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1.Homogenizationtheory,diffusionapproximation,andasymptotic

theoryforrandomdifferentialequations.

2.Wavepropagationinone-dimensionalrandommedia:thecoherent

wavefront,theincoherentwavefluctuations,timereversal.

3.Wavepropagationandtimereversalinarandomwaveguide.
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Whatisarandommedium?

Problem:Wavepropagationinahighlyheterogeneousmedium.

Stochasticmodeling:themediumisarealizationofarandommedium(a

setofpossiblemediadescribedstatistically).

-takesintoaccounttheavailabledata(mean,standarddeviationofthe

fluctuations,...)

-completesthemodelingbyastatisticaldescription(Gaussianprocess,...).

Statisticaldistributionoftherandommedium=⇒statisticaldistributionof

thewave(highlynonlinearproblem).

Whataboutawavepropagatingina“typical”realization?

-Mean-field(oraveraged)approachcanbemisleading.

-Acompletestatisticalanalysisisnecessary.

-Thereexiststatisticallystablequantities.

Importanceofscaledregimesandasymptotictheory.
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Methodology

•Modeling:















-Identificationofthephenomenaandequations.

-Statisticaldescriptionofthemediumparameters.

-Determinationofthescales.

•Asymptotics:







-Separationofscales.

-Limittheorems.

•Limitproblem:







-Analysisofthephysicallyrelevantquantities.

-Useofstochasticcalculus.
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Theacousticwaveequations

Theacousticpressurep(z,t)andvelocityu(z,t)satisfythecontinuityand

momentumequations

ρ
∂u

∂t
+

∂p

∂z
=0

∂p

∂t
+κ

∂u

∂z
=0

whereρ(z)isthematerialdensity,

κ(z)isthebulkmodulusofthemedium.
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Propagationinhomogeneousmedium

Linearhyperbolicsystemwithρ,κconstant.

Impedance:ζ=√ρκ.Soundspeed:c=
√

κ/ρ.

Rightandleftgoingmodes:

A=ζ
1/2

u+ζ
−1/2

p,B=ζ
1/2

u−ζ
−1/2

p

∂A

∂t
+c

∂A

∂z
=0,

∂B

∂t−c
∂B

∂z
=0

A:right-goingwaveB:left-goingwave.
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Propagationthroughaninterface
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Propagationthroughathicklayer
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Anumericalexperimentinrandommedium
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Randommedium:stackofthinlayerscomposedoftwomaterials.
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Thethreescales

Theacousticpressurep(z,t)andvelocityu(z,t)satisfythecontinuityand

momentumequations

ρ
∂u

∂t
+

∂p

∂z
=0

∂p

∂t
+κ

∂u

∂z
=0

whereρ(z)isthematerialdensity,

κ(z)isthebulkmodulusofthemedium.

Threescales:

lc:correlationradiusoftherandomprocessρandκ.

λ:typicalwavelengthoftheincomingpulse.

L:propagationdistance.
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EffectivemediumtheoryL∼λ�lc

-

0Lz

-

(p,u)inc(t)ρ(
z

ε
)
∂u

∂t
+

∂p

∂z
=0

∂p

∂t
+κ(

z

ε
)
∂u

∂z
=0

Model:ρ=ρ(z/ε)andκ=κ(z/ε),where0<ε�1andρ,κarestationary

randomfunctions.

PerformaFouriertransformwithrespecttot:

u(z,t)=

∫

û(z,ω)e
iωt

dω,p(z,t)=

∫

p̂(z,ω)e
iωt

dω

sothatwegetasystemofordinarydifferentialequations:

dX
ε

dz
=F(

z

ε
,X

ε
),

where

X
ε

=





p̂

û





,F(z,X)=−iω





0ρ(z)

1
κ(z)0





X
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Methodofaveraging:Toymodel

LetX
ε
(z)∈Rbethesolutionof

dX
ε

dz
=F(

z

ε
)

withF(z)=
∑

∞

i=1Fi1[i−1,i)(z),FiindependentrandomvariablesE[Fi]=F̄

andE[(Fi−F̄)
2
]=σ

2
.

(z7→t,particleinarandomvelocityfield)

00.511.52
0

0.2

0.4

0.6

0.8

1

z

F

00.511.52
0

0.2

0.4

0.6

0.8

1

z

X

ε=0.2

11



X
ε
(z)=ε

∫z
ε

0

F(s)ds=ε







[
z
ε] ∑

i=1

Fi





+ε

∫z
ε

[
z
ε]

F(s)ds

=ε
[

z

ε

]

ε→0↓
z

×
1

[

z
ε

]







[
z
ε] ∑

i=1

Fi







a.s.↓(LLN)

E[F(z)]=F̄

+ε
(

z

ε−
[

z

ε

])

F[
z
ε]

a.s.↓
0

Thus:

X
ε
(z)

ε→0
−→X̄(z),

dX̄

dz
=F̄.
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Methodofaveraging:Khasminskiitheorem

dX
ε

dz
=F(

z

ε
,X

ε
),X

ε
(0)=x0

x7→F(x,z)andx7→F̄(x)areLipschitz,z7→F(z,x)isstationaryand

ergodic

F̄(x)=E[F(z,x)]

LetX̄bethesolutionof

dX̄

dz
=F̄(X̄),X̄(0)=x0

Theorem:foranyZ>0,

sup
z∈[0,Z]

E
[

|X
ε
(z)−X̄(z)|

]

ε→0
−→0

[1]R.Z.Khasminskii,TheoryProbab.Appl.11(1966),211-228.



EquationsfortheFouriercomponentsofthewave:

dX
ε

dz
=F(

z

ε
,X

ε
),

where

X
ε

=





p̂

û





,F(z,X)=−iω





0ρ(z)

1
κ(z)0





X

Applythemethodofaveraging=⇒X
ε
(z,ω)convergesinL

1
(P)toX̄(z,ω)

dX̄

dz
=−iω





0ρ̄

1
κ̄0





X̄,ρ̄=E[ρ],κ̄=
(

E[κ
−1

]
)

−1

↪→deterministic“effectivemedium”withparametersρ̄,κ̄.



Let(p̄,ū)bethesolutionofthehomogeneouseffectivesystem

ρ̄
∂ū

∂t
+

∂p̄

∂z
=0

∂p̄

∂t
+κ̄

∂ū

∂z
=0

Thepropagationspeedof(p̄,ū)isc̄=
√

κ̄/ρ̄.

Compareu
ε
(z,t)withū(z,t):

E[|u
ε
(z,t)−ū(z,t)|]=E

[∣

∣

∣

∣

∫

e
iωt

(û
ε
(z,ω)−ˆ̄u(z,ω))dω

∣

∣

∣

∣

]

≤
∫

E
[

|û
ε
(z,ω)−ˆ̄u(z,ω)|

]

dω

ThedominatedconvergencetheoremthengivestheconvergenceinL
1
(P)of

u
ε

toūinthetimedomain.

↪→theeffectivespeedoftheacousticwave(p
ε
,u

ε
)asε→0isc̄.

Thisanalysisisjustasmallpieceofthehomogenizationtheory.

cflecturebyA.Piatnitski



Example:bubblesinwater

ρa=1.210
3

g/m
3
,κa=1.410

8
g/s

2
/m,ca=340m/s.

ρw=1.010
6

g/m
3
,κw=2.010

18
g/s

2
/m,cw=1425m/s.

Ifthetypicalpulsefrequencyis10Hz-30kHz,thenthetypicalwavelength

is1cm-100m.Thebubblesizesaremuchsmaller=⇒theeffective

mediumtheorycanbeapplied.

ρ̄=E[ρ]=φρa+(1−φ)ρw=







9.910
5

g/m
3

ifφ=1%

910
5

g/m
3

ifφ=10%

κ̄=
(

E[κ
−1

]
)

−1
=

(

φ

κa
+

1−φ

κw

)

−1

=







1.410
10

g/s
2
/mifφ=1%

1.410
9

g/s
2
/mifφ=10%

whereφ=volumefractionofair.

Thus,c̄=120m/sifφ=1%andc̄=37m/sifφ=10%.

↪→theaveragesoundspeedc̄canbemuchsmallerthanessinf(c).

Theconverseisimpossible:

E[c
−1

]=E

[

κ
−1/2

ρ
1/2

]

≤E[κ
−1

]
1/2

E[ρ]
1/2

=c̄
−1

Thusc̄≤E[c
−1

]
−1

≤esssup(c).



Longdistancepropagation
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Toymodel

dX
ε

dz
=F(

z

ε
)

withF(z)=
∑

∞

i=1Fi1[i−1,i)(z),Fiindependentrandomvariables

E[Fi]=F̄=0andE[(Fi−F̄)
2
]=σ

2
.
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Foranyz∈[0,Z],wehave

X
ε
(z)

ε→0
−→X̄(z),

dX̄

dz
=F̄=0.

Nomacroscopicevolutionisnoticeable.

→itisnecessarytolookatlargerztogetaneffectivebehavior

z7→
z

ε
,X̃

ε
(z)=X

ε
(
z

ε
)

dX̃
ε

dz
=

1

ε
F(

z

ε2)



Diffusion-approximation:Toymodel

dX
ε

dz
=

1

ε
F(

z

ε2)

withF(z)=
∑

∞

i=1Fi1[i−1,i)(z),FiindependentrandomvariablesE[Fi]=0

andE[F
2
i]=σ

2
.
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X
ε
(z)=ε

∫z

ε2

0

F(s)ds=ε







[

z

ε2

]

∑

i=1

Fi





+ε

∫z

ε2

[

z

ε2

]F(s)ds

=ε

√

[

z

ε2

]

ε→0↓
√z

×
1

√

[

z
ε2

]







[

z

ε2

]

∑

i=1

Fi







law↓(CLT)

N(0,σ
2
)

+ε
(

z

ε2−
[

z

ε2

])

F
[

z

ε2

]

a.s.↓
0

Thus:X
ε
(z)convergesindistributionasε→0totheGaussianstatistics

N(0,σ
2
z).

Withsomemorework:Theprocess(X
ε
(z))z∈R+convergesindistribution

toaBrownianmotionσW(z).

ForthedefinitionofaBrownianmotion:askLenya.



Markovprocess

AstochasticprocessYzwithstatespaceSisMarkovif∀0≤s<zand

f∈L
∞

(S)

E[f(Yz)|Yu,u≤s]=E[f(Yz)|Ys]

“thestateYsattimescontainsallrelevantinformationforcalculating

probabilitiesoffutureevents”.

Forthedefinitionofconditionalexpectation:askLenya.

TheprocessusisstationaryifE[f(Yz)|Ys=y]=E[f(Yz−s)|Y0=y].

DefinethefamilyofoperatorsonL
∞

(S):

Tzf(y)=E[f(Yz)|Y0=y]

Proposition.

1)T0=Id

2)∀s,z≥0,Tz+s=TzTs

3)Tzisacontraction‖Tzf‖∞≤‖f‖∞.

Proofof2):

Tz+sf(y)=E[f(Yz+s)|Y0=y]=E[E[f(Yz+s)|Yu,u≤z]|Y0=y]

=E[E[f(Yz+s)|Yz]|Y0=y]=E[Tsf(Yz)|Y0=y]

=TzTsf(y)



Fellerprocess:TzisstronglycontinuousfromC0toC0(foranyf∈C0,

‖Tzf−f‖∞
z→0
−→0).

ThegeneratoroftheMarkovprocessis:

Q:=lim
z↘0

Tz−Id

z

ItisdefinedonasubsetofC
0
,supposedtobedense.

Proposition.Iff∈Dom(Q),thenthefunctionu(z,y)=Tzf(y)satisfies

theKolmogorovequation

∂u

∂z
=Qu,u(z=0,y)=f(y)

Proof.

u(z+h,y)−u(z,y)

h
=

Tz+hf(y)−Tzf(y)

h
=Tz

Th−Id

h
f(y)

h→0
−→TzQf(y)

becausef∈Dom(Q)andTziscontinuous.Thisshowsthatuis

differentiableand∂zu=TzQf.Besides

Th−Id

h
Tzf(y)=

Tz+hf(y)−Tzf(y)

h
=

u(z+h,y)−u(z,y)

h

hasalimitash→0,whichshowsthatTzf∈Dom(Q)and

∂zu=QTzf=Qu.



Example:Brownianmotion

Wz:Gaussianprocesswithindependentincrements

E[(Wz+h−Wz)
2
]=h

Thesemi-groupTzistheheatkernel:

Tzf(x)=E[f(x+Wz)]=

∫

f(x+w)
1

√
2πz

exp

(

−
w

2

2z

)

dz

=

∫

f(y)
1

√
2πz

exp

(

−
(y−x)

2

2z

)

dy

ItisaMarkovprocesswiththegenerator:

Q=
1

2

∂
2

∂x2

Proof.

Qf(x)=lim
z→0

Tzf(x)−f(x)

z
=

f
′
(x)E[Wz]+

1
2f

′′
(x)E[W

2
z]+...

z



Example:Two-stateMarkovprocess

0246810

−1

−0.5

0

0.5

1

z

Y
TheprocessYztakesvaluesinS={−1,1}.

Thetimeintervalsareindependent

withthecommonexponentialdistribution

withmean1.

Functionsf∈L
∞

(S)arevectors.Thesemigroup(Tz)z≥0isafamilyof

matrices:

Tz=





P(Yz=1|Y0=1)P(Yz=1|Y0=−1)

P(Yz=−1|Y0=1)P(Yz=−1|Y0=−1)





=





1
2+

1
2e

−2z1
2−

1
2e

−2z

1
2−

1
2e

−2z1
2+

1
2e

−2z





Thegeneratorisamatrix:

Q=lim
z→0

Tz−I

z
=



−11

1−1







Martingaleproperty

Foranyfunctionf∈Dom(Q),theprocess

Mf(z):=f(Yz)−
∫

z

0

Qf(Yu)du

isamartingale.

DenotingFs=σ(Yu,0≤u≤s),

E[Mf(z)|Fs]=Mf(s)+E

[

f(Yz)−f(Ys)−
∫

z

s

Qf(Yu)du|Ys

]

=Mf(s)+Tz−sf(Ys)−f(Ys)−
∫

z

s

Tu−sQf(Ys)du

=Mf(s)+Tz−sf(Ys)−f(Ys)−
∫

z−s

0

TuQf(Ys)du

ThefunctionTzf(y)satisfiestheKolmogorovequation,whichshowsthat

thelastthreetermsofther.h.s.cancel:

E[Mf(z)|Fs]=Mf(s)

Reciprocal:IfQisnon-degenerate,andMfisamartingaleforalltest

functionsf,thenYisaMarkovprocesswithgeneratorQ.



OrdinarydifferentialequationdrivenbyaFellerprocess

Proposition.LetYbeaS-valuedFellerprocesswithgeneratorQandX

bethesolutionof:

dX

dz
=F(Yz,X(z)),X(0)=x∈R

d

whereF:S×R
d
→R

d
isaboundedBorelfunctionsuchthatx7→F(y,x)

hasboundedderivativesuniformlywithrespecttoy∈S.ThenX̃=(Y,X)

isaMarkovprocesswithgenerator:

L=Q+

d∑

j=1

Fj(y,x)
∂

∂xj

Formalproof.Letfbeatestfunction.

d

dz
E[f(Yz,X(z))|Y0=y,X(0)=x]

=E[Qf(Yz,X(z))|Y0=y,X(0)=x]

+E[∇xf(Yz,X(z))F(Yz,X(z))|Y0=y,X(0)=x]

=E[Lf(Yz,X(z))|Y0=y,X(0)=x]



ErgodicMarkovprocess

ErgodicityisrelatedtothenullspaceofQ.

SinceTz1=1,wehaveQ1=0,sothat1∈Null(Q).

AMarkovprocessisergodiciffNull(Q)=Span({1})iffthereisaunique

invariantprobabilitymeasurePsatisfyingQ
∗
P=0,i.e.

∀f∈dom(Q),

∫

Qf(y)dP(y)=0⇐⇒EP[Qf(Y0)]=0

∫

Tzf(y)dP(y)=

∫

f(y)dP(y)⇐⇒EP[f(Yz)]=EP[f(Y0)]

Ergodicity:Tzf(y)convergestoEP[f(Y0)]asz→∞.ThespectrumofQ

givestheconvergence(mixing)rate.Theexistenceofaspectralgap

inf
f,

∫

fdP=0

−
∫

fQfdP
∫

f2dP
>0

ensurestheexponentialconvergenceofTzf(y)toE[f(Y0)].

Example:areversibleMarkovprocesswithfinitestatespaceS.

ThenQisasymmetricmatrix,withnonpositiveeigenvaluesandatleast

onezeroeigenvaluesinceQ1=0.Ifallothereigenvaluesarenegative,the

processisergodicandexponentiallymixing.



Example:Two-stateMarkovprocess

0246810

−1

−0.5

0
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z

Y

TheprocessYztakesvaluesinS={−1,1}.

Thetimeintervalsareindependent

withthecommonexponentialdistribution

withmean1.

Thesemigroup(Tz)z≥0isafamilyofmatrices:

Tz=





P(Yz=1|Y0=1)P(Yz=1|Y0=−1)

P(Yz=−1|Y0=1)P(Yz=−1|Y0=−1)





=





1
2+

1
2e

−2z1
2−

1
2e

−2z

1
2−

1
2e

−2z1
2+

1
2e

−2z





Thegeneratorisamatrix:

Q=lim
z→0

Tz−I

z
=



−11

1−1





Itisergodic.Theinvariantprobability(Q
T
p̄=0)istheuniform

probabilityp̄=(1/2,1/2)
T

overS.



Example:Brownianmotion

Wz:Gaussianprocesswithindependentincrements

E[(Wz+h−Wz)
2
]=h

Thesemi-groupTzistheheatkernel:

Tzf(x)=

∫

f(y)pz(x,y)dy,pz(x,y)=
1

√
2πz

exp

(

−
(y−x)

2

2z

)

ItisaMarkovprocesswiththegenerator:

Q=
1

2

∂
2

∂x2

Itisnotergodic.ItsinvariantmeasureistheLebesguemeasure(nota

finitemeasure).



Example:Ornstein-Uhlenbeckprocess

SolutionofthestochasticdifferentialequationdX(z)=−λX(z)+dWz:

X(z)=X0e
−λz

+

∫

z

0

e
−λ(z−s)

dWs

whereWzisaBrownianmotion,λ>0.

(ifz7→t,thisprocessdescribesthemotionofaparticleinaquadratic

potential)

Thesemi-groupTzis

Tzf(x)=

∫

f(y)pz(x,y)dy

y7→pz(x,y)isaGaussiandensitywithmeanxe
−λz

andvarianceσ
2
(z):

pz(x,y)=
1

√

2πσ(z)2
exp

(

−
(y−xe

−λz
)
2

2σ2(z)

)

,σ
2
(z)=

1−e
−2λz

2λ

Thegeneratoris:

Q=
1

2

∂
2

∂x2−λx
∂

∂x
X(z)isergodic.Itsinvariantprobabilitydensity(Q

∗
p̄=0)is

p̄(y)=

√

λ

π
exp

(

−λy
2
)



Diffusionprocesses

•LetσandbbeC
1
(R,R)functionswithboundedderivatives.

LetWzbeaBrownianmotion.

ThesolutionX(z)ofthe1Dstochasticdifferentialequation:

dX(z)=σ(X(z))dWz+b(X(z))dz

isaMarkovprocesswiththegenerator

Q=
1

2
σ

2
(x)

∂
2

∂x2+b(x)
∂

∂x

•Letσ∈C
1
(R

n
,R

m
)andb∈C

1
(R

n
,R

n
)withboundedderivatives.

LetWzbeam-dimensionalBrownianmotion.

ThesolutionX(z)ofthestochasticdifferentialequation:

dX(z)=σ(X(z))dWz+b(X(z))dz

isaMarkovprocesswiththegenerator

Q=
1

2

∑

ij

aij(x)
∂

2

∂xi∂xj
+

∑

i

bi(x)
∂

∂xi

witha=σσ
T
.



PoissonequationQu=f

LetusconsideranergodicMarkovprocesswithgeneratorQ.

Null(Q
∗
)hasdimension1andisspannedbytheinvariantprobabilityP.

ByFredholmalternative,thePoissonequationhasasolutioniff

f⊥Null(Q
∗
),i.e.

∫

fdP=0orE[f(Y0)]=0whereEistheexpectation

w.r.t.theinvariantprobabilityP.

Proposition.IfE[f(Y0)]=0,asolutionofQu=fis

u(y)=−
∫

∞

0

Tzf(y)dz

Thefollowingexpressionsareequivalent:

Tzf(y)=e
zQ

f(y)=E[f(Yz)|Y0=y]



Proof.

u(y)=−
∫

∞

0

Tzf(y)dz=−
∫

∞

0

{Tzf(y)−E[f(Y0)]}dz

Theconvergenceofthisintegralrequiressomemixing.

FormallyTz=e
zQ

Qu=−
∫

Qe
zQ

fdz=−
∫

∞

0

de
zQ

dz
fdz=−

[

e
zQ

f
]

∞

0
=f−E[f(Y0)]=f

MoreoverE[u(Y0)]=0becauseE[f(Yz)]=E[f(Y0)]=0.

Finally: [

−
∫

∞

0

dze
zQ

]

:D→DistheinverseofQonD=(Null(Q
∗
))

⊥
.



Diffusion-approximation

dX
ε

dz
(z)=

1

ε
F

(

Y(
z

ε2),X
ε
(z)

)

,X
ε
(0)=x0∈R

d
.

Ystationaryandergodic,Fcentered:E[F(Y(0),x)]=0.

Theorem:Theprocesses(X
ε
(z))z≥0convergeindistributionin

C
0
([0,∞),R

d
)tothediffusion(Markov)processXwithgeneratorL.

Lf(x)=

∫

∞

0

duE[F(Y(0),x).∇(F(Y(u),x).∇f(x))].

L=
d∑

i,j=1

aij(x)
∂

2

∂xi∂xj
+

d∑

j=1

bj(x)
∂

∂xj

with

aij(x)=

∫

∞

0

duE[Fi(Y(0),x)Fj(Y(u),x)]

bj(x)=
d∑

i=1

∫

∞

0

duE[Fi(Y(0),x)∂xiFj(Y(u),x)]



Formalproof.AssumethatYisMarkov,withgeneratorQ,ergodic(+

technicalconditionsfortheFredholmalternative).

ThejointprocessX̃
ε
(z):=(Y(z/ε

2
),X

ε
(z))isMarkovwith

L
ε

=
1

ε2Q+
1

ε
F(y,x).∇

TheKolmogorovbackwardequationforthisprocessis

∂U
ε

∂z
=L

ε
U

ε
(1)

Letustakeaninitialconditionatz=0independentofy:

U
ε
(z=0,y,x)=f(x)

wherefisasmoothtestfunction.Wesolve(1)asε→0byassumingthe

multiplescaleexpansion:

U
ε

=

∞
∑

n=0

ε
n
Un(z,y,x)(2)

ThenEq.(1)becomes

∂U
ε

∂z
=

1

ε2QU
ε
+

1

ε
F.∇U

ε
(3)



Weobtainahierarchyofequations:

QU0=0(4)

QU1+F.∇U0=0(5)

QU2+F.∇U1=
∂U0

∂z
(6)

Y(z)isergodici.e.Null(Q)=Span({1}).ThusEq.(4)=⇒U0doesnot

dependony.

U1mustsatisfy

QU1=−F(y,x).∇U0(z,x)(7)

Qisnotinvertible,weknowthatNull(Q)=Span({1}).
Null(Q

∗
)hasdimension1andisgeneratedbytheinvariantprobabilityP.

ByFredholmalternative,thePoissonequationQU=ghasasolutionUifg

satisfiesg⊥Null(Q
∗
),i.e.

∫

gdP=0,i.e.E[g(Y(0))]=0.

Sincether.h.s.ofEq.(7)iscentered,thisequationhasasolutionU1

U1(z,y,x)=−Q
−1

F(y,x).∇U0(z,x)



U1(z,y,x)=−Q
−1

[F(y,x)].∇U0(z,x)(8)

uptoanadditiveconstant,where−Q
−1

=
∫

∞

0dze
zQ

.

Substitute(8)into(6):
∂U0

∂z=QU2+F.∇U1andtaketheexpectationw.r.t

P.WegetthatU0mustsatisfy

∂U0

∂z
=E

[

F.∇(−Q
−1

F.∇U0)
]

Thisisthesolvabilityconditionfor(6)andthisisthelimitKolmogorov

equationfortheprocessX
ε
:

∂U0

∂z
=LU0

withthelimitgenerator

L=

∫

∞

0

E

[

F.∇(e
zQ

F.∇)
]

dz

Usingtheprobabilisticrepresentationofthesemi-groupe
zQ

weget

L=

∫

∞

0

E[F(Y(0),x).∇F(Y(z),x).∇]dz



Rigorousproof:Thegenerator

L
ε

=
1

ε2Q+
1

ε
F(y,x).∇

of(X
ε
(z),Y(

z
ε2))issuchthat

f(Y(
z

ε2),X
ε
(z))−f(Y(

s

ε2),X
ε
(s))−

∫

z

s

L
ε
f(Y(

u

ε2),X
ε
(u))du

isamartingaleforanytestfunctionf.

=⇒Convergenceofmartingaleproblems.

cfG.Papanicolaou,Asymptoticanalysisofstochasticequations,MAAStud.in

Math.18(1978),111-179.

H.J.Kushner,Approximationandweakconvergencemethodsforrandom

processes(MITPress,Cambridge,1984).



Convergenceofmartingaleproblems

Assumeforawhile:∀f∈C
∞
b,thereexistsf

ε
suchthat:

sup
x∈K,y∈S

|f
ε
(y,x)−f(x)|

ε→0
−→0,sup

x∈K,y∈S
|L

ε
f

ε
(y,x)−Lf(x)|

ε→0
−→0.

Assumetightness(inD,askLenya)andextractεp→0suchthat

X
εp

→X.

Takez1<...<zn<s<zandh1,...,hn∈C
∞
b:

E

[(

f
ε
(Y(

z

ε2),X
ε
(z))−f

ε
(Y(

s

ε2),X
ε
(s))

−
∫

z

s

L
ε
f

ε
(Y(

u

ε2),X
ε
(u))du

)

h1(X
ε
(z1))...hn(X

ε
(zn))

]

=0

Takeεp→0sothatX
εp

→X:

E

[(

f(X(z))−f(X(s))

−
∫

z

s

Lf(X(u))du

)

h1(X(z1))...hn(X(zn))

]

=0

XissolutionofthemartingaleproblemassociatedtoL.



Perturbedtestfunctionmethod

Proposition:∀f∈C
∞
b,thereexistsafamilyf

ε
suchthat:

sup
x∈K,y∈S

|f
ε
(y,x)−f(x)|

ε→0
−→0,sup

x∈K,y∈S
|L

ε
f

ε
(y,x)−Lf(x)|

ε→0
−→0.

Proof:Definef
ε
(y,x)=f(x)+εf1(y,x)+ε

2
f2(y,x).

ApplyingL
ε

=
1
ε2Q+

1
εF(y,x).∇tof

ε
,onegets:

L
ε
f

ε
=

1

ε
(Qf1+F(y,x).∇f(x))+(Qf2+F.∇f1(y,x))+O(ε).

Definethecorrectionsfjasfollows:

1.f1(y,x)=−Q
−1

(F(y,x).∇f(x)).

Qhasaninverseonthesubspaceofcenteredfunctions.

f1(y,x)=

∫

∞

0

duE[F(Y(u),x).∇f(x)|Y(0)=y].

2.f2(y,x)=−Q
−1

(F.∇f1(y,x)−E[F.∇f1(y,x)]).

Itremains:L
ε
f

ε
=E[F.∇f1(y,x)]+O(ε).



One-dimensionalcase

dX
ε

dz
=

1

ε
F

(

Y(
z

ε2),X
ε
(z)

)

,X
ε
(z=0)=x0∈R

ThenX
εε→0
−→XwhereXisthediffusionprocesswithgenerator

L=a(x)
∂

2

∂x2+b(x)
∂

∂x

with

a(x)=

∫

∞

0

duE[F(Y(0),x)F(Y(u),x)]

b(x)=

∫

∞

0

duE[F(Y(0),x)∂xF(Y(u),x)]

Thelimitprocesscanbeidentifiedasthesolutionofthestochastic

differentialequation

dX=b(X)dz+
√

2a(X)dWz

whereWisaBrownianmotion.



Limittheorems-Randomvs.periodic

dX
ε

dz
(z)=

1

ε
F(Y(

z

ε2),X
ε
(z),

z

ε2+c),X
ε
(0)=x0∈R

d
.

F(y,x,φ)isperiodicwithrespecttoφ.

Case1.Slowphase:−2<c<0andE[F(Y(0),x,φ)]=0.

Case2.Fastphase:c=0and〈E[F(Y(0),x,φ)]〉φ=0.

Case3.Ultra-fastphase:c>0and〈E[F(Y(0),x,φ)]〉φ=0.

Theprocesses(X
ε
(z))z≥0convergetoXwithgeneratorLj:

L1f(x)=

〈∫

∞

0

duE[F(Y(0),x,.).∇(F(Y(u),x,.).∇f(x))]

〉

φ

,

L2f(x)=

∫

∞

0

du〈E[F(Y(0),x,.).∇(F(Y(u),x,.+u).∇f(x))]〉φ,

L3f(x)=

∫

∞

0

duE

[

〈F(Y(0),x,.)〉φ.∇
(

〈F(Y(u),x,.)〉φ.∇f(x)
)]

.



Theaveragingtheoremrevisited

Considertherandomdifferentialequation

dX
ε

dz
=F

(

Y
(

z

ε

)

,X
ε
(z)

)

,X
ε
(0)=x0

wherewedonotassumethatF(y,x)iscentered.Wedenoteitsmeanby

F̄(x)=E[F(Y(0),x)]

Then(Y(z/ε),X
ε
(z))isaMarkovprocesswithgenerator

L
ε

=
1

ε
Q+F(y,x)·∇

Letf(x)beatestfunction.Definef
ε
(y,x)=f(x)+εf1(y,x)wheref1

solvesthePoissonequation

Qf1(y,x)+
[

F(y,x)·∇f(x)−F̄(x)·∇f(x)
]

=0

WegetL
ε
f

ε
(y,x)=F̄(x)·∇f(x)+O(ε).ThereforetheprocessesX

ε
(z)

convergetothesolutionofthemartingaleproblemassociatedwiththe

generatorLf(x)=F̄(x)·∇f(x).Thesolutionisthedeterministicprocess

X̄(z)

dX̄

dz
=F̄(X̄(z)),X̄(0)=x0.



Longdistancepropagation
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Longdistancepropagationlc�λ�L

Acousticequationsforpressurepandvelocityu:

∂p

∂t
+κ(z)

∂u

∂z
=0

ρ(z)
∂u

∂t
+

∂p

∂z
=0

-

0L/εz

-

(p,u)tr(t)

-

(p,u)ref(t)

�

(p,u)inc(t)

ρ(z)=1+ν(
z

ε
)

1

κ
(z)=1+η(

z

ε
)

IC:right-goingpulseincomingfromthelefthomogeneoushalf-space.



Longdistancepropagationlc�λ�L

Acousticequationsforpressurepandvelocityu:

∂p

∂t
+κ(z)

∂u

∂z
=0

ρ(z)
∂u

∂t
+

∂p

∂z
=0

-

0Lz

-

(p,u)tr(
t
ε)

-

(p,u)ref(
t
ε)

�

(p,u)inc(
t
ε)

ρ(z)=1+ν(
z

ε2)

1

κ
(z)=1+η(

z

ε2)

IC:right-goingpulseincomingfromthelefthomogeneoushalf-space.


