequip
'

1

N(ω)

1
√

2πσ
2
β
′
(ω)L

exp

(

−
(τ−β′(ω)L)

2

2σ
2
β
′
(ω)L

)

Diffusionapproximationforthesystemoftransportequations

W
(n)
j(ω,τ,L)

L�Lequip
'W(ω,τ,L)with

∂W
∂z

+β′(ω)
∂W
∂τ

=
1

2
σ

2
β
′
(ω)

∂
2
W

∂τ2



Themeantransmittedintensity

E

[

|p
ε
tr(t,x,L)|

2
]

=I
ε
1(t,x,L)+I

ε
2(t,x,L)

Thefirsttermisthecontributionofthecoherentwave:

I
ε
1(t,x,L)

ε→0
'

1

4

N
∑

j6=m=1

φj(x)φj(x0)φm(x)φm(x0)e
i
[βj(ω0)−βm(ω0)]L

ε2

×e
Qjm(ω0)L

f(t−β
′
j(ω0)L)f(t−β

′
m(ω0)L).

Weseethatitdecaysexponentiallywiththepropagationdistancebecause

ofthedampingfactorsexp(Qjm(ω0)L).

Thesecondtermisthecontributionoftheincoherentwaves:

I
ε
2(t,x,L)

ε→0
'

1

4

N∑

j,l=1

βl

βj

φ
2
j(x)φ

2
l(x0)

∫

W
(l)
j(ω0,τ,L)f(t−τ)

2
dτ.



Theequipartitionregime

ForL�Lequip:

lim
ε→0

E[p
ε
tr(t,x,L)]

L�Lequip

'0

lim
ε→0

E

[

|p
ε
tr(t,x,L)|

2
]

L�Lequip
'Hω0,x0(x)×[Kω0,L∗(f

2
)](t),

wherethespatialprofileHω0,x0andthetimeconvolutionkernelKω0,Lare

Hω0,x0(x)=
1

4N(ω0)

N(ω0)
∑

j=1

φ
2
j(x)

βj(ω0)×
N(ω0)
∑

l=1

φ
2
l(x0)βl(ω0),

Kω0,L(t)=
1

√

2πσ
2
β
′
(ω0)L

exp

(

−
(t−β′(ω0)L)

2

2σ
2
β
′
(ω0)L

)

.

Universalspatialprofile(independentofthestatisticsoftheperturbations).

Timeprofile:

1/β′(ω0):groupvelocity=harmonicaverageofthemodevelocity.

σ
2
β
′
(ω0):groupvelocitydispersion.

Modaldispersion∼
√

L.

Strongrandomcoupling=⇒reductionofmodaldispersion.



Timereversalsetup

-

0L/ε
2

z

f
ε
(t,x)

-

p
ε
tr(t,x)

-

ρ(x,z)=ρ̄

1

K
(x,z)=

1

K̄
(1+εν(x,z))

Recordp
ε
tr(t,x,L)uptotimet1onthemirrorx∈DM⊂D.

Cutapiecef
ε
TR(t,x)=p

ε
tr(t,x,L)G1(t)G2(x),withsupp(G1)⊂[0,t1]and

supp(G2)⊂DM.

Timereverseandre-emitF
ε
TR(t,x,z)=f

ε
TR(t,x)ez.

-

0L/ε
2

z

�

f
ε
TR(t,x)

�

pTR(t,x)
ρ(x,z)=ρ̄

1

K̄
(x,z)=

1

K̄
(1+εν(x,z))



Mirrorcouplingcoefficients:

Mjl=

∫

D

φj(x)G2(x)φl(x)dx

-IfthemirrorspansthecompletecrosssectionDofthewaveguide,thenwe

haveG2(x)=1andMjl=1ifj=land0otherwise.

-Ifthemirrorispoint-likeatx=x1,i.e.G2(x)=δ(x−x1),then

Mjl=φj(x1)φl(x1).

Intuitionfora”Good”mirror:Malmostdiagonal.

RefocusedpulseafterTR:

pTR

(

tobs

ε2,x,0

)

=
1

8π2

N
∑

j,l,m,n=1

√βlβm
√

βjβn

Mmjφn(x)φl(x0)

×e
i[βm(ω0)−βj(ω0)]

L

ε2+iω0
t1−tobs

ε2

×
∫∫

T
ε
jl(ω0+ε2h′)Tε

mn(ω0+ε
2
h)

×f̂(h′)Ĝ1(h−h′)ei[β
′

m(ω0)h
′
−β

′

j(ω0)h]L+ih(t1−tobs)
dhdh

′

Simplification:G1≡1(recordeverythingintime).



Homogeneouswaveguidewithafullmirror

TransfermatrixT
ε
jl=δjl.MirrorcouplingMjl=δjl.

pTR

(

tobs

ε2,x,0

)

=
1

2
e

iω0
t1−tobs

ε2f(t1−tobs)
N∑

j=1

φj(x)φj(x0)

Planarwaveguidewithdiameterd:



























φj(x)=
√

2/dsin(πjx/d)

λj=πj/d

βj=
√

ω2/c2−π2j2/d2

N(ω)=[(ωd)/(πc̄)]=[2d/λ0]

.

InthecontinuumlimitN�1(i.e.d�λ0)wehave

1

2

N∑

j=1

φj(x)φj(x0)
N�1
'

1

λ0
sinc

(

2π
x−x0

λ0

)

→diffraction-limitedspotsize.



Homogeneouswaveguidewithapartialmirror

TransfermatrixT
ε
jl=δjl.

pTR

(

tobs

ε2,x,0

)

=
1

2
e

iω0
t1−tobs

ε2

N∑

j,m=1

e
i[βm−βj](ω0)

L

ε2

×Mmjφm(x)φj(x0)f
(

[β
′
m−β

′
j](ω0)L+t1−tobs

)
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Mirrorsizea=2.5Mirrorsizea=10

Transverseprofileoftherefocusedfieldinahomogeneouswaveguidewith

diameterd=20andlengthL=200.Hereλ0=1,sothereare40modes.

Originalsourcelocationisx0=8.



Themeanrefocusedpulseinarandomwaveguide

E

[

pTR

(

tobs

ε2,x,0

)]

=p
ε
1+p

ε
2

p
ε
1isthecontributionofthecoherentwaves:

p
ε
1

ε→0
'

1

2

N∑

j6=m=1

Mmjφm(x)φj(x0)e
i[βm−βj](ω0)

L

ε2+iω0
t1−tobs

ε2

×e
Qjm(ω0)L

f
(

[β
′
m−β

′
j](ω0)L+t1−tobs

)

,

p
ε
2isthecontributionoftherefocusedincoherentwaves:

p
ε
2

ε→0
'

1

2
e

iω0
t1−tobs

ε2f(t1−tobs)

N
∑

j,l=1

Mjjφl(x)φl(x0)

∫

W
(l)
j(ω0,L,dτ)

Intheequipartitionregime:

lim
ε→0

E

[

pTR

(

tobs

ε2,x,0

)]

L�Lequip

'e
iω0

t1−tobs
ε2f(t1−tobs)

×
1

N(ω0)

N(ω0)
∑

j

Mjj×
1

2

N(ω0)
∑

l=1

φl(x)φl(x0)



Intheequipartitionregime:

lim
ε→0

∣

∣

∣

∣

E

[

pTR

(

tobs

ε2,x,0

)]
∣

∣

∣

∣

L�Lequip
∼

1

N(ω0)

N(ω0)
∑

j

Mjj×
1

2

N(ω0)
∑

l=1

φl(x)φl(x0)

Off-diagonaltermsj6=marekilledbytheexpectation.

Planarwaveguide:















φj(x)=
√

2/dsin(πjx/d)

βj=
√

ω2/c2−π2j2/d2

λj=πj/d,N(ω)=[(ωd)/(πc̄)]=[2d/λ0]

.

InthecontinuumlimitN�1wehave

1

2

N
∑

l=1

φl(x)φl(x0)
N�1
'

1

λ0
sinc

(

2π
x−x0

λ0

)

→diffraction-limitedspotsize.

→holdstrueonlyinaverage.



Statisticalstability

S
2

:=lim
ε→0

E

[

∣

∣

pTR

(

tobs
ε2,x0,0

)∣

∣

2
]

−
∣

∣

E
[

pTR

(

tobs
ε2,x0,0

)]∣

∣

2

∣

∣

E
[

pTR

(

tobs
ε2,x0,0

)]∣

∣

2

WehavestatisticalstabilitywhenSissmall.Intheequipartitionregime:

S
2

L�Lequip
'−

1

N+1
+

N

N+1

1

Qmirror
,Qmirror=

∑

j,lMjjMll
∑

j,lM
2
jl

ThequalityfactorQmirrordependsonlyonthetimereversalmirror.

Twoextremecases:

-Ifthetimereversalmirrorspansthewaveguidecross-section,then

Mjl=δjl,Qmirror=NandS
2

=0,whichisoptimal.

-Ifthetimereversalmirrorispoint-likeatx1,thenMjl=φj(x1)φl(x1),

Qmirror=1,andS
2

=(N−1)/(N+1).



Numericalillustration:planarwaveguide
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σ=0.005σ=0.015

Transverseprofileofthemeanrefocusedfieldinarandomwaveguidewith

diameterd=20,lengthL=200,λ0=1,mirrorsizea=5,originalsource

locationx0=8.

Randommedium:correlationlengthlc=0.25andstandarddeviationσ.

Dashedlines:spatialprofileobtainedinhomogeneousmediumσ=0.

Solidlines:meanprofileinarandomwaveguide.

Rightfigureisveryclosetotheequipartitionregime.
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TherelativestandarddeviationSoftherefocusedfieldintheequipartition

regimeasafunctionofthemirrorsizea.Hered=20andλ0=1.



Numericalsimulations:planarwaveguide
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a=2.5a=5

Transverseprofileoftherefocusedfieldinarandomwaveguidewith

diameterd=20,lengthL=200,λ0=1,mirrordiametera,originalsource

locationx0=8.

Dashedlines:spatialprofileobtainedforaparticularrealizationofthe

randommedium.

Solidlines:meanprofilesaveragedover100realizations.

Parametersclosetotheequipartitionregime.



Numericalsimulations:planarwaveguide
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a=10a=15

Transverseprofileoftherefocusedfieldinarandomwaveguidewith

diameterd=20,lengthL=200,λ0=1,mirrordiametera,originalsource

locationx0=8.

Dashedlines:spatialprofileobtainedforaparticularrealizationofthe

randommedium.

Solidlines:meanprofilesaveragedover100realizations.

Parametersclosetotheequipartitionregime.



Conclusions

Mechanismsresponsibleforstatisticalstabilityintime-reversal:

1)broadbandpulse

largenumberofuncorrelatedfrequencycomponents

=⇒self-averagingintime.

2)largemirror

largenumberofuncorrelatedspatialmodes

=⇒self-averagingevenfortime-harmonicwaves.

Toappear:

Wavepropagationandtimereversalinrandomlylayeredmedia

J.-P.Fouque,J.Garnier,G.Papanicolaou,andK.Sølna

Springer,2006.


