
Lecture 12 : Derivative marlingale and
convergence
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Proof of the theorem (1stpak) : We
prove

that E FE00.
Recall EL = (FS.O

,
FuEd(s)

,
Xo(s) = Jas + 23 andP(Ec) To 1

.
Moreover

,

the family of events (Eulao is increasing
and PET)- 1 so PlEL) = 1.

We are

going
to
prove

as

convergence
of En on En for

any
10.

On Ev . El = En(bch-L-Xn(l)ebc(Xu(4- Sch)

Co Recell WP = E edXl-(m

= z + LWY 3 =2mE
,

ec(ult - S

But we know that EdE and Wh   0

so
,

a En
,
Z = zi - LW Zo

Since PlEL) = 1
, (Enlaso converges

as on the full probability space
to

some limit ExCO (which satisfies FLO ,
on EL

,
Zo = Eas

.)-

Renah
: Z's is condecreasing in L

,
so one can writeEn=

Now it emails to
prove

that EOL0 a . s . on survival
.
We shal by proving

What E is non trivial.

Lemma
:
For

any
20

,
(E"I wo

converges
in 12 do Z·

&: It is enough to prove
that (El60 is bounded in 23.

Write fi (m) = (ch + -x)eJake-bahl
We first decompose the square

as follows :

(z(4)" =Er
,

ti (X- (1)
*

EXnls-d L

-Eri(X(1))XL (X)EXS
u =v

We now bound the expectation of each of these terms by a
constant (depending on 2).

·
For the 1st heem

, by the many-to-one ,
weget



I#In th (X- (1)"EnXuld =Ed
SET0,L]

= eE((bch + L-Bul2e2da(Bu-bah AmaBs-d]
( GirsanoSET0,L]

= eYE(e - xBc - (L - B
, (2 e2bBr A eB]

= El (L-Bi) esB1SETBsEL]
E kel)(BrE(L- k

,
L- k+ 1)

,
macB = L)
Seco

,L]

= (1)ex(
+ 1) [P(Brt-L-k

,
mad B

, EL) -> In byColbyah31

So this is bounded.
Zu

-
> (41)h2

·We now deal will the 2 Love
. By the many-ho-Lookna,

ELEN, ti(X-(1)Xols-bL(X)EXwl
u =v

= ELL(-11]("enut-u-lf" (B)&BEL)de
We first focus on

the expectation in the integral :

#" (B)&Bse/o,L]

= Elfman Bi-dsf(Bi + Br) &
mas Bi +B - J(+sch" (Bi + BE)&mBitB-blse(o, r] selo

,
t = r]

= EltmaBi-Y
7! with Y(a) = #(f" (x + Br) &

max a + B5 - b
.
(+s)

selo
,
t = r]

= E((bch + L - Bur - x) ed(B-
+ a - (c) A mas

B + a -J -x
=

x]
sE(0 ,

t -r]I = Ex-bor((balt-) + L-Bur) eda(Bror-taltel) Amas Bs-ds]
sE(0 ,

t -r] ↓ markingals
=
e-

_ Ex-so((dax0 + L-Bo) edBo - 20 A mas
(1

.
b

.)

se(o ,

ofBs-bs-x]
↓ = e-ht(d + L - x)ek(x -b)1x
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= e
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So finally we get
ELEN, ti(X-(1)Xols-bL(X)EXwl

u =v

-ELL-11] Soc(E1)d = C·

So (E:
" (no is bounded in L? #

Proof of the theorem (2
*

pal) : We
prove

that ExL0 a . s . on survival .

By the
previous

lence
, (E) 60 converges

in L'so ELEB] = /E
:" = (

and therefor P(Zx0) 30 .

Since Zo = liPE (ee Ranah above) we get P(z00) > 0·
1 + A

We have GE0203 Cdsurvival) so in is

every
↓ t

prove PPCE>)
= P(survival) .

Recall the function f(s) : Els4 has two fixed points ,
1 and Pleatination),

so it is enough to prove PlZO = O) is a
fixed point of f.

We decompose Es of the first branching line : on StpEL3 ,
we have

Zu = E (ch-X(l)ebul-Sch) Sc - Xe(l) = Sto - Xq(ta)
↳ + xc(t - [p) - (X-(t) - Xp(y)

La

= (bctp -Xp(tp)) ex(Xa(ta)
- Sta) [[ex(Xn(4 - Xp(td) - Sc(t -Tq)

i =1Ent
ui-

this is the critical additive markingale at live I-to
of the BBM rooked at i : Lands to 0 as as - .

La

+ e

Sc (Xq(ty) - Sta)
& (ba(t-ta) - (x(H-Xa(ta())ed(X-(4

- Xp(td) - Sc(t -za)

memui

His is the derivative vartigate at line -Ep of the

BBC rooked ali : Lands to Zis a . s . as
I-

where (Elise are id * Es and indep of Fee
Sc (Xq(ty) - Sta) La i

Solelling hea ,
we get zo = e F Zo

in particular PlEx = 0) = P(Fie41 , -- - Lp3 ,
zo = 0)

=E/P(za = 04]
= f(PEs = ol) so we are done!



Remah : We have seen in the proof that ELEBT = L
,

but also in the

previous
remal that Ex = In PEB

. By the vocolore convergence1-

theore
,

we get Elzo) = Es ELE] = an

#8) Probabilistic description of the limit of the maximum (Not covered in class)
The limitEo is the right quality to describe various quantities of the

BBT in the direction of the mas and i particular the limit of Th-my :

Theoren (Lalkey-Sellbe 1987) : Th -

mr
He 1logzo + G where G is

a Gumbel(c , 5) nu independent of G ,

for some CER.

More precisely ,
we have almost surely

In lin P(M-mFs) =PG
bdefinitionf E ep)Zen

Remah : Note bab in this
convergence ,

Mn is centered but not normalized

so it feels the effect of the following behaviors ,
which play a role in the

link in distribution :

· If the first particle goes very high or has a loge number of children ,
this

has an ever-lasting positive influence on Mr-my

· If the highest particle at him hot goes up ,
then Mo-my will be large

than Mr-1 -

my = 1

So the lit distribution is influenced by events happening al the beginning
but also ad larger Lines (in particular al lines close God
The

convergence In linP(r-mFs)=G
showsHat Za contains the information of the influence of the

beginning of the BBT (things happening before some large fixeds when Lvo
whereas G corresponds to later fluctuations.



Proof: We hake the result of Branson in 1983 for graded and show how to

deduce this theore from it. Recall he proved that ,

for
any
mer

,

PCa-moca)oual where w is a 2 function schisfying
1 - m(x) ~ (axe

- bx
as x + 0

Wate v/v) = P(Mr = x)
The

previous convergence can be rewritten as olbimpal u w().

B monotonicity and continuity of m
,
this replies that

,
if

asmor ,

the

ult
, mo + e) Fo ~(a).

Let 1354
, 0

.

STEc] = [FrENs , man X-Ill

Ea ((X(H-Xo(s)) a - Xr(s)]
by the breaching properly , conditionally on Es

,
these

.
r .

for weFs are

dependent of each other and have the same low as This
So ↑P (M = (Fs) =Earsv(6-s ,

a-Xo(s)

and IP(MT-mcEalFs)=E
,

ult-s
,
x + my -Xer(s)

If as
the =Top

,

-(t-s , mys + x +

ms
- Xu(s)

6 =bas-logio~ Chime Forkel as

#Ep
,

w(x + (s - Xv()) .

=

ep (nEu, Log w(x + b - Xv())) .

We have seen in Lecture 7 that JS-Msi

so das-Xe(s)
,go uniformly in weets

,
a.s.

and so log w(a-bes - Xak)) = - (1 +o(1)) (m (m+b - X-(s)) e

- ba(a+da -X-()

when all holds as sw
, uniformly in weats

,
a.s.



We get Plc-rEalFs) = ep((o)Get la
ep)-[metzo) .

So the constant a in the statement is

given by c = floc.


