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Motivations

Some motivations
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Given a dynamical system and a partition, it is possibly to code the trajectory.

Fis a Z?-
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Wang's tilings

Tiles set

This tiles set can tile the plane?
If the tiles set tiles the plane periodically, it is easy to find a configuration!
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Wang's tilings

Tiles set A tiling associated

L1

This tiles set can tile the plane?

Theorem (Berger-66, Robinson-71, Mozes-89, Kari-96...)

@ There exist tile sets which produces only aperiodic tilings.
@ The domino problem is undecidable.

AY/iEs



Outline of this course

@ Course 1: Aperiodicity and decidability

» How construct aperiodic tilings?
» It is possible to tile the plane?

@ Course 2: Sub-Action and Projective sub-action

» Caractherization of Projective subaction for a sofic
» Application to find local rules: cut and project tilings

o Course 3: Algorithmic optimizations in multidimensional symbolic dynamics

> Entropy
» Different classes of effective subshift
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Outline of this course

@ Course 1: Aperiodicity and decidability

» How construct aperiodic tilings?
» It is possible to tile the plane?

@ Course 2: Sub-Action and Projective sub-action

» Caractherization of Projective subaction for a sofic
» Application to find local rules: cut and project tilings

o Course 3: Algorithmic optimizations in multidimensional symbolic dynamics

> Entropy
» Different classes of effective subshift

How construct local rules which force "complex" tilings?

Goal of the course J

EY/IE



Some elements of symbolic dynamics

Subshift as dynamical system



Configuration and patterns
Let A be a finite alphabet.
bx:Z9 > Ae A% is a configuration.

1101110
Q1]of1]o[x]o[x]o]1
1jol1]o[x]o[1]0]1]0
O[1]of1]o[1]o[x]o]1 5
x =[]o[To[Tlo[Tlo[T]0]e {0,1}~
plxfof1fofx]o[1]o]1
1jo[z]ofx]o[1[0]1]O
O[1]ofxfo[x]of1]o]1
1jof1]ofx]o[1[0]1]Q
Hited1fe{1fe{1te]1
pLet Uc Z9 be a finite set. A pattern is an element p € AY.
[o]x] [ATL]
0[1]0| |1]|1
1/0|1|1|0|1
0[0]0|1
0/0]0
1)1}
Support: U c Z9 finite p¢x

Definition Subshift as dynamical system



Configuration and patterns
Let A be a finite alphabet.
bx:Z9 > Ae A% is a configuration.

1610101419
ol1]oJ1]o[1]o]x]o]1
1{o[1]o[z]of1[o[1[d
¢[1]oJ1]o[1]o]x]0]1 >
X_101010101®e{0,1}Z
0l1]of1]o[a]of1]o]1
1{o[1]ofz]ofx[o[1[D
0[1]of1]o[a]ofx]o]1
1lof1fofz]o[1]o[1]D
o{ite1te{1le{1el1
pLet Uc Z9 be a finite set. A pattern is an element p ¢ AY.
iJo[ioil0 [o[Z] [ATd]
0|1]|0]|1|0|1 0|1]0] [1]1
1|0/1|0[1|0 1/0|1|1/0|1
0J1]|0]1]0f1 0|0|0]1
1|0/1|0[1|0 0]0(0
o[xlo[xlo[x 1[1]
pEX pEx

Definition Subshift as dynamical system



Configuration and patterns
Let A be a finite alphabet.
bx:Z9 > Ae A% is a configuration.

¢ {0,1}”

~[o[r]o]r]o|r[o]r]|e
blr[o]r[o]r|o]r[o]=

~[o|r|o]r[olr[o|r[e
R REE

R REREEREEE
o|r]olr|o]r[o]r][o]=

~[o|r|o]r[o|r[o|r[P
o[=|o]r|o]r[o]r[c]=

Ry P FREPY =N PRy PN I PN PRy 2.3

[t Ll i Ll i i Ll o L

bLet Uc Z9 be a finite set. A pattern is an element p ¢ AY.
»Define the language of support U:

Ly(x) = {p e AV : there exists x € T such that pc x} .

oo

1
0
1

oo
o=
(] ()
=1

L) = { @ @), Lo((x) { o } La((x)) -

Definition Subshift as dynamical system
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» compact
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Subshift as dynamical system

d . .
o AZ": set of configurations
» compact
» metrisable d(x,y) <27" where n = max{n eN:X_, d = Yn ,,]d}

@ Dynamic on .AZJ given by the shift, Z9-action defined for all j € Z9 by:
g oA o

X = (Xigd > P(X) = (%) iezd-

Definition Subshift as dynamical system



Subshift as dynamical system

d . .
o AZ": set of configurations
» compact
» metrisable d(x,y) <27" where n = max{n eN:X_, d = Yn ,,]d}

@ Dynamic on .AZJ given by the shift, Z9-action defined for all j € Z9 by:

g oA o
x=(X)igd > 0(x) = (Xisj)ieza-

Definition
A subshift is a closed shift-invariant subset of A%, J

: :
Letx= - [TTT M ITT]) <{J MW"
The orbit O(x) = {c"(x):neZ} = _ln is shift-invariant.
But limo"(x)= -« . [TTTT 111 |“\.... so O(x) is .n-o.t closed.
Wxg_:}a”(x):neZ}u{.-.\ [TTTTTT1] - }isa subshift

Definition Subshift as dynamical system




Morphism
Definition

Let T c AZd and T c BZ . A function F: T — Tf is a morphism if it is
continuous and commutes with the shift (i.e. F ook =0k, o F VieZ9).

Teorem (Hedlund 1969)

A fonction F: T — T’ is a morphism if and only if it can be defined locally:
there exist U c 79 and F : AU — B such that F(x); = F((Xusi)uev)-

finite
b
] ,.IET
LetUZ ‘Oal\ollocabd 0—8‘0u+c m0d2

ote-letoloretotole
9lof1]ofofofo]o]d
0lofofofofo]1]o]0]|,
olofofof1]ofofofpt—
0[ofofof[of[1]o]o]b
plof1]ofofofo]o]0
¢tototoletofotelo
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Let T c AZd and T c BZ . A function F: T — Tf is a morphism if it is
continuous and commutes with the shift (i.e. F ook =0k, o F VieZ9).

Teorem (Hedlund 1969)

A fonction F: T — T’ is a morphism if and only if it can be defined locally:
there exist U c 79 and F : AU — B such that F(x); = F((Xusi)uev)-

finite
b
] AET\

LetUZ ‘Sl\o.llocabd 0—8‘0u+c m0d2
otolototototofelsy
9lo[1]ofofo]o]o]0
0lofofofofof1]old]|,
olofofofx]o]ofo]dt—
0lofofofof1]o]o]0
dlof1]ofofofofo]d
¢Hofolofotetetofo
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Morphism
Definition

Let T c AZd and T c BZ . A function F: T — Tf is a morphism if it is
continuous and commutes with the shift (i.e. F ook =0k, o F VieZ9).

Teorem (Hedlund 1969)

A fonction F: T — T’ is a morphism if and only if it can be defined locally:
there exist U c 79 and F : AU — B such that F(x); = F((Xusi)uev)-

finite
y
] AET\

LetUZ ‘Sl\dlocabd 0—8‘0u+c m0d2
oto-fefotetelofoto
9Jo[z]ofofofo]o]0
blofofofofo]1]o]0],
¢lofofofz]ofo]o[oT
¢lofofofofz]ofo]9 0]
blo[1]ofofo]o]o]9
o{etetotoiototofe
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Morphism
Definition

Let T c AZd and T c BZ . A function F: T — Tf is a morphism if it is
continuous and commutes with the shift (i.e. F ook =0k, o F VieZ9).

Teorem (Hedlund 1969)

A fonction F: T — T’ is a morphism if and only if it can be defined locally:
there exist U c 79 and F : AU — B such that F(x); = F((Xusi)uev)-

finite
b
] ,.IET
LetUZ ‘gl\dlocabd 0—8‘0u+c m0d2

gro-fetotolotetelo
0lof1]ofofofo]o]d
0fofofofofof1]o]d]|,
¢lofofof[1]o]o]o][gT— 1
0lofofofof1fo]o]g I
0lof1]ofofofo]o]b
oteretofoietofold
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Morphism
Definition

Let T c AZd and T c BZ . A function F: T — Tf is a morphism if it is
continuous and commutes with the shift (i.e. F ook =0k, o F VieZ9).

Teorem (Hedlund 1969)

A fonction F: T — T’ is a morphism if and only if it can be defined locally:
there exist U c 79 and F : AU — B such that F(x); = F((Xusi)uev)-

finite
b
] AET\

Let U= ‘Sl\dlocabd 0—8‘0u+c mod 2
pteotototototototo
olof1]ofofofoo]0
dlofofofofof1]olp]|,
glofofo]1]ofo]o][oT—
0lofofofof1]0]0]0
¢lof1]ofofo]ofo]g
¢Hedotofeletototd
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Morphism
Definition

Let T c AZd and T c BZ . A function F: T — Tf is a morphism if it is
continuous and commutes with the shift (i.e. F ook =0k, o F VieZ9).

Teorem (Hedlund 1969)

A fonction F: T —> T’ is a morphism if and only if it can be defined locally:

there exist U c 79 and F : AU — B such that F(x); = F((Xusi)uev)-

finite
/
— L)

Let U= 8T ToldFaba JoT8Te] (o 89 FoTo o [0 o]0
otofotofototetoto | |oretofotetotoiore
¢[of1]ofofofofof[¢] [d[2]1]o[ofo|0][0]b
¢lofofofofoft]ofa| [0]o]z][ofof1]1]0]
olofofofz]ofofo[or—olofofz]1]o]1]0]9
§[ofofofof1]ofo[d] [d][ofoo[of1]0[0]0
blof1]ofofofofofg] [@]2]2]o[of1]0]0]0
oHotototofofolofd| |[dredf1leleftofoters
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Morphism
Definition

Let T c AZJ and T c BZ . A function F: T — Tf is a morphism if it is
continuous and commutes with the shift (i.e. F ook =0k, o F VieZ9).

Teorem (Hedlund 1969)

A fonction F: T — T’ is a morphism if and only if it can be defined locally:
there exist U c 79 and F : AU — B such that F(x); = F((Xusi)uev)-

finite

Definition
o If m: T — T’ is surjectif then 7 is a factor.

o If o: T—> T’ is a bijective morphism then ¢ is a conjugacy.

Definition Subshift as dynamical system



Subshifts of finite type
Sofic subshifts




Combinatory definition of subshifts

Definition

Let F be a set of patterns. Define the d-dimensional subshift of forbidden
patterns F on the alphabet A by:

T(A,d,f)z{xeAZd:p¢xforallp€]—"}= N AZd\a_i([p]).

peF,iezd

where [p] = {x € Az :xy = p} for pe AY.

Proposition: Combinatory definition of subshifts

T c A% is a subshift if and only if there exists a set of forbidden patterns F such
that T=T(A,d,F).

o

Some classes of subshifts Subshifts of finite type



Combinatory definition of subshifts
Definition

Let F be a set of patterns. Define the d-dimensional subshift of forbidden
patterns F on the alphabet A by:

T(A,d,}")z{xeAZd:p¢Xforallp€.7—"}= N Adea_i([p]).

peF,iezd

where [p] = {x € Az :xy = p} for pe AY.

Proposition: Combinatory definition of subshifts

T c A% is a subshift if and only if there exists a set of forbidden patterns F such
that T=T(A,d,F).

<= T(A,d,F) is a subshift.
== Let T be a subshift, define F = A* \ L(T).
o If x € T, every pattern of x is a pattern of £L(T) so x € T(A,d,F).
o If xeT(A,d,F) then VneN, x_, 4 € L(T) that is to say 3y” € T such
that x_,, ,ja = y[”in,n]r,. Thus limye y" = x € T since T is closed.

Some classes of subshifts Subshifts of finite type



Subshift of finite type
Definition

T is a subshift of finite type if there exists F a finite set of forbidden patterns
such that

T=-T(Ad,F)c A

Some classes of subshifts Subshifts of finite type



Subshift of finite type
Definition
T is a subshift of finite type if there exists F a finite set of forbidden patterns

such that J
T=-T(Ad,F)cA?

[ ]

The chessboard: Let A = {0, [i]e[1]oJTFo{tte{hdz [o[x[o[Tlh [T]q[T]sider
o[1]o[x]ola]b[a]{zhaTafo]1]o[1]o]1]0
1fe{ifelite]ifo(id{1te{1fe{1e{1yo]1
O[1]of[a]olafofa]{1hd[a]o]2]o]a]o]1]0
1{o[1]ofz]ofz[8[hd({1]o[z]o]z]o[1]o]1

_JI§[x]olafofafofa]{ahd[1]o]a]o]a]ala]0
T(A2,7) = 1fo[1]ofz]ofz[bPhd{1{o[z]o[z]o[1]0]1
O[1]o[x]ofafofa]{1hd[a]o]1]o]a]d]1]0
1jof[xfo[1]ofa]d[hd{1]ol1]o[x]o[a]o]1
itelite{ite]a] {11 fe]1to{1 ¥ 1]0

Some classes of subshifts Subshifts of finite type



Subshift of finite type
Definition

T is a subshift of finite type if there exists F a finite set of forbidden patterns
such that

T=-T(Ad,F)c A

Wang Tiles:

Tiles W: a tiling associated:

Tw= {(Wn)nezz W™ s wijl =|wiir et wij =Wijy

Some classes of subshifts Subshifts of finite type



Subshift of finite type
Definition
T is a subshift of finite type if there exists F a finite set of forbidden patterns

such that J
T=-T(Ad,F)cA?

Domino:

- o={7) 1 L)
[P T
’I_FW:':J' :':'ﬁ||||—:T:|

Some classes of subshifts Subshifts of finite type



Subshift of finite type
Definition
T is a subshift of finite type if there exists F a finite set of forbidden patterns

such that J
T=-T(Ad,F)cA?

Algebraic| subshiifs pb finiteotype:o [o|o|o|o|o|o|ofo|o]|o0
1011|1641 [1]1f0qe]1[b1]|1ef0T0P
1{o|tfofof1|of1]|1]o0 1lof1]1]1 {)
t{1|ofof|z|1|2|o]|of1]|oflo]1|o]o|1]|o]L
tjo|tf1|z|o|zfo]|ofofz|1]|z|o]o|o|1]|L

{) t{1|of1]|ofo|zf1|z|z|o|z|o|ofo]|of1
plofafofofa|a]afofa]of1f1]o]o]o]o]P
t{1|1|ofoflo|z|o|z|1]|oflo|1|lo|o]|o0]oO @

q& 1lof1f1]|a|2fofof1]|o|ofofn|1]1]|1]1

4o 1|1lela1fefa|1]|1oteofote]re]1][s

T= {X € {O,l}ZZ : V(I,_/) € ZZ, X(@ij) T X(i+1,j) T Xij+1 = 0 mod 2}

Some classes of subshifts Subshifts of finite type



Subshift of finite type
Definition

T is a subshift of finite type if there exists F a finite set of forbidden patterns
such that

T=-T(Ad,F)c A

Proposition

If Tc AZJ is conjugate to a SFT, then T is a SFT. J

Some classes of subshifts Subshifts of finite type



Subshift of finite type (case of dimension 1)
e SFT associated to the oriented graph G = (V, &)

b
{e cE2:VieZ, t(e) = i(e,-+1)}

e’ ooe  To
T({a, b,c},1,{ba,ca,ch})

o For a subshift T c A%, define the Rauzy graph of order n
Vi=Ly (T
g - { 7 = Loa(T)

(UO o.Up2, 9. .. Vn—2) € 5?) ssi ug...Up_2Vp_2 =UgVp...Vp—2 € ﬁn(T)

Some classes of subshifts Subshifts of finite type



Subshift of finite type (case of dimension 1)

o SFT associated to the oriented graph G = (V, &)
b

sr | Omc  To = {ecfh:VieL, t(e)=i(em))

= T({a,b,c},1,{ba,ca,ch})
o For a subshift T c A%, define the Rauzy graph of order n

g - {w = Lp1(T)

(UO o.Up2, 9. .. Vn—2) € 5?) ssi ug...Up_2Vp_2 =UgVp...Vp—2 € [,,,(T)

For T({0,1},1,{11}), one has:

the Rauzy graph of order 2: the Rauzy graph of order 3:
00 001 010
01 101
OO @), 1)
10 100

o o o 1 [} o

1 T o 1 o T
. cee € ... 0 o 1 0o 0 0 1 0 1 :.--€
o 1 0 0 o 1 o0 1 o G2 o 2 o o o 1 90 1 . G3
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o SFT associated to the oriented graph G = (V, &)
b

sr | Omc  To = {ecfh:VieL, t(e)=i(em))

= T({a,b,c},1,{ba,ca,ch})
o For a subshift T c A%, define the Rauzy graph of order n

g - {w = Lp1(T)

(UO o.Up2, 9. .. Vn—2) € 5?) ssi ug...Up_2Vp_2 =UgVp...Vp—2 € [,,,(T)

For T({0,1},1,{11}), one has:

the Rauzy graph of order 2: the Rauzy graph of order 3:
00 001 010
01 101
@O__® @, ®
10 100

o o o 1 [} o

1 T o 1 o T
cee € ... © o 1 [} o [} 1 o 1 ...€
e 0 0o 1 0 1 0 92 o 1 0o o0 o 1 0 1 o gs

o
...
o
o
o
...
o
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Subshift of finite type (case of dimension 1)

o SFT associated to the oriented graph G = (V, &)
b

sr | Omc  To = {ecfh:VieL, t(e)=i(em))

= T({a,b,c},1,{ba,ca,ch})
o For a subshift T c A%, define the Rauzy graph of order n

g - {w = Lp1(T)
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the Rauzy graph of order 2: the Rauzy graph of order 3:
00 001 010
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Subshift of finite type (case of dimension 1)

o SFT associated to the oriented graph G = (V, &)
b

sr | Omc  To = {ecfh:VieL, t(e)=i(em))

= T({a,b,c},1,{ba,ca,ch})
o For a subshift T c A%, define the Rauzy graph of order n

g - {w = Lp1(T)

(UO o.Up2, 9. .. Vn—2) € 5?) ssi ug...Up_2Vp_2 =UgVp...Vp—2 € [,,,(T)

For T({0,1},1,{11}), one has:

the Rauzy graph of order 2: the Rauzy graph of order 3:
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01 101
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10 100
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Subshift of finite type (case of dimension 1)

o SFT associated to the oriented graph G = (V, &)
b

sr | Omc  To = {ecfh:VieL, t(e)=i(em))

= T({a,b,c},1,{ba,ca,ch})
o For a subshift T c A%, define the Rauzy graph of order n

g - {w = Lp1(T)

(UO o.Up2, 9. .. Vn—2) € 5?) ssi ug...Up_2Vp_2 =UgVp...Vp—2 € [,,,(T)

For T({0,1},1,{11}), one has:

the Rauzy graph of order 2: the Rauzy graph of order 3:
00 001 010
01 101
OC O @), 1)
10 100

o o o 1 [} o

1 o 1 o
. . eT ... 0 0 1 o o o 1 o 1 ---€T
o 1 o o0 o 1 0 1 o G2 6o 1 o o o 1 o 1 o Gs

Some classes of subshifts Subshifts of finite type



Subshift of finite type (case of dimension 1)
e SFT associated to the oriented graph G = (V, &)

b
{e cE2:VieZ, t(e) = i(e,-+1)}

e’ ooe  To
T({a, b,c},1,{ba,ca,ch})

o For a subshift T c A%, define the Rauzy graph of order n

gr - [VA= Lo (™)
(UO o.Up2, 9. .. Vn—2) € 5?) ssi ug...Up_2Vp_2 =UgVp...Vp—2 € [,,,(T)

Theorem

A subshift T(A,1,F) where F c A" is conjugate to a subshift of finite type
associated to the Rauzy graph G7.

Corollary
@ In dimension 1, every nonempty SFT contains a periodic orbit.
@ In dimension 1, it is decidable to know if a SFT is empty.

y
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Sofic subshift
Définition

A subshift T c BZ is sofic if there exist a SFT T(A,d,F) and a factor
7 A2 — B% such that T = n(T(A, d, F)).

Consider T = {x e {0, l}Zd : there is at most one i € Z9 such that x; = 1}.
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Sofic subshift

Définition

A subshift T c BZ is sofic if there exist a SFT T(A,d,F) and a factor

e .AZJ — BZd such that T

m(T(A,d,F)).

{x e {0, 1}Zd : there is at most one i € Z9 such that x; = 1}.

Consider T
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Sofic subshift

Définition

A subshift T c BZ is sofic if there exist a SFT T(A,d,F) and a factor

e .AZJ — BZd such that T

m(T(A,d,F)).

{x e {0, 1}Zd : there is at most one i € Z9 such that x; = 1}.

Consider T
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Sofic subshift

Définition

A subshift T c BZ is sofic if there exist a SFT T(A,d,F) and a factor

e .AZJ — BZd such that T

m(T(A,d,F)).

{x e {0, 1}Zd : there is at most one i € Z9 such that x; = 1}.

Consider T
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Sofic subshift

Définition

A subshift T c BZ is sofic if there exist a SFT T(A,d,F) and a factor

e .AZJ — BZd such that T

m(T(A,d,F)).

{x e {0, 1}Zd : there is at most one i € Z9 such that x; = 1}.

Consider T
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Sofic subshift

Définition

A subshift T c BZ is sofic if there exist a SFT T(A,d,F) and a factor
7 A2 — B% such that T = n(T(A, d, F)).

Consider T = {x e {0, 1}Zd : there is at most one i € Z9 such that x; = 1}.

Let A, = {o,<,—,1,1} and F, c AL A0OF hich define the SFT:

T(-AO’Q:]:') TZW(T(A.,Q,]:.))
[ ARIRSCARARaEERAn AR nARana AN Q0401010010010 01+61010 7049
JOTV VIV [ [ gloJoJofofo]o]o]o]o]ofofo]o]b
YUV VIV [V [ d[oJofo]oJo]o]ofo[o]o]olo]o0]0
IOV [V [ §JoJoJofofo]o]o]o]o]ofofofo]@
_-R»—>—>—>—>—>—>0<—<—<—<—<—<— _¢00000010000000
R EEE - 7T(X)_()oooooooooooood;
RN NERDRAE gloJoJofofo]o[o]o]o[o]o]o]o]d
1R NERDRAE dlofoJofo]olofo]o]o[o]o]o]o]@
e N e AN EEREENERE oololetetereleletotototolord
T -, 1] — 0
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Sofic subshift (case of dimension 1)

Let T= {x € {0, l}zd : there is at most i € Z9 such that x; = 1}.

00 - O
The SFT T({0,1},1,{10}) is transformed in Tvia7: 01 ~ 1
11 - 0

01

1
ooc@/\ 1 T 2@ 00

Theorem (Weiss 1973)

In dimension 1, the language of a sofic is rational (i.e. recognized by a finite
automaton).

Examples:
o The subshift T({a, b},1,{ba*""*b: neN}) is ?
o The subshift T({a, b},1,{ba*"b:neN})is ?
@ The subshift T({a, b,c},1,{ba,cbh,ac,ca"b™c:n+ m})is?
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Sofic subshift (case of dimension 1)

Let T= {x € {0, l}zd : there is at most i € Z9 such that x; = 1}.

00 - O
The SFT T({0,1},1,{10}) is transformed in Tvia7: 01 ~ 1
11 - 0

01

1
ooc@/\ 1 T 2@ 00

Theorem (Weiss 1973)

In dimension 1, the language of a sofic is rational (i.e. recognized by a finite
automaton).

Examples:
o The subshift T({a, b},1,{ba*""1b: neN}) is sofic.
o The subshift T({a, b},1,{ba*"b:neN})is ?
@ The subshift T({a, b,c},1,{ba,cbh,ac,ca"b™c:n+ m})is?
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Sofic subshift (case of dimension 1)

Let T= {x € {0, l}zd : there is at most i € Z9 such that x; = 1}.

00 - O
The SFT T({0,1},1,{10}) is transformed in Tvia7: 01 ~ 1
11 - 0

01

1
ooc@/\ 1 T 2@ 00

Theorem (Weiss 1973)

In dimension 1, the language of a sofic is rational (i.e. recognized by a finite
automaton).

Examples:
o The subshift T({a, b},1,{ba*""1b: neN}) is sofic.
o The subshift T({a, b},1,{ba*"b: neN}) is sofic.
@ The subshift T({a, b,c},1,{ba,cbh,ac,ca"b™c:n+ m})is?
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Sofic subshift (case of dimension 1)

Let T= {x € {0, l}zd : there is at most i € Z9 such that x; = 1}.

00 - O
The SFT T({0,1},1,{10}) is transformed in Tvia7: 01 ~ 1
11 - 0

01

1
ooc@/\ 1 T 2@ 00

Theorem (Weiss 1973)

In dimension 1, the language of a sofic is rational (i.e. recognized by a finite
automaton).

Examples:
o The subshift T({a, b},1,{ba*""1b: neN}) is sofic.
o The subshift T({a, b},1,{ba*"b: neN}) is sofic.
@ The subshift T({a, b,c},1,{ba,ch,ac,ca"b™c: n+ m}) is not sofic.
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And in two dimension?

T({a,b,%},1,{ba,fa"b™a:n+ m,«+ b, + a}) and consider

Let

y for all jeZ}

{xe({a,b, C}Zz : Jy € ¥ such that x(_j) =

T-=

“
E
=
A
2
=
@
L
B3
0
0
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And in two dimension?
Let ¥ =T({a,b,%},1,{ba,Ba"b":n+ m,a + b, + a}) and consider

T={xe({a,b, c}Zz : Jy € ¥ such that x(_j
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Some classes of subshifts

=y forall jeZ}

N e W

S
N

b

e

'S
I

b’

N

b

[ BNa TN o}

N

b

[ BNa TN e}

S
N

b’

'S
I

b

N

b

alolo|n

N

b

ajlolo|n

S
N

b

'S
I

b

N

b

ajlolo|n

N

b

alolo|n

S
N

bll

'S
I

[

N

b

alolo|n

N

b

alolo|n

aloafafajolafafalolafafalolofaln

0

S
N

b

0

%ﬁhﬂﬁﬁhﬂﬁﬁﬁﬂﬁﬁﬁﬁﬁ

LI T IR (VI I T IR VIR I IR VI I R IR (VI R R Y
I

(7

énnnnnnnﬁnhnnnonné

&——ﬁ—*@r\’ﬁ——ﬁ—«ﬁ’m’—ﬁ\'ﬁ"_&nm—ﬂ—\ﬂ'\/ﬁ*#’ﬁ*'ﬂ/’é




And in two dimension?

Let ¥ =T({a,b,%},1,{ba,Ba"b":n+ m,a + b, + a}) and consider
T={xe({a, b,c}Zz : 3y € ¥ such that x( jy = y for all j € Z}

o T T T T T T T T T T T TR

Some classes of subshifts

clecl e 3" bn _,c\,&_f:
clc|c|a”|p’|lc|c «:
clc|c|a”|p’|c|c {:
clc|c|a”|p’|c|c {:
clc|lc|a”|p’|c|c 4
clc|lc|a”|p’|lc|c {:
clc|c|a”|p’|lc|c %
clc|c|a”|p’|c|c %
clc|lc|a”|p’|c|c Jf
clc|lc|a”|p’|lc|c %
clc|c|a”|p’|lc|c #
clc|lc|a”|p’|c|c #
clc|lc|a”|p’|c|c %
clc|lc|a”|p”|lc|c #
clc|lc|a”|p’|lc|c %:
clc|c|a”|p’|c|c %
clc|c|a”|p’|c|c {5

e 3" [ b ve—cx—l:
ubshifts
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And in two dimension?
Let ¥ =T({a,b,%},1,{ba,Ba"b":n+ m,a + b, + a}) and consider

T={xe({a,b,

C}Zz
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My first aperiodic tiling:
Robinson's tiling




Alphabet of the tiling of Robinson

There exists different means to define the Robinson tiling. Consider Robi the next
set of tiles modulo the rotation

> [
> +—| 1
> —| l

Aperiodic two-dimensional SFT My first aperiodic tiling: Robinson'’s tiling



Local rules

Incoming and outgoing arrows must be respected:

I ¥
i !
Allowed Not allowed

We add the forbidden patterns F which impose the alternating of the colors:

ou [ { s = B 8 )

Denote Tropi the SFT described by these rules.

Aperiodic two-dimensional SFT My first aperiodic tiling: Robinson'’s tiling



Existence of the tiling (level 1)

The Robinson tiling is based on a hierarchical structure. Nine of these tiles can be
assembled to form a super-tile of level I
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Existence of the tiling (level 1)

The Robinson tiling is based on a hierarchical structure. Nine of these tiles can be
assembled to form a super-tile of level I

L

[

b
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Existence of the tiling (level 1)

The Robinson tiling is based on a hierarchical structure. Nine of these tiles can be
assembled to form a super-tile of level I
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Existence of the tiling (level 2)

Super-tiles of level 1 can be assembled to form super-tiles of level 2:

s e
sk ety f
g i
Ly wld
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Existence of the tiling (level 2)

Super-tiles of level 1 can be assembled to form super-tiles of level 2:

>

i st
st el

Fi
skl
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Existence of the tiling (level 2)

Super-tiles of level 1 can be assembled to form super-tiles of level 2:

>

i st
st el

Fi
W W
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Existence of the tiling (level 2)

Super-tiles of level 1 can be assembled to form super-tiles of level 2:
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Existence of the tiling (level 2)

Super-tiles of level 1 can be assembled to form super-tiles of level 2:

o

i st
st el

Fi
iHakrisl

Aperiodic two-dimensional SFT My first aperiodic tiling: Robinson'’s tiling



Existence of the tiling (level 2)

Super-tiles of level 1 can be assembled to form super-tiles of level 2:
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sk iy f
g 8 e
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Existence of the tiling (level 2)

Super-tiles of level 1 can be assembled to form super-tiles of level 2:
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Existence of the tiling (level 2)

Super-tiles of level 1 can be assembled to form super-tiles of level 2:

s e
sk iy f
g 8 e
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Existence of the tiling (level 2)

Super-tiles of level 1 can be assembled to form super-tiles of level 2:

in
o
5
i

s S shee
ez g, ghia
B gt
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Existence of the tiling

Iterating the operation, super-tiles of level n can be formed and by compacity we
conclude that Trop = @.
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Existence of the tiling

Iterating the operation, super-tiles of level n can be formed and by compacity we
conclude that Trop = @.
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Aperiodicity

Center of super files of level n are spaced of 2" cells.
Deduce that every elements x € Trop; does not admit period.
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Theorem (Robinson 1971)
The SFT Txepi is not empty and all configurations are aperiodics. J
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Geometric Vision: Fractured lines
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1 ({x € Trobin with fracture lines}) = 0 for all probability measure p o-invariante.
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Cardinal of Trep;

(&1 (1|31 [3-B1 [ 3]
OE GE|GE O GE GyEl
CaEd | LA | CaRd | Lo D] | CgqEd
O 58| 58|08 08|05
(41| I35 | [3—61 | [g—H1 | I3 | L3
EHE | 58] | OE] | G ED | 5E] | GE
[E] o1 | CoE] CoyEd (o CoqEd
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Cardinal of Trep;

(&1 (1|31 [3-B1 [ 3]
OE GE|GE O GE GyEl
CaEd | LA | CaRd | Lo D] | CgqEd
O 58| 58|08 8|0
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Trobi Is uncountable

Proposition
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Robinson's tiles for children
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Robinson's tiles for children
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Aperiodic two-dimensional SFT My first aperiodic tiling: Robinson'’s tiling
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Rectangular substitution

Let A= {-, B -} Consider the next substitution:
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Rectangular substitution

Let A= {-, B -} Consider the next substitution:

After iteration, we obtain:

Define the substitutif subshift:

TSZ{XGAZZ:VPEX Jae A, neN, telquep:s"(a)}

Aperiodic two-dimensional SFT Multidimensional substitutions



Rectangular substitution

Let A= {., ., ., .} Consider the next substitution:

After iteration, we obtain:

Define the substitutif subshift:
TS:{XEAZZ:Vp:x Jae A, neN, telquep:s"(a)}
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Rectangular substitution

Let A= {., ., .7 .} Consider the next substitution:

After iteration, we obtain:

Define the substitutif subshift:
T = XEAZZ:Vpcx Jae A, neN, tel que pcs”(a)

Aperiodic two-dimensional SFT Multidimensional substitutions 33 / 56




How forces the

substitutive tiling

with local rules?
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1 1 1 1

1 1 1 1
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| | | |

1 1 1 1

1 1 1 1

1 1 1 1
||||| T T

1 1 1 1

1 1 1 1

| | | |

1 1 1 1
||||| Y N NS
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Coding of fractured lines
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Coding of fractured lines
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Coding of fractured lines




Multidimensional substitutive tilings are sofic

Different layers to code substitute subshift with local rules:
Alphabet of the substitution for the level 0,
Robinson tiles to code hierarchical structure,

o
@ alphabet of the substitution corresponding to higher levels,
°

align the hierarchical structure in view to remove fractured lines.

Théoréme (Mozes 1989)

Every rectangulaire substitutions s on alphabet A, there exists a SFT T(B,d,F)
and a factor map 7 : B - A such that

m(T(B,d,F))=Ts

Moreover 7 is a conjugacy almost everywhere.

In particular h(T(B,d,F)) = h(Ts).
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Substitution of polygons

5 mnlls

Theorem (Goodman-Strauss 1998)
The tiling space defined by substitution on polygon can be defined by local rules. J
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Decision problem

Domino problem:
Given A a finite alphabet and F a finite set of 2-dimensional patterns.

T(A,2,}‘):{XE.AZZ:Vpe.7-", p¢x}¢®?

Decision problem



Decision problem
Domino problem:
Given A a finite alphabet and F a finite set of 2-dimensional patterns.

T(A,Z,f):{xe.AZZ:Vpe}', p¢x}¢®?

There is an program which halts if and only if T(A,2,F) =2
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Decision problem
Domino problem:
Given A a finite alphabet and F a finite set of 2-dimensional patterns.

T(A,Z,}‘):{xe.AZZ:Vpe}', p¢x}¢®?

There is an program which halts if and only if T(A,2,F) =2

In dimension 1, it is decidable!

Decision problem



Decision problem
Domino problem:
Given A a finite alphabet and F a finite set of 2-dimensional patterns.

T(A,Z,}‘):{xe.AZZ:Vpe}', p¢x}¢®?

There is an program which halts if and only if T(A,2,F) =2

In dimension 1, it is decidable!

Theorem (Berger 1966, Robinson 1971) J

The domino problem is undecidable in dimension d > 2.

Decision problem



Halting problem
Halting problem

A given program halts on a given input?

Theorem Turing 1937
The halting problem is undecidable (but it is semi-decidable).

Decision problem Turing machine



Halting problem
Halting problem J

A given program halts on a given input?

Theorem Turing 1937
The halting problem is undecidable (but it is semi-decidable). J

Assume there exists SuperProg which solve the problem, that is to
say for a program P and an input w :

n n 1
yes" if P(w) halts
SuperProg(P, w) = {”no" ifnot

Consider the program Bug such that:

Bug(P) "yes" si SuperProg(P,P)="no"
u =
& does a loop if not

Decision problem Turing machine



Halting problem
Halting problem

A given program halts on a given input?

Theorem Turing 1937
The halting problem is undecidable (but it is semi-decidable).

Assume there exists SuperProg which solve the problem, that is to
say for a program P and an input w :

n L
yes" if P(w) halts
SuperProg(P,w) = {”no" ifnot

Consider the program Bug such that:

Bug(P) "yes" si SuperProg(P,P)="no"
u =
& does a loop if not

How runs Bug on the input Bug?



Turing machine

Input/Output Tape

A Turing machine is given by Ll felefefe e ]
M = (Qa ranaquay QF):

Q: fini number of states;

Reading and Writing Head
moves in both directions)

go: initial state;
gr: final state;
I fini alphabet;
§ € I white symbol

§: Qx> QxTx{« -} Finite Control
transition function.

Given a tape R €%, the head is at the position i € Z and state q € Q, the Turing
machine compute 6(q, R;) = (¢, a,€). It write a at the position /, move the head
at the position i + ¢ and go to the state ¢'.

Decision problem Turing machine



How does a turing machine work?

0/“7 1’ «
do

SRR nnnnnnens




How does a turing machine work?
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How does a turing machine work?

0/”7 1’ «
a1
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How does a turing machine work?
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How does a turing machine work?

0/”7 1’ «
do
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How does a turing machine work?

0/”7 1’ «
a1

ol el e el el el fele]




How does a turing machine work?
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How does a turing machine work?
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a2
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How does a turing machine work?

0/”7 1’ «
a2

ol el e el el el ufe]e]




How does a turing machine work?

0/”7 1’ «
do

ol el e el el ufe]e]




How does a turing machine work?

0/”7 1’ «
a1

SRR




How does a turing machine work?

0/”7 1’ «
a2
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How does a turing machine work?

0/”7 1’ «
do

ol el fefa ool el ululuf]e]




How does a turing machine work?

0/”7 1’ «
a1

ol el el el uf]e]




How does a turing machine work?

0/”7 1’ «
a2

ol el fefa oo el u e uf]e]




How does a turing machine work?

0/”7 1’ «
o

ol el e fa ool el uf]e]




How does a turing machine work?

0/”7 1’ «
a1

ol el e el ool uf]e]




How does a turing machine work?

0/”7 1’ «
g2

ol el el wfa oo fo e af]e]




How does a turing machine work?

0/”7 1’ «
a2

ol el fefafefa ool sl uf]e]




How does a turing machine work?

0/”7 1’ «
o

ol el fefe ool uf]e]




How does a turing machine work?

0/4,1,«

0/4,1,«
qr

ol e el fe ool f]e]

This Turing machine stops after 21 steep of computation.




Combinatory monster

Starting from an empty tape, this Turing machine write 374 x 106 letters in
119 x 10*® steep of computation.

Decision problem Turing machine



From the behavior of a Turing machine to SFT
1l <

[t (g0 T i [ i [ i [ ] e Te T ol ¢l -

Decision problem Turing machine and tilings



From the behavior of a Turing machine to SFT
1l <

T a T (ane.d) | ] I ] ||
- [ 4] (ao. ) | ] [

=
e e

Decision problem Turing machine and tilings



From the behavior of a Turing machine to SFT
1l <

(‘1” 2 1)
i

a
] (90, 1)

Decision problem

Turing machine and tilings



From the behavior of a Turing machine to SFT
1l <

i a (ay. b) I ] ] [ HEEEEN
] a b [CTH) ] ] [HERERE
] a [C)) ] ] ] I T
i | (q0.4) ] ] ] ] t o [ ol
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From the behavior of a Turing machine to SFT
1l <

[] (qp, ) b I ] ] RN
i a (ay. b) I ] [] [ HEEEEN
] a b [CTH) ] ] [HERERN
i a [(CY)) ] ] ] P I I I
i [ (a0, ] 1 i ] [ A

Decision problem

Turing machine and tilings




From the behavior of a Turing machine to SFT
1l <

] a (ga+. b) I ] ] I I I I
] (ap, ) b I ] ] RN
i a (ay. b) [ ] ] [ HEEEEN
] a b [CTH) ] ] [HERERN
i a (ap+, 1) ] ] ] P I I I
i [ (a0, ) ] 1 i ] [

Decision problem
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From the behavior of a Turing machine to SFT
1l <

] a a @b+, 1D ] ] I
] a (gar, b) [ ] ] I
i (qp, ) b I [] ] HENENR]
i a (ay. b) [ ] [] [ HEEEEN
] a b [CTH) ] ] [HERERE
] a [CF)) ] ] ] I T
§ | (q0.4) ] ] ] ] NN
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From the behavior of a Turing machine to SFT
1l <

] a a (@b+, 1) ] t e [ e
] a a @b+, 1D ] ] I T
] a (gar, b) [ ] ] I
[} (qp, ) b I [] ] NENENR
i a (ay. b) I ] ] [ HEEEEN
] a b [CTH) ] ] [HERERE
] a (ap+, §) ] ] ] I T
i | (q0.4) ] ] ] ] NN
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From the behavior of a Turing machine to SFT
1l <

] a a b b Gaps®) [ 8 | 0 [ # [ 8
] a a @b+, 1) ] NN
] a a [C)) ] ] I T
] a (gar, b) [ ] ] I
L] (qp, ) b I [] ] HENENR]
i a (ay. b) I ] [] [ HEEEEN
] a b [T ] ] [HERERE
] a (e, §) ] ] ] I T
i | (q0.4) ] ] ] ] NN
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From the behavior of a Turing machine to SFT
1l <

1 a a b (ay. b [ I HENENR
I a a b Gap) [ 8 [0 |0 | ¢
# a a [C)) # I I 1 I
i a a (Gb++, 1) ] ] [ T
i a (ga+, b) I ] ] I I
L] (qp, ) b I [] ] I HENENR
i a (ay. b) [ ] [] [ HEEEEN
] a b [T ] ] [HERERE
i a (ap+, 1) ] ] ] LI O
# (d0, #) # ] # # I S O I
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From the behavior of a Turing machine to SFT
1l <

] a a (ay, B) b [ [HEREEN
1 a a b (ay. b) [ I HENENR
I a a b Gap) [ 8 [0 |0 |
# a a [C)) # I I 1 I
i a a [C YD) i # 0 O
i a (ga+, b) I i i 0 I O
i (qp, ) b I [] ] [ HENENR
i a (ay. b) [ ] [] [ HEEEEN
] a b [CTH) ] ] [HERERE
i a [CTES)) i i i N I
# (g0, #) # ] # # I S O I
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From the behavior of a Turing machine to SFT
1l <

] a (ay, ) b b [ [HEREER
] a a (ay, B) b I [HEREEN
1 a a b (ay. b [ [ HENENR
] a a b b Gap) [ [0 |0 | ¢
# a a [C)) # I I I I
# a a [C YD) i # 0 I O
i a (ga+, b) I i i N O
i (qp, ) b I [] ] HENENR
i a (ay. b) I ] [] [ HEEEEN
] a b [CTH ] ] [HERERE
i a [CTES)) i i i 0 I A
# (q0, #) # ] # # I S O I
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From the behavior of a Turing machine to SFT
1l <

] a a (qa+, B) ] [ [N
[] a (ay, ) b b [ [HERERE
] a a (ay, B) b I [HEREEN
1 a a b [CTE b) [ ] ] i #
] a a b b Gap. ) [ 8 [ ] 0]
] a a (@b+, ) i [ ]
] a a [C)) ] i I I I I
] a (qa+, b) [ ] ] I
] (qp, ) b I ] ] RN
i a (a. b) I ] ] [ HEEEEN
] a b [CTH) ] ] [HERERN
] a (e, §) ] ] i P I I I
§ | (q0.4) ] i ] i i [ o [ o[

Decision problem

Turing machine and tilings




From the behavior of a Turing machine to SFT

Consider the Turing machine M., which enumerates the language {a"b" : n € N}.

] a a a a b (qbb‘b) Il ] ]
i a a a a (apy. By b Il i #
] a a a (ga, b) b b ] ]
] a a (a, a) b b b ] 1

a a a (qy, b) b b ]

a a a b (q, b) b ]

a a a b b (q,b) ]
] a a a b b b @, i ]
] a a a b b (D) ] ] ]
v a a a b (app D ] ] i L]
] a a a (ap. b | ] ] ] ]
] a a (9a, b) b # # # #
1 a [CTD) b b 1 1 1 ]
] a a (@, b) b ] ] i ]
] a a b (@, b) ] ] i ]
] a a b b [CTHD) ] ] i ]
] a a b [CT) ] ] ] ] ]
] a a (@pp- D ] ] ] ] ] ]
] a (9a, b) ] ] ] ] i ]
1 [CD) b ] ] ] ] 1 ]
] a (@, b) ] ] ] ] i ]
] a b [CTHD) ] ] ] ] i ]
] a (a0 ] ] ] ] ] ] ]
i (99, 1) ] i ] # ] i ] #

How code this space-time diagram with local rules?

Decision problem machine and



From the behavior of a Turing machine to SFT

Consider the Turing machine M., which enumerates the language {a"b" : n € N}.

1 a a a a b (qbb‘b) Il ] ]
i a a a a (apy. By b Il i #
1 a a a (ga, b) b b ] ]
1 a a @ a b b b i ]
a a a (qy, b) b b ] ]
a a a b (q, b) b ] ] _
a a a b b
e .
1 a a a b b (D) ] ] ]
l a a a b (app D ] ] i L]
] a a a (ap. b | ] ] ] ]
] a a (9a, b) b # # # #
1 a [CTD) b b 1 1 1 ]
i a a (@, b) b ] i ]
i a a b ] i ]
] a a b ] ] ] ] ]
[ a a (@pp- D ] ] ] ] ]
] a (aa, b [ ] ] ] ] i ]
] @2 b I ] ] ] i ]
i a ] ] ] ] ]
i a i ] ] ] ]
] a [CTD) ] ] ] ] ] ] ]
i (4.0 | i [ ] [ i [ ] ] ] i ]

How code this space-time diagram with local rules?

Decision problem Turing machine and tilings



From the behavior of a Turing machine to SFT

Consider the Turing machine M., which enumerates the language {a"b" : n € N}.

] a a a a b (qbb‘b) I ] ]
i a a a a (apy. By b Il i #
] a a a (qa, b) b b ] ]
] a a (qy,a) b b b ] ]

a a a (q, b) b b ]

a a a b (q, b) b ]

a a a b b (q,b) ]
] a a a b b b @, i ]
] a a a b b (D) ] ] ]
v a a a b (app D ] ] i L]
] a a a (ap. b | ] ] ] ]
] a a (qa, b) b ] ] ] ]
1 a [CD) b b 1 1 1 ]
] a a (@, b) b ] ] i ]
] a a b (@, b) ] ] i ]
] a a b b [CTHD) ] ] i ]
] a a b [CT) ] ] ] ] ]
] a a (@pp 1D ] ] ] ] ] ]
i a (4a, B) ] ] ] ] i ]
] [CD) b ] ] ] ] 1 ]
] a (@, b) ] ] ] ] i ]
] a b [CTHD) ] ] ] ] i ]
] a (a0 ] ] ] ] ] ] ]
] (99, 1) ] ] ] # ] ] ] ]

How code this space-time diagram with local rules?

Decision problem Turing machine and



From the behavior of a Turing machine to SFT
Let Ang =T U (QxT).
A Turing machine M give a set P of allowed 3 x 2-patterns:

e if x,y,z €Tl (no head in the neighborhood), we allow :

e if there is a head in the neighborhood, for example 6(q1, x) = (g2,y, <) is
coded by:

v w [ (@22 [wl G2 v | [(@2 ] vy | ]
v w z [wl z TG@x] [z | (@x |

1 [y [T+
2] [ [ ]2 ]

e if gr is a final state, the machine stops computation:

[z [ G@g.0 T2 ]
[z [ g0 [ 2]

Consider the SFT T =T (AM,2,AE&Z]X[O’” N PM).
The SFT T o4 contains every space time diagram produced by M but also no well
initialized configurations.

Decision problem Turing machine and tilings



The completion problem

Completion problem
Given a SFT T and a pattern p, it is possible to find x € T such that p c x?7 J

Let A, = {o,«<,—,1,1} and consider the SFT:

T(A.,2,F,) = O(x) where x =

R P
R
oo | e e e
o 8 e
U P
S oo e e
NN I

Let T=T (As x A, 2, Fo % Faq U Fsynero U {qr}) where Fyynero synchronise:

e e with (qo, 1),
o f, — et < avec |

(e,(qo,})) can be completed in a configuration of T <= M does not halt
Theorem (Wang 1961) J

The completion problem is undecidable.

Decision problem Turing machine and tilings



The completion problem

Completion problem
Given a SFT T and a pattern p, it is possible to find x € T such that p c x?7 J

Let A, = {o,«<,—,1,1} and consider the SFT:

T(A.,2,F,) = O(x) where x =

R P
R
oo | e e e
o 8 e
S PP
S oo e e
NN I

Let T=T (As x A, 2, Fo % Faq U Fsynero U {qr}) where Fyynero synchronise:

e e with (qo, 1),
o f, — et < avec |

(e,(qo,})) can be completed in a configuration of T <= M does not halt
Theorem (Wang 1961) J

The completion problem is undecidable.

There is no links with the domino problem: by compacity there is no subshift
such that where a tile appear exactly one times.

Decision problem Turing machine and tilings



How to generates zones of computation?

We start from a result of Mozes-89 (every 2D substitution is sofic) and the
following substitution :

- - R S - - [ SEESUS
l — L L ZIZ - I — L I i
(- [ [ [ I I Lt [ [ [

[ N P R Y N P |
_ L e _ e
[y T R o | e — L 1 Z1- 1
Ll Lyl Ll [ N N PP

I I N P | Y Y N PR |

How the substitutive subshift obtained can describe computation zones?

Decision problem Implementation of a Turing machine in SFT



Description of the zones of computation

. 1 communication tile
-

i 1 computation tile

Decision problem Implementation of a Turing machine in SFT



Description of the zones of computation

. 1 communication tile

i 1 computation tile

-

Decision problem Implementation of a Turing machine in SFT



Description of the zones of computation

i [ S S R B S B i
L U S e B
[ N R I e e e e e R B |
L e e e R e e e B i Al i et S |
] T T 1 U U T 1 | T T 1 I U T 1 |
O e e R B R R |
T I e |

. 1 communication tile

i 1 computation tile

-

Decision problem Implementation of a Turing machine in SFT
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Properties of a fractionated strip of level n:

o the width is 27,

I communication tile

@ one line of computation every 2"

putation tile
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Properties of a fractionated strip of level n:

o the width is 27,

I communication tile

@ one line of computation every 2"

putation tile
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How initialize computation in infinite strips?

Use a binary counter as a clock:
@ every computation tile contains 0 or 1;
o finite automaton code addition by 1.

Strip of order n:
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Decision problem Implementation of a Turing machine in SFT
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Binary counter for strips
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SFT where each x € Tgpi4 contains strips of

level n initialized periodically by a clock for all neN.

Teria:
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A configuration of Tcaycu1(m)

a Qo5 ﬁ L - a Qbﬂﬂ a () ﬂ

i) NS4 111

a Gors [ ¢S a

T T T T T

4 4 4 4 4

a o L | a (G a

i) S 111

a Gor f [ C5% a_ (G f

i) i 111 111

a Qo5 ﬁ a %nﬂ a lhnﬂ

1 111
- qO)ﬂ [ (‘107]1 407ﬁ) ‘10711)
(20, D} > > T

. 2
Construction of Teaicur () € Teria X Afy:
o Layer 1: Tgrig

o Layer 2: F, is verified on each fractionated strips with boundaries
conditions

@ We forbid the tile which contains gf.

Decision problem Implementation of a Turing machine in SFT



A configuration of Tcaycu1(m)

a - a anﬁ a Qbﬂﬁ

) b 111

a O a

T i T

4 4 & 4

a L a Qbﬂﬂ a

L N/ T]1

a a qb”ﬂ a qb+1ﬂ

) 117 11

a [ OS5 a_ (g4

I ; T17
7% (0 ) )
(a0, D > T T

A strip of level n allows to code the space-time diagram of M of size 2" x 22",
thus:
M halts <~ TCalcul(M) =g

Theorem (Berger 1966, Robinson 1971) J

The domino problem is undecidable in dimension d > 2.

Decision problem Implementation of a Turing machine in SFT
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Little historic of aperiodic tilings

Auteurs

Nombre de tu-
iles de Wang

Nombre de tuiles
a translation prés

Nombres de tuiles
a isométrie prés

R. Breger 1966 20426
R. Breger 1966 104
D. E. Knuth 1966 92

R. Pensose 1978 20 2
R. M. Robinson 1971 | 56 32 6
R. Ammann 1978 16 2
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Figure 24 Part of the Solutlon of Q
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iles de Wang a translation prés | & isométrie prés
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Little historic of aperiodic tilings

Auteurs Nombre de tu- | Nombre de tuiles | Nombres de tuiles
iles de Wang a translation prés | & isométrie prés
R. Breger 1966 20426
R. Breger 1966 104

D. E. Knuth 1966 92

R. Pensose 1978 20 2
R. M. Robinson 1971 | 56 32 6
R. Ammann 1978 16 2

-
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Auteurs Nombre de tu- | Nombre de tuiles | Nombres de tuiles
iles de Wang a translation prés | & isométrie prés

R. Breger 1966 20426
R. Breger 1966 104
D. E. Knuth 1966 92

R. Pensose 1978 20 2

R. M. Robinson 1971 | 56 32 6

R. Ammann 1978 16 2
J. Kari 1996 14

K. Culick 1996 13
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Little historic of aperiodic tilings

Auteurs Nombre de tu- | Nombre de tuiles | Nombres de tuiles
iles de Wang a translation prés | & isométrie prés
R. Breger 1966 20426
R. Breger 1966 104
D. E. Knuth 1966 92

R. Pensose 1978 20 2

R. M. Robinson 1971 | 56 32 6

R. Ammann 1978 16 2
J. Kari 1996 14

K. Culick 1996 13

Problematic
There exists other type of aperiodic tilings?

Little historic of aperiodic tilings
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