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Abstract
Let (.AZ, F) be a bipermutative algebraic cellular automaton. We present conditions which force
a probability measure which is invariant for the N x Z-action of F' and the shift map o to be the Haar
measure on ¥, a closed shift-invariant subgroup of the Abelian compact group A%. This generalizes
simultaneously results of B. Host, A. Maass and S. Martinez [HMMO03] and M. Pivato [Piv05]. This
result is applied to give conditions which also force an (F,o)-invariant probability measure to be

the uniform Bernoulli measure when F' is a particular invertible affine expansive cellular automaton
N
on A".

1 Introduction

Let FF: AM — AM with M = N or Z be a one-dimensional cellular automaton (CA). The study of
invariant measures under the action of F' has been addressed from different points of view in the last two
decades. As ergodic theory is the study of invariant measures, it is thus natural to characterize them.
In addition, since F' commutes with the shift map o, it is important to describe invariant probability
measures for the semi-group action generated by F' and ¢. We remark that it easy to prove the existence
of such measures by considering a cluster point of the Cesaro mean under iteration of F' of a o-invariant
measure. This problem is related to Furstenberg’s conjecture [Fur67] that the Lebesgue measure on
the torus is the unique invariant measure under multiplication by two relatively prime integers. In the
algebraic setting, the study of invariant measures under a group action on a zero-dimensional group like
Ledrappier’s example [Led78], has been extensively considered in [Sch95] and [Ein05].

The uniform Bernoulli measure has an important role in the study of (F,o)-invariant measures.
G.A. Hedlund has shown in [Hed69] that a CA is surjective iff the uniform Bernoulli measure on AM
is (F,o)-invariant. Later, D. Lind [Lin84] shows for the radius 1 mod 2 automaton that starting from
any Bernoulli measure the Cesaro mean of the iterates by the CA converges to the uniform measure.
This result is generalized for a large class of algebraic CA and a large class of measures with tools from
stochastic processes in [MMO98] and [FMMNOQQ], and with harmonic analysis tools in [PY02] and [PY04].

However, the uniform Bernoulli measure is not the only (F, o)-invariant measure, indeed every uni-
form measure supported on a (F,o)-periodic orbit is (F,o)-invariant. We want to obtain additional
conditions which allow us to characterize the uniform Bernoulli measure. We limit the study to CA
which have algebraic and strong combinatorial properties: the algebraic bipermutative CA. Let (A%, F)
be a bipermutative algebraic CA; we examine the conditions that force an (F, o)-invariant measure p to
be the Haar measure of A%, denoted by A 4z. When A% is an infinite product of the finite group .4, the
Haar measure is the uniform Bernoulli measure. B. Host, A. Maass and S. Martinez take this direction
in [HMMO3] and characterize (F,o)-invariant measure of affine bipermutative CA of radius 1 when the
alphabet is Z/pZ with p prime. They show two theorems with different assumptions on the measure p.
M. Pivato gives in [Piv05] an extension of the first one considering a larger class of algebraic CA but
with extra conditions on the measure and the kernel of F'. The main result in the present paper provides
a generalization of the second theorem of [HMMO03] which also generalizes Pivato’s result.



To introduce more precisely previous work and this article, we need to provide definitions and
introduce some classes of CA. Let A be a finite set and M = N or Z. We consider AY, the configuration
space of M-indexed sequences in A. If A is endowed with the discrete topology, A" is compact and
totally disconnected in the product topology. The shift map o : AM — AM is defined by o(z); = 441
for x = () mem € AY and i € M. Denote by A* the set of all finite sequences or words w = wy...wy, _1
with letters in A; by |w| we mean the length of w € A*. Given w € A* and i € M, the cylinder set
starting at coordinate ¢ with the word w is [w]; = { € AM : z; ;4,—1 = w}, the cylinder set starting
at 0 is simply denoted by [w].

A cellular automaton (CA) is a pair (A™, F) where AM is called the configuration space, and F :
AM — AM is a continuous function which commutes with the shift. We can therefore consider (F, o)
as a N x M-action. By Hedlund’s theorem [Hed69)], it is equivalent to give a local function which acts
uniformly and synchronously on the configuration space, that is to say, there is a finite segment U C M
(named neighborhood) and a local rule F : AY — A, such that F(x),, = F((Tmiu)uecv) for all z € AM
and m € M. The radius of F is r(F) = max{|u| : w € U}; when U is as small as possible, it is called the
smallest neighborhood. If the smallest neighborhood is reduced to one point we say that F' is trivial.

Let B be the Borel sigma-algebra of A, we denote by M(AM) the set of probability measures
on A™ defined on the sigma-algebra B. As usual, ou (respectively Fu) denotes the measure given by
ou(B) = u(c=(B)) (respectively Fu(B) = u(F~1(B))) for B a Borel set; this allows us to consider
the (F,o)-action on M(AM). We say that u € M(AY) is o-invariant (respectively F-invariant) iff
ou = p (respectively Fu = p); obviously p is (F, o)-invariant iff p is o-invariant and F-invariant. We
denote Z,,(c) = {B € B : u(c~*(B)AB) = 0} the algebra of o-invariant sets mod . If AM has a
group structure and ¥ is a closed o-invariant subgroup of A, the Haar measure on ¥, denoted Ay,
is the unique measure in M(AM) with supp(u) C ¥ which is invariant by the action of ¥. We can
characterize Ay, using characters in AM, W/h\ich are continuous morphisms from A" to C: indeed, p = As
iff supp(p) C ¥ and p(x) = 0 for all x € AM such that x(X) # {1}, see [Gui68] for more detail. If A is a

finite group and AM is a product group, the Haar measure of AM corresponds to the uniform Bernoulli
measure defined on a cylinder set [u]; by:

Maon (i) = ﬁ

Let (AM, F) be a CA of smallest neighborhood U = [r,s] = {r,...,s}. F is left-permutative iff for
any u € AS~" and b € A, there is a unique a € A such that F(au) = b; F is right-permutative iff for any
u € A" and b € A there is a unique a € A such that F(ua) = b. F is bipermutative iff it is both left
and right permutative.

If A™ has a topological group structure and if o : AM — AM is a continuous group endomorphism,
AM is called a group shift. By Hedlund’s Theorem [Hed69], the o-commuting multiplication operator is
given by a local rule ¥ : Al™s] x Al — A We refer to [Kit87] for more details. If AM is an Abelian
group shift and F : AM — AM is a group endomorphisms which commutes with o, then the CA (A™, F)
is called algebraic. If A has an Abelian group structure, A is a compact Abelian group. We say that
(AM F) is a linear CA if F is a group endomorphism or equivalently if F' is a morphism from AY to A.
In this case F' can be written:

F=Y fuoo"

uclU

where for all © € U, f, is an endomorphism of A which is extended coordinate by coordinate to AM.
We can write F' as a polynomial of o, F' = Pr(c), where Pr € Hom(A)[X, X !]. If A =Z/nZ, then an
endomorphism of A is the multiplication by an element of Z/nZ. We say that (A, F) is an affine CA
if there exists (A", G) a linear CA and a constant ¢ € AM such that F = G + c. The constant must be
o-invariant.

A linear CA (AM, F) where FF =", elrs) Juo o™ is left (right) permutative of smallest neighborhood
[, s] if f, (fs) is a group automorphism. An affine CA (A™, F + ¢), where (A, F') is linear and ¢ € AM,
is bipermutative if (A, F) is bipermutative. So if A = Z/pZ where p is prime, then any nontrivial
affine CA is bipermutative. However, if p is composite, then F is left (right) permutative iff the leftmost
(rightmost) coefficient of F is relatively prime to p.

Now we can recall the first theorem of [HMMO3]:



Theorem 1.1 ([HMMO3]). Let (A%, F) be an affine bipermutative CA of smallest neighborhood U = [0, 1]
with A = Z/pZ, where p is prime, and let p be an (F,o)-invariant probability measure. Assume that:

1. p is ergodic for o;
2. the measure entropy of F is positive (h,(F) > 0).
Then p= A yz.

The second theorem of [HMMO3] relaxes the o-ergodicity into (F, o)-ergodicity provided the measure
satisfies a technical condition on the sigma-algebra of invariant sets for powers of o:

Theorem 1.2 (J[HMMO03]). Let (A%, F) be an affine bipermutative CA of smallest neighborhood U = [0, 1]
with A = Z/pZ where p is prime, and let p be an (F,o)-invariant probability measure. Assume that:

1. p is ergodic for the N X Z-action (F,0);
2. T,(0) = Z,,(c?®P™V)  mod p;
3. hy(F) > 0.

Then = A yz.

M. Pivato gives in [Piv05] a result similar to Theorem [L.1} which applies to a larger class of algebraic
CA but with extra conditions on the measure and Ker(F):

Theorem 1.3 ([Piv05)]). Let AZ be any Abelian group shift, let (AZ, F) be an algebraic bipermutative
CA of smallest neighborhood U = [0,1] and let p be an (F,o)-invariant probability measure. Assume
that:

1. p is totally ergodic for o;

2. hy(F)>0;

3. Ker(F) contains no nontrivial o-invariant subgroups.
Then = A gz.

It is possible to extend Theorem to a nontrivial algebraic bipermutative CA without restriction
on the neighborhood. In Section 2 of this paper we give entropy formulas for bipermutative CA without
restrictions on the neighborhood. These formulas are the first step to adapt the proof of Theorem in
Section 3 in order to obtain our main result:

Theorem Let A% be any Abelian group shift, let (A%, F) be a nontrivial algebraic bipermutative
CA, let X be a closed (F,o)-invariant subgroup of A%, let k € N such that every prime factor of |A|
divides k and let u be an (F,c)-invariant probability measure on A% with supp(u) C ¥. Assume that:

1. p is ergodic for the N x Z-action (F,0);

2. I,(0) = I, (1) with py the smallest common period of all elements of Ker(F);

3. hy(F) > 0;

4. every o-invariant infinite subgroup of DZ (F) = UpenKer(F™) MY is dense in 3.
Then pu = Ay.

Theorem [3.3]is a common generalization of Theorem and Theorem when A is a cyclic group and
AZ is the product group. To obtain a generalization of Theorem for any Abelian group A%, we must
take a weaker assumption for D2 | however we need a further restriction for the probability measure:

Theorem Let A% be any Abelian group shift, let (A%, F) be a nontrivial algebraic bipermutative
CA, let ¥ be a closed (F,o)-invariant subgroup of A%, let k € N such that every prime factor of |A|
divides k and let i be an (F,o)-invariant probability measure on A% with supp(u) C X. Assume that:



1. p is ergodic for o;

2. I,(0) = I, (1) with py the smallest common period of all elements of Ker(F);

3. hu(F) > 0;

4. every (F,o)-invariant infinite subgroup of DX (F) = UpenKer(F™) NY is dense in X.
Then pu = Ayg.

To do this some technical work is required on each of the assumptions. Presently we do not know how
to obtain a common generalization of Theorems [3.3] and [3.4]

In Section 4 we show how to replace and relax some assumptions of Theorems [3.3] and [3.4] in
particular how one obtains Theorems [I.2] and [I.3] as consequences. First we replace the assumption of
positive entropy of F by the positive entropy of F™ o ¢™ for some (n,m) € N x Z. Then we give a
necessary and sufficient condition for DZ to contain no nontrivial (F,o)-invariant infinite subgroups.
This condition is implied by the assumption that Ker(F') contains no nontrivial o-invariant subgroups.

In Section 5 we restrict the study to linear CA and obtain rigidity results which cannot be deduced
from Theorem and For example, in Subsection 5.1, we can see that Theorem works for
F = Pp(0) any nontrivial linear CA on (Z/pZ)? with p prime. In this case Theorem works only
for CA of radius 1 and Pivato’s result works only if Pg is irreducible on Z/pZ. In Section 6 we give an
application of this work. We stray from the algebraic bipermutative CA case and show measure rigidity
for some affine one-sided invertible expansive CA (not necessary bipermutative) with the help of previous
results.

2 Entropy formulas for bipermutative CA

Let (A% F) be a CA, B be the Borel sigma-algebra of A% and p € M(A%). We put B,, = F~"(B)
for n € N. For P a finite partition of A% and for B’ a sub sigma-algebra of B we denote H,(P) =
— > aep 1(A)log(p(A)) the entropy of P and H,(P|B') = =3 scp [, 108(E,(14]|B'))dp the conditional
entropy of P given B’. Furthermore h,(F) denotes the entropy of the measure-preserving dynamical
system (AM B, 1, F). We refer to [Pet89] or [Wal82] for the definition and main properties.

We define the cylinder partitions P = {[a] : @ € A} and P}, = {[u}, : u € A°""}. The following
lemma is a more general version of the entropy formula in Lemma 4.3. of [HMMO03] (where this Lemma
is proved for CA with radius 1):

Lemma 2.1. Let (A%, F) be a bipermutative CA of smallest neighborhood U = [r,s] withr <0 < s and
let pu be an F-invariant probability measure on A”. Then h,(F) = H,(Po,s—r—1)|B1)-

Proof. We have h,,(F') = limy_ o0 by (F, Pj—y,)) with:

T
hy (B Proyy) = Jim Hy( (Pl \V F7"(Poig)) = zz]|\/F 1))

n=1
Let | > s — r. By bipermutativity of F, for T' > 1, it is equivalent to know (F" ()i ))nep, 1) and
to know F(x)py—;1s4s. This means that \/Z=1 F~"(Pi_1y) = F~ (Pyrr—i,75447)- By taking the limit
as | — oo, we deduce (with the convention co.0 = 0):

o0

\/ P[ l l] _1(7?[oo.r7l,oo‘s+l])~

So we have:
h(F,Pierg) = Hu(Ploig|F~ Plocr—i,00.5+1])-

Similarly, by bipermutativity of F', the knowledge of F'(2){sc.r—1,00.s41] and Zjg s—r—1] allows us to
know x[_;;; and vice versa. We deduce:

P[O,s—r—l] \ Fﬁl(lp[oo.r—l,oo.s-&-l]) = P[—Ll] \ Fﬁl(P[OO.T—l,OOASJrl])'



Therefore,
hM(Fa ,P[fl,l]> = HM(P[O,sfrJrl]‘F_l(,P[oo.rfl,oo.erl]))'
If r <0 < s, then Po.r—i00.s+1) = B1. Otherwise, by taking the limit as [ — oo and using the
martingale convergence theorem, we obtain h,(F) = H, (P s—r—17|B1). O

When p is an (F, o)-invariant probability measure, it is possible to express the entropy of a right-
permutative CA according to the entropy of o.

Proposition 2.2. Let (A%, F) be a right-permutative CA of neighborhood U = [0, s], where s is the
smallest possible value and let p be an (F,o)-invariant probability measure. Then h,(F) = sh, (o).

Proof. Let N € N and | > s. By right-permutativity, since U = [0, 5], for all 2 € A? it is equivalent to
know (F™(2)[-1,1))nejo,n] and &[4 n); this means that:

N
\/ F™™(P_i,y) = Pl_1,14Ns]-
n=0

So for [ > s we have:

N
h(F,Pioyg) = lim H“(\,/OF "(Pl1)
. 1
= ngnoo NH#(,P[—Z,I—FNS])
. 1
= Jim -+ > wl[u]) log(ulu])
uEANs+21
Ns+2l 1
= 1. — 1
gim NS ) log(ufu)
ueANs+2l
= shy(o).
We deduce that hy,(F) = limy o0 by (F, P—y) = s hyu(o). O

Remark 2.1. We have a similar formula for a left-permutative CA of neighborhood U = [r, 0]. Moreover,
it is easy to see that this proof is true for a right-permutative CA on AY.

Corollary 2.3. Let (A%, F) be a bipermutative CA of smallest neighborhood U = [r, s], and let ju be an
(F, 0)-invariant probability measure on AZ. We have:

shy(o) if s>r >0,
hu(F) = (s =r)hu(o) if s =02,
—rhy(o) if0>s>r.

Proof. Cases where s > 1 > 0 or 0 > s > r can be directly deduced from Proposition @

When s > 0 > 7, the CA (A%, 07" 0 F) is bipermutative of smallest neighborhood [0, s—]. Since o is
bijective, we deduce that 9B is o-invariant. Thus, F~1(B) = (67" 0 F)~1(B). Since p is (F, o)-invariant,
by Lemma |2.1} one has:

hu(F) = H,u('P[O,s—r—lﬂF_l(%)) = H/L(P[O,s—r—l]‘(o—_T o F)_l(%)) = h#(a_r © F)
The result follows from Proposition [2.2] O

Remark 2.2. Tt is not necessary to use Lemma Corollary [2:3] can be proved by a similar method of
Proposition [2.2

A bipermutative CA (A%, F) of smallest neighborhood U is topologically conjugate to ((A*)N, o)
where ¢ = max(U U {0}) — min(U U {0}), via the conjugacy ¢ : z € A% = (F(x)[0,4))nen. So the uniform
Bernoulli measure is a maximal entropy measure. Thus from Corollary 2:3] we deduce an expression of
htop(F). This implies a result of [War(0] which compute the topological entropy for linear CA on (Z/pZ)*
with p prime by algebraic methods. Moreover this formula gives Lyapunov exponents for permutative
CA according to the definition of [She92] or [Tis00].



3 Proof of main theorems

Now we consider (A%, F') a bipermutative algebraic CA of smallest neighborhood U = [r, s]. For y € A%
call T, the translation = — = +y on AZ. For every n € N, we write D, (F) = Ker(F™); if there is no
ambiguity we just denote it by D,. Clearly D, is a subgroup of D, ;. Denote 0D, +1 = Dypt1 \ Dy
for all n € N. By bipermutativity we have |D,| = |D1|™ = |.A|¢*~")™ where |.| denotes the cardinality of
the set. We can consider the subgroup Ds(F) = UpenDy(F) of A%, we denote it by Do if there is no
ambiguity; it is dense in A% since F is bipermutative. Every D, is finite and o-invariant so every « € D,
is o-periodic. Let p, be the smallest common period of all elements of D,,. Then p,, divides |D,|!.

Let B be the Borel sigma-algebra of A% and let i be a probability measure on A%. Put B,, = F~"(B)
for every n € N, it is the sigma-algebra generated by all cosets of D,. For every n € N and u-
almost every x € AZ, the conditional measure j, . is defined for every measurable set U C A% by
pn,z(U) = E,(1y|B,)(z). Its main properties are:

(A) For p-almost every = € A%, p1,, , is a probability measure on A% and supp(u, ) C F~"({F"(z)}) =
z+ D,.

(B) For all measurable sets U C A%, the function z — pin,z(U) is Bp-measurable and i, » = fin,, for
every y € F7"({F"(x)}) =z + D,,.

(C) Let G : A” — A” be a measurable map and let U be a measurable set. For p-almost every
z € A¥onehas B, (1g-1(1)|G7H(B)) (@) = E.(1y|B)(G(2)). S0 0™ i,z = pin,om (z) a0d Flini1 0 =
o, F(z) for p-almost every x € A”Z and every n € N.

(D) Since B, is Ty-invariant for d € D,,, by (C) one has fin z = fin z+d-

For all n € N define (,, » = T4 fin »; it is a probability measure concentrated on D,,. The previous
four properties of conditional measures can be transposed to (;

Lemma 3.1. Fizn € N. For p-almost all x € A%, the following are true:
(a) Cnotd = T—aqCno for every d € D,,.
(6) 0™ Cne = Cuom ey for every m € T and Fluire = G-
(c) For every m € p,Z, we have 6™ (o = Cpi- Hence  — Gy p 05 0™ -invariant.
Proof. (a) is by Property (D). (b) is by Property (C). And (c) is because supp((n,z) C Ds,. O
For n > 0 and d € D,, we define:

Bna={veA":(.({d}) >0} and E, = ] Ena
d€edD,,

Then E, 4 is oPm-invariant by Lemma ¢), and E, is o-invariant, because 9D,, is o-invariant. We
write n(x) = (1..({0}) = p1.({z}). The function 7 is o-invariant and By = {z € A% : n(z) < 1}.
Therefore one has:

n(Fnil(‘T)) - Nl,F"*l(m)({Fnil(x)}) - ﬂl,F”*l(z)(Fnil(x + Dn—l)) (f):un,z(z + Dn—l) - Cn,z(Dn—1)7

where (%) is by property (C). Thus E,, = {z € A% : (, o(Dp—1) < 1} = F~ " L(Ey).
Let ¥ C A” be a closed (F,o)-invariant subgroup of A”. We denote DF = D, NY and D}, ; =
Dy, \DZ for all n € N and DI = Dy N X.

Remark 3.1. For p an (F,o)-invariant probability measure such that supp(u) C X, we remark that for
every n € N and p-almost every @ € A%, supp(pn,.) C * + DF C ¥ and supp((n..) C D. So for all
n € Nand d € dD,, if d ¢ ¥ one has u(E, q) = 0.

Lemma 3.2. Let 1 be a o-invariant measure on A%. If there exist k € N such that Z,,(c) = Z,,(c*) then
for allmn > 1 one has Z,,(0) = Z,,(c*").



Proof. Applying the ergodic decomposition theorem to (A%, B, u,0), to prove I ( ) = L, (c*") it is
equivalent to prove that almost every o-ergodic component § of p is ergodic for o*". The proof is done
by induction.

The base case Z,,(0) = Iu(akl) is true by hypothesis. Let n > 2 and assume that this property holds
for n — 1 and does not hold for n. That is to say we consider a o-ergodic component ¢ of u (by induction
it is also akn_l—ergodic) which is not o*"-ergodic. There exist A € C such that \¥" =1 and AR #1
and a non constant function h : AZ — C such that h(o(x)) = Ah(z) for s-almost every z € AZ. We
deduce that h*(o(x)) = Ah*(z) and h¥(o*" " (z)) = A¥"h¥(z) = h*(2) for 6-almost every = € A%, By
okt -ergodicity of 8, h* is constant d-almost everywhere, so \¥ = 1 which is a contradiction. O
Remark 3.2. Tf k divides k' then Z,(0) C Z,(c*) C Z.(¢"). So if Z,(c) = Z,(c*) one also has
Z.(0) = I,,(c").

We recall the main theorem:

Theorem 3.3. Let A% be any Abelian group shift, let (A%, F) be a nontrivial algebraic bipermutative
CA, let 3 be a closed (F,o)-invariant subgroup of A%, let k € N such that every prime factor of |A|
divides k and let p be an (F,o)-invariant probability measure on A% with supp(p) C X. Assume that:

1. u is ergodic for the N x Z-action (F,0);

2. I,(0) = I, (") with py the smallest common period of all elements of Ker(F);

3. hu(F) > 0;

4. every o-invariant infinite subgroup of DZ (F) = U,enKer(F™) NY is dense in X.
Then p = As.

Proof. For alln € Z, F is bipermutative iff 6™ o F' is bipermutative. Since F is nontrivial, by Corollary[2.3]
we deduce that h,(c™ o F)) > 0 for all n € Z. Moreover 4 is o-invariant. So we can assume that the
smallest neighborhood of F' is [0, 7] with » € N.

CramM 1:  For alln € N, Z,,(0) = Z,,(c""), where p, is the smallest common o-period of D,,.

Proof: Let n € N. Every x € D, is a o-periodic point of o-period p,, so by bipermutativity, every
y € F~1({x}) is o-periodic. Since oP"(y) € F~({z}), one has that p,, divides the o-period of y. We
deduce that p,, divides p,+1. Moreover there exists d € D; such that o~ (y) = y + d, so o!P11Pn () =
Y+ |D1|d = y. We deduce that p,y; divides |A|"py, because |Di| = |A|". By induction p,, divides
|A|"™=Dp,. If m is large enough, then | A"~ divides k™, hence p,, divides |A""~Vp;| which divides
(kp1)™. Thus, Z,(ckPr) = T,(0) by Remark. because Z,(okP)™) = T,(0) by Lemma [3.2] and
hypothesis (2) of Theorem <> Clainm 1

CrAam 2: Forn € N and d € D,,, the measure Ty(1g, ,it) is absolutely continuous with respect to .

Proof: Let A € B be such that pu(A) = 0. Since u(A) = [, pin.o(A)dpu(z), we deduce that p, . (A) =0
for p-almost every x € AZ. In particular, 0 = g . (A) > pn({z + d}) = (uo({d}), for p-almost
every © € T_4(A) because © +d € A. Thus ¢ ¢ Ey, 4 so p(T-4(A) N E, 4) = 0. This implies that
Ty(1E, ,1)(A) =0, so Ty(1g, ,p) is absolutely continuous with respect to p. < claim 2

To prove the theorem, we consider x € A% with u(x) # 0 and we show that x(z) =1 for all z € 3.
We consider I' = {d € DZ : x(d) = x(¢™(d)),Vm € Z}, a o-invariant subgroup of DZ. We want to
show that T is infinite and hence, dense in ¥ by hypothesis (4). From this we will deduce that x must
be constant.
CLAIM 3:  There exists N C A% with u(N) = 1 and F(N) = N (up to a set of measure zero), satisfying
the following property: For any n € N and d € dDZ, if there exists © € E, o N N with (, .(x) # 0, then
del.



Proof: For n € N, the function  — ¢, is o*Pr-invariant by Lemma ) Since Z,,(0) = Z,, (") by
Claim 1, we deduce that ¢, , is o-invariant. So for py-almost every x € A and for any m € Z, we have
0" Cnw = Cnw (). Since Ty(1g, ,u) is absolutely continuous with respect to p by Claim 2, we have
0" Cnwtd = Cnz+a (1) too, for p-almost every x € E, 4, for every d € D,, and for every m € Z. We can
compute:

Tfaden,:r = TfamdUan,z = JmdeCn,:v = Uan,:L’+d Cn z+d — 7an,:L’7
() () (1) (%)

where (1) and (f) are as above, and (%) is by Lemma a). S0 Tymg—dCn,z = Cn,z and by integration
(1 = x(0™d — d))Cn.z(x) = 0 for p-almost every x € E,, 4. Thus, there exists N C A% with u(N) = 1,
such that for all d € D,, and = € E, o N N, if ¢, (x) # 0, then x(¢™(d))x(d)™ = x(¢™(d) — d) = 1.
Hence x(0™(d)) = x(d) for all m € Z, which means d € I'. Moreover the set N is F-invariant up to a
set of measure 0, because p is F-invariant, thus p(F(N)) = Fu(F(N)) = u(F~Y(F(N))) > u(N) = 1.
< claim 3

CLAIM 4:  There exists ng € N such that, if we define B = {x € N : E,(x|B,)(x) # 0,Vn > ng}, then
u(B) > 0. Moreover for all n > ng, and any d € ODZ, if E,, 4N\ B # (), then d € T.

Proof: One has lim, o E,(x|B,) = Eu(x| Nm>1 Brm) by the Martingale Convergence Theorem, and
this function is not identically 0 because its integral is equal to u(x) # 0. Thus we can choose ng such
that B={zx € N : E,(x|®B,)(z) # 0,Vn > ng} satisfies u(B) > 0. Moreover, we have:

Bu(B)(@) = [ it = X(@)Gur ()

By Claim 3, for any n > ng and any d € dDY, if there is x € E,, 4N\ B then d € T. <& claim 4

CLAam 5:  p(Fp) > 0.

Proof: Let A € Pjg,—1]- Let x € A and d € D; such that v +d € A. One has zjg,_1] = (v + d)[,r—1)
and F(z) = F(z + d). By bipermutativity, one deduces that x = x + d, that is to say d = 0. Therefore,
for any x € A and for any d € dDq, we have z +d ¢ A. Thus, ANF~1({F(z)}) = AN (z+ D1) = {z}.
Thus, (A) implies that E,(14]|81)(z) = p1,2(A) = p1({z}) = n(z). By Lemma

hu(F) = Hu(Pjor—1|B1)

= - Z /Alog(]EH(lA\%ﬂ)du

A€Po,r-1)

/ ~ log(n(x))du(z)

AZ

| = tostn(e)dnta).
E;

—
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where (*) is because By = {z € AZ : n(x) < 1}. But h,(F) > 0 by hypothesis (3). This proves Claim 5.
< clain 5

CrAM 6: T is infinite.

Proof: For p-almost every = € A% one has:

n+1 n+1

n
fz (1)nle i1 (e (@ %Z (2) n2 Z 1g, (0 kF] ) — u(Ey) > 0.

e o ®) (@)

Here, (1) is because E; = F~3+1(E)) for all j € N, (2) is because Ej is o-invariant, (3) is the Ergodic
Theorem and hypothesis 1, and (4) is by Claim 5.

It follows that for p-almost every 2 € A%, there are infinitely many values of n > 0 such that z € E,,.
Thus w(,en Unsm Bn) = 1. Since u(B) > 0, we deduce that p((,,en Upsim En N B) > 0. For
all n € N, if d ¢ supp(u) C X, then Remark [3.1] H implies that u(E,q4) = 0. We can conclude that
{d € DZ : 3n € N such that d € dD,, and E, 4N B # 0} is infinite and by Claim 4, it is a subset of T
Therefore T is infinite. <& claim 6



If we consider IV = (Id 4z —0)T', we have an infinite o-invariant subgroup of DX because Ker(Id 4z —o)
is finite. Hypothesis (4) then implies that T is dense in X, but by construction, x(I') = {1}, so by

continuity of x, x(z) = 1 for all z € X. Contrapositively, we must have u(x) = 0 for all x € AZ such
that x(X) # {1}. Since supp(p) C X, we conclude that g = As. O

Remark 3.3. The proof of this theorem works if (AN, F) is a right-permutative algebraic CA where all
x € D1 = Ker(F) are o-periodic, but this last assumption is possible only if F' is also left-permutative,
therefore it is a false generalization.

Remark 3.4. Let (AZ, F) be a nontrivial algebraic bipermutative CA and let ¥ be a closed (F, )-invariant
subgroup of A% which verifies hypothesis (4) of Theorem Let ¢ € ¥ be a o-invariant configuration.
We define the CA G = F + c. Let u be a (G, o)-invariant probability measure on AZ. If u verifies the
assumptions of Theorem for the N x Z-action induced by (G, o), then p = Ay.

Assumption (4) becomes more natural when it is replaced by “every (F, o)-invariant infinite subgroup
of DX (F) = UpenKer(F™) N Y is dense in ¥7. Tt is not clear that this condition is implied by the
assumptions of Theorem However if we consider a o-ergodic measure we can prove:

Theorem 3.4. Let A% be any Abelian group shift, let (A%, F) be a nontrivial algebraic bipermutative
CA, let ¥ be a closed (F,o)-invariant subgroup of A%, let k € N such that every prime factor of | A|
divides k and let i be an (F,o)-invariant probability measure on A% with supp(u) C X. Assume that:

1. p is ergodic for o;

2. I,(0) = I, (c"P*) with py the smallest common period of all elements of Ker(F);

3. hu(F) > 0;

4. every (F,o)-invariant infinite subgroup of DZ (F) = UpenKer(F™)NY is dense in X.
Then = Ay.

Proof. A measure o-ergodic is (F, o)-ergodic so results from Claim 1 to Claim 6 hold.
CrLam 7:  Let B' = Ujezo?({x € N : E,(x|B,)(z) # 0,Vn € N}). Then u(B’) = 1.

Proof: By Claim 4, u(B) > 0 where B = {x € N : E,(x|Bn)(z) # 0,Yn > ng}. Thus there exists
k € [0,3] such that B,, = {x € N : R(*E,(x|Bn,)) > 0,Vn > ng} verifies u(B,,) > 0, where i’ = —1.
Since B, € By, C B,,—1, one has:

- R By (x|Bny-1)) (2)dp = : R("Ey (x|B, ) (2))dp > 0

S0 Bpy—1 = {x € By, : RG"E,(x|Bry—1)(x)) > 0} = {z € N : RG"E,(x|B,)(z)) > 0,¥n > ng — 1}
verify p1(Bpy,—1) > 0. By induction u(Bg) > 0, so u(B’) > 0. Since B’ is o-invariant, u(B’) = 1 by
o-ergodicity from hypothesis (1). <O Clainm 7

CramM 8:  Letn € N and let d € ODZ. If E,, 4N B’ is nonempty then d € T = {d' € DX : x(d') =
x(e™(d')),¥m € Z}

Proof: Let d € ODZ and let = € E, N B’. There exists j € Z such that:

0 # E,(x|B0) (07 () = /AZ XA oi(z) = X (07 (2))Cn,00 (2) (X) = X (07 (2)) G (X)-

)
Here (%) is because  — (., is o*Pr-invariant by Lemma ¢) and Z,(0) = Z,(o"") by Claim 1,

80 & — (pp is o-invariant. One deduces that (, ,(x) # 0. But z € E, 4N N, so d € T by Claim 3.
< claim 8

CLAIM 9:  Letn > 1 and let d € dD3. For p-almost all x € E,, 4N B’ one has F(z) € E,,_1 pq) N B'.



Proof: Let d € ODZ and = € E,, 4 N B’. One has:

Here (1) is by Lemma [3.1(b) and (2) is because x € E, 4. We deduce that F(z) € E, 1 p)- Since
pu(B') =1 by Claim 7 and p is F-invariant, one has u(NpenF~"(B’)) = 1so F(z) € E,_1 @y N B’ for
p-almost all x € B, 4N B'. <& claim 9

CramM 10:  NpenF "1 is infinite.

Proof: Let n > 0. The set E, = F~""1(E}) is o-invariant since E; is o-invariant and F commutes
with 0. Moreover u(E,) = p(E1) > 0 by Claim 5. By o-ergodicity (hypothesis (1)), pu(E,) = 1 so
w(E, N B’) =1 by Claim 7. For all n > 1, there exists d, € D2 such that u(E, 4, N B’) > 0, and
thus, by Claim 9, u(E,,_x, pr(q,) N B’) > 0 for all k € [0,n]. That is to say F¥(d,) €T for k € [0,n] by
Claim 8. One deduces that N,cnF "I is infinite since it contains d,, for all n € N. < Claim 10

If we consider I = (Id4z — 0)(NpenF~"T), we have an infinite (F,o)-invariant subgroup of D
because Ker(Id 4z — o) is finite. We deduce that T is dense in ¥ by condition (4), but x(I'"") = {1} by
construction, so by continuity of x, x(x) =1 for all z € X. Contrapositively, we must have u(x) = 0 for

all x € A% such that x(X) # {1}. Since supp(u) C X, we conclude that u = Ag. O

Corollary 3.5. Let A% be any Abelian group shift, let (A%, F) be an algebraic bipermutative CA. Let ¥
be a closed (F,o)-invariant subgroups of A% such that there exists ™ : AZ — ¥ a surjective continuous
morphism which commutes with F and o ((X,0,F) is a dynamical and algebraic factor of (A%, o, F)).
Let k € N be such that every prime factor of |A| divides k. Let u be an (F,o)-invariant probability
measure on A”. Assume that:

1. p is ergodic for the N X Z-action (F,0);

2. I,(0) = I, (c"P*) with py the smallest common period of all elements of Ker(F);
3. hau(F) > 0;

4. every o-invariant infinite subgroup of D = U,enKer(F™) N is dense in X.

Then mu = Ax.

4 A discussion about the assumptions

Comparing the assumptions of Theorems [3.3] and [3.4 with those of Theorems and [L.3]is not com-
pletely obvious. Already Theorems [3.3] and consider bipermutative algebraic CA without restriction
on the neighborhood. In this section we discuss about the assumptions of these theorems and show that
Theorems [3.3 and [3:4] generalize Theorems 1.2 and [I.3] but the ergodic assumptions cannot be compared
with these of Theorem [L1]

4.1 Class of CA considered

Theorems and consider algebraic bipermutative CA without restriction on the neighborhood.
The bipermutativity is principally used to prove the entropy formula of Lemma We can hope such
formula for expansive CA. Subsection 4.3 gives a result in this direction. The next proposition shows
that it is equivalent to consider algebraic CA or the restriction of a linear CA.

Proposition 4.1. Let A% be any Abelian group shift and let (A%, F) be an algebraic CA. There exist
(B%,G) alinear CA and T a ogz-invariant subgroup of B such that (A%, o, F) is isomorphic to (T, oz, G)
in both dynamical and algebraical sense.
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Proof. Let (A% F) be an algebraic CA. By B.P. Kitchens [Kit87, Proposition 2], there exists B’ a
finite Abelian group, I' a Markov subgroup of B'Z and ¢ a continuous group isomorphism such that
poo = opgezo . Define G = g o Fogp~! One has the following commutative diagram:

B
AL T, Az

poo =0pRzOY
J,(p l@ @OFZG'O(p

’
UB/Z7G

r r

G’ is continuous and commutes with ogz, so it is a CA on I'. We want to extend G’ to obtain a
linear CA. By G.A. Hedlund [Hed69], there exist a neighborhood U, H a subgroup of B’V and a local
function G’ : H — B’ which define G’. Moreover, by linearity, G’ is a group morphism. If we could
extend G’ to a morphism from BV to B (where B’ was a subgroup of B), we would obtain the local rule
of a linear CA.

There exist d, k € N such that B’ can be viewed as a subgroup of (Z/dZ)*. If B = (Z/dZ)*, then H
can be viewed as a subgroup of BY. By the Fundamental Theorem of Finitely Generated Abelian Group
[Lan02, Theorem 7.8], there exist ey, ..., exy| a basis of BY and a1, ..., apy € N such that BY = @, (e;)
and H = @, (a;e;). For all i € [1,k|U|], there exist f; € B such that G'(a;e;) = a; f; because the order of
G'(ae;) is at most ai We define the morphism G : BY — B by G(e;) = f; for all i € [1,k|U|]. G defines
a linear CA on B” denoted G whose the restriction is (T, G). O

Remark 4.1. The study of algebraic CA can be restricted to the study of the restriction of linear CA to
Markov subgroups.

Since we consider o-invariant measures, we can assume that the neighborhood of the CA is U = [0, r].
Moreover it is easy to show the next Proposition and consider CA of neighborhood U = [0, 1].

Proposition 4.2. Let (A% F) be a CA of neighborhood U = [0,7]. There is a CA ((A")%,G) of neigh-
borhood U = [0, 1] so that the topological system (AZ, F) is isomorphic to the system ((A")%, G) via the
conjugacy

br: (2i)icz € A® — (@(riritr—1))iez) € (A"~
Furthermore one has:

(A% F) is bipermutative <= ((A")%, G) is bipermutative;
(A% F) is algebraic <= ((A")%,G) is algebraic;
(A% F) is linear <= ((A")%, Q) is linear.
If p € M(A?) is o-totally ergodic then ¢.pu € M((A")?) is o(4ryz-totally ergodic. Moreover, by

conjugacy, h,(F) > 0 is equivalent to hg,,(G) > 0. So, as suggested in [Piv05], Theorem holds for
algebraic bipermutative CA without any restriction on the neighborhood.

Corollary 4.3. Let A% be any Abelian group shift, let (A%, F) be an algebraic bipermutative CA (without
restriction on the neighborhood) and let p be an (F,o)-invariant probability measure. Assume that:

1. p is totally ergodic for o;

2. h,(F)>0;

3. Ker(F) contains no nontrivial o-invariant subgroups.
Then = Ayz.

Remark 4.2. The correspondence holds only if u is supposed to be o-totally ergodic. Indeed if p is
o-ergodic, ¢rp is not necessarily o 4ryz-ergodic
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4.2 Ergodicity of action

Assumption (1) of Theorem characterizes the ergodicity of the action (F, o) on the measure space
(AZ, 9B, 11). Since we want to characterize (F,o)-invariant measures, it is natural to assume that p is
(F, 0)-ergodic because every (F, o)-invariant measure can be decomposed into (F, o)-ergodic components.
The next relations are easy to check for an (F,o)-invariant probability measure p:

wis (F,o)-totally ergodic = p is o-totally ergodic = p is o-ergodic = p is (F, 0)-ergodic;

p is o-totally ergodic = p is (F,0)-ergodic and Z,, () = Z,,(c*) for every k > 1.

Thus, hypothesis (1) of Theorem implies hypothesis (1) and (2) of Theorem which imply
hypothesis (1) and (2) of Theorem However, we remark that the ergodicity assumption (1) of
Theorem[I.1]cannot be compared with hypothesis of Theorem[3.3] Indeed, there are probability measures
which are (F, o)-ergodic with Z,, (o) = Z,,(¢*) for some k > 1 which are not o-ergodic. Conversely there
exist probability measures which are o-ergodic with Z,,(c) # Z,(c*) for some k > 1.

Secondly, if A = Z/pZ and F = ald + bo on A% then p — 1 is a multiple of the common period
of every element of Ker(F'). So the spectrum assumption (2) of Theorem implies hypothesis (2) of
Theorems 3.3 and [3:4] For Theorem [I.3] the total ergodicity of y under o is required. This property does
not seem to be very far from hypothesis (2) of Theorems [3.3|and But condition (2) of Theorems
and (concerning the o-invariant set) shows the importance of the algebraic characteristic of the
system. The property of (F,o)-total ergodicity of p is more restrictive. With such an assumption
Einsiedler [Ein05] proves rigidity results for a class of algebraic actions that are not necessarily CA. To
finish, the next example shows that assumption (2) of Theorems and is necessary to obtain the
characterization of the uniform Bernoulli measure.

Ezample 4.3. Let A = 7Z/27 and F = Id + 0 on A%*. We consider the subgroup X; = {z € A% :
Top = Tonyp1,Vn € Z}, it is neither o-invariant nor F-invariant. Let Xy = o(X;) = {z € A% : 29, =
Ton_1,Vn € Z}, X3 = F(X1) = {x € A% : 23, = 0,Vn € Z} and Xy = F(Xy) = {x € A% : 29,41 =
0,Vn € Z}. The set X = X; U Xy U X3 U Xy is (F,o)-invariant. Let v be the Haar measure on X;.
We consider pn = (v + ov + Fv + Fov). 1t is easy to verify that y is an (F,o)-ergodic measure such
that h,(c) > 0. However X; € Z,(0?) \ Z,(o) for all i € [1,4], hence hypothesis (2) is false, so we
cannot apply Theorem [3:3] and 4 it is not the uniform Bernoulli measure. S. Silberger propose similar
constructions in [Sil05].

4.3 Positive entropy

Corollary shows that for a nontrivial bipermutative CA (A%, F), the assumption of positive entropy
of F' can be replaced by the positive entropy of F™ oo™ for some (n,m) € Nx Z. So the positive entropy
hypothesis (3) of Theorems and can be replaced by the positive entropy of the action (F, o) in
some given direction. We can find this type of assumption in [Ein05].

We can also expect a similar formula for an expansive CA F' but in this case we have the inequality:
hu(F) > 0 iff hy,(o) > 0. To begin we show an inequality for a general CA.

Proposition 4.4. Let (A%, F) be a CA of neighborhood U = [r,s] > 0 (not necessarily the smallest
possible one) and p be an (F,o)-invariant probability measure on AZ. Then h,(F) < (r — s) h, (o).

Proof. By definition, for N € N, [ € Nand z € A%, the knowledge of 21, n—1,s N4y determines (F™ ()1 17)nefo,N]-
This means that Pj.n_; sy is a refinement of ngo F="(Pi_1,7)- So for | > max(s, —r) we have:

N
.1 _
hu(F, Pory) = 1\}E>noo NHH( \ZOF "(Prray))
. 1
< ]\}E}noo NH“ (PlrN—1,Ns+1])
. N(s—r)+21 1
Jim_ N NeonTa | 2. Au)los(ulu)
uc AN (s—r)+21
= (=) (o).
We deduce that h,(F) = limy_oc hy(F, P_iy) < (s — 1) hy(0). O
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Let (A%, F) be a positively expansive CA. There exists r., the constant of expansivity, such as for
all z,y € A% if x # y there exists n € N which verifies F*(x)i=r.rs] # F"(¥)[=r.,r]- Then (A% F) is
topologically conjugate to the one-sided subshift (Sg, o), where Sp C BY, with B = A%<t and where
Sp = {(F'()[—r. r.))ien : € AP}, via the conjugacy ¢p : v € A% — (F'(z)|_,, r.))ien € Sp. Define
Fr :Sp — Sp by Fro¢p(z) = ¢p oo™ (x) for every x € A%. (Sg, Fr) is an invertible one-sided CA.
Define the radius of expansivity rr = max{r(Fr),r(F;")}.

Proposition 4.5. Let (A%, F) be a positively expansive CA and p an (F, o)-invariant probability mea-
sure, then h,(F) > ﬁ hyu(o).

Proof. By definition of r7, for N € N, [ > r. and = € A%, the knowledge of (F™(2)[=1,1))ne[o,r,-N] implies

the knowledge of x[_n_; ny4y. This means that \/ZT:%] F~"(Pi_1,y) is a refinement of P_y_; niy. A
computation similar to that in the previous proof shows that ry h,(F) > h,(0). O

This result can be viewed as a rigidity result. Indeed for an expansive CA (A%, F), the measure
entropy of F and o are linked for an (F,o)-invariant measure. This is a first step in the research of
Lyapunov exponents for expansive CA [Tis00].

4.4 (F,o)-invariant subgroups of D

Now let us discuss assumption (4) of Theorems and which is an algebraic condition on the CA.
We can remark that Theorems and have no such assumption because they concern a particular
class of CA which verifies this assumption: F = aId + bo on (Z/pZ)* with p prime. By Proposition
it is easy to modify the proof of Theorem to consider nontrivial algebraic bipermutative CA without
restriction on the neighborhood (Corollary [4.3)). But it is necessary to compare the assumption “Ker(F)
contains no nontrivial o-invariant subgroups” with “every o-invariant infinite subgroup of D, is dense
in A%”. We show that the second property is more general and give in Subsection 5.1 a general class of
examples where it is the case.

If H C A%, denote by (H) the subgroup generated by H, (H), the smallest o-invariant subgroup
which contains H and (H) g the smallest (F, o)-invariant subgroup which contains H. Let ¥ be a closed
(F, o)-invariant subgroup. If H C ¥, then we remark that (H), (H), and (H)p,, are subgroups of 3.

Proposition 4.6. Let (A%, F) be an algebraic CA and let X be a closed (F, o)-invariant subgroup of AZ.
The following propositions are equivalent:

1. DX contains no nontrivial (F,o)-invariant infinite subgroups.

2. There exist m € N and ng > 0 such that D} C (d)p, for all d € 0D}

no+m:*

3. There ezists m € N such that DZ C (d)r, for all ng € N* and d € D2

no no+m-*

4. There exists m € N such that DY C (d)p,, for all d € OD% ;.

Proof. (2) = (1) Let T’ be an (F,o)-invariant infinite subgroup of DX. We prove by induction that
DZ C T for all n > ng. Since I is infinite and D is finite for all n € N, we deduce that there exists
n’ > 0 such that there exists d € T NdD%,, . . By F-invariance of I' we have F™ (d) € T N 0D}, .,
thus DX C (F"(d))po CT.

Let n > ng and assume that DY C I'. We want to show that DY, ; C I'. As before, since I is
infinite and F-invariant we can find d € I NdD%,,,,,. From F"t1=m(d) € T N D% ., we deduce
DX C (F"t1=mo(d))p,. Let d’ € DYy . Then F*ti=mo(d') € D)) C (F"t17"0(d))p,, and c/onsequently
there exists a finite subset V C Z x N such that F*t1=m0(d") = > (umr)ey Cumrot o F™ Fntl=no(q)
where ¢y, € Z. We deduce that d' — Z(u,m’)eV Cum! O™ O Fm (d) € D,?H,no C DX CT. ButdeT,

so 0™ o F™ €T for all (n,m') € V. Thus, d’ € T. This holds for any d’ € D> ;. Thus, D> ; C I. By
induction, DY C T for all k € N. Finally, DZ = U,enDZ C T

(1) = (4) By contradiction, we assume that for all m € N there exists d € D2, such that
(d)p, N DY # DY. Since DY is a finite group there exists a strict subgroup H of Dy such that
A = {d € DZ|(d)r, N DY C H} is infinite. Observe that F(A) C A. For all d € A we denote
Ay = {d € Ald' € (d)r}. Let (n;)ien be an increasing sequence such that A N oD} # 0. If
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de ANaDy,, , wehave d' = F"+17"(d) € (d),o, 50 that d € Ay, and also d' € ANIDy;,. So we can
construct by induction an infinite sequence (d;);en of DEO such that d; € AN 3D§i and d;11 € Ay, for
all i € N. Thus I' = {J,.(di) o is an infinite (F, o)-invariant subgroup of D, such that I' N DY C H,
which contradicts (1).

(4) = (3) Let m € N such that DY C (d)r,, for all d € D2 ,,. We prove by induction that for all
n>1landd € dDX,,, onehas DF C (d)p,. For n =1it is the assumption. Assume that the property is
true for n € N*. Let d € D}, ,,,, since F"(d) € dD}; . ;, one has DY C (F"(d))p,,. If d € D3, then
F*(d') € DY and we deduce the existence of V C Z x N such that F"(d') = > (umhev Cumr T 0 F™ 7 (d)
where ¢y € Z. From d' — 3, .ney Cum o™ © F™ (d) € DZ and from the fact that DZ C (F(d)) .o

because F(d) € D%, , we deduce that d’ — 2 (umnev Cum 0t 0 F™(d) € (F(d))rs C (d)ps. Thus,

d' € (d)p,,. One deduces that D% ; C (d)p,q.
(3) = (2) is trivial. O

Corollary 4.7. If DY = Ker(F)NX contains no nontrivial o-invariant subgroups then DX contains no
nontrivial (F, o)-invariant infinite subgroups.

Proof. If DY = Ker(F)N ¥ contains no nontrivial o-invariant subgroups, for all d € DY, the subgroup
(d)F, must be equal to Df. By Proposition one deduce that DX contains no nontrivial (F,o)-
invariant infinite subgroups. O

For a linear CA (AZ, F) where A = Z/nZ, the o-invariant subgroups coincide with the (F,o)-
invariant subgroups. From Corollary [£.7] we get directly that Theorem [3.3]is stronger than Theorem [I.3]
in this case. Moreover, if we consider the case of the Theorem that is to say that A = Z/pZ with
p prime and F = aId + bo with a # 0 and b # 0, then Ker(F) ~ Z/pZ does not contain nontrivial
o-invariant subgroups. So Theorem [3.3] generalizes also Theorem [T.2]

When A is not cyclic, the o-invariant subgroups does not necessarily coincide with the (F, o)-invariant
subgroups. In this case we do not know if Theorem implies Theorem [1.3] However Corollary
implies that Theorem is stronger than Theorem for every algebraic bipermutative CA.

5 Extensions to some linear CA

5.1 The case A=7Z/pZ

Theorem concerns linear CA on (Z/pZ)* of smallest neighborhood U = [0,1]. We will show that
this implies the fourth assumption of Theorem In fact we can show that the fourth assumption
is directly implied when we consider a nontrivial linear CA on (Z/pZ)%. This allows us to prove the
following result.

Proposition 5.1. Let A = Z/pZ, let (A%, F) be a nontrivial linear CA with p prime and let u be an
(F, 0)-invariant probability measure on A%. Assume that:

1. p is ergodic for the N X Z-action (F,0);
2. I,(0) =Z,(oPP") with k € N* and p, the smallest common period of all elements of Ker(F);
3. hy(F)>0.

Then: (a) p= X z.
(b) Moreover py divides H::_ol(pr — p') where r = max{U,0} — min{U,0} and U is the smallest
neighborhood of F'.

Proof. Proof of (a): By (F,o)-invariance of u, we can compose F' with o and assume that the smallest
neighborhood of F" is [0, r] with r € N\ {0}. So F'=3" oy fuo 0" = Pr(0) where Pp is a polynomial
with coeflicients in Z/pZ with fo # 0 and f,. # 0. We remark that F is bipermutative.

Case 1: First we assume that Pp is irreducible on Z/pZ. We can view D;(F) as a Z/pZ vector
space and consider the isomorphism oy : D1 (F) — D;(F), the restriction of o at the subgroup D;(F).
By bipermutativity of F', Dy ~ (Z/pZ)". Moreover Pr(cy) = 0; since Pp is irreducible and its degree
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is equal to the dimension of D7, we deduce that Pg is the characteristic polynomial of o;. Since Pp is
irreducible, Dy (F) is o1-simple, so D1 (F') contains no nontrivial o-invariant subgroups, see [AB93], §V1.8]
for more detail. By Corollary D (F) also contains no nontrivial (F, o)-invariant infinite subgroup,
so hypothesis (4) of Theorem is verified.

Case 2: Now we assume that Pp = P% where P is irreducible on Z/pZ and o € N. We have
D, (Pr(0)) = Ker(P*"(0)) = Dan(P(0)) for all n € N. So Do (Pr(0)) = Doo(P(0)). Now we are in
the previous case and the fourth condition of Theorem is verified.

Case 3: In the general case Pr = P;*'...P/"" where P; is irreducible and «o; € N for all ¢ € [1,1]. Let
I be an (F,o)-invariant infinite subgroup of Doo(Pr(0)). By the kernel decomposition Lemma [AB93]
§VIL.4], we have D,,(Pp(0)) = Dp(P" (0)) & ... & Dp (P (0)) for every n € N. Moreover D,,(Pr(c)) N
I' is a o-invariant subspace of D, (Pp(c)) considered as a Z/pZ-vector space and D, (Pp(c)) NT =
(D (PP (0))NT) @ ... ® (Dy (P (0)) NT). We deduce that

Do (Pr = 69 «(F(0)NT) = €D (D(Pi(o)) NT),
€1, i€[1,]]

where (x) follows as in Case 2. There exists ¢ € [1,!] such that I' N Do (P;(0)) is an infinite subgroup.
By Case 1, one has I' N Do (Pi(0)) = Doo(Pi(0)), s0 Deo(Pi(0)) C T'. We deduce that I' is dense,
because Do, (P;(0)) is dense, because P;(o) is bipermutative. Thus the fourth condition of Theorem
is verified; part (a) of the proposition follows.

Proof of (b): If z € Ker(F), then the coordinates of x verify x, 1, = —f! Z:;Ol fixnyi foralln € Z.
This recurrence relation can be expressed with a matrix. For all n € Z one has X, ;1 = AX,, where

—foafTY e e —fof
S 1 0 -0 ... 0
X, = and A = 0
Tn : :
0 e 01 0

A is invertible because fy # 0 # f,, and for all n € Z one has X,, = A" Xy. Thus the period of X,
divides the period of A, which divides the cardinality of the set of invertible matrices on Z/pZ of size r,
that is to say the number of bases of (Z/pZ)", which is [];_, Lpr = ph). O

Remark 5.1. Proposition [5.1]still holds if ((Z/pZ)%, F) is an affine CA.

Remark 5.2. Propositionextends to the case when A is a finite field and F' =} _; fu0" is a linear
CA where each coefficient f, is the multiplication by an element of the field.

Let ((Z/pZ)%, F) be a nontrivial linear CA where Pp(0) = > uefo,r] fu © 0" is a polynomial with
coefficients in Z/pZ with fo # 0 and f,. # 0. In this case Theorem generalized to nontrivial algebraic
bipermutative CA without restriction on the neighborhood, holds only if Ker(F') contains no nontrivial

o-invariant subgroups, which is equivalent to the irreducibility of Pr. Proposition holds for every
linear CA on (Z/pZ)~.

5.2 The case A=7Z/pZ x Z/qZ

Now we consider A = Z/pZ x Z/qZ with p and ¢ distinct primes and (A%, F) a linear bipermutative CA.
In this case D, contains infinite o-invariant subgroups which are not dense in A%. For example DL}
and DL2 where I'y = (Z/pZ)* x {0(z/qzy2} and Ty = {0(zpz)2} X (Z/qZ)*. The measures Ar, and Ar,
are (F,o)-totally ergodic with positive entropy for o. If u is an (F,o)-invariant measure which verifies
conditions of the Theorem [3 -, we cannot conclude that g = A 4z. But if we consider the natural factor

: A2 - T'; and 7y : AZ — T'y, then by Corollary H’ one has w4 = Ap, or mop = Ar,. A natural
conJecture is this: if every cellular automaton factor of F' has positive entropy, then p = A4z. The
problem is to rebuild the measure starting from 7 and wopu.
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5.3 The case A=7Z/p"Z

In this case we do not know under what extra conditions an (F, o)-invariant measure is the Haar measure.
Moreover some linear CA are not bipermutative. The next lemma shows how to remove this condition
when you consider a power of the CA.

Lemma 5.2. Let (A%, F) be a linear CA with A = Z/p*Z, where p is prime, k > 1 and F = ZzG s fiot,
with f; € Z/p¥Z. Let U = {i € [r,s] : f; coprime with p}, # = minU and § = maxU. Assume U is not
empty and 7 < §.

Then FP* ™" is bipermutative of smallest neighborhood U’ = [pF=1# pF=13].

Proof. We can write F' = Pp(0) with Pp € Z/p*Z[X, X~']. We decompose Pr = P; + pP, where
P = Zz‘etﬁ fi X*. By Fermat’s little theorem and induction on j > 1, we can easily prove that:

(P erPQ)pj = (P1)” mod p’*.

k—1

So we have Pl{ik_l = Pl”k_1 = Zie[pkflf,pkflé] g: X" where g; € 7Z/p*7Z. Moreover Gph—17 = Ir and

Gpk—15 = f¥  are relatively prime to p. We deduce that F P = Pl{ikil (o) is bipermutative of smallest
neighborhood U’ = [p*~1# pkF—13]. O

Now we can deduce from Corollary an entropy formula for general linear CA on (Z/p*Z)%.

Corollary 5.3. Let (A%, F) be a linear CA with A = 7/p*Z, where p is prime, k > 1, and F =
Zie[s,r] fiob with f; € Z/p*Z. Let 7 < § be as in Lemma . Let p be an (F,o0)-invariant probability
measure on AZ. Then h,(F) = (max(#,0) — min(3,0))h,(c).

Corollary 5.4. Let (A% F) be a linear CA with A = Z/p*Z, where p is prime, k > 1, and F =
Zie[s,r] fiot with f; € Z/pFZ. Assume that for at least two i € [s,7], f; is relatively prime with p. Let
Y be a closed (F,o)-invariant subgroup of A% and let i be an (F,o)-invariant probability measure on A%
with supp(p) C 3. Assume that:

1. p is ergodic for the N x Z-action induced by (F,o);

2. I,(0) = I, (cPPr) with py the smallest common period of all elements of Ker(F');

3. hy(o) >0;

4. every o-invariant infinite subgroup of DZ (F) = UpenKer(F™) NY is dense in X.
Then p = Ayg.

Ezample 5.3. Let A = Z/AZ, we consider the CA (A%, F) defined by F = Id+o0+202%. Then X = {0, 2}~
satisfies the conditions of Corollary In this case the only (F,o)-invariant probability measure of
positive entropy known are A 4z and Ax.

6 Measure rigidity for some affine one-sided expansive CA

An invertible onesided CA (AN, F) is called expansive if there exists a constant r. € N such that for
all z,y € AY, if & # y there exists n € Z which verifies F™ ()0, # F"(Y)0,r.]- Expansive CA are
different from positively expansive CA because we look also the past of the orbit. M. Boyle and A. Maass
introduced in [BMO0Q] a class of onesided invertible expansive CA which have remarkable combinatorial
properties. Further properties were obtained in [DMS03]. We study this class of examples from the
point of view of measure rigidity. This class of CA is not bipermutative so we cannot apply directly
Theorem However, in some case, it is possible to associate a “dual” CA which correspond to the
assumptions of Theorem [3.3] This is a first step to study measure rigidity for expansive CA.

We are going to recall some properties obtained in [BM00]. Let F : AN — AN be a CA such that
r(F) = 1. Associate to F' the equivalence relation over A: aRpb iff F(-a) = F(-b) as a function from A
to A; and we write Pg,. the partition induced by Rp and Cg,.(a) the class associated to a. Define also
7r: A— Aby nr(a) = F(aa) for any a € A.
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Proposition 6.1 ([BM00]). A onesided CA F : AN — AN with r(F) = 1 is invertible with r(F~') = 1
iff the following conditions hold:

1. mr s a permutation,

2. F is left permutative,

3. Va € A, Succr(a) :=Im(F(a-)) C 7p(Cr,(a)).

If F is an expansive invertible CA with r7(F) = r(F~!) = 1, then (AY, F) is topologically conjugate
to the bilateral subshift (Sp,o) where Sp = {(Fi(z))icz : © € AV} via the conjugacy ¢r : = €
AY — (Fi(x)0)ien € Sp. Define Fr : Sp — Sp by Fr(¢r(z)) = ¢r(o(z)) for every x € AV, If F is
expansive then (S, Fr) is a CA (defined on Sr instead of a fullshift). Invertible expansive CA with
r(F) =r(F~') = r(Fr) = 1 can be characterized as follows:

Proposition 6.2 ([BM00]). A onesided invertible CA F : AN — AN with v(F) = r(F~') = 1 is
expansive with r(Fr) = 1 iff the following conditions are verified:

1. [ICN7ap(C")| <1 for any C, C' € Pr,,

2. VYa € A, Succp(a) :=Im(F(a-)) = mp(Crp(a)).

Such a CA is said to be in Class (A). The alphabet A of a CA in Class (A) has cardinality n? for
some n € N.
Write B = Pr,. In [BM00], the authors show that (Sg, o) is conjugate to the full shift (BZ, o) by

¢ : Sp — B% such that ¢((a:)iez) = (Crp(a;))icz. The CA (Sp, Fr) determines by ¢ a CA (BZ, Fr) on
BZ and (Sg, Fr) is conjugate to (B, Fr). To sum up we have:

P

(BZ, Fr),
(B, 0),

AN o)
AN F)

(SF, Fr)
(SFﬂ U)

—

(where = means topologically conjugate).

Proposition 6.3. If F is in Class (A) then Fr is bipermutative.

Proof. Let (AN, F) be a CA in the class (A) and let a, o/, 8,7, € B such that F’T(a,ﬂ,'y) = F;(o/,ﬁﬁ) =
d. Suppose 8 = ¢(b), for some b € Sp. Then b € mwp(y) by condition (2) of Proposition =)
b € BNmpr(y), which is a singleton set by condition (1). Hence § and v uniquely determine b. Likewise,
if @ = ¢p(a) and o/ = ¢(a’) for some a,a’ € Sp, then we must have a,a’ € F(b,5). But F(b,.): A — A
is constant on § by definition of the partition Pr,, so a = a’ so @« = o/. We deduce that the function
1/5;(-, B,7) : B— B is injective. So it is bijective because B is finite. Thus, (B, 1/5;) is left-permutative.

In the same way we can prove that (B, F,?) is right-permutative by applying Propositions and
to F~! instead. The result follows. O

A natural question after this proposition is to characterize the CA F in class (A) such that Fr is
algebraic to apply previous theorems. We have only the next sufficient condition:

Proposition 6.4. Let (AY, F) be a linear CA, F = fold + fio where fo and f1 are endomorphisms of
A extended coordinate by coordinate to AN.

(a) F is invertible with r(F~") = 1 iff fo is an automorphism and f1 o fg o f1 =0.

(b) F is in Class (A) iff fo is an automorphism, Imf; = fo(Kerfi) and Imf; N Kerf; = {0}.

(¢c) When (A%, F) is in Class (A), the CA (’P%F,f;) is linear.

Proof. First we remark that b € Cr . (V) iff fo(a)+ f1(b) = fo(a)+ f1(V') for all a € A; this is equivalent
tobe b +Kerfi. So Cr,(b) =b+ Kerfy for all b € A. Thus, Pg, = A/Kerfi. Moreover Succp(a) =
Im(F(a-)) = fo(a) + Imf; for all a € A, and 7p = fo + f1.

Proof of (a): Assuming fy is an automorphism and f; o fo_l o fi1 =0, it is possible to express F~! as:
F~' = fyd — fy ' o fi o fy 'o. Conversely, if F is invertible with r(F~!) = 1, by Proposition fo is
an automorphism because F' is left-permutative and f; o f; L6 f1 = 0 because for some a € A one has:

Jo(a) +1Im(f1) = Succr(a) C 7r(Cry(a) = fola) + fi(a) + fo(Kerfi),
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that is to say Imf1 C fo(Kerf1).

Proof of (b): As in the proof of (a), one has Succp(a) = 7p(Crp(a)) for any a € A iff Imf; =
fo(Kerfy). Moreover, if |C N7p(C’)] < 1 for any C,C" € Pr,,, then 0+ Kerf; N 7p(0 + Kerfy) =
Kerf; N fo(Kerf1) = Kerfy NImf; = {0}. Conversely, for any b,b’ € A one has Cr, (b) N7 (Cr, (b)) =
b+ Kerfi Nwp(d) + Imfi, so if Kerfy NImf; = {0} then Cr,.(b) N 7p(Cr, (b)) contains at most one
element. Characterization of linear CA in Class (A) follows from Proposition

Proof of (c): Let (A, F) be a CA in the class (A). We will show that (P%, , Fr) is linear. Since A is
finite Abelian and Im f; NKerf; = {0} by (b), one has Imf; & Kerf; = A. Moreover Imf; and Ker f; are
isomorphic to the same group, denoted B, because fy is an automorphism and Imf; = fo(Kerf1) by (b).
An element a € A is written (‘5) where x € Imf; ~ B and y € Kerf; ~ B. One has Pr, ~ A/Kerf; ~

Imf; ~ B. We want to show that (BZ,Z?’;) is linear. We can write fy and f; as 2 X 2-matrices with

coefficients in Hom(B):
Joar  foa2 Jiar i
= ’ ’ d — ’ 5 .
Jo [fo,m fo,22 and fy fior fi22

Since Imf; = fo(Kerfi) one has fp22 = 0 and since fy is an automorphism we deduce that fo 12
and fp 21 are automorphisms of B. Since the second coordinate corresponds to the kernel of f;, one has
fiy = fd = 0 and since Imf; N Kerf; = {0} one has f1,21 = 0. Moreover f; 11 is an automorphism of B
since it is the restriction of f; at Imf;. So we have:

fo = [fo,u fo(,)12] - [ 0 fom } and f) = {fléu 0} .

-1 —1 —1
fo21 Joi2 —Jfoaz© foa1 o foo 0

These formulas are illustrated by the next diagram which represents the action of F and F~! on a
neighborhood:

(fo,ll(xo) + f0,12.(y0) + f1,11($1))
Jo,21(z0)

(i)

( fo21 (o) >
f(1112(130) - f(fllg o fo110 fO_,Qll(yO) + fo_,llg ofio0 fo_,211(y1)

(&)

We deduce that Fr = fflll oo — fflll o fo,1101d — fflll o foa20 foz1 007t so (B2, l?;) is linear. O

With Proposition [5.1] and the conjugacy relations it is possible to characterize the uniform Bernoulli
measure of some linear CA in Class (A):

Proposition 6.5. Let (AN, F) be an affine invertible CA in Class (A) with |A| = p? with p prime. Let
w be an (F,o)-invariant probability measure on AN. Assume that:

1. p is ergodic for the Z x N-action (F,0);
2. T,(F) = I#(Fp(pfl)(pkl));
3. hy(o) > 0.

Then = Ayn.

Proof. By Proposition Fr is a linear bipermutative CA of neighborhood [—1, 1] on BZ, where B =
Z/pZ . There exist ¢ : AN — BZ such that (AN, F, o) and (B%, 0, Fr) are conjugate via ¢, so:

1. ¢pu is ergodic for the N x Z-action (F;, o);
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2. Zyu(o) = IW(UP(”_I)@Z)_U) = T, (cPP~D), where (x) is by Remark
()

3. hgu(Fr) > 0.
By Proposition a) we deduce that ¢p = Agz so u = A . O

The next example shows two CA of class (A) with |A] = 22.
Example 6.1. Let A= 7/2Z x 7/27, we define two CA (AN, F}) and (AN, F3) in Class (A) by:

A6 -6k )

= () (1) - [2an§} ()b o] o)

The first coordinate corresponds to the class of Pry, and the second coordinate corresponds to the
class of PRF—l‘ For i € {1,2}, let u; be such that:

1. w; is (Fy, 0)-ergodic and Z,,, (F) = Z,,, (F°)
2. 3(n,m) € N x Z such that hy, (6" o F") >0

All the hypothesis of Proposition are satisfied, we can conclude that u; = A 4n for all ¢ € {1,2}.
To see where Theorem does not hold when we assume p o-totally ergodic, we are going to exhibit

Ker(ﬁ’?) for i € {1, 2}.
For F; one has:

Fl'(a,8,7) =a+B+7.

This formula is illustrated by the next diagram which represents the action of F; and Fr Lon a
neighborhood:

To + 21 + Yo
o
Z
Yo

Yo
Yo + Y1 + Zo

()

So we have:

Dy(FT) = Ker(FT) = {%000%,% 011%°,% 110, 101%°} = Z/2Z x Z/2Z.

Ker(F{) contains no nontrivial o-invariant subgroups. Then j; = A 4 by Theoremand Corollary
In this case, if u was o-totally ergodic, then we could have also applied Theorem [I.3] to conclude that

o= )\AN.
For F, one has:

Fg(avﬁf)/) :a+7~

19



This formula is illustrated by the next diagram which represents the action of Fy and Fy Lon a

neighborhood:
1+ Yo
Zo
()
Yo
Yo
Y1+ To

&)

One obtains:
Dy (FT) = Ker(FF) = {00, 11%,% 01, 10%°} = 7,/27Z x Z/2Z,

Do(EF) = (D1 U {%°0001%,% 0111%°,% 0011%}),.

We remark that Vd € 9Dy one has D1 C (d)y, so pa = Aygn by Theorem and Proposition
We can also remark that in this case {*°00°°,°° 11°°} is a nontrivial o-invariant subgroup of Ker(F') so
Theorem [I.3] would not apply, even if we assumed that p was o-totally ergodic.
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