
Lecture 10 : Two-speed BBM (2-park) OS 102/2025

# .

3
. 2) Upper bound Case r

. LU)

As for the usual BBL
,

we

prove a
wealer version of the result

,

which is :

In = m + O(loglog).
Proof shelegy is similar :

· Argue that there is a barrier touched by no particle with high probability.
· Do a first mount calculation on

the number of particles going
above

is + Chologh while shaying below the barrier.

if sebhLemma
: For L

,
40

,
we define f : se10 .2) [Scr(s -bl) + L if sb

and FY = &Frenc ,
Yselo ,] ,

Xils) < fils)3 .

Then P((F()) e-bch/in.

Proof: We introduce a marhingale analogors to WE

For SE10 . 1) .
Let Va =Se(X-I if sbL

·d ep(X(bl)+(i) -X()-(m) if
The Nolsols is a martingale (Exercise 1 :

check it
.)

ht t =
inf (s 10 . 2) : JENs : XY(s) = f (s)] ( = + if emply sell .

Note that P(FY)" = P(TEL).

Since I is a shoppinghime , by the optional shopping theore,
E(Ven) = IE(Uo] = 1.

Now we

argue
that when EEI

, Ve is large :

· if =bt
.

then Va exp(f(t) - (m+ t) = e

Jah/we
Lecall b.=)

keep" only the particle that hit the barrie
· if te(bt , 1] ,

Fr is the particle hitting the barrier at limet ,
we have

X(b))+ (x() - X(b)=) -(- < fi(b) because tabl
= filt) >o because 51L &



+ x(-) + 2) - -barbl
=(35+

So V
= Geq(biteE(mt) =

Yet

Therefore ElVen] v Elv= dee] - eS4r PCTEH

Combining with EIVEar] ,
we get PCEEH <e-bch/o M

Exercise 2 :
Consider

a
usual BBM and call that we defined the event

EL = [Fko , VueM
,
Xoll =dch + 23 .

Use a
similar method (with

the martingale WS) to prove PET) -

> e-bch

Proof of the
upper

bound :

Recall that
,

in case ver Was my =
b
.
(bre + (1-b)wa)t _3(a) Logto

= TmbL + 52m(- b)
+ 2(b + 3g(1- b)

We wal to
prove

PLAC, E +x) 0 where ver = a loglogh with aso

to be chosen Later
.
Let 930 .

By the previous
Lemma

,
we can choose 100 such that P((F24EE .

Also reall we proved P(Mrmr+ log)O for usual BBM so

GLLing G = (FreNyr ,
XilbH = Velmas +Bllgh] we have(G1400

So it is now enough to
prove PTLL+~FG) o

P([FrL. + 31 F G)
= P(SEM :Xt

- is + ,
Vse(0

.2] ,
Xo(s) = fi(s) ,

Xu(bl) = (ma + loglh)
-
> El

.Existin ,
FcE10 .] .Xolsfi(s)

,
X-(b)) = W

- (mo+ log()
② entp(sic in + = ,

VSE10 , 1)
. =fils) ,

Bar (man + loglgh)
many-to-one
Lemma for seco , bl) with B

,

B' independent! recall 5 = CB + rBs-bL For se(bt , 1) standard BM
.



=4 p/BB.FBSalmost)
↓ integrate writ. B'first
= en/1esclobl)

,
Es Jas , BbLwblolog Y(B))

~
here Y(z) =D(Vix = Un By br4m + x) , Vse(0 , 11-b)t] ,

We + rB; =Jarbl + Jc was = L)
We now bound f(a) for a mb + Bglogh . (because we are on the event)

BbL = mbl+glog
Y(x) = 1(Bybr - b( -b)k- f(m + xr - redc( -b)t - ax)

max (B, - 6
,3)(y(bbh + L - mx)se(0, (1 - b)t)

= EletBibin-d-b
- Electo-rbc(-b) - rx)&Bscrebl-

6 ep(- E(m +

my
- r2b, (1 -b) -ma)

6 MrG Un Mbn
+ 52)c (1-b)L - 3 logh

-
> esp) - danlogt-( )

with
y

= ( +1)
,
(g) + E

= 2312e-FE-d-brbk-ml)p(BaFlogh+ U (mb-2),

↓ Crollere6 myBs(bb- a) = =)
= a

& 2312 e-FE -mH-brb -

ms)a(1643(- a) + F)((21)+
↳lot-llogt for our choice of e

= Ce Ey-mH-brb(x - my)
(Jabh - x) (log()2

for t large enough (depending on 2) andC depends on Jere,b
,

L.

SoP([FrL.+31F G)

= CeE (logh embr LedE(Bx-mbr) (abL-BbL)EmyBs . Bambol ,a-

-(B)
↓ not (-0 , ya) intoBelys -k

, ya
- h++] =:

y

& -Liklyhelyhb(kybyBsz, Bart(y - b
, ya

- h+1)



-IP)EbBsEF , Byrhyn - k)

Corol.26 [E( -y + k)2
(bL)3/2

= C'Ck-yr) for I large enough
13/

2· -mbtby L
ce+(ytk=

-

= (b((312 =

- 6 x3loglogh

= C" e -ubt(log()3(-1) -Kh

Finally ,
we getPl+~FG)"(log1- to

by choosing a > 113r + 20a) D

#
. 4) The case 5

.
< We

#V .
4

. 1) Upper bound
When the

upper
bound is

easy
because the reamon behaves like is ,

which is the

behavior in the ind. So it could be deduced from Slepian's he-ma or from the

following direct proof : for >o ,

PLE m +y) = ElE Exiny]
manytoore GetBy ↳

BuBiBe

=
e ((0 .1)
Foente mi = Jct-f logt
~ exsteel-Eb-Magh-26<g())

S = 2n6
=

eb

bEit

700
.



#V .
4

. 2) Lower bound

We
use a shelegy similar to the one for the usual BBL but will different

constraints on trajectories .
Here the 15 mount calulation

gives
the correct

behavior withouthruncation (see
upper

bound)
,

so wehruncate only so that

the I' moment does not explode.
We choose Kn= Eximr

,
Est10 . 2) .

Xis)grals
if sEbt willEco to be chosenwhere gals) = [S a)(t- s)fse(bt , t) small enough later.

Ide behind this choice : We agued in leaves that
a tajectory going above

in al line d hypically has a drift dar? on 10 , bl) and Jar on 162 .

27.
We choose the barrier gat to be slightly above this hypical behavior with

D

=+ 1

-
,slopes different by aherm a.

slope J? (E E)
-> trajectoryena)The feat that the slope is different

ga slope Jewemmmleven by a small level ensures that slope Jar+El & small jump of sure-logh due to the

stope J
,
t?

difference between mi and Sch

adding this barrier is not changing 1 - Lot very importat compared to the

bl ' distance of order I between the

the order of magnitude of the 1 moment
.

trajectory and the barrier at limebt)

Lammal : For
ay

200
,

0 < Lin Elk) lim Elk]

Roof : For the
upper

bound
: ElK] Ela dxik,it str by the

calubation done previously (end of previous page).
For the lower bound : by the many-to-one hemma

,

Elkr) =ep(Bi , Xse10 . 2) . B-gals) recall (B) el (Bysilseal with
if sbt

= ent(Bij , Xse(0 . 2) , Bysgra(s) 4 (s) = (Wher(s -bl) if s,
bl

-

= eibik, so( =g() = - v2(t - s)

I



Eleg -J => Bu + Sche mi + 1 E Bu = - Glogt + 1

↳ Feb-logt,0 . 2)
, Bess) = ga(s) - b

,Y()

(Use(0 ,b) . Bus be(+ a)s + 1-

selling reas in the 1st case

Est(bh
, h) , Br-rits) ->mJ-S-b

and = 1-5
.
(t-s) in the 24 .

6
-

Fre(orbl] ,
Br 1+

=> [re(bl
, 2] , Br-logh + 1+

A

The event we consider for B :

·

it
We have lif If IP(BL -Blogh ,

Est
, Bes =gals)-()h - -

This is a bit technical to prove so we
about it !

Heuristically ,
we have P(BLE/-Elyh . -Elgh + 1))- sprove : !)

and then the barrier has
an
effect only for Lines s of the form s = 0(1)

or s = t-0(1) because it
grows linearly whereas Bs = Ols)

·

So adding
the barrier to the event only reduces the probability by a constant

factor c(s) > 0.

With this fact in hand
,

we get the desired result. *

Lemma 2: There exists [
,
C40 such that lin EK] -> C.

Proof :
We write Elk) = Elkulk-1] - Elka] . By Lemma 1

, Elka] is OK.

Elkilk-11] =Ele Exist(0 .H .
X(s)ga(s) Ext(1mo .

As t (0 . H) .
X=(s)(ga(s)]

many-ho-twod
= E((-1)][et .

m.
V,g(s)

we keep the information of
the barrier only ch line--[P(Am . B EgEH]
-5 = P(B (gy() ,

(B -B +B mi , (B_B +B mi)



Nowecall that (Bht
,

Britis. Thi B) (EE) where

Zo
, En . En are independent and ZiM(0

,
E) with

S
if rebh

& Abh
+ relebt) if b ,

En = E = - 20

Therefore
, integrating first w

.
r

.

t
. Zo

,
we probability above equals
(+ stmil, esp(-)
↳
Popco .1)

So we first restrict ourselves to the case - - 10 , 6-2) to ensure that

mi-c > 0
.

More precisely we have for
some c = clo ,Gibba) small enough

· If -Ebt
, mi-gah dat-ba + 2)bt + Ollgh) chat--

· If ~Elbt
,

t - 5] , mi-gil = Jalo-2)(h--)-1 belo-a)(t - -)4c( - -)
2

↓
if I is small enough -E2. 1 so J(t-h

So
we get (ie that case)

Please
=! -

ep)---in-
(5.

2
+H

ep()Il)-E-m
by = (x -2)

= ep()- ep(dy
Eep((1) u-gs)

nor we study this to show it's o



· If /0 , bl) , writing rech ,
we have to= rech and

u -g = (t)-but-=-- +0

-FS-r< (1 - rib)

· Ifre(bh ,
b)

, writing - =
det

,
we have to -rilber = 1/1-ree) and

u -g = (c)()-1)-w-)0I-r?v-

= re"(1-re))H-r2(-b)
2- T?~

In both cases
, choosing<Fbb)) ,

we have fohe is
-

-

L
enory migh 8

so we can apply the
Gaussian hail bound to get
↑( .
s,

=ep(-y)"ep((-ga))I

I

Part-e(0
, bl) : The constad C below can change between occurrences and depends

i only on" , 02 ,
b

, Je

[
C 1

+0)))
EC 2

. (rH-2
F St - Ligh - 0 (log4")

> (49 whenr(-ru)
- 2va) +l )=Fesp)

So (brumhmrps])
/bep(nh(2--w- +4)-

TPu + 1
-

-

Ru - -302-u -X--+ +
,40

-

v( -52)(1 + r2u)
=

- (1-52)u
1 +5 1 + ru

= (btep) - mr(1- -49))d by choosing [1?- 8-

Part-E(bh
,

2 - 3) : Proceeding smilly we get ,

if I is chosen small
enough
,

/nuhms)



Part-E(L-21) : For this part we proved differently from the beginning by

bondingP
=.

and so

let
Combining the three parts yields the desired result. T

Proof of the lower bound : This is

very
similar to the proof for the usual BBC

in Lachet where
we

wait whil hime be such that there is at leasha particles
with absolute value bounded by ridche ,

and then
ague

that each of

then has a positive probability to reach a high level at line to

One subdelly : the BBL's sharting from particles at lime he and with live

horizont are two-speed BBMs but with a different paramete J instead of b.

The line horizon is now -he and variances are changing oh lime bt-h so

5
= b = b +0(

Moreover
,

we have 55 + 5 /1 .5) > 1 so we are not under our previous

assumption .

We can divide all positions in this BBT by < = Vrit + r2H-5)

↳o get a two-speed BBH with parachers (5 .
5

, 5) where F = vila

so Kat 5 + (1-5) =
55 +r1 . 5)

= 1. Note that 2 = 1 + 0 (E)22

so dividing positions by
I changes the maximum only upho a OC) herm which

is in the order of
precision we need.

We can finally apply Lemmas 122 to te BBC will parachers
15, 5

,
E to lowe bound it's probability to reach mus by a

positive constanta (to be
precise we should check that Leamas 122 hold

uniformly in (b
, 5 , %2) in some compact subset of 10

, 1)x(0 , 1)x(1 , %) but this is

fine by double checking their proofs).


