
Branching Processes Université Paul Sabatier
KMASAAE1 M2RI 2024-2025

Final exam
February 21, 2:00pm–5:00pm

Instructions: All electronic equipment is forbidden. The only authorized material is a handwritten
double-sided A4 sheet.

Total: 20 points

Reminder: If (Bt)t≥1 denotes a Brownian motion, the following holds: for any x ≥ 0,

P(B1 ≥ x) ≤
(

1 ∧ 1
x

)
e−x

2/2 and P(B1 ≥ x) ∼
x→∞

e−x
2/2

x
√

2π
,

and, for any a, y ≥ 0 and t > 0,

P
(

max
s∈[0,t]

Bs ≤ a
)
≤ a√

t
and P

(
max
s∈[0,t]

Bs ≤ a,Bt ≥ a− y
)
≤ ay2

t3/2 .

Exercice 1. (5 points) We consider a standard BBM whose reproduction law has a finite second
moment. Recall that, for λ ∈ R and t ≥ 0,

W λ
t =

∑
u∈Nt

eλXu(t)−(m+λ2
2 )t.

Moreover, for L > 0, EL = {∀s ≥ 0,∀u ∈ Ns, Xu(s) ≤ λcs + L} with λc =
√

2m and we have proved
that P(EL)→ 1 as L→∞.

1. (2 pts) Prove that, for any L > 0 and t ≥ 0, E[W λc
t 1EL ] ≤ L/

√
t.

2. (2 pts) Prove that (
√
tW λc

t )t≥0 is tight, that is: for any ε > 0, there exists y > 0 such that, for
any t ≥ 0,

P
(√

tW λc
t ≥ y

)
≤ ε.

3. (1 pt) Explain why this provides a new proof of the fact that W λc
∞ = 0 a.s.

Exercice 2. (9 points) We consider a standard BBM whose reproduction law has a finite second
moment. Recall that Mt = maxu∈Nt Xu(t) and λc =

√
2m. Let λ > λc. In this exercise, we are

interested in the following result: there exists c, C > 0 such that, for t large enough,

c√
t
e(m−λ

2
2 )t ≤ P(Mt ≥ λt) ≤

C√
t
e(m−λ

2
2 )t. (1)

1. (1 pt) Let Kt =
∑
u∈Nt 1Xu(t)≥λt. Find an asymptotic equivalent for E[Kt] as t→∞.

2. (1 pt) Prove the upper bound in (1).

3.(a) (3 pt) Let B0, B1, B2 be independent Brownian motions. Prove that there exist C1, C2 > 0
such that for any t > 0 and r ∈ [0, t],

P
(
B0
r +B1

t−r ≥ λt,B0
r +B2

t−r ≥ λt
)
≤ 1√

t

(
C1 + C2

√
t− r

)
exp

(
−(λt)2

t+ r

)
.

Hint: You can distinguish between the case B0
r ≥ λt and B0

r < λt.
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(b) (2 pts) Assume that λ >
√

2λc. Prove that there exists C ′ > 0 such that for t large enough,

E
[
K2
t

]
≤ C ′√

t
e(m−λ

2
2 )t.

(c) (1 pt) Assume that λ >
√

2λc. Prove the lower bound in (1).

4. (1 pt) Sketch in a few lines how we could modify the lower bound argument so that it works for
any λ > λc.

Exercice 3. (6 points) We consider a two-speed BBM whose reproduction law has a finite second
moment and with variance σ2

1 on [0, bt] and σ2
2 on [bt, t], satisfying the relation

σ2
1b+ σ2

2(1− b) = 1.

Recall that the two-speed BBM is constructed from the marked tree (T , (σu)u∈T , (Yu)u∈T ) by setting,
for a time horizon t > 0, for s ∈ [0, t] and u ∈ Ns (with %(u) denoting the parent of u),

B if s ≤ bt, Xt
u(s) =

σ1Y∅(s) if u = ∅,
Xt
%(u)(bu−) + σ1Yu(s− bu) if u 6= ∅,

B if s > bt, Xt
u(s) =

Xt
u(bt) + σ2(Yu(s− bu)− Yu(bt− bu)) if bu ≤ bt,

Xt
%(u)(bu−) + σ2Yu(s− bu) if bu > bt.

For λ ∈ R, we define
V λ
t =

∑
u∈Nt

eλX
t
u(t)−

(
m+λ2

2

)
t

We also write (W λ
t )t≥0 for the additive martingale of the usual BBM. Recall that, for |λ| < λc, (W λ

t )t≥0
is bounded in Lp for any p ∈ (1, 2] ∩ (1, λ2

c/λ
2).

1. (2 pts) For any λ ∈ R and t ≥ 0, prove that

V λ
t =

∑
v∈Nbt

eλX
t
v(bt)−

(
m+λ2

2 σ
2
1

)
btW λσ2

(1−b)t(v),

where, given Fbt, the random variables W λσ2
(1−b)t(v) for v ∈ Nbt are independent of each other and

of Fbt and have the same law as W λσ2
(1−b)t.

2. (1 pt) For any λ ∈ R, prove that

E
[
V λ
t

∣∣∣Fbt] a.s.−−−→
t→∞

W λσ1
∞ .

3. (3 pts) Assume now that |λ| < λc
σ1
∧ λc
σ2
. Prove that

V λ
t

P−−−→
t→∞

W λσ1
∞ .

Hint: You can prove that V λ
t − E[V λ

t |Fbt]→ 0 in Lp as t→ ∞ for p > 1 close enough to 1.
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