
Lecture 11 : Review through exercises 12/02/2025

Furcises of Lecle 8 : The derivative martingale
~

1) A new markingale
Let 230

.

For K
.
0

,

Let Zi =n (Sch-L-Xn(t) e

↓(Xv(l-Jch)
&Xus-b

1 For mEU
, prove ()bch + L-BiledB-0 is a martingale under P

Al Andue that ((Sch + -Bil etBu-A
man

se10 ,

]Bs-dasE2)ko is a markingale under Don
Wh : see this process as a shopped version of the markingale in question 1

.a.

11/ Prove that (E) ko is a martingale.
1) Deduce that (E) o converges

a.s. to a
lime Z

2) Convergence a . s .

of Eli
.
o

Recall En
=E (ct-Xn(l)ebc(Xu(4-bch) .

-
>I Prove that En + LW = El on EL = [Xs60 , Ms = d

.
s + L]

26/ Deduce that Zu FiZ on EL

2) Conclude that (Ellico converges
a.s. Go a lovil E060 and that

Zo =zas . on EL for
any
10

. Hal : Reall PLE

2. 1 The limit is no-trivial

3) Prove (E) no
is bounded in L?

Wil : This elies on the many-ho-two .

T it on

your
own first ! Some help7

if
you

are shock:If frkl = (Sch + -a) ed
x- b

you
should have to

cute ElfBilmas-L (B) ]se(0,t]

Show this equals ELEmaaBs-dLfolB] using question 1 .
b.

se(0, -]

Then show it is [CK) (Fo 1) by Following the argument used for Lemme
and conclude

23/ Bedue that P(Z20) 30
.



23/ Prove that En < 0 a
.

s . on the survival event .

Hil : follow the same strategy as for W.

#1 Zo L

1
a./ Prove that ElZ7 = L

[b. / Deduc that Elza] = + 1.

Solution :

N We
argue

this by a direct calculation : Let L
,
sc. O

Fal(bc(s = H + L - Bar) edbs- d(r))Fs)
= (bas + L = Bs) ets--B-Es) + E((bL - (Br

+ s

- Bs))exBs+
- Bs) - E )Es)

! Bsol-Bs is indep of fs and* Bu under IP

Baby Girsanov

ISo (lbch + -Bil etBi-di is a martingale under P

# Wile Mr = (ch + L-BletB- and T =
~ (340 : Bs = b

,
s + L]

Then I is a shopping him so (Mancuso is a marhingale.
But Trai == tech +Mr = (ch + -Bil etB-

My BsJSL
as

-

=O
= A = A

because J
.
T + L -By= MyBsJSLmyBJELa.

S (lbch + -Bil etbu- myBs-Jaso is a markingale under Don

1

1.2 . ) This can be seen as a

consequence
of a lamma of Lectures Logelhar with 1.

b.

Let's do a direct proof .

First more that
,

for k. 0
, by the many-to-one

/z() = eEl(Sch + L- Bil edBr-daH &MonyBs-das-2]) m = b
= El(Sch + -Bil etB-A ma

seo ,
2) Bs-Jas-]

= L using
that it is a markingale.



ZEr(c(sol) +-Xulsth))ebcktl-d Xn(r) - Juh
~ E(0, s + L]

NEWS
=

[abalels]-bes)Azius
, v

by the branching properly , given Es .

these are independant riv.

with the same distribution as Zw(s)
S ElzFs]=

(l]-bes)
AXvH-bEL-Xe(s)and (E) ko is a martingale.

1 (E) 0
is a nononegative martingale so it

converges
a . s .

to a
lime zo

=>I Note What EL = (FSCO ,
Foto(s)

,
Xo(s) = Jas + L3 ,

so
,

on EL ,

z =E (bct-L-Xn(l))ebul-th) = z + LWd? -Reall Wi = E edI-Im
d

3 =2mE
,

ec(ult - S

26. We know that Ed =E and Wh =-0 so
,

or E
,

E = zi" - LW Es

E the family of events (Fulao is increasing
and PET)- 1 so PlEL) = 1.

But
,

on

any
En

,
(Enlaso converges

a.s. so it
converges

as on
the

full probability space .
Let Zo be its buil

By 2 .

b
., on Ec ,

Zo =zas .
for
any
10

.

But Z 1
,
0.

So EgC.
0 a . S. Cusing again

that PlEs) = 1) .

3.I Write film) = (ch-L-s)eJake-bahl
(z(4)" =Er

,

ti (X.(11)
*

Egy Xolsl-b

--(1) EX-bL(X) Xw(l-bL
For the 1st heem

, by the many-to-one ,
weget



#E ti" (X- (11)"ExudL) =El
SET0,L]

= eE((bch + 2- Br)2[dc(Br-bah A mac B -
6,L]

SET0,L]

= eYE(e - xBc - (L - B
, (2 e2bBr A eB]

= E((L-BilesBh1Bs2]

-= (1)ex(+ 1) h31

byColbya
So this is bounded.

Zu
-
> (41)h2

We now deal will the 2 Love
. By the many-ho-Lookna,

ELEN(X(Xd(X)EyX
= ELL(-11]("enut-u-lf" (B) &

mas BdL t (BE EBbL] de
se/o,L]

We first focus on
the expectation in the integral :

#" (B)&B 2)
= Elfman Bi-dsf(Bi + Br) &

mas Bi +B - J(+sch" (Bi + BE)&mBitB-blse(o, r] selo
,
t = r]

= EltmaBi-Y
! with Y(a) = #(f" (x + Br) &

max a + Bj - b
,
(+s = z]

selo
,
t = r]

= E((bx + 2 - By - x) e

JalBc+ -Jal &
mas Bota-bar-bs]

sE(0 ,
t -r]I = Ex-bor((balt-) + L-Bur) eda(Bror-taltel) Amas Bs-ds]
sE(0 ,

t -r] ↓ markingals
=
e-

_ Ex-so((dax0 + L - Bo) edBo=
0

A mas B -x
-

x]
(1

.
b

.)

↓ = -Eht(dar + L - x)ek(x -b)1x
- b
+

100

= e

- bilt-r) Eltmac Bs-das - (bar + L - Br) -e26c(Br
- dc)]

or]

-e(e)c with < Spending on Land d.

-Ce
- 2nh +

mr( 1)



So finally we get

ELEN(X(Xd(X)EX
-ELL-11] Soc(E1)d = C·

So (E:
" (no is bounded in L?

2

. / In particular ,
we decue that (Es"(no converges

in hand so

E/z] = /E !"] = L and therefor P(E20) 30 .

23c. / On StpEL3 ,
we decompose

Sch - Xn(l) = Sc[p - Xq(ta)Zu = En (Sch-X(l)ebu(-Sch) ↳ + xc(t - [p) - (X-(t) - Xp(y)

[[ex(Xn(4 - Xp(td) - Sc(t -Tq)
= (bctp-Xq(ta)) eS(Xata-bata)

a

·
this is the critical additive markingale of the BBT
rooked at i at Live -Ep : Lands to 0 as as - .

Jc(Xq(ta) -Stala
+ 2 & (ba(t-ta) - (x(H-Xa(ta())ed(X-(4

- Xp(td) - Sc(t -za)

memui

this is the derivativemartingale of the BBC rooked at i

a Line -Ep : lands to Zis a . s . as
I

where (Elise are id * Es and indep of Fee
Jc(Xq(ta) -StalaSolelling hea ,

we get zo = e [Zi
i = 1

in particular PlEx = 0) = P(Fie41 , -- - Lp3 ,
zo = 0)

=Elp(za = d) = f(ip(zo = 0)
where f(s) = Elsh].

But f Las I fired points in 10 . 13 : 1 and
q

= Pleatechia).
Since PEO = O) + 1 by 3 .

b
. (and the fact that Exh. Ze

,
see 4

.

b
. below) ,

we get PlEx = 0) =

q.
Moreover Sechuchion] <SE = ob so PKZ = 03 obsurvivals) = 0

.

Hence Ex > 0 a
.

s . on the survival event.



1
a.) The Fact EIEB = L has been seen in 3

.

b.

4./ Recall that ,
on En

,
En = Es a . s .

and that P(UPEL) = 1
.

Moreover role thatme5 is nondecreasing.
It Follows that Zo6 Eas .

For
any

200 and so ElEO]L .

Therefore Elza] = + 1.

Exercise 2 of LechreS : Let=Bi with (Blis independent B
Prove thatd = Em

Help with intermediary questions :

1) Prove that
,

for
any

900
,

there exists C, >O such that for h large enough
P(( - >

. (2) = Ce-

2) Dedure that is,h +
max2) Prove thatasealy SECh-1 ,h] E IB-Bil 0

1) Conclude

Additional hints :

11 Treat separately PITT = (d) and PLETC. (Scra)H).

2/ Boel Contelli

2) Use thatB.-B and
un questio.

(Direct bound + BorelCantelli can work as well).

# for seth-t
, b) , upper

or lower bound its using En or Fire
,

and question 3.


