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® Dimension reduction. Shells, skeletons, rod structures
— surfaces and segments structures;

# Reduction of the number of parameters. Asymptotic
problems with two small parameters (microscopic
length scale of the medium and structure thickness)
— problems with only one parameter;

# Porous media with rough geometry.
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Let u(z) be a positive finite Borel measure on a standard T
n-dimensional torus T" = R"/Z™ or in R". We identify p with
the corresponding periodic measure in R". Without loss of
generality, we may assume that

/ du(z) = 1.

Tn
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To clarify the idea of introducing Sobolev spaces with
measure, consider a simple example. Let ;. be a positive
finite Borel measure in a smooth bounded domain G.
Consider the variational problem

%gg@ ! (a(x)V(z) - V() + () — 2f (x)p(x))du(z),

where a(z) ia a continuous positive definite matrix in G and
f(x) is a continuous function in G. Our goal is to introduce a
Sobolev space with measure 1 In such a way that the mini-
mum Is attained and a minimizer is found as a solution to the

Lcorresponding Euler equation. J
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Definition 1. We say that a function u € Lo(T", 1t) belongs to the
L4

space H'(T™, 1) if there exists a vector-function z € (Lo(T™, 11))"
and a sequence pj € C°°(T") such that

o — u in Lo(T", ) as k — oo,

Vo — 2z in(La(T", )" as k — o0.

The function z(x) is called the gradient or y-gradient of u(x) and is
denoted by V*u.

Similarly, we can define the spaces H'(R",u), H. .(R", u)
and also the space H'(G, 1) for an arbitrary domain G ¢ R"
Land a (locally) finite Borel measure 1 on G. J
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Generally speaking, the gradient of a function of class

H(T", 1) is not unique. In particular, the zero function may
have a nontrivial gradient. We illustrate this with

Example 1. In the square [—1/2,1/2]?, we consider the segment
{—1/4 < z1 <1/4,22 = 0} and introduce

dp = 2x(x1) dry x d(x2), (1)

| and

S L

Y,

NS

where x(?) is the characteristic function of the segment [—
d(t) is the Dirac mass at zero.
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Let v(x) € Cg° coincide with a function of the form 6(x;)z»
In a small neighborhood of the segment. Then ¢y = 0 In
Lo(T?, 11). Choosing ¢ (x) = () for all k in the definition
of u-gradient, we find z(z) = V#¢¥(x) = (0,6(z1)). Thus, any
vector-valued function of the form (0, #(x1)) with smooth 6(s)
serves as the p-gradient of zero. In fact, this assertion is

valid for any 6(s) in L.
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The gradients of zero form a closed subspace of
(L2(T™, )", denote it I',(0). The set of the gradients of any

H(T", u)-function is the sum of its arbitrary gradient and
I',(0).

Example 2 (Segment). Consider the space H'(T", 1) (or H'(R", 1))
for 1D Lebesgue measure 1 on the segment

[={xeR":0<x; <a,xg=x3="---=x, =0}

Proposition 1. The space H'(T"™, 1) consists of all Borel functions
u(x) such that u(s,0,0,...,0) € H'(0,a). Moreover,

Viu(x) = (u), (z1,0),¢¥2(21), . . ., Yn(z1)), where

d
ul. = —u(s,0,0,...,0) ,and 19, 13, ..., 1, are arbitrary

-

o ds S=I1
functions in Lo (0 a) J
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Example 3 ("Urchin”). Consider the segments Iy, o, [ starting at the

origin and directed along vectors vy, vo,...,UN. Let w1, (o, ..., UN
be the standard 1D Lebesgue measures on the segments [, ..., Iy
respectively, and let A1, ..., A\ be arbitrary positive numbers. We set
N
p= Al
g=1

A function u(z) belongs H*(T", 1) if and only if u|, € H'(I}),
and the values of the restricted functions at the origin coin-

cide for all segments (recall that an H!-function of a single

Lvariable is continuous). J
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Example 4 (Reinforced shells). Let Iy = {x € T : 1 = 0}. We set

dis(z) = 6(x1) x do’ +dx, 2" = (29,...,7p).

A function u(x) € HY(T?, i) if and only if w € H(T") and the
trace u(z)|, € H (T"1).

Remark 1. If the co-dimension of a plane II C R" is greater than one,
then the trace of a H ' (IR™)-function on II is not well-defined. Therefore,

if 11 is the Lebesgue measure on I and dji = dyu + dx, then H(T", ji)
is isomorphic to the direct sum of the spaces H!(R") and H(R", 11).

We denote

L HR", 1) = {(u,2) : w € H'(R", 1), z = V" u)}. J
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Suppose that Radon measures 1, weakly converges, as
k — 00, to uin R™,

Definition 2. We say that g € Lo(R™, uz ) weakly converges in
Lo(R", pup)tog € Lo(R™, ) as k — oo if
Mgkl L @n ) < C

dim [ gr(@)e(@)dun(x) = / 9(2)p(x)dp(z)

k— o0
R™ R
for all o € C§°(R™).

o |
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Definition 3. A sequence {g;. } converges strongly to T
g(z) € La(R"™, uy) if it weakly converges and

k— 00
R™ Rn

lim [ gu(e)hy(2)dus(x) = / g(2)h(x)du(z)

for any sequence {hy(x)} weakly converging to h(x) € La(R"™, 1) in
LQ (Rna :uk)

Lemma 1. Let {g;} weakly converge to g(z) in Lo(R"™, uz). Then
{g;.} converges strongly if and only if

lim HngLz(R”,uk) = Hg”Lg(R",,u)-

k— 00

|
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Lemma 2. Let {uyz} converge weakly to ;. Then any bounded
sequence {gx ()}, || 9k || £, ) < C converges weakly along a

subsequence in L?(R™, 1) towards some function g(z) € Lo(R™, 1).
M M

|

.~ p.13/51



Definition 4. The space Lb°'(IR™, 11) is the closure of the linear set
{Vo:peCR)}inthe (L2(R™, 11))™-norm.

Definition 5.  The space LSOt (R™, 1) of solenoidal vector-valued

functions is the orthogonal complement to the space LSOt(R”, () in
(L2(R™, )"

|
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Let K(x) > 0 be a C§° function such that [ K(x)dxz =1 and
]Rn

K(—z) = K(x). For a Radon measure pu(z) in R” or on T"

we set

(@) = P a)de, ) =5 [ K(*5)autw)
J

The measures ° locally weakly converge in R” to ..

|
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We also introduce

Then



Lemma 3. For every v € Lo(R™, ) there is vy € La(R™, 1) such that
[ st@re@idn’ @) = [ o) (@)dutz)
R" R"

for all o € Cp(R™). The family v5(x) strongly converges to v(x) in
La(R™, ) as § — 0.

|
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Definition 6. Let g € Lo(R"™, ) and v € (Lo(R™, 1t))". We say that
g(z) = divio(x) if

/ 9(@)p(@)du(x) = — / o(z) - V(o) du(z)

R™ R™

for any ¢ € C§°(R"™).
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Let a(z) = {a;;(z)} be a symmetric n x n-matrix,
AE)? < aij(2)&& < ATHEP, A>0, £eR”
p-a.e. in R™. Suppose that f € Ly(R™, 1) and A > 0.

Definition 7. We say that a pair (u, V*u) with u € H(R™, ),
satisfies the equation

—div¥(a(z)V u(z)) + Au(z) = f(z) (2)

in Lo(R™, 11), if forany v € HY(R™, ;1) and any of its gradient V4 it
holds:

LR/ ) VHu(x) V0o (z)du(x )+)\/ (x) /f

—p.19/51



-

A function v ¢ H'(R", 1) is called a solution if the last
identity holds for some of its gradients.

Lemma 4. The above equation has a unique solution (u, V#u),
U € Hl(]R”, (). Moreover, the choice of the p-gradient of u is uniquely
determined by the condition a(z)V*u(x) € (T',(0))~.

In the special case a(z) = Id the integral identity reads

/V“u(x)-vuv(x)du(x)—l—)\/u(x)v(x)du(w) = /f(x)v(:t)d,u(w)
R” Rn

Rn

The expression div*V*#u is called the p-Laplacian of .

o |

.~ p.20/51



A gradient V#u of a function v € H'(R"™, 1) is tangential if
it is orthogonal to I',(0). Thus tangential gradient of « is

the orthogonal projection of an arbitrary p-gradient of « on
(Tu(0)) ™.

|
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Definition 8. A periodic measure (i Is said to be two-connected or
ergodic if any function u € H1(T", ;1) such that V¥4 = 0 is equal to a
constant (-a.e.

Lemma 5. Let a measure i be 2-connected. Then the set
{g(z) € Lo(T", ) : g(x) = div“v(:z:)} is dense in

{uELQ T") fu O)}

Exercise 1. Let () be an open connected subset of T", and let
du(x) = xgdx. Then p is 2-connected.

-

|
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Let a matrix a;;(x) be symmetric and uniformly elliptic ;.-a.e.
Lemma 6. The set of solutions to the equation

—div¥(a(z)Viu(z)) + u(z) = f, f € La(R", p),

is dense in Lo (R™, 11). We denoted it by D.

For v € D we set Au = f — u. Then the operator (A + 1)1
maps a function f € Lo(R"”, 11) to the corresponding solution
of the equation. This operator is nonnegative, bounded and
symmetric. Therefore, A is self-adjoint. Its domain is
denoted by D(A). The equation can be written in the
operator form Au + Au = f.

o |
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The equation Au + A\u = f Is an Euler equation of the
variational problem

inf {/(a(x)V“u(x)-V“u(x)—l—)\uQ(x))d,u(x)—/2f(x)u(x)d,u(

ue H(R™, 1)
Rn ]Rn

Proposition 2. Let f € Lo(R™, it). Then for each A > 0 the above

variational problem has a unique minimum point u € Hl(R”, ). It
solves the equation Au + \u = f.

o |
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Similarly, we can treat the variational problem for the
functional

inf {R[ (a(x)V“u(x)-V“u(x)—l—c(x)uQ(x))d,u(:L‘)R[ 2f (x)u(x)du(z

where c(x) satisfies the estimate A < ¢(z) < A~!. The Euler
equation reads

—div*(a(z)V*u(z)) + c(z)u(x) = f(x).

.~ p.25/51



fLet G be a bounded Lipschitz domain in R", and let u(dx) T
be a positive finite Borel measure on G.

Definition 9. We say thatu €H' (G, i1), and 2z € (Lo(G, p))" is the
gradient of w if there is a sequence ¢, € C3°(G) such that

or — u in Lo(G, p) as k — oo,

Vo — 2z in(Lo(G, )" as k — o0.
Dirichlet problem

—diva(x)VFu(z) + c(x)u(z) = f(x) in La(G, p)

L ulpg = 0. J

.~ p.26/51



- N

@)
Definition 10. We say that v € H'(G, 1) is a solution to the Dirichlet

problem if for any v €H' (G, )

/a(x) (VHu(z)-VHu(x)+e(z)u(z)o(z))du(z) = /f(x)v(x)d,u(x)
G

G
The existence and the uniqueness of a solution can be es-

tablished in the standard way.

o |
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Definition 11. We say that u(z) € H(R", i), and
z(x) € (La(R"™, 1))™ is a u-gradient of u(x) if

[ w@g@)aut) = - [ 2(a) - v(@)du(a).

R™ R™

for each g(x) and v(x) such that g(x) = div'v(z).

Proposition 3.  The two definitions of H(IR", ;1) are equivalent.

o |
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For a measure . In R™ consider the smoothed measure
110 = K° % 1. Then 10 locally weakly converge to i as 6 — 0.

Lemma 7. Let g(z) = div*v(z). Then there are g5 € Lo(R™, 1) and
vs € (La(R™, 11°))™ such that

)
div" vs = g5

and
gs — g strongly in Lo(R", ,u‘s) as 0 — 0,

vs — v strongly in (Lo(R™, 11°))" as § — 0.

o |

.~ p.29/51



Theorem 8. Let 1% = K° % 11, and let ug € HY(R™, /fs). Suppose that

us — u  weakly in Lo(R", /fs) as d — 0,

V“(Su(g — 2 weaklyin (La(R", u°))" as § — 0.

Then u € H'(R", ;1) and z = V.

|
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Consider the elliptic equation
—divfa(z)VFu + A u = f In Lay(R"™, u),

and the family of approximating equations of the form

—divt as(2)VF u 4+ M= f5in Lo(R™, 1),

Theorem 9. Suppose that
AP < a(@)66 < ATHEP, AP < ag(z)é-¢ < ATHEP Vo, e R

as(x) — a(x) strongly in Lo(R™, 11°), and fs(x) — f(z) strongly in
La(R™, 119). Then ug(x) strongly converges to u(z) in La(R™, ) as

0 — 0. J
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Let 1 be a periodic 2-connected measure in R™. For every
¢ € R” consider the variational problem

Ageg= min [(€+ (@) (€ +0(@)dula)
vels (T")Tn

Then A¢ - £ Is a nonnegative quadratic form in R™. The

matrix of this quadratic form, denoted by A, is called
effective.

Definition 12. A periodic measure p is non-degenerate if 2 IS positive
definite.

- The kernel of A is denoted by K~ |

.- p.32/51



-

For a periodic matrix a(x) such that
A€ < a(x)é- €< AN p—ae.

define

Ag-g= min [ a@)(€+ (@) (€ +o(@)dula)
vels (T")Tn

Proposition 4. The kernel of ﬁa coincides with the kernel of g

A, is called the effective matrix of the operator

\——div“(a(x)V“-). J
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find ve(z) € LE(T™, 1) such that a(z) (€ + ve(z)) € LY(T™, ).

fThe Euler equation of the above variational problem reads:

Denote by I1,,,; the orthogonal projection in (La(T™, 1))™ on
the subspace L' (T", ). Then the Euler equation takes

the form:

find ve(z) € LE°'(T™, ;1) such that T (a(x)ve () = —Tlpot (a(z)E

It IS now clear that the operator mapping v € LSOt(T”,u) to

Mot (a(z)ve(x)) is coercive in LY (T, ). N

o
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The effective matrix Ea, can be written in the form

Ayt = / x) +§))du(r), §eR”

Denote by V(z) the matrix whose columns are formed by
vector-functions v, (z), ..., ve, (z) ({e;} are the coordinate
vectors in R™). Then

A, — / a(@)(Id + V(2)))dp(z).

Tn

|
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Proposition 5.  The kernel KC* of A (or Ea) coincides with the set of

constant potential vectors.
A vector € R™ belongs to ()= if and only if there is

v € LPY(T™, i) such that

[ v@dua) =

Tn

o |
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Consider the modified cell problem
Find v (x) € LY (T™, p) such that a(z)(I*¢ + v (z)) € L3(T",

I1°"" is the orthogonal projection on (K#)*-.

Corollary 10. The relation holds:
a(x) (€ + ve(w)) = alx) (¢ +07).
The effective matrix Ea can be expressed by
At = / (v (@) + ) du(x), € €R"

o |
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Let 1 be a periodic measure in R™. For ¢ > 0 we set

pe(dz) = 5”u(d€—x), l.e.,
pe(B) = " u(e™' B)

for any Borel set B C R".

The measure u. weakly converge to the measure p(0O)dz,
O = [0,1)", as ¢ — 0. In particular, if x(0) = 1 then g,

converges to the standard Lebesgue measure.

o |
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Let G be a Jordan domain in R",

Definition 13. We say that u. € Lo(G, ue) two-scale converge in
Lo(G, us) tou(x,y) € Lo(G x O,dx x u(y)), ase — 0, if

luell Ly Gy < € € >0,

and

[ @@ dela) — / / u(z,)p(@) ¥ (y)dudp(y)

G

forany ¢ & OO ( ) and 1) € per(D>

|

.- p.39/51
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Lemma 11. Suppose that g(z,y) € C(G; Cper(0)). Then

i [ (. )due() = [ glao.y)doduty)

e—0

G Gx0O

|
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Proposition 6 ( weak compactness of a bounded sequnce).
Suppose that

9
1wl ooy < €
Then, along a subsequence £;. — 0, the functions u° two-scale

converge in Lo(G, piz) to some function
u(z,y) € Lo(G x O,dz x u(y)).

Proposition 7 ( lower semi-continuity of the norm). Suppose that
u®(x) two-scale converge in Lo (G, i) to a function u(x, y). Then

lig;iglf ||u8||L2(G,M8) > Hu(x7y>||L2(G><D,d:U><,u(y))'

-

|
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Definition 14. We say that u®(z) € Lo(G, pe) strongly two-scale
converge to u(x,y) € Lo(G x O,dx x u(y)) in Lo(G, pe) if u®(x)
two-scale converge to u(x, ) and

G

for any v° () which two-scale converges in Lo(G, ue) to v(x, y).
Equivalent definition reads

Definition 15. We say that u®(xz) € Lo(G, pe) strongly two-scale
converge to u(x,y) € Lo(G x O,dx x u(y)) in Lo(G, pe) if u®(x)
two-scale converge to u(x,y) in Lo(G, ue) and

lim / e () 2dpie () / u(z, y)|2deduly).

e—0

/ o (@) () dpte(z) — / u(z, y)o(z, y)dedu(y) ase — 0.
GxO

|
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Proposition 8. Suppose that u°(z) € H(G, i) and

< O, lim e[V () || 1, gyyn = O

| PN im

Then, along a subsequence, u® two-scale converge in LQ(G, ug) to
some function 1 () which does not depend of .

|
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K+ denotes the kernel of 4, and 11 the operator of
orthogonal projection in R™ on (K*)+. We set Ve = [1¢'v
and H°"(Q) = {u € Ly(G) : TI*"Vu € (Ly(G))"}.

Theorem 12. Suppose that

|4l ey S O IVl 1y < ©

Gpie))™
Then, along a subsequence,

u® () N u’(z) two-scale in Lo(G, p1e) as € — 0,

VHAu® (x) 2, VO (2)4ui (z,y) two-scale in (La(G, pe)) as e — 0;
- withu® € H(G) and u; € Ly(G; LY (O, p)). o
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|7Theorem 13. |If

<O eV gy C

||UEHL2(G,/L€) e))™

then there is a subsequences ;. — 0 and a function
uw(z,y) € Lo(G; H (O, 1)) such that

per

us(x) i) uO(Qj’ y) two-scale Iin LZ(G, ,ué‘)y

eVHAu® (x) 2, Vguo(x, y) two-scalein (La(G, pu)).

|
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Let 1 be a periodic measure in R”?, and let u. = s’”u(g).

Consider an elliptic equation

. X X IS » n
—divte (a(g)v%u) + C(E)“ = f(z), In La(R", pe),
We assume that

AP <a(y)é-€ <ATHEP, ¢eR”

u-a.e. We also assume that 0 < ¢y < ¢(y) < c; p-a.e. We set

c= / c(y)du(y).
] -
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The equation
—div(gaVu) +cu= f(x), xe&R"

Is called homogenized. The solution to this equation is
denoted by «"(z). Under our assumptions, this equation
has a unique solution in Ly (R"™).

Theorem 14. If f¢(x) converge strongly (weakly) in Lo(R"™, 1) to a
function f(z) € Lo(R™), then

uf(z) — u’(z) strongly (weakly) in Lo(R"™, uz) as e — 0,

Moreover (flux convergence ),

\— OL(z)V”au8 — A, VT0(2) weakly in (La(R", 1)) as e — 0.
€

.~ p.47/51



Proposition 9. If € converges to f strongly in L?(IR™, 112 ), then the
energy converges:

hII(l) a(z)V“gu‘g(x)-V“gu‘g(x)d,ug(x) = /Eaveffuo-veffu()dx.
E— €
R7 R™

o |
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Let G be a Lipschitz bounded domain. Consider the
Dirichlet problem

—divHe (a(z)V“gus) -+ c(z)us = f(x) In Lo(G, pe),

E E
u° El-;l (G, 1te).
and homogenized Dirichlet problem
—div (A4, V) + @l = f in G,
W e HE(@).

LBOth problems are well-posed, their solutions are denoted ul

and Y.
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Theorem 15. If f¢(x) strongly (weakly) converges in Lo(G, i) to
f(x) € La(G), then,

uf(z) — u’(z) strongly (weakly) in Lo(G, p1e) as € — 0,

Moreover, the flux convergence holds:

a(%)V“sug — A, v 0(z) weaklyin (La(G, pue))" ase — 0

and, in the case of the strong convergence of f©, the energy
convergence holds:

lim a(z

e—0 g

G G

)V“sug(x)-V“sug(x)dug(x) = /A\lveﬁuo-veﬁuodx.

|
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The developed technique can be successfully used in the
study of homogenization problems for higher contrast singu-
lar and thin structures, for example, singular double porosity
problems, the homogenization of parabolic problems in vari-
able spaces, elasticity problems for thin frames, nonlinear
operators in variable spaces, and many other problems. It
has not only intrinsic interest for homogenization theory, but
also significance in relation to close topics such as the cen-
tral limit theorem, spectral problems, the commutativity of
Ldiagram under the limit passage with respect to the periodJ

size and the thickness of structure, and many other aspects

-~ p51/51
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