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Preamble

This notes correspond to the second part of the course Convergence of probability measures, limit
theorems and optimal transport. I am deeply grateful to Francois Chapon for sending me his lecture
notes, on which these notes are largely based. The main references for this part of the course are
the books [1] by Figalli and Glaudo, and [3] by Villani. We also make use of convex analysis, for
which the book [2] is a well-known reference.
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1 The Monge—Kantorovich problem

1.1 Monge’s problem

The theory of optimal transport goes back to the work of Monge (Mémoire sur la théorie des
déblais et des remblais, 1781). The basic idea is to determine the most efficient way to move one
distribution of mass onto another while minimizing a cost function that measures the "effort” of
transportation. Imagine that you have a sandpile and a hole at a distance away. The question is:

How can you mowve the sand to fill the hole while doing the least amount of work?

T: E— F

ne Mi(E)
ve My(F)

Each grain of sand can be moved from where it is to a new position, but moving it farther
costs more effort. The problem asks for a map 7' that tells every grain of sand where to go. Your
plan is then to minimise the total transportation cost.

In modern terms, the sandpile is represented by some probability measure p € M;(E), and
the hole by another probability measure v € M (F'). Here and throughout, F and F' are assumed
to be Polish spaces, equipped with their Borel o-algebras.

Definition 1.1. Let up € My(E) and v € My(F). A measurable map T: E — F is called a
transport map from u to v if
v="Typu,

i.e. if v is the pushforward of u by T.

The cost of transportation is then given by some measurable function c¢: E x F — [0, o],
which is typically assumed to be lower semicontinuous (see Appendix A for definition and basic
properties of lower semicontinuity). For instance on R?, the cost can be given by the Euclidean
distance ¢(z,y) = |z —y| for z,y € R% Another important choice on R% is c(z,y) = |z — y/?,
which we call the quadratic cost. The quantity c(x,T(x)) represents the cost of moving one unit
of mass = to T'(z). The total cost of the transport map 7' is thus [ ¢(x,T(z))u(dx), and we seek
to minimize this quantity among all transport maps.

Definition 1.2. Let ¢: E X F — [0,00] be measurable. Monge’s problem for transporting u €
M (E) to v € My(F) consists in finding the following infimum:

Me(pv) = int [ cle. T(a)a(dr).

where the infimum runs over transport maps T from p to v.

Monge’s formulation is an optimization problem with nonlinear constraints. As such, it is in
general a hard problem.



Remark 1.3. It might exist no transport map between p and v and in that case M.(u,v) = oo.
For example, if p = §,, for some = € E, then for any measurable T': E' — F, Tyuu = 0p(;). Indeed,
for any A € B(F'), we have

Tyu(A) = 5,(T(4))
B {1, if z € T71(A),
0, if not,
= 07(z) (4).
Thus, if v is not a single Dirac mass, then there exists no transport map between p and v.

Exercise 1 (Monotone rearrangement). For p a probability measure on R, we denote by F), its
cumulative distribution function, defined by F),(x) = u((—oo, z]) for x € R. The quantile function
of p is the function ¢,: (0,1) — R defined by

Voo e (0,1), gu(a)=inf{zr e R:a < F,(x)}.

1. Prove that g, is well-defined, non-decreasing and right-continuous.

2. For any p € M;(R), prove that g, is a transport map from the uniform measure on (0, 1)
to p.

3. For any p € M;(R) without atoms, prove that F), is a transport map from p to the uniform
measure on (0, 1).

4. Let p,v € My(R). If u has no atoms, prove that g, o F}, is a transport map from u to v.

1.2 Kantorovich’s problem

In [On the Translocation of Masses, 1942], Kantorovich proposed a relaxation of Monge’s problem.
The key idea is to allow ”"mass splitting”, in contrast to Monge’s formulation, where each point x
is sent to a single destination T'(z).

Definition 1.4. Let p € M;(E) and v € M;(F). A coupling or transport plan between p and
v is a probability measure on EE X F' whose first marginal is equal to u and second marginal equal
to v. We denote by I1(u,v) the set of transport plans between p and v, that is:

I(p,v) ={m € My(E X F) | (pp)pm = p and (pp)ym = v},

where pg and pr are the canonical projections onto E and F' respectively.

The term coupling is usually used in probability, whereas transport plan is used in the optimal
transport literature. In probabilistic terms, a coupling between p and v is the joint distribution of
a couple of random variables (X,Y"), such that X ~ pand Y ~ v.

Remark 1.5. We did not specify the o-algebra which equips F x F': it could be the Borel o-algebra
of the product B(E x F') or the product of the Borel o-algebras B(E) ® B(F'). In general, it is
more convenient to consider B(F)® B(F'), on which for example the product measure p® v is well-
defined. However, with our separability assumption on E and F', one has B(E x F') = B(E)®B(F),
so we do not need to specify the choice.

Remark 1.6. We explain here why a coupling 7 € II(u,v) provides a way to transport u to v.
By the disintegration theorem (this uses that F and F are Polish), there exists a family (7;).cr
of probability measures on F' such that, for any B € B(F), x € E — m,(B) is measurable, and

m(dz, dy) = p(dz)me(dy).



Furthermore, the measures 7, are unique for p-a.e. * € E. Then, the interpretation of the
transport plan 7 is the following: the mass located at x € FE is transported to F' according to
the distribution 7, (instead of being transported at a single point 7'(z) as in Monge’s problem).
Note that, in probabilistic term, if (X,Y) ~ 7, then wx(dy) is the conditional distribution of Y
given X.

Example 1.7. Let € M;(E) and v € M;(F).

e The product measure y ® v is a transport plan between p and v, which corresponds to the
coupling (X,Y) where X and Y are independent. Note that here the disintegration of 7 is

m(dz, dy) = p(dz)v(dy),

which means that the mass at z is transported to F according to v independently of the value
of z € E.

In particular, the set of transport plans II(u, v) is never empty.

e Let T be a transport map between p and v and define

vr = (Id X T)pp,

where Id x T: E — E x F is the map « — (z,T(z)). Then, for any A € B(E),
r(A x F) = p((1d x T)" (A x F)) = u(A),
so (pe)#vr = . On the other hand, for any B € B(F),
r(E x B) = p(1d x T)"(E x B)) = u(T~X(B)) = v(B),

because v = Tup. So we get (prp)gyr = v. Thus, y7 is a transport plan between p and v.
This proves that transport maps can be seen as a particular case of transport plans. Note
that here the disintegration of 7 is

which indeed means that the mass at x is transported to F' by moving it completely to the
single point T'(z), as for a transport map.

Definition 1.8. Let ¢: E x F' — [0,00] be measurable. Kantorovich’s problem for transporting

we Mi(E) tov e Mi(F) consists in finding the following infimum:

Ke(p,v) = inf / ez, y)m(d, dy).
mell(p,v) JEXF

In terms of random variables, we can rewrite
Ke(p,v) = inf E[e(X,Y)].
Xrp
Y~v

Unlike Monge’s problem, Kantorovich’s problem is a linear optimization problem over a convex
set of measures, which makes it much more tractable.

Definition 1.9. Let S be a vector space. A subset C' of S is convex if, for all x,y € C and
t €[0,1], one has tx + (1 —t)y € C.

Exercise 2. Let p € M;(E) and v € M;(F). Prove that II(x,v) is convex.

We now compare both problems.



Proposition 1.10. For any p € M;1(E) and v € M;(F),
KC(M? V) S MC(Ma V)'

Moreover, if a minimizer for Kantorovich’s problem can be written as (IdxT') 4 for some transport
map T between 1 and v, then T is a minimizer for Monge’s problem and

Ke(p,v) = Mc(p, v).

Proof. Let T be a transport map between p and v. Consider the transport plan yr = (Id x T') g
(see Example 1.7). Then, by the change of variable formula for pushforward mesures,

gt vt = [ e Tetan).

Therefore,
Kelpv) < [ ela T(@)nlda),

and optimizing over transport maps, one obtains K.(u,v) < Mc(u,v).
Now assume that a minimizer for Kantorovich’s problem can be written as yp = (Id x T)xpu
for some transport map T between p and v. Then,

Kelpr) = [ el yprr(dedy) = [ ele, T@)u(de) = M),

so, using K.(u,v) < M.(u,v), the inequality in the displayed equation above has to be an equality:
this means that KCc(u, v) = Mc(p,v) and T is a minimizer for Monge’s problem. O

1.3 Discrete example

Let z1,...,2, € E be pairwise distinct points and yi,...,y, € F be pairwise distinct points.
Consider
Zdh e Mi(E) and v:=— 25% e My (F). (1.1)
i=1 j 1

We discuss in this section the question of optimal transport from u to v
We first consider Monge’s problem. For any measurable T': E — F', one has

1 n
Typ = - > 67
i1

therefore T is a transport map from p to v if and only if there exists a permutation o € S, such
that, for all i € {1,...,n}, T'(7;) = y,(;)- Furthermore, in that case, the cost of the transport map

T is
[ eta T@pmtar) = 3o
c(z, = > (i, Yo (i)
v n & 05 Y

Therefore, Monge’s problem can be rewritten as follows:
n

M (p,v) = min 1 Z c(Tis Yo (i) ) (1.2)

c€SL M —t

where the infimum becomes a minimum because the set S, is finite.
We now consider Kantorovich’s problem. A transport plan 7 € II(u, v) between u and v takes

the form
Z ﬂzjé(xzvyj
=1

6



for some coefficients m;; > 0. Furthermore, the fact that the first marginal of 7 equals p implies
that, for any ¢ € {1,...,n},

LSy = nl(a x F) = ul{a}) = ©.
j=1

so that > ; m; = 1. Likewise, the fact that the second marginal of 7 equals v implies that, for
any j € {1,...,n}, >io; m; = 1. Therefore (m;j)1<i j<n is a doubly stochastic matriz. Let

B, = {n x n doubly stochastic matrices},

which is called the Birkhoff polytope. Then, the Kantorovich problem takes the form:

Ke(pi,v) = inf / e(x, y)m(dz, dy)
m€ll(p,v) JExF

n

. 1
= 7r1€IIZ£n ﬁ ijzz:l C({L‘Z', yj)mj.

Note that this is still a linear optimization problem over a convex set, which is now B,. We now
recall the definition of the convex hull of a set.

Definition 1.11. Let S be a vector space and A C S. The convex hull of A, denoted by conv(A)
is the set of all convexr combinations of points in A, that is

k
conv(A) = {Z tia;

=1

k
n>1,a1,...,a; € A, t1,...,tr > 0 such that Zti = 1}.
i=1

In the case of B,,, we accept without proof the following result.

Theorem 1.12 (Birkhoff-von Neumann theorem (1946)). The set By, is the convex hull of the set
of n X n permutation matrices.

Exercise 3. Let S be a vector space, A C S and C = conv(A4). Let f: S — R be a linear form.
Assume that the infimum of f on C is attained (at some point of C).

1. Prove that the infimum of f on C' is attained at some point of A.

2. Assume that on A the infimum is uniquely attained at some xg € A. Prove that the infimum
on C'is uniquely attained at zg.

With this fact in hand, we can now prove that Monge’s and Kantorovich’s problems coincide
for this example.

Proposition 1.13. Let p and v be defined as in (1.1). Then, M (u,v) = Kc(p,v).
Proof. Recall that KC.(u,v) = infrep, f(7), where f is the linear form

n

Z (i, yj)mij-

i.j=1

fimre RV —

This function is continuous (as a linear form on a finite-dimensional vector space). Let P, be the
set of n X m permutation matrices so that B, = conv(P,) by Birkhoff-von Neumann theorem.
Furthermore, B, is a closed subset of the compact [0, 1]"*", so B,, is compact and so the infimum
of the continuous function f on B, is attained. Therefore, by Exercise 3, the infimum of the
continuous function f on B, is attained on P,,. This means that

1 1 1
Ke(p,v) = 7{2%}1 n Z C(ifi,yj)ﬂij = gIEHSITlL n Z c(wi, yj)]la(i):j = glelgi n Zc(fﬂz’, ya(i))a
2,7=1 3,7=1 =1
which is exactly the formula we obtained for M. (u,v). O



Now, we completely solve the problem in the case of the quadratic cost on R, by obtaining an
explicit value for the optimal transport cost.

Proposition 1.14. Assume E=F =R, 21 < --- < xp and yy < --- < yp. Consider the quadratic
cost c(z,y) = |z —y|* for z,y € R. Let u and v be defined as in (1.1). Then,

1 n
MC(:UHV) *ZC xhyl
n
=1
Furthermore, a transport map T from p to v is a minimizer for Monge’s problem if and only if
T(x;) = y; for each i € {1,...,n}. Kantorovich’s problem has a unique minimizer, which is
1 n
- Zd(ﬂ»‘ivyi) = (Id x T)up,
s

for any minimizer T for Monge’s problem.

Proof. We first prove the following claim: if o € S, is a minimizer of

n

min 2 (T4, Yo () (1.3)

then o = Id. By contradiction, assume o # Id. Then, there exists j € {1,...,n} such that
o(j+ 1) < o(j) because the identity is the unique increasing permutation. Then

(@5, Yo () + (Tit1: Yoi11)) = (@5 = Yo())* + (Tjr1 = Yo(jsn)?
= (@ = Yo(j41)° + (@j+1 — Yo () + 2@j1 — 7)) Wo () — Yo(it1))
> (2 = Yo(j+1)” + (@41 — Yo (i)

because zj11 —x; > 0 and yo(j) — Yo(j11) > 0. Denote by ¢ € 5, the transposition of j and j + 1,
e () =7+ 1, v +1)=jand ¥(i) =i fori ¢ {j,j+ 1}. Then, we proved that

C(‘ij yo‘(])) + C(xj-i-l? yo'(jJrl)) > C(.’L’j, ya‘oz/;(j)) + c(xj-i-la yao¢(j+1))‘

Since for 4 ¢ {jvj + 1}5 c(l‘i) yU(Z)) = c(l‘i’ yaow(i))) this yields

n

Z C(.%'Z‘, yo’(l)) > Z C([Bi, yo’ow(i))u

=1 i=1

contradicting the minimality of o. Therefore the minimum in (1.3) is uniquely attained at the
identity. Using (1.2) and Proposition 1.13, it follows that

1>
MC(,LL,I/) = EZC xuyz
=1

Let T be a transport map from p to v. Recall that there exists a permutation o € S, such that,
for all i € {1,...,n}, T(xi) = y,(;y and that the cost of the transport map 7" is Ly elw, Yol(i))-
Thus, by the claim above, T is a minimizer for Monge’s problem if and only if ¢ = Id, which is
equivalent to T'(x;) = y; for each i € {1,...,n}.

Consider the linear form f: 7 € R™" — %ZZj:l c(xi,yj)mi;. We have seen that it attains its
infimum on B,. Furthermore, its minimum on P, is uniquely attained at the identity by the claim,
and B, = conv(P,) by Birkhoff-von Neumann theorem. Therefore, by Exercise 3, the minimum
of f on B, is uniquely attained at the indentity. The conclusion follows. O



Exercise 4. We consider the framework of Proposition 1.14 but with the more general cost
c(z,y) = |z —y|? for ¢ > 0.
1. If ¢ > 1, prove that the conclusions of Proposition 1.14 still hold.

2. If ¢ = 1, prove that the formula for M (u,v) still holds, but that there can exist minimizing
transport map 7' for Monge’s problem such that T'(x;) # y; for some i € {1,...,n}.

3. If ¢ < 1, prove that the formula for M. (i, ) do not necessarily hold.

Exercise 5. Consider the case F = F = R? with cost c¢(z,y) = |z — y|9, where ¢ > 0 and | - |
denotes the Euclidean norm. Take n = 2,

Iy = (070)7 T2 = (17 1)7 Y1 = (170)7 Yo = (07 1)7

and p and v be defined as in (1.1).
1. Show that

1 1
(p,v) = {aé(mhyl) + <2 - a> O(w1,y2) T QO(as,y0) T (2 - O‘> O@ayn)

o<pa)

2. Show that each 7 € II(u,v) is a minimizer.

2 Analysis of the Kantorovich’s problem

In this section, we study further Kantorovich’s problem by proving the existence of minimizers
and proving geometric properties for the support of those minimizers. We pursue the analysis
further in the case of a quadratic cost by proving a dual formulation for Kantorovich’s problem
and by using it to prove uniqueness of the minimizer under general assumption. Recall £ and F'
are assumed to be Polish spaces.

2.1 Existence of minimizers

For m € M1(E x F), we denote by I(m) the cost of the transport plan 7, i.e.
1) = [ cla.y)n(da.dy)
EXF

so that Kc(p, v) = infreryu) [(m) for p € Myi(E) and v € M;(F). In this subsection, we prove
that this infimum is attained when E and F' are Polish.

Theorem 2.1. Let c: E x F — [0, 00] be lower semicontinuous. Let i € Mi(E) and v € My (F).
There exists m* € II(p,v), such that
I(7*) = inf I(m).
)= eltton ')

Such a minimizer 7* is called an optimal transport plan between p and v. Note that in general,
it is not unique.

Proof. As usual M;(E x F) is equipped with the weak convergence, which is metrizable because
we assumed that E and F' are separable so E X F' is separable as well. The strategy consists in
showing that the set II(u,v) C M1 (E x F') is compact (by proving that it is closed and relatively
compact) and that I is lower semicontinuous. Since a lower semicontinuous function on a compact
set attains its infimum (see Proposition A.4), this is enough to prove the result.

Step 1: TI(p,v) is closed. Let (m,)n>0 € (1, v)N converging weakly to some 7 € My (E x F).
Then, for all g € Cy(E), the function (z,y) € E X F +— g(x) is in Cp(E x F'), so we have

Jodu= [ g@dmey) o [ g@)dn(ay)
E ExXF

n—oo ExF



hence

/gdu / z)dm(z,y),
E><F

which implies that (pg)xm = p. Similarly, we have (pp)ym = v. Hence, 7 € II(p, v), so II(,v) is
closed.

Step 2: T(u,v) is relatively compact. By Prokhorov’s theorem (and the fact that M;(E x F)
is metric), it is enough to prove that II(u, v) is tight. Let e > 0. Since E and F are Polish spaces,
w and v are tight, hence there exists a compact set Kg C E and a compact set Krp C F such that

wKg) <e/2 and v(Ky) <e/2.
Set K := Kg x Kp. Then K is compact as a product of compact spaces, and for all = € II(u, v),

m(K) =m

KE XKF) )
K% x F)U(E x K%))
KE x F)+7(E x Kf)
Kg) +v(KE)

—~~

Hence, II(u, v) is relatively compact.
Step 3: I is lower semicontinuous on Mi(E x F). Let (m,)n>0 € Mi(E x F)N converging
weakly to some m € M (E x F'). We aim at proving

I(m) <liminf I(m,).

n—o0

By assumption, ¢ is a lower semicontinuous function, hence (see Proposition A.5) there exists a
nondecreasing sequence of bounded and uniformly continuous functions (ci)r>o from E x F' to
[0,00) such that ¢ ¢ as k — oco. Then, by the weak convergence of (7,),>0 towards , for any
k > 1, we have

/Ck dr = lim /deﬂ'n < lirninf/cdﬁn,
n—oo n—oo
because ¢ < ¢. But using monotone convergence theorem, we also have

lim [ ¢pdm = /Cdﬂ',

k—o00

hence we get

n—oo

/Cdﬂ' < liminf | cdmy,,
which proves I(7) < liminf,,_,o I (7)) as desired. This concludes the proof. O

Having established the existence of optimal transport plans, our next goal is to investigate the
geometric conditions characterizing optimality, through the notion of c-cyclical monotonicity.

2.2 c-cyclical monotonicity
2.2.1 General cost functions

Definition 2.2. Let u € My(E). The support of u is the (closed) set

supppu = {x € E|Ve >0, pu(B(z,e)) > 0}.

10



Hence, the support of u is the largest closed subset of E for which every open neighbourhood
of every point of the set has positive measure. For instance, the support of Lebesgue measure on
R is R, and the support of d, is {z}.

We will now characterize the support of an optimal transport plan.

Recall that in the problem of transporting the discrete measure y = + ~ > i—1 0z, to the measure

v=2>1%" 6, we have found that for the quadratic cost, the minimum ! of
n
2
Z s — ya(i)|
i=1

over o € S, is attained when the two supports of y and v satisfy
1< <xp and Yy <. < yp.

Hence, locally, any "reshuffling” of indices will increase the cost. For instance, for three points, we

have
3

3
Yolwi—yil? <> | — il
=1

i=1
with the convention that x4 = 1.
This motivates the following definition.

Definition 2.3. A subset I' C E x F is said to be c-cyclically monotone if for any finite sequence
of points (zi, Yi)i=1,..n in T, we have

n n
ZC 93“.% ZC%HJJ@
i=1 i=1
with the convention that xn+1 = 1.
We have then the following.

Theorem 2.4. Consider a continuous cost ¢ and let m € (u,v) be an optimal transport plan.
Then, supp 7 is c-cyclically monotone.

Proof. By contradiction, suppose that suppm is not c-cyclically monotone. Then, there exists
e > 0 and n points (z1,%1),-- ., (Tn,yn) in supp 7 such that

n

n
> clwiyi) 2> clwivr,yi) +e
=1 =1

By continuity of ¢, for all i € {1,...,n}, there exists an open neighbourhood Uj; of x; and an open
neighbourhood V; of y; such that

le(z,y) — clzi, )| < i V(z,y) € U; x V;,
and .
ez, y) = elzirn, yi)l < - V(z,y) € Uipr x Vi
Let oy = w(U; x V;). Since (z;,y;) belongs to suppm, we have a; > 0 for all i. Let @ =
min(ayq, ..., ay) and define 7; the probability measure on E x F' defined by
1
mi(A) = EW(AO (U x V3)),

11



for all Borel set A C E x F, that ; is the restriction of 7w to U; x V;. Define also p;

Mi(E) and v; = (pp)gm € Mi(F). Finally, define

n n
« «
/
W:W—*E 7712"‘*2 Hit1 Q V.
nia [t

Then 7’ is a probability measure: it is a measure as a sum of measures, and we have

i=1
S a .1
BESIR
— . U; xV;

NG Y

1 n
ZT(—EZW‘UZ'X%

i=1

n
>m— — T =0,

i=1

(PE)#TQ' €

so ' is a nonnegative measure. The mass of 7’ is clearly 1. Moreover, it is easy to see that

7' € (u,v) by linearity.

We have, as ;41 @ v; € My(Uip1 x V),

/ cd(pit1 @ v;)
ExXF

<

As m; € My (U; x V;), we also have

/ Cc dﬂ'i
ExXF

Finally, we get

/ cdm— / ¢ drn’
ExXF ExXF

>

v

/ cd(pit1 ® v;)
Uit1 XV

€
/ (C(in+17 yi) + )d(ﬂz‘+1 ® v;)
Uit+1XV; 4n

5
= c(Tiy1, Y1) + —

dn’

/ C dT('Z'
UiXW

€
) — =) drs
/U¢+1><V¢<C(w“y2) 4n> Uy
€

(w4, yi) — n

n
o
- </ cdm — / cd(phiv1 ® IJZ))
n o \JEXF ExF
o & €
— (C(xia yi) — c(Tiy1,y:) — 2)

i=1 n
a ae
n n?2
ae
n 2
0,

where we have use our assumption that supp 7 is not c-cyclically monotone. Thus [¢ dn’ < [ ¢ dm,

which contradicts the optimality of .

12
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2.2.2 The case of quadratic cost

For the quadratic cost c(z,y) = |z — y|[?> on R? x R?, the c-cyclical monotonicity of a subset
I' € R? x R? is equivalent to (using |z — y|? = |z|?> + || — 2(z,y))

n

> (i, wig1 — x;) 0,
=1

for any finite sequence (x;,y;)i=1,...n», C I'. We will say in that case that I' is cyclically monotone

(i.e. we drop the c).

Before giving a characterization of cyclically monotone sets in R? x R?, we collect a few results
on convex functions defined on R,

Let p: R? — R U {4+00} be a proper convex function. We recall that ¢ proper means that
¢ # 400, so the domain of ¢, i.e. D, = {2 | ¢(z) < 0o}, is non-empty. Recall that ¢ is convex if
for all z,y € R?, for all t € [0, 1],

etz + (1 —t)y) < tp(x) + (1 —t)e(y),

and that a subset C' C F is called convez if for all z,y € C, the line segment [z, y] is included in
C,ie.
Va,y € C,Vt € [0,1], tx+ (1—-1t)yeC.

Note that the domain D, of a convex function is then a convex set (it can be open, closed or
neither), and thus A(0D,) = 0, where A denotes Lebesgue measure on R? by the following lemma:

Lemme 2.5. Let C C R? be a convex set. Then, A\(OC) = 0.

Proof. If C=0 , then C lies in an affine subspace of dimension strictly less than d, and thus has
zero Lebesgue measure.

Suppose that C # @. By invariance by translation of Lebesgue measure, one can suppose that
0eC. Moreover, by intersecting with the ball centered at 0 with radius R and letting R 1 +o0,
one can suppose that C' is bounded. Let t € (0,1). We claim that

oC C %C‘.

Indeed, since 0 € C, there exists r > 0 such that B(0,7) C C. By convexity of C, for all ¢ € C,
for all t € (0,1), for all z € B(0,r),
tg+ (1 —t)z e C,

ie.

B(tg,(1—-t)r) c C.
Now let p € OC and let (py), C C such that p, — p. Hence, for all n, we have
B(tpn, (1 —t)r) C C.
As p, — p, for n large enough, we have that tp € B(tp,, (1 —t)r/2) and thus
B(tp, (1 —t)r/2) C B(tpn, (1 —t)r).

Hence, B(tp, (1 —t)r/2) C C,so tp € C, that is 8C C %C, which proves the claim.
Note that by convexity of C' (exercise), we also have that C' C %C , since for all ¢t € (0,1), and
all g € C, tq+(1—t)():tq€C°’.

13



Since the interior and the boundary of any set are disjoint, we get that
1o o
oC C ;C \ C,

and thus

Letting ¢ 1 1 gives that A(0C) = 0.

O

A proper convex function ¢ is continuous and locally Lipschitz on ﬁw, hence by Rademacher’s

theorem, ¢ is differentiable A-almost everywhere.
If ¢ is differentiable at x, then, for all z € R?,

p(z) 2 o(x) + (Vo(z), 2 — x),

where V() is the gradient of ¢ at x. It says that the graph of ¢ lies above its tangent at x.
When ¢ is not differentiable, we can generalize this idea by introducing the subdifferential dp(x)

at x, which is the set:

0p(x) = {y eRY| o(z) > p(x) + (y,z — ), for all z € Rd}.

Thus, 0p: x — Jp(x) is a set-valued function, and when ¢ is differentiable at z, one has dp(x) =
{Vp(x)}. One can compare the two convex functions |z| and 22 to understand the difference (for

©(x) = |z|, one has 0p(0) = [—1,1]).

) Yy
2 | 2 |
1 1
T
-2 -1 1 2 -2 -1
(a) y = |z| (b) y ==

We also define the subdifferential of ¢ as the following subset of R? x R%:

dp = J {z} x dp().

zcRd
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The Legendre transform (or convex conjugate) of a proper function ¢ is:

P*(y) = sup ((z,y) — p(x)), forally € R
IE n

From a geometric interpretation, the Legendre transform ¢* describes the family of all affine

functions that lie below . For a given slope y € RY, the best affine function of slope y that lies

below ¢ is x — (y,x) — ¢*(y). For example, the Legendre transform of z %:cQ isy — %yQ, while

the Legendre transform of z + [z is the convex indicator function of [—1, 1], i.e. 0o+ 1|y yje.
Note that obviously, for all z,y € R?, one has

(z,9) < o(@) + ™ (y).

Note also that the Legendre transform of a proper convex function is a proper convex lower
semicontinuous function (as the supremum of a family of affine functions).

We now give a characterization for a point to be in the subdifferential of a convex function.

Lemme 2.6. Let ¢ be a proper convex function on R?. Then, for all T,y € R?,

(z,y) = p(x) + " (y) & y € Ip(x).
Proof. We already know that for all ,y € R?, (z,y) < ¢(z) + ¢*(y). Hence,
(z,y) = ¢(z) + ©"(y) & (z,9) = o(z) + ¥ ()
& Vz e RY, (2,y) > ¢(z) + (2,9) — ¢(2)
&z € RY 0(2) > (@) + (y, 2 — x)
&y € 0p(x),
hence proving the claimed equivalence. ]

We have then the following characterization of cyclically monotone subsets of R x RY.

Theorem 2.7. A set T C RYxR? is cyclically monotone if and only if there exists a proper convex
lower semicontinuous function p: RY — RU {+o0} such that ' C .

Proof. (<) Suppose that I' C d¢ for some convex function ¢. Let (x;,y;)i=1,...n C I'. Then, for
all i € {1,...,n}, y; € 0p(x;), therefore,

vz € RY, o(2) > w(@:) + (yi, 2 — 3)-
In particular, for z = x;41,
P(zit1) = @(xi) + (Yi, Tit1 — @3).
Summing these inequalities over ¢ gives that

n n

Z (wiy1) > Z o(xi) + Z(yz’, Tiy1 — Ti).
i=1

=1 i=1
But the first two sums being equal, one obtains that

n

Z<yi7xi+l - x’L) S 07
i=1

i.e. I' is cyclically monotone.

15



(=) Assume I is cyclically monotone. We will construct ¢ explicitly. Suppose that we have
some convex function ¢ with I' C dg. Let (zg,yo) € I', and suppose that ¢(z¢) = 0. By induction,
for all (z,¥;)i=1,..n CI', we have that for all x € R4,

o) > (Yn, T — 2n) + Yn—1,Tn — Tp_1) + - + (Y0, T1 — T0)-
Indeed, (xo,yo) € Op, hence for all x,
o(x) = ¢(x0) + (Yo, T — o) = (Yo, T — To),

since ¢(zg) = 0, so the base case is proven. Suppose that for all (x;,y;)i=1,..» C I, we have that
for all z € R,

90($) > <yna$ - xn> + <ynflaxn - xn71> +---+ <y0, T — x0>-
Let (Zp41,Yns1) €T C dp. Then, for all z € R?,

o(x) > p(Tng1) + (Ynt1, T — Tng1).

Applying the induction hypothesis to = z,41 gives the result.
Hence, we define, for all z € RY,

#le) = ot {{yn, x =) + (Yn—1,2n = Tn1) + -+ + (Y0, 21 — w0) }-
nz
(xivyi)i:LA“,nCF

Then we have that ¢ is a convex lower semicontinuous function as a supremum of affine (and thus
convex) functions. Choosing n =1 and (x1,y1) = (0, yo) yield that

p(z) = (Yo, T — o),
for all x, hence p(z) > 0. Moreover, by cyclic monotonicity, for all (x;, y;)i=1,..n» C I', we have
(Yn> 20 — Tn) + (Yn—1,%n — Tn-1) + - + (Yo, 1 — o) < 0,

hence ¢(z9) < 0. Finally ¢(z9) = 0, so ¢ is a proper function. It remains to prove that I' C dep.
Let (2/,y’) € T and let o < ¢(2'). Hence, there exists n and (z;,y;)i=1,..n» C I' such that

a < (yn, 2" —xn) + - + (Yo, 21 — T0)-

Now consider the sequence (x;,¥;)i=1,..n+1 C I' with (Zp41,yn4+1) = (2/,y"). We get that, for all
z € RY,

(Un+1,2 — Tpg1) + (Uns Tnp1 — Tn) + - + (Yo, £1 — Zo)
W,z —xps1) + .

p(z) >
>

Letting o 1 o(2') gives that for all z € RY,

©(2) > (') + (¥, 2 — Tnta),

ie. y € dp(a'), hence (2/,y') € . O
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2.3 Kantorovich duality

Let E and F' be Polish spaces. Let p € M1(E) and v € M (F). Let ¢: E x F — [0,4+00] be a
measurable function. We assume that ¢ is lower semicontinuous (see Appendix A).
Let m € II(u, v) be a transport plan between p and v and define:

I(m) = /EXFc(ac,y)ﬂ(da:,dy).
For (p,v) € L'(u) x L'(v), define:

J(p,9) rz/Ewdqu/Fwdv.
Denote

O = {(p,9) € L' (1) x L'(v) | p(a) + ¥(y) < e(x,y)
for p-almost all € E and v-almost all y € F'}.

We denote by ®.NCp, the same set than above with L'(u) x L*(v) replaced by Cy(E) x Cy(F). Note
that ®.NC, C ..

Theorem 2.8 (Kantorovich duality). We have

inf I(m)= sup J(p,¢)= sup J(p, ).
m€ll(p,v) (0, ) €D, (,9)EPNCy

In this section, we only prove the Kantorovich duality in the case of a quadratic cost ¢(x,y) =
3|z — y|? defined on R? x R?, where | - | denotes the Euclidean norm on R%.
Let p and v be probability measures on R? with finite second moments:

/ |z|?p(dz) < co  and / lz]2v(dz) < oo.
R4 Rd

Define
M=o [ aPatdn) +5 [ luPu(dy) < oo
T2 Jpa © 9 Jpa Y Y .
Since |z — y|? = |z|* + |y|* — 2(x, y), we have

1

I(7T) = 5 R

|z —y[*m(de, dy) = M — (x,y)n(dz, dy).
R4 Rd x R4

Note that an optimal transport plan 7* is then also optimal for the cost —(z,y), i.e. if

i 1 2 / 1 9
min |z —y|*dr(z,y) = —lz —y|“dr*(z,y),
mell(p,v) /]Rded 2| y| ( y) R xRd 2| y| ( y)

then

max x,y) dm(x, :/ z,4) dr* (z, v).
Wen(ﬂyl’)/Rded< y) dr(z,y) Rded< y) (z,y)

Now let (p,%) € L' () x L*(v), such that for p-almost all x € R? and v-almost all y € R?,

o) +1(y) < %Iw -yl

Define, for almost all z,y € R¢,

B(2) = Sl - (a)

30) = Slol? ~ v,

17



Since p and v have finite second moment, we have (&, ) € L' (1) x L'(v), and for almost all z, y,

~ 1 1
B(a) + 5(y) = glal + L1yl — olw) ~ v(0)
> el + 3lyl? — 3lo — ol = (..

Redefining ¢ and 1Z to be +00 on p-negligible and v-negligible sets respectively, we can assume
that the above inequality holds true for all z,y € R? without changing the values of the integrals
of ¢ and . Moreover, we have

Hence, Kantorovich duality takes the following form:

Theorem 2.9. Let p and v be two probability measures on R with finite second moments. We
have,

max x,yydr(x,y) = inf J(p, ).
ﬂEH(u,V)/Rded< ypdn(z,y) e(@)+¥(y)=(z,y) (e.)

Moreover, the above infimum is attained at a pair (@, "), where ¢ is a proper convex function.
Any pair at which the infimum is attained is called a pair of optimal Kantorovich potentials.

Proof. Let (¢,v) € L*(u) x L*(v) such that

o(x) +¥(y) > (z,9),

for all z,y € R?. Integrating over 7 gives that

/d S y)dn(z,y) < /d JP@)dr(,y) + | (y)dr(a,y)
R xR R xR R xR

= /dgo(x) du(z) +/d¢(y) dv(y).
R R

Taking the maximum over transport plans and the infimum over (¢, ) gives the inequality

max z,y)dr(z,y) < inf J(p, V).
7rEH(M,V)/JRdx]Rd< yrdn(,y) o(x)+¢(y)=(z,y) (#.%)

Now let m be an optimal transport plan, i.e.

ma x,y)dvy(z, :/ z,y)dr(z, 7).
s [ @@y = [ ()

The support of 7 is then cyclically monotone, hence there exists a proper convex function ¢ such
that
suppm C Op.

Thus, by the subdifferential characterization lemma, we get that for m-almost all x,,

(z,y) = p(z) + ¢" ().

Integrating over m (¢ and ¢* being proper convex functions, they are bounded below by some
affine functions, hence their integrals are well defined), one gets that,

Lo wpdnay) = [ (6@ + ¢ @) dna.y)
R xR R?
= [ e@dut@) + [ &) dul)
R¢ R¢
Hence, the infimum is attained at the pair (¢, ¢*), which proves the theorem. ]
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Remark 2.10. The idea of the proof is based on the so-called "double convexification trick”. If
(p, 1) are such that

p(a) +9(y) 2 (z,y), Yo,y eR?
then Vy, ¥ (y) > (z,y) — ¢(x), for all , hence ¢ > ¢* and thus

/cpd,u+/1/)d1/2 /gpd,qu/cp*dZ/.

We can thus reduce the functional J by replacing ¥ by ¢*. Moreover, since p(z) > (z,y) — ¢*(y),
Vz,y, we have p > ¢** so we can further reduce the functional by replacing ¢ by ©**:

/gpdu—i—/wdu > /gpdu+/<p*du > /<p**du+/<p*dz/.

There’s no point in repeating this process because of Legendre duality (see Appendix B): f is a
proper convex and lower semicontinuous function if and only if f** = f.

Hence, the pair of optimal Kantorovich potentials (¢, %) can be taken to be a pair of proper
convex and lower semicontinuous functions which are convex conjugates to each other, i.e. p = ¢*

and ¢ = p*.
2.4 Uniqueness of optimal transport maps for the quadratic cost
We now prove Brenier’s theorem which is at the core of the theory of optimal transport.

Theorem 2.11 (Brenier theorem). Let u and v be two probability measures on R with finite
second moments. We consider the Monge-Kantorovich problem associated with the quadratic cost
clz,y) = %\x —y|?, for x,y € RY. Assume that p is absolutely continuous with respect to Lebesgue
measure. Then, there exists a unique optimal transport plan m € II(u,v) which is given by

m=(Id x Vo)upu,

where Vi is the unique (i.e. uniquely determined p-almost everywhere) gradient of a convex func-
tion @ which pushes p forward to v, i.e. Vioyu = v. In particular, the Monge problem admits a
unique solution.

Proof. Let m be an optimal transport plan and let (¢, ¢*) be optimal Kantorovich convex potentials,
so that

/ <w,y>7f(dfc,dy)=/ @dwr/ @*dv
R xRd Rd Rn

= | o, (@) + ¢ () m(de, dy).

Hence, we have
Lo @) + () = (@ 9)n(da, dy) = 0.
RIxR4
But since ¢(x) + ¢*(y) > (x,y), for all x,y, the integrand is nonnegative, hence we get that

o(x) 4+ ¢*(y) = (z,y), for m-almost all z,y € R%

In particular, ¢ and ¢* are finite m-almost everywhere, hence p(Dy,) = 1. Moreover, since ¢ is
convex, we have ;1(0D,) = 0 since p is absolutely continuous with respect to Lebesgue measure.
Hence, we get

(D) =1.

In particular, lo)@ is non-empty. Moreover, on lc)g,,  is differentiable almost everywhere, hence ¢
is p-almost everywhere differentiable.
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Now by the characterization of subdifferential lemma, we have that
y € dp(x), for m-almost all z,y € R%.
But since ¢ is p-almost everywhere differentiable, we have that
0p(x) ={Vep(x)}, p-almost everywhere.

Since a property that is true p-almost everywhere is also true m-almost everywhere, we finally
obtain that for 7-almost all 2,y € RY, y € dp(x) = {Vy(x)}, i.e.

y = Ve(z), for m-almost all z,y € RY.

This implies that
= (Id x Vo)uu,

or equivalently that 7(dz,dy) = p(dz)dyv,(»)(dy). Indeed, for any A, B Borel sets, we have

-~ /A
N
s
<
N~—

8
m
k=
N
m
&

—

B
—

N
I
=
2
—

S~—

= (Id x Vo)uu(A x B),

where we have denoted T'= V.

It remains to prove unicity. Let 71 and me be two optimal transport plans for the Kantorovich
problem. Define 7 = %m + %wz. Then 7 is also an optimal solution (easy). By the above, there
exists @1, 2, ¢ three convex functions such that

(i) m = (Id x V1) gp, ie. (z,y) = (z, Vei(z)) mi-a.e.
(ii) m = (Id x Vo)upu, ie. (z,y) = (z, Vya(z)) m-a.e.
(ili) ™= (Id x Vo)up, ie. (z,y) = (z,Ve(x)) T-a.e.
But then (iii) holds also m-almost everywhere. Therefore we get that

(z,Voi(z)) = (x,Ve(x)) m-ae.,

hence
Vo1 =V p-ae.

The same holds for V. Finally, Vy is unique p-a.e.
Finally, we have seen that if 7 is an optimal transport plan that can be written 7 = (Id x T")» 11
for some T, then T is optimal in Monge’s problem and both problems coincide, thus we have that

. 1 2 _ 1 2
pint [ Sle = T@)Putan) = [ Sle Vo) Pp(a),

and Vo is the (pu-almost surely) unique solution of Monge’s problem. O

3 Wasserstein distances

Let p € [1,400). Define P,(E) the set of probability measures which admit a pth moment:
Pp(E) = {u € My(E)| / d(x,z0)Pdu(x) < oo, for some zg € E}
E
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Note that by the triangle inequality,
d(l’, y) < d(IE, xO) + d($0, y)>

so if u € Pp(E), then for all y € E,

/ d(x,y)Pdu(zr) < co.
E

For the particular cost ¢(x,y) = d(z,y)? we define:

Definition 3.1. For p and v in Py(E), the Wasserstein p-distance between p and v is defined by,

1/p
W)= it ([ dayriasay)
mell(p,v) \JEXE

One can proved that W), is indeed a metric (for p > 1, the triangle inequality is not completely
trivial to prove).
We are interested in the following dual formulation for the case p = 1. Define

@ - 1)
1l =28 =i
Ay

so that f is 1-Lipschitz if and only if || f||rip < 1.

Proposition 3.2. For all i and v in P1(FE), one has

Wi (p,v) ZSHP{‘/fdu—/fdv

1£1hip < 1}

Note that it ressembles the Rubinstein distance without the bounded condition on functions.

Proof. Let m € II(u,v). First remark that

| dw s, dy) < o,
ExXFE

by the triangle inequality since p,v € Pi(F). Now let f be a 1-Lipschitz function on E. Then,

Jra fre

_ \ [ @ - 1@)r(da,y)
< [17@) - f@)In(d.dy)
< /d(x,y)ﬂ(dxvdy%

since ||f||Lip < 1. Taking the infimum over transport plans and the supremum over 1-Lipschitz

functions gives the inequality
[fan—[sav

For the converse inequality, we will use the Kantorovich duality. Let € > 0. Then, there exists
(p,) € L' (u) x LY(v) such that o(x) + ¥(y) < d(z,y), for p-almost all z € E and v-almost all
y € E, and such that

sup
Hf”LipSl

< Wl(Nﬂ/)

/(pd,u—i-/wdl/z Wi (p,v) —e.
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Now define, for all z € E,
V() = sup (¥(y) — d(z,y)).

yeE
Then, for all z,2" in F, using the triangle inequality d(z’,y) < d(2/,z) + d(z,y), we have

V(@) < sup (Y(y) —d(a’,y) + d(2',2))
yeE

= (900 )+ )

= ¢(a’) + d(a’, ),

hence ¢ is 1-Lipschitz. Note also that 1%(z) > 1 (z) (taking y = = in the definition of ¥%), and
from the inequality () + 1 (y) < d(x,y), we also have 1% (x) < —¢(z). Thus, one obtains

sp | [ fdu= [rav) == [wlap+ [ylav
||f||LipS1
> [odust [vav
> Wi(p,v) —e.
Letting € — 0 concludes the proof. O

One can prove:

Theorem 3.3. Let (pn)n and p be probability measures in Pp(E). Then,

Wlptns 1) =20

if and only if pn :%’jf poand [pd(x,xo)P du, () =2 [ d(z, x0)Pdu(z), for some xy € E.

We refer for instance to [2] for a proof.

A Lower semicontinuity

Let (E,d) be a metric space.

Definition A.1. A function f: E — RU{+o0} is said to be lower semicontinuous at = € E if for
every sequence T, —  in E, we have:

< Timi

f(z) < liminf f(z,).

We say that f is lower semicontinuous on E if f is lower semicontinuous at every point x € E.
Equivalently, f is lower semicontinuous at x € F if

Ve > 0,36 > 0 such that if d(z,y) < 0 then f(z) < f(y) +e.

Example A.2. Let A C E. Then 1 4 is lower semicontinuous if and only if A is open.

Proposition A.3 (Level set characterization). A function f: E — R U {+oc} is lower semicon-
tinuous if and only if for all o € R, the sublevel set {x € E| f(x) < a} is closed.
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Figure 2: The characteristic function 1(_; 1) of the open set (—1,1) is a lower semicontinuous function.

Proof. Let o € R. Let (zy,)n, C {f < a} such that z,, — z. Hence, for all n, f(z,) < o, so

liminf f(x,) < a.

n—oo

Since f is lower semicontinuous, we get:

f(z) <liminf f(zn) < a,

n—oo

so x € {f < a}. Hence, {f < a} is closed.

Now, suppose that for all a, {f < a} is closed, or equivalently that {f > «} is open. Let (x,),
such that z,, — z.

Suppose that f(z) < co. Let € > 0, and consider the open set {f > f(x) —e}. Then obviously,
x € {f > f(x) — €}, hence there exists ng such that for all n > ng, z, € {f > f(z) — €}, that is

Ing,Vn > ng, f(zn) > f(z) —e.
Hence,
sup inf f(zx) > f(x) — e,
and letting € — 0, we get, liminf,_, f(z,) > f(z).
If now f(x) = 400, then for all M > 0, {f > M} is open and contains z, so again we get that
liminf f(z,) > M, forall M,
n—oo

hence liminf f(z,) = 400 = f(x). O
Proposition A.4. Let f: E — R U {+o0} be a lower semicontinuous function and suppose that
FE is compact. Then:

(i) f is bounded below,

(ii) f attains its infimum on E, i.e., 3xg € E such that f(xo) = inf,ep f(x).

Proof. Part (i). By contradiction, suppose that f is not bounded below. Then there exists a
sequence (), € E such that f(x,) — —oo. Since E is compact, up to extracting a subsequence,
we can suppose that (x,), converges to some z € E. Since f is lower semicontinuous, we have,

f(2) < liminf f(2,) = —oc,

n—oo

which is a contradiction since f takes values in R U {+o00}.

Part (ii). Let m = inf ecg f(z). Let (zy,), C E be a minimizing sequence such that f(z,) — m.
Again, since F is compact, up to extracting a subsequence, we can suppose that (z,), converges
to some x € E, and by lower semicontinuity:

f(z) <liminf f(z,) = m.

n—oo

But since m < f(z) by definition, we get that f(z) = m, and the infimum is attained. O
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Proposition A.5. (i) Let (f;)icr be a family of lower semicontinuous functions on E. Then,
f = sup,cs fi is lower semicontinuous.

(i) If f: E — RU{+o0} is lower semicontinuous and bounded below, then there exists a nonde-
creasing sequence (fn)n>0 of bounded, uniformly continuous functions (even Lipschitz) such

that f = sup,>o fn-
Proof. Part (i). For any o € R, we have,
{f <a}={supfi<a}={fi<a}
iel iel

But for all i € I, {f; < a} is closed since f; is lower semicontinuous, hence {f < a} is closed as an
intersection of closed sets.

Part (ii). If f = +o00, then f,, = n works. So suppose that there exists z¢ such that f(xg) < oco.
Define for each n € N:

fa(z) = inf (f(y) +nd(z,y)), forallzc E.
yeE

Then:
o It is clear that for all z € E, f,(x) < fo+1(x), so the sequence is nondecreasing.

o From the previous point, we get that for all n, f, > fo = infycg f(y). Since f is lower
bounded, so is f.

e Yz € E, fr(z) < f(x). Indeed, by definition,
fo(z) < f(y) +nd(z,y), forallye E,

in particular for y = z, we get f,(x) < f(x).
o Yz € E, fu(x) < co. Indeed,

fn(x) < f(xo) + nd(m,xg) < 00.

o Each f, is n-Lipschitz: let z,2’ € E. Then,

fo() = inf (f(y) + nd(z,y))
=

< nf (f(y) +nd(z,2') + nd(x',y))

= inf (f(y) +nd(2',y)) +nd(z,2’)
yerR
= fn(2') + nd(z,2").
Exchanging the roles of z and 2/, we get that

|fu(@) = fa(2')] < nd(z,2”),
that is f,, is n-Lipschitz (and in particular uniformly continuous on F).

e Now we prove that f,(z) — f(x) for all . By definition, for all € > 0, there exists y € E,
such that

f(y) +nd(z,y) < folz) + €.

Hence, there exists a sequence (yp,), such that
1
f(yn) +nd(z,yn) < folz) + n
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Suppose that f(z) < co. Let m be a lower bound of f. Hence,

m~+ nd(z,yn) < fn(z) —i—% < f(x) —i—%

so nd(z,yy) is bounded from above. It implies that d(y,,x) — 0, so y,, — x. Using

1

Fln) < Fln) +nd(,yn) < fal@) + 2 < f) 4

and taking the liminf, we get that
lim inf f(yn) < liminf f,(z) < f(2).

But since f is lower semicontinuous, and y,, — x, we also have f(z) < liminf f(y,). Hence,
liminf f,(z) = f(x). But since the sequence (f,(x))y is increasing, we have that

lim fo(2) = f(x).

n—o0

Now if f(x) = 400, suppose by contradiction that (f,(x)), is bounded from above by some
M. We still have that y, — z, so

which is a contradiction. Hence (f,,(z))y is not bounded from above, and since it is increasing,
one has f,(z) — +oo.

Finally, replacing f,, by f, A n, one obtains an increasing sequence (fy,), of bounded, uniformly
continuous functions such that f = sup,, fn. O

B Legendre duality
Theorem B.1 (Legendre duality). Let ¢: R* — R U {400} be a proper function. The following
assertions are equivalent:

(i) @ is conver and lower semicontinuous,

(ii) @ = ¥* for some proper function 1,

*

(iii) @™ = .

Proof. (iii)=-(ii) is obvious.

(ii)=(i) is easy.

It remains to show that (i)=-(iii). So let ¢ be a convex and lower semicontinuous function. By
definition of the Legendre transform, one has

©*(y) = (z,y) —p(z), Va,y

hence,
p(z) > (z,y) — " (z), Vr,y
and thus

@(x) 2 Sl;p (<x7y> - 90*(1.))7 Va

=" (x), V.
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Hence, it remains to prove that ¢** > ¢. Assume first that D, = R?. Then, for all z, dp(z) # @
by convexity of ¢. So let yg € d¢(x). By the subdifferential characterization lemma,

o(z) + ¢*(yo) = (z,Y0)-
Hence,
o(r) = (r,90) — ¢ (o)
< Sup ((z,y) —¢"(y) = ¢™"(x).

Hence, p*™* > ¢ if D, = R?. Now if D, C R", introduce the "infimal convolution”
. 1 ) 1
pe(z) = f (p(z —y) + _lyl) = inf (p(y) + Z[z — y]),
for all x. Since ¢ is proper, there exists x( such that ¢(zg) < oo, hence, for all z,
1
ve(x) < p(xo) + g\x — x| < o0,

ie. D, = RY.

Moreover, ¢, is easily seen to be convex (exercise). Now we prove that . is lower semicontin-
uous. Let us show that for all & € R, the sublevel set {¢. < a} is closed. So let z, € {p. < a}
with z,, = x. By definition, for all n, there exists y,, such that

1 1
Pe(Tn) = o(Tn) + g|$n — Yn| — n

Now, since,
1
Sps(xn) < 90(:60) + g‘wn - $0|'
and since x,, — =z, then for n large enough, the right-hand side is bounded by some constant
M > 0. Combining the two above inequalities gives that
1 1
T —|xy — <M+ —
80( n)‘|‘6|n yn|_ +TL

for n large enough. Hence, the sequence (yy), is bounded (if not, this imposes that ¢(x,) — —o0
which is not possible since ¢ is lower semicontinuous), so one can extract a convergent subsequence
Yn, — Y, for some y. Thus, one obtains, using the fact that ¢ is lower semicontinuous, that

1 o 1 1
p(a) + Zly — o < limnt ((n) + o, — 2os| = 2

< limkinf Ve (Tn,)
< a.

Hence, one obtains that ¢.(z) < «, so x € {p: < a}, hence the sublevel set {¢. < a} is closed.
Finally, . is lower semicontinuous.
Thus we get that . is a convex and lower semicontinuous function with domain equal to the
whole of RY, so ¢** = ¢.. Moreover (exercise), for all =
liminf . () > ¢(x).
e—0
Finally, using that ¢. < ¢, we get that

@ (#) = sup (7, y) = ¢"(y)) = supinf ({y, 2 — 2) + ¢(2))

> sgp iIZlf ((y,z — 2) + pe(2))

= @ (x)
= e (7).
Taking the liminf as € — 0, gives that ¢** > ¢. O
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