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Longdistancepropagationlc�λ�L

Acousticequationsforpressurepandvelocityu:
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∂t
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ε
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z

ε
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Longdistancepropagationlc�λ�L

Acousticequationsforpressurepandvelocityu:

∂p

∂t
+κ(z)

∂u

∂z
=0

ρ(z)
∂u

∂t
+

∂p

∂z
=0

-

0Lz

-

(p,u)tr(
t
ε)

-

(p,u)ref(
t
ε)

�

(p,u)inc(
t
ε)

ρ(z)=1

1

κ
(z)=1+η(

z

ε2)

IC:right-goingpulseincomingfromthelefthomogeneoushalf-spacef(
t
ε).

Introducetheright-goingmodeA=u+pandleft-goingmodeB=u−p

thatsatisfy:

∂

∂z

(

A
B

)

=

((

−10
01

)

+
1

2
η(

z

ε2)

(

1−1
1−1

))

∂

∂t

(

A
B

)
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Correlationradius∼ε
2
�wavelength∼ε�propagationdistance∼1.

A(0,t)=f(
t

ε
),B(L,t)=0

Observethetransmittedwavearoundtheexpectedarrivaltimet=L:

A(L,L+εσ)σ∈(−∞,∞)

Define

A
ε
(z,σ)=A(z,z+εσ),B

ε
(z,σ)=B(z,−z+εσ)

TakeascaledFouriertransformε:

Â
ε
(z,ω)=

∫

e
iωσ

A
ε
(z,σ)dσ,B̂

ε
(z,ω)=

∫

e
iωσ

B
ε
(z,σ)dσ

Inthefrequencydomain:

d

dz

(

Â
ε

B̂
ε

)

=P
ε
ω(z)

(

Â
ε

B̂
ε

)

,P
ε
ω(z)=

iω

2ε
η(

z

ε2)

(

1−e
−2iω

z
ε

e
2iω

z
ε−1

)

withtheboundaryconditionsÂ
ε
(0,ω)=f̂(ω)andB̂

ε
(L,ω)=0.
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Let(â
ε
,b̂

ε
)solutionof:

d

dz

(

â
ε

b̂
ε

)

=P
ε
ω(z)

(

â
ε

b̂
ε

)

,

withtheinitialconditions:

â
ε
(0,ω)=1,b̂

ε
(0,ω)=0

Bysymmetry(b̂ε,âε)isanothersolution,andtherefore

Y
ε

ω(z)=

(

â
ε
(z,ω)b̂ε(z,ω)

b̂
ε
(z,ω)âε(z,ω)

)

isthefundamentalmatrix(propagator)of

thesystem:
d

dz
Y

ε
ω=P

ε
ω(z)Y

ε
ω,Y

ε
ω(0)=Id2

Bylinearity:
(

Â
ε
(L,ω)

B̂
ε
(L,ω)

)

=Y
ε
ω(L)

(

Â
ε
(0,ω)

B̂
ε
(0,ω)

)

withB̂
ε
(L,ω)=0andÂ

ε
(0,ω)=f̂(ω).

B̂
ε
(0,ω)=R

ε
ω(L)f̂(ω),Â

ε
(L,ω)=T

ε
ω(L)f̂(ω)

R
ε
ω(L)=−(b̂

ε
/âε)(L,ω),T

ε
ω(L)=(1/âε)(L,ω),
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Trace(P
ε
ω)=0,thereforedet(Y

ε
ω)=1and|â

ε
|
2
−|b̂

ε
|
2

=1:

|R
ε
ω(L)|

2
+|T

ε
ω(L)|

2
=1

Transmittedfield:

A(L,L+εσ)=A
ε
(L,σ)=

1

2π

∫

e
−iωσ

f̂(ω)T
ε
ω(L)dω

Theconvergenceof(A
ε
(L,σ))σ∈Rrequires:

-relativecompacity,

-convergenceofthefinite-dimensionaldistributions.

Thefinite-dimensionaldistributionsarecharacterizedbythemoments

E[A
ε
(L,σ1)

p1
...A

ε
(L,σk)

pk
]

foranyrealσ1<...<σkandintegerp1,...,pk.

[1]J.-F.ClouetandJ.-P.Fouque,Ann.Appl.Probab.4(1994),1083-1097.



Lemma.Thetransmittedfield((A
ε
(L,σ))−∞<σ<∞)ε>0isrelatively

compactinCb(R,R).

Proof.Wemustshowthat,∀h>0,thereisacompactKinCb(R,R)such

that

sup
ε>0

P(A
ε
(L,.)∈K)≥1−h

WehaveA
ε
(L,σ)=

1

2π

∫

e
−iωσ

f̂(ω)T
ε
ω(L)dω.

OntheonehandA
ε
(L,σ)isboundedby:

|A
ε
(L,σ)|≤

1

2π

∫

|f̂(ω)|dω

Ontheotherhandthemodulusofcontinuity

M
ε
(δ)=sup

|σ1−σ2|≤δ

|A
ε
(L,σ1)−A

ε
(L,σ2)|

isboundedby

M
ε
(δ)≤

∫

sup
|σ1−σ2|≤δ

|1−exp(iω(σ1−σ2))||f̂(ω)|dω

whichgoesto0asδ→0.



First-ordermoment:

E[A
ε
(L,σ)]=

1

2π

∫

e
−iωσ

f̂(ω)E[T
ε
ω(L)]dω

withT
ε
ω(L)=1/âε(L,ω).LetusfixωanddenoteX

ε
1=Re(â

ε
(.,ω)),

X
ε
2=Im(â

ε
(.,ω)),X

ε
3=Re(b̂

ε
(.,ω))andX

ε
4=Im(b̂

ε
(.,ω)).Theprocess

X
ε

satisfies:
dX

ε
(z)

dz
=

1

ε
Fω

(

η(
z

ε2),
z

ε

)

X
ε
(z),

withtheinitialconditionsX
ε
1(0)=1andX

ε
j′(0)=0ifj

′
=2,3,4,where

Fω(η,h)=
ωη

2















0−1−sin(2ωh)cos(2ωh)

10−cos(2ωh)−sin(2ωh)

sin(2ωh)cos(2ωh)0−1

−cos(2ωh)sin(2ωh)10















Diffusion-approximation:X
ε

convergesindistributiontoXMarkovwith

generator

L=

4∑

i,j=1

aij(X)
∂

2

∂Xi∂Xj

a11=
αω

2

4

(

X
2
2+

X
2
3+X

2
4

2

)

,a12=
αω

2

4
(−X1X2),α=

∫

∞

0

E[η(0)η(z)]dz



Themomentφ(z)=E[(X1(x)−iX2(z))
−1

]=limε→0E[1/âε(z,ω)]satisfies

dφ

dz
=Lφ=−

αω
2

2
φ,φ(0)=1.

where

α=

∫

∞

0

E[η(0)η(z)]dz

Solution:φ(L)=exp(−αω
2
L/2).TheexpectationA

ε
(L,σ)converges:

E[A
ε
(L,σ)]

ε→0
−→

1

2π

∫

e
−iωσ

f̂(ω)exp(−αω
2
L/2)dω

Generalmoment:

E[A
ε
(L,σ1)

p1
...A

ε
(L,σk)

pk
]=

=
1

(2π)n

∫

...

∫

∏

1≤j≤k

1≤l≤pj

f̂(ωj,l)e
−iωj,lσj

E











∏

1≤j≤k

1≤l≤pj

T
ε
ωj,l(L)











∏

1≤j≤k

1≤l≤pj

dωj,l

OnemustcomputethelimitmomentsE[T
ε
ω1(L)...T

ε
ωn(L)]forndistinct

frequencies(ωi)i=1,...,n.



IntroduceX
ε
4j+1=Re(â

ε
(ωj,.)),X

ε
4j+2=Im(â

ε
(ωj,.)),

X
ε
4j+3=Re(b̂

ε
(ωj,.))andX

ε
4j+4=Im(b̂

ε
(ωj,.)),j=1,...,n.X

ε
satisfies

dX
ε
(z)

dz
=

1

ε
F
(

η(
z

ε2),
z

ε

)

X
ε
(z),

withX
ε
4j+j′(0)=1ifj

′
=1,X

ε
4j+j′(0)=0ifj

′
=2,3,4,where

F(η,h)=⊕
n
j=1Fωj(η,h)

Diffusion-approximation:X
ε
→XMarkovwithgeneratorL.

Ifwedenoteφ
ε
(z)=E[T

ε
ω1(z)...T

ε
ωn(z)]thenφ(z)=limε→0φ

ε
(z)satisfies:

dφ(z)

dz
=−

2α
∑

kω
2
k+α

∑

k6=lωkωl

4
φ(z),φ(0)=1.

Thisequationissatisfiedby:φ̃(z)=E

[

∏

kÃ(z,ωk)
]

with:

Ã(z,ω)=exp(i
ω√α
√

2
Wz−

ω
2
α

4
z)

whereWzisaBrownianmotion(Wzisarandomvariable,withGaussian

density,mean0andvariancez).



Thusφ(L)=φ̃(L)andthelimitindistributionofA
ε
(L,σ)is:

1

(2π)

∫

e
−iωσ

f̂(ω)exp(i
ω√α
√

2
WL−

ω
2
α

4
L)dω

Proposition.(A
ε
(L,σ))σ∈Rconvergeindistributionto(Ā(L,σ))σ∈R

Ā(L,σ)=KODA∗f

(

σ−
√

α

2
WL

)

where

KODA(t)=
1

√
παL

exp

(

−
t
2

αL

)

Theinitialpulsefismodifiedintwoways:

-deterministicspreading(convolutionwithaGaussiankernel).

-randomtimedelay∼WL.

Effectiveconvection-diffusion:

dĀ=

√α
√

2

∂Ā

∂σ◦dWz+
α

4

∂
2
Ā

∂σ2dz

dĀ=

√α
√

2

∂Ā

∂σ
dWz+

α

2

∂
2
Ā

∂σ2dz



Comparisontheory-numerics
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Remarkonthemeanfieldapproach

Considerf(z=0,t)=f0(t)=exp(−
t2

2),and

f(z,t)=f0(t−Wz)

whereWzisaBrownianmotion,withpdf

pz(w)=
1

√
2πz

exp

(

−
w

2

2z

)

Forarealization:pulseshapepreserved,randomtimedelay.

Forthemeanfield:

f̄(z,t):=E[f(z,t)]=

∫

f0(t−w)pz(w)dw

=
1

√
1+z

exp

(

−
t
2

2(1+z)

)

whichmeansthatf̄satisfiesadiffusionequation:

∂f̄

∂z
=

1

2

∂
2
f̄

∂t2

↪→themeanfieldcanbeverydifferentfromthe“typical”field.



Scatteringofanacousticpulseinrandommedia

Acousticequationsforpressurepandspeedu:

∂p

∂t
+κ(z)

∂u

∂z
=0

ρ(z)
∂u

∂t
+

∂p

∂z
=0

-

−L0z

�

(p,u)tr(
t
ε)

-

(p,u)ref(
t
ε)

�

(p,u)inc(
t
ε)

ρ(z)=1+ν(
z

ε2)

1

κ
(z)=1+η(

z

ε2)

IC:left-goingpulseincomingfromtherighthomogeneoushalf-space.

m(z)=η(z)+ν(z),n(z)=η(z)−ν(z)



ThepropagatorY
ε

ω(z)=

(

â
ε
(z,ω)b̂ε(z,ω)

b̂
ε
(z,ω)âε(z,ω)

)

isthefundamentalmatrix

ofthesystem:

d

dz
Y

ε
ω=P

ε
ω(z)Y

ε
ω,P

ε
ω(z)=

iω

2ε



−m(
z
ε2)−n(

z
ε2)e

2iωz
ε

n(
z
ε2)e

−2iωz
εm(

z
ε2)





startingfromY
ε

ω(−L)=Id2.Bylinearity:

Y
ε

ω(z)

(

0
T

ε
ω(z)

)

=

(

R
ε
ω(z)
1

)

Thereflectionandtransmissioncoefficientsfortheslab[−L,z]are:

R
ε
ω(z)=

b̂ε(z,ω)

âε(z,ω)
,T

ε
ω(z)=

1

âε(z,ω)
.

dR
ε
ω

dz
=

1

âε

db̂ε

dz−
b̂ε

(âε)2
dâε

dz
,

dT
ε
ω

dz
=−

1

(âε)2
dâε

dz

Fromtheequationssatisfiedby(â
ε
,b̂

ε
)weget

∂R
ε
ω

∂z
=−

iω

ε
m(

z

ε2)R
ε
ω−

iω

2ε
n(

z

ε2)e
−2iωz

ε(R
ε
ω)

2
−

iω

2ε
n(

z

ε2)e
2iωz

ε

∂T
ε
ω

∂z
=−

iω

2ε
n(

z

ε2)R
ε
ωe

−2iωz
εT

ε
ω−

iω

2ε
m(

z

ε2)T
ε
ω



Integralrepresentationofthereflectedsignal

Sendaleft-goingpulsef(
t
ε):

p
ε
inc(t)=f(

t

ε
)=

∫

e
iωt
εf̂(ω)dω

Reflectedsignal:

p
ε
ref(t)=

∫

e
iωt
εf̂(ω)R

ε
ω(0)dω

-

−L0z

�

-

pε
ref(t)

�

pε
inc(t)

ρ(z)=1+ν(
z
ε2)

1
κ(z)=1+η(

z
ε2)

-

−L0 z

�Tε
ω(z)

-0�1

-Rε
ω(z)

R
ε
ω(ω,z)isthereflectioncoefficientforarandomslab[−L,z]:

∂R
ε
ω

∂z
=−

iω

ε
m(

z

ε2)R
ε
ω−

iω

2ε
n(

z

ε2)e
−2iωz

ε(R
ε
ω)

2
−

iω

2ε
n(

z

ε2)e
2iωz

ε,

withtheinitialconditionatz=−L:R
ε
ω(z=−L)=0.

Energyconservation|R
ε
ω|

2
+|T

ε
ω|

2
=1→uniformboundednessofR

ε
ω.

cfM.Aschetal.,SIAMReview33(1991),519-625.



Thereflectedwave

pref(t)=

∫

e
iωt
εf̂(ω)R

ε
ω(0)dω

0100200300400

−0.1

−0.05

0

0.05

0.1

t

signal

WehaveE[pref(t)]=0(nocoherentsignal).

Reflectedintensity:

p
2
ref(t)=

∫∫

e
i(ω−ω′)t

εR
ε
ω(0)R

ε
ω′(0)f̂(ω)f̂(ω′)dωdω

′

=ε

∫∫

e
iht

R
ε
ω(0)R

ε
ω−εh(0)f̂(ω)f̂(ω−εh)dωdh



Theautocorrelationfunctionofthereflectioncoefficient

Letusfixω.

U
ε
1,1(z,ω,h)=R

ε
ω+

εh
2

(z)R
ε
ω−

εh
2

(z)

Welookforlimε→0E[U
ε
1,1(0,ω,h)].

Forp,q∈N,z∈[−L,0]weintroduce

U
ε
p,q(z,ω,h)=

(

R
ε
ω+

εh
2

(z)
)

p
(

R
ε
ω−

εh
2

(z)

)

q

FromtheRicattiequationsatisfiedbyR
ε
ω:

∂U
ε
p,q

∂z
=

iω

ε
m(

z

ε2)(q−p)U
ε
p,q

−
iω

2ε
n(

z

ε2)e
2iωz

ε

(

pe
ihz

U
ε
p−1,q−qe

−ihz
U

ε
p,q+1

)

+
iω

2ε
n(

z

ε2)e
−2iωz

ε

(

qe
ihz

U
ε
p,q−1−pe

−ihz
U

ε
p+1,q

)

withU
ε
p,q(z=−L,ω,h)=10(p)10(q).

TakeaFouriertransformwithrespecttoh:

V
ε

p,q(z,ω,τ)=
1

2π

∫

e
ih(τ−(p+q)z)

U
ε
p,q(z,ω,h)dh



∂V
ε

p,q

∂z
=−(p+q)

∂V
ε

p,q

∂τ
+

iω

ε
m(

z

ε2)(q−p)V
ε

p,q

−
iω

2ε
n(

z

ε2)e
2iωz

ε
(

pV
ε

p−1,q−qV
ε

p,q+1

)

+
iω

2ε
n(

z

ε2)e
−2iωz

ε
(

qV
ε

p,q−1−pV
ε

p+1,q

)

startingfromV
ε

p,q(z=−L,ω,τ)=δ(τ)10(p)10(q).

Approximation-diffusion=⇒V
ε

p,qconvergesasε→0toadiffusionMarkov

process.

InparticularE[V
ε

p,p(z,ω,τ)],p∈N,convergestoVp(z,ω,τ):

∂Vp

∂z
+2p

∂Vp

∂τ
=

1

2
αnω

2
p
2
(Vp+1+Vp−1−2Vp)

Vp(z=−L,ω,τ)=δ(τ)10(p)

whereαn=

∫

∞

0

E[n(0)n(z)]dz.

WethusgetthelimitoftheexpectationofR
ε
ω:

E

[

R
ε
ω+

εh
2

(0)R
ε
ω−

εh
2

(0)

]

ε→0
−→

∫

V1(0,ω,τ)e
−ihτ

dτ



Analysisofthetransportequations

LetusintroducethejumpMarkovprocess(Nz)z≥−LwithstatespaceN

andinfinitesimalgenerator

Lφ(N)=
1

2
αnω

2
N

2
(φ(N+1)+φ(N−1)−2φ(N))

Wealsodefinetheprocess
∂Tz

∂z
=−2Nz.

Then(Nz,Tz)isMarkovianwithgenerator:L−2N
∂

∂T.

Thesolutionto

∂φ

∂z
+2N

∂φ

∂τ
=Lφ,φ(z=−L,N,τ)=φ0(N,τ)

canbewrittenas

φ(z,N,τ)=E

[

φ0

(

Nz,τ−2

∫

z

−L

Nsds

)

|N−L=N

]

Taking(formally)φ0(N,τ)=10(N)δ(τ),wefindφ(0,1,τ)=V1(0,ω,τ)

∫

τ1

τ0

V1(0,ω,τ)dτ=P

(

N0=0
⋂

∫

0

−L

2Nsds∈[τ0,τ1]|N−L=1

)



Application1:Bytakingτ0=0andτ1=∞

E
[

|R
ε
ω|

2
(0)
]

ε→0
−→P(N0=0|N−L=1).

Dualityformula:Letusintroducethediffusionprocess(θz)z≥−L:

dθz=√αnωdWz+
1

2
αnω

2
coth(θz)dz.

Wehave

E

[

ξ
Nz

|N−L=p0

]

=E

[

tanh(
θz

2
)
2p0

|θ−L=2argtanh(
√

ξ)

]

,

andinparticular

E
[

|R
ε
ω|

2
(0)
]

ε→0
−→P(N0=0|N−L=1)=E

[

tanh(
θ0

2
)
2
|θ−L=0

]

.

Thepdfofθ0canbecomputed:

E
[

|R
ε
ω|

2
(0)
]

ε→0
−→1−

4
√π

exp

(

−
L

l(ω)

)
∫

∞

0

x
2
e
−x2

cosh
(

2
√

L/l(ω)x
)

dx

wherel(ω)=
8

αnω2.



Application2:L→∞.

WestudythelimitdistributionoftheMarkov(N0,T0)startingfrom

(N−L=N,T−L=0)whenL→∞.

0isanabsorbingstateof(Nz)z≥−Land(N0,2
∫

0

−LNzdz)convergesto

(0,µ)whereµisarandomvariablewithdensityPN(pdfofµstartingfrom

N0=N).Itsatisfies

∂PN

∂τ
=

1

4
αnω

2
N(PN+1−2PN+PN−1),P0(τ)=δ(τ)

Aftersomealgebra:

PN(ω,τ)=
∂

∂τ

[

(

αnω
2
τ

4+αnω2τ

)

N

1[0,∞)(τ)

]

Finally

E

[

R
ε
ω+

εh
2

(0)R
ε
ω−

εh
2

(0)

]

ε→0
−→

∫

P1(ω,τ)e
−ihτ

dτ

where

P1(ω,τ)=
4αnω

2

(4+αnω2τ)
21[0,∞)(τ)



Thereflectedwave

Meanreflectedintensity:

1

ε
E[p

2
ref(t)]=

∫∫

e
iht

E[R
ε
ω+

εh
2

(0)R
ε
ω−

εh
2

(0)]

×f̂(ω+
εh

2
)f̂(ω−

εh

2
)dωdh

ε→0
−→

∫∫

e
iht

∫

V1(0,ω,τ)e
−ihτ

dτ|f̂(ω)|
2
dωdh

=2π

∫

V1(0,ω,t)|f̂(ω)|
2
dω

Autocorrelationfunction:

1

ε
E[pref(t)pref(t+ετ)]

ε→0
−→2π

∫

V1(0,ω,t)|f̂(ω)|
2
e

iωτ
dω(1)

Computeallmoments:

a)Forafixedt>0,
(

ε
−1/2

pref(t+ετ)
)

τ
convergestoazero-mean

stationaryGaussianprocesswithautocorrelationfunction(1).

b)For0<t1<···<tn,theprocesses
(

ε
−1/2

pref(tj+ετ)
)

τ
,j=1,···,n,

becomeindependentasε→0.



Applicationstoimaging

Assumethemediumpresentssmall-scalerandomfluctuationsand

large-scaledeterministicvariationthatwewanttoimage:

1

κ(z)
=

1

κ0(z)

(

1+η(
z

ε2)
)

ρ(z)=ρ0(z)
(

1+ν(
z

ε2)
)

Idea:Performaseriesofexperimentswhereyouprobethemediumwitha

sourcef(orasetofsources).

Goal:extractinformationaboutthemediumfromthereflectedwaves.

Property:aGaussianprocessischaracterizedbyitsautocorrelation

function.

Consequence:Alltheinformationisintheautocorrelationfunction.

E[pref(t+ετ)pref(t)]=2πε

∫

V1(0,ω,t)|f̂(ω)|
2
e

iωτ
dω

Fortunately,V1containstheinformationaboutthelarge-scalefeaturesof

themedium.



Thus:ifwegetE[pref(t+ετ)pref(t)],thenwegetV1,andwe“know”how

tosolvetheinverseproblem

“(V1(0,ω,τ))ω,τ7→large-scalevariations(suchasc0(z))”

∂Vp

∂z
+

2p

c0(z)

∂Vp

∂τ
=

1

2
αnω

2
p
2
(Vp+1+Vp−1−2Vp)

Vp(z=−L,ω,τ)=δ(τ)10(p)

Problem:weonlyhaveasinglerealizationofthemedium!

HowtoestimateE[pref(t+ετ)pref(t)]?

Answer:Localaverage,

1

∆t

∫

t−∆t/2

t−∆t/2

pref(s+ετ)pref(s)ds

withε�∆t�1(optimalchoicenoteasy).

Or:time-windowedFouriertransform,waveletdecomposition,...

Notveryefficient...


