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Introduction

. gravity acceleration

. Coriolis parameter

= (x1, %2, x3) T

g
f
> P pressure
X
u = (ug, w2, U3)T

Compressible Euler Equations

Oto + divx(ou) =0

Gravitation  Coriolis

Ot(ou) + divx (ou ® u + pl3) = —ogk —ofk x u
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» boundary conditions:
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> free surface at top
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Introduction

> homogeneity = o constant
> incompressibility = divxu =0

> shallowness = | Ox;p = —0g = u3 ~ O(9)

Ln _
~ 10%-10% km
Ly ~ 1-5 km NS S
8= ~107% — 1072 L

» boundary conditions:
> no normal flow at bottom
> free surface at top

Rotating Shallow Water Equations in horizontal plane (x1, )

ch + divy(hu) = 0
O (hu) + divx (hu @ u + %”2]12) = —ghVynb — fhut

nP is the bottom function, ut := (—up, uy).
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Introduction

Non-dimensionalisation

Non-dimensionalised RSWE
Std;h + divg(hid) =0

a N f72 f1
St@g( ﬁ) + divyg <hﬁ ® d+ ]IZ) = 77viﬁb _

We consider two singular limits:

> Non-rotating: f =0and Fr=e <K 1

> Rotating: Fr~ Ro=e¢ K1
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Non-dimensionalisation

Non-dimensionalised RSWE
Std;h + divg(hid) =0

Std;(hd) + divg | ha ® 0 + i I h G 'A’aL
; 1Vg = —— Vi’ — —
: % 2F2 2 F2 X" T Ro
-1
St = 7Lo/uo =1, |Fr:= to , | Ro:= Yo |- f
to v2Ho Lof to

We consider two singular limits:

> Non-rotating: f =0and Fr=e <K 1

> Rotating: Fr~ Ro=e¢ K1
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Introduction

Analytical /Numerical issues

What happens if ¢ — 07

» Continuous level: Does the Iimo system exist?
E—r
> comp. Euler — incomp. Euler [Klainerman and Majda, 1981]

> RSWE duestecostrophic, quasi-geostrophic equations [Majda, 2003]
distinguished limit
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Introduction

Analytical /Numerical issues

What happens if ¢ — 07

» Continuous level: Does the Iimo system exist?
E—r
> comp. Euler — incomp. Euler [Klainerman and Majda, 1981]

> RSWE duestecostrophic, quasi-geostrophic equations [Majda, 2003]
distinguished limit

» Discrete/numerical level: How does the scheme behave?

> Stiffness: wave speeds ~ O(1)

- Explicit: CFL condition At < & Ax

- Implicit: diffuses slow material waves

> Inconsistency with the limit system
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Introduction

Asymptotic Preserving (AP) schemes

VK 518
PABHOCTHAA CXEMA JUIA JMOOEPEHIIUAJILHOTO
YPABHEHUA C MAJIBIM [TAPAMETPOM
TIPH CTAPIIEN MPOU3BO;IHOM

A. M. Hasimn

Introduced by [Jin, 1999] Ipexaaracrc
panien s ol
" o

- [I'in, 1969] s o
PasHOCTHEE MOTOJH PO MPOCTEITX KPAeRkX saja
- [Larsen et al., 1987] AR ypaBHeRus

VAu+ S ai(@) < A e(@u - /() m

0CTATOUHO XOPOUIO PaspadorTani. Peuenmus cootsercruyio-
WX PABHOCTIAIX YPABHEHML CXOHTCH K DONICHHIO KPaesoit
ajaun Auist ypasuerus (1) UpK ye:0BIN, UTO MAT COTRI CTPe-
MTCSL K& HY1i0. OAHAKO B SACTO LCTPENAIOUWINCH Fajauas,
Tle HApaMeTp v BECHMA M, AU JOCTIGKCHIS HEODXO/MOi

» Asymptotic Efficiency (AEf): uniform CFL, efficient implicit step
» Asymptotic Consistency (AC): consistent with the asymptotic system as € — 0

Ms =570 g
|
A—=0 EA%O
v
ME ——> MO
e—0

> Asymptotic Stability (AS): uniformly stable in €
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RS-IMEX scheme

Reference Solution IMEX scheme (1)

Hyperbolic system of balance laws for U € R9 in Q C R?
O:U(t,x;e) + divkF(U, t,x;e) = S(U, t, x; €),
» IMEX: stiff + non-stiff
implicit 4+ explicit

» How to decompose?
> non-linear stiff part — non-linear iteration [Degond and Tang, 2011]
> linearly-implicit methods!

U =N(U) =|8U=L(U)+(N-L)V)]
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Reference Solution IMEX scheme (1)

Hyperbolic system of balance laws for U € R9 in Q C R?
O:U(t,x;e) + divkF(U, t,x;e) = S(U, t, x; €),
» IMEX: stiff + non-stiff
implicit 4+ explicit

» How to decompose?
> non-linear stiff part — non-linear iteration [Degond and Tang, 2011]
> linearly-implicit methods!

U =N(U) =|8U=L(U)+(N-L)V)]

v

for ODEs [Rosenbrock, 1963]:

X' () = () x(8) + [F(x(8)) = £/ (x(8)) x(1)] ‘

» for Euler with gravity [Restelli, 2007]
» penalization method [Filbet and Jin, 2010]: O:f + v - Vxf = L Q(f)

X(t) =f(x) =

Q(f) = P(F) + Q(F) = P(F),  P(F):= Q'(M)(f — M)
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RS-IMEX scheme

Reference Solution IMEX scheme (1)

U = U + D 4

Reference solution scaled perturbation

with D = diag(e®, ..., %) for U = Uq) +elUp) + &2 U

Linear Nonlinear RS+IM+EX
_ — — —_—
F=F(U)+F'(U)DV +F(U,V)=D (G+ G +G)

S=5(U)+S(U)DV +5U,V)=D(Z+2Z+2)
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RS-IMEX scheme

Reference Solution IMEX scheme (1)

U = U + D 4

Reference solution scaled perturbation

with D = diag(e®, ..., %) for U = Uq) +elUp) + &2 U

Linear Nonlinear RS+IM+EX
_ — — —_—
F=F(U)+F'(U)DV +F(U,V)=D (G+ G +G)

S=5(U)+S(U)DV +5U,V)=D(Z+2Z+2)

=R =R

0V =-T+ (—divx& + 2) + (—divxf; + 2)

with scaled residual of the reference solution

\7 = D718,U + divxG — ?\
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RS-IMEX scheme

Reference Solution IMEX scheme (I11)

RS-IMEX scheme

D: VAn _ T"+1 + Rn+1 + Rn

H(t+At,x)—o(t,x)

» Time integration D:g(t, x) = A
> Rusanov-type flux f;+1/2 — f(u,-)+2f(u,-+1) _ Ot;+21/2 (uiv1 — ui)
» Central discretization of the source term
1. get Uy and v’
.t —=n+1
2: find UA"+ —> compute TA"+
3 Explicit step D" = RY, T
1
4: Implicit step D¢ V”+1/2 = T"Jr + R"'*'1 — VA""'1
1 _ g+t +1
5 Ut =1 + DV
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RS-IMEX scheme

a bit of literature review

[ [ System Reference solution U
Bispen et al., 2014] SWE LaR
Schiitz and Kaiser, 2016] | Van der Pol oo damping
Zakerzadeh, 2016a] 1dSWE LaR and lake eq.
Kaiser et al., 2016] isent. Euler incompressible eq.
Zakerzadeh, 2016b 2dSWE lake eq.
Bispen et al., 2017 Euler + gravity hydrostatic equilib.
Zakerzadeh, 2017b 2dSWE + Coriolis | barotropic vorticity eq.
Kaiser and Schiitz, 2017] | extends [Kaiser et al., 2016] to high order dG

» Non-rotating:
[Degond and Tang, 2011; Haack et al., 2012; Noelle et al., 2014; Bispen et al., 2014;
Dimarco et al., 2016; Zakerzadeh, 2017a], ...

» Rotating:
[Bouchut et al., 2004; Audusse et al., 2009, 2011, 2015, 2017; Luka¢ova-Medvid'ova
et al., 2007; Hundertmark-Zaugkov3 et al., 2011]
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1d SWE

Outline

e 1d SWE

11/34



1d Shallow water equations with topography

Ath + Oy (hu) = 0
O:(h O | hu? L P
t( U)+ X u +g —*5*2 'xT)

AR
Define: [Bispen et al., 2014]
> Hmean — nb = —-b>0
» h=2z—b
Z Hmean b
> m:= hu
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1d SWE

> U:= (E,O)T lake at rest = T =0

» D := diag(e?,1) <= 1)(0) = const.
0 2
c— 2 2 =~ /e
G = V5 E—vf G= {(E — b)vl}
Z+e2vi—b 2
~ 5 0
Z=0 Z= {70va1}
~ ~ Z—b
X = 0,2 tpert A=1Y2
€
+1/2 At / = ..
an /- X ( ,-’Lrl/z _ GirLl/2> (Explicit step)
+1_ yntt/e _ A (Eni En Fn+l o
Vit =V, T Ax ( ,'Zrl/2 - G,-'Ll/2> +AtZ! (Implicit step)
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Introduction RS-IME heme Recent progress

Asymptotic analysis

Asymptotic analysis in 1d

Theorem [Zakerzadeh, 2016a]
For 1d SWE with topography in Q = T and under an e-uniform CFL condition, with

well-prepared initial data and LaR reference solution, the RS-IMEX scheme is

(i) solvable: a unique solution for all € > 0
.. ~ . m nl)
(ii) e-stable: SITO IV = O(1)

)
(iii) Rigorously AC: for the fully-discrete settings
)

(iv) AS: there exists a constant Cp, 1 such that

0
Wlle, < Cn, 71 lle

(v) well-balanced: preserves the lake at rest equilibrium state

vi) possible O(2) checker-board oscillations for z
P
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Asymptotic analysis

Sketch of the pI’OOfZ asymptotic consistency

> recast the linear implicit step as Je Vg“ = V£+1/2
——
o)
g A
= t
J€:=[HN 620], g=2 a=o
BR, Iy 2Ax

Q := Circ(0,1,0,...,0,-1)

(Rb)f = (bf+1 —bi_1, hf+17 0,...,0, 7EI’71)

> show that lim [|J7] < oo
e—0
How? singular values of J. do not approach zero

= study the numerical range of J J.

- B
W(JSJe) = ||BRowr + W2||§2 + ||?QW2 + WIHjZ - 0?7 |wl2=1

> take the usual formal approach
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Asymptotic analysis

Sketch of the pI’OOfZ asymptotic stability

W = Eimp Eep i’

> Implicit: [|Eimplle, < 1+ CimpAt
> Explicit: [Eep W' lle, < I lle, + ConAt| K1,

1l < (14 Cimps) (1+ Cope 1Koy ) 1 e,

discrete Gronwall's inequality [Willett and Wong, 1965]
= requires smallness of the initial datum
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2d SWE
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2d SWE

2d Shallow water equations with topography

my m2
m% 22 —2zb mimy 0
F=1z—» 2¢2 z—b ) S = |-z0«b/e?
mymy m% 22— 2zb —2z8yb/e?
z—b z—b 2¢2
G=G{U), G=GUV, G6=G6-G-G
Z=2z(U), Z=z(O)Vv, Z2:=2-Z-2

» U : zero-Froude limit (lake equations)

divam =0
dem — divx(M2™) — bVxm =0

» Chorin's projection method to update U

» D = diag(¢?,1,1)
17/34



2d SWE

Recent pr

= At /o ~ At _
v e < Lit1/2 ~ Gln,i71/21> Ny < > 12— Gz",ua/z)
+1 _ yyn+1/2 At /- B -
VUn - \/U N E <G1n7i+1/2j — Gﬂi_1/2j>
At /~ ) ~ B
+1 » ) )
T Ay <G2n,,'j+1/2 - 62"71.1.71/2> +ALZIT —ALTy
y
+1 - B
T'17u = (Vh,xml,-"jﬂ o8 Vh,xm2lsz+ )/52
=+l
T2,,'_,' =

———n+1,2
mi mr
DT} + Vi

VAR YA
+ Vv myy g
- X j
Z — bj . L
) ——n+1,2
—n+1 — My Moy -
Toi = Dl + Vo Z— b; + Vh,y
U

E_bij
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Introduction RS-IME heme 2d SWE 2 Recent progress

Asymptotic analysis

Asymptotic analysis in 2d

Theorem [Zakerzadeh, 2016b]

For 2d SWE with topography in © = T2 and under an e-uniform CFL condition, with
well-prepared initial data and zero-Froude limit reference solution, the RS-IMEX
scheme is

(i) solvable: a unique solution for all € > 0
(i) “e-stable”: lim ||} = O(1) (if U= 0 and Vxn® = 0)

(iii) Rigorously AC: for the fully-discrete settings
(iv) “AS": there exists a constant Cy, 7, such that

0
Wlle, < Cn, 1 1K lles

provided the reference solver is stable in some suitable sense
(v) “well-balanced”: preserves the LaR state (if Up, VA € U52R)

(vi) possible O(£?) checker-board oscillations for z

19/34



2d SWE

@0000

Numerical experiments

Travelling vortex

> Exact solution is available [Ricchiuto and Bollermann, 2009]
> Initial condition as [Bispen et al., 2014] with periodic domain Q = [0, 1)2:

r 2
20x9) = ez) () (alon) — £(r).
u1(0,x,y) =uwo+ 1< %]r (14 cos(wr)) (ye — y),
w(0,x,y) = 1<zl (1 + cos(wr)) (x — xc),

with b(x,y) = —110, up = 0.6 and
r:=dist(x, xc), Xxc = (0.5,0.5)T, Mr=14, w=4nm,

. 1 ro. 3,
g(r) :==2cosr+2rsinr+ §c052r+ Zsm2r+ Zr .

20/34



2d SWE

0O@000

Numerical experiments

Travelling vortex: initial condition

02 04 06 08

Initial condition for the travelling vortex example with € = 0.8, computed on the 100 X 100 grid.
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2d SWE

[e]e] lo]e}

Numerical experiments

Uniform accuracy ()

Vi-u x10% 02 Vi u x107

Uy
°
°
&
-

®
Uz
°
°
>

0.2 0 0.5 1 0.2 0 05 1

e =0.8. e = 0.01.

Error of the RS-IMEX scheme, computed on the 80 X 80 grid with CFL = 0.45and Ty = 1
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Numerical experiments

Uniform accuracy (II)

2d SWE

[e]e]e] lo}

Experimental order of convergence for the travelling vortex example with T = 1.

e=20.8
N ez’goo [ EOCZngO [ eul,goo [ EOCULfoo
20 2.61e-2 - 1.04e-1 -
40 2.00e-2 0.38 6.80e-2 0.61
80 1.23e-2 0.70 3.63e-2 0.91
160 | 6.20e-3 0.99 1.65e-3 1.14
e=10"°
N et | EOG . | eweo, | EOCy o
20 4.08e-14 - 1.04e-1 -
40 3.13e-14 0.38 6.80e-2 0.61
80 1.92e-14 0.71 3.63e-2 0.91
160 | 9.69e-15 0.99 1.65e-3 1.14
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2d SWE

[e]e]e]e] }

Numerical experiments

Should we invest in U?

» solving for U takes around 1% of the total time

> the quality matters!

24/34



2d RSWE
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2d RSWE

2d Rotating shallow water equations with topography

8:(02) + divg(hit) = 0,

R R A2 O . h
0;(ha) + divy <ha ® i+ —1I ) = ——_hViib — ?uL
o

v

two height scales: Ho for Hmean, and Z, for z and nb

» h=1+0(2-7)
> @ = ETZ
> FY2 .= fl,/\/gHo = O(1)

Quasi-geostrophic distinguished limit [Majda, 2003]

Ro=e< 1, Fr=FY%, ©=Fe¢

© ~ & = the variation of 1’ and z are mild:
Izl I Vxn®ll = O(e)

25/34



2d RSWE

O0rz + édivxm =0,

©z2 — 2bz

{

with m := (©z — b)u and 1 — OnP = —b.

©z—b

Btm+divx (m®m
2¢e

my/©
m% ©z2 —2zb
F=loez-b 2¢e
mi1my
©z—b
0
SB = | —zdb/e s¢ =
—z0yb/e

1 1
]12> = —=zVyxb— ~m¥t,
g g

my/©
mymp
©z—b
m3 ©z2 —2zb
©z—-b 2e
0

m2/€
—my /e

|
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2d RSWE

Introduction RS-IME heme

» U : quasi-geostrophic equations [Majda, 2003]

u=Vjyz (geostrophic balance)
Axz =, with ¢ := ||Vx X ul|

(B +u-Vx)(C—Fz+FnP) =0 (potential vorticity eq.),

» Arakawa method to update U [Arakawa, 1966]
» D=1j

G=GU), G=G({UV, G6=G6-G-G
Z:=2(U), Z=zUV, Z=2z-Z-2Z

27/34



Introduction RS-IME heme S 2 2d RSWE

Asymptotic analysis

Asymptotic analysis in 2d rotating case

Theorem [Zakerzadeh, 2017b]

For 2d RSWE with topography in Q = T? and under an e-uniform CFL condition, with
well-prepared initial data and the QGE reference solution, the RS-IMEX scheme is

(i) solvable: a unique solution for all € > 0
. “w ” . 1
(ii) “e-stable”: lim ||V = O(1)
e—0
(iii) Rigorously AC: for the fully-discrete settings
(iv) “AS": there exists a constant Cy, 7, such that

W lley < Cn, 7 1 R le

provided the reference solver is stable in some suitable sense
(v) “well-balanced”: preserves the LaR state if Up, VA € U5R

(vi) possible O(e) checker-board oscillations for the surface perturbation

28/34



2d RSWE

@000

Numerical experiments

2d stationary vortex

in periodic domain [0, 1)?, pressure gradient is balanced with the Coriolis force and the
advective terms [Audusse et al., 2009]:

uo(r,0) = 9g(r)0,  Do(r) =51, 1)+ (2 =501, 2,
792
z5(r) = 0o + 579,

where r is the distance to the vortex center (0.5, 045)7— and Hpean = 2.

z u

0 1

09 0.1 09
08 02 08
07 03 07
06 04 06
=05 05 =05
04 06 04
03 07 03
02 08 02
04 0o 0.1

02 04 06 08 % 02 04 06 08 1
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2d RSWE

0@00

Numerical experiments

—w—c=1

—a—e=0.5
e=01

——e=0.05

NOIVIENOIA

e = 0.01
e=10"
——e=10"1

lza(t) —

0.2 0.4 0.6 0.8
x

Relative error for z.

|zp(t) — 27 (0)] for t = 10 and € = 10~ 4.

— the scheme is uniformly accurate and AS!
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2d RSWE

[e]e] lo)

Numerical experiments

|V -ul x107 Vhaz —uz <10t ,
7 3
6 2
5 1
4 0
3 -1

2
2

-3
1

4

0.8 0.6 0.4 0.2

@

0.8 0.6 0.4 02
z

' _0—4 _
Absolute divergence of the velocity field for e = 10 %att =1 Geostrophic balance for & = 10 att=1

— the scheme is AC!
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2d RSWE

oooe

Numerical experiments

Should we invest in U?

|2(t) — 2(

%10°
2
08 .
1.5
06 X
= 1
04 .
02 > . 05
02040608 02040608 0.2 0.4 0.6 0.8 0.2 0.4 0.6 0.8
z z T T
[ua(t) — 1 (0)] [ua(t) — u2(0 ur (£) — uy (0)] us(t)

0.06 0.06 06
0.8 0.05 . 0.05 05
06 0.04 ! 0.04 04

ES 0.03 0.03 = 03 >
04 0.02 ' 0.02 02
0.2 0.01 - 0.01 01
02040608 02040608 0.2 0.4 06 0.8 0.2 0.4 0.6 0.8
T x x €
e =01 U= Yq) e=01 U=0
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Recent progress

Outline

@ Recent progress
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Recent progress

How to refine estimates?
» following [Giesselmann, 2015]: (semi-discrete)
> for Eror 1= 2|l hlul?|ly ) + ﬁ“z“iz(n) andalle >0
Ei' < Efe + O(AD)

> for Eyin,(0) = 3|I|t(0) [l () when & — 0

n+1 n 2
Ein'0) < Edin o) + O(ALY)

> following [Bispen et al., 2017]: (fully-discrete)

> [; estimate for non-linear explicit step
> [, estimate for linear implicit step
> interpolation between the norms

» follwoing [Gallouét et al., 2017; Feireis| et al., 2016; Berthon et al., 2016; Fischer,
2015]?

New applications?

> Euler with congestion? (with Charlotte Perrin)
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Introduction

Conclusion
We have analyzed the RS-IMEX scheme for shallow water equations:

>

>

>

1d, 2d, 2d + Coriolis
“rigorous” asymptotic analysis = AP!

reasonable numerical results

H.Z., Asymptotic analysis of the RS-IMEX scheme for the shallow water equations in one
space dimension, HAL: hal-01491450.

H.Z., Asymptotic consistency of the RS-IMEX scheme for the low-Froude shallow water
equations: Analysis and numerics, XVI International Conference on Hyperbolic Problems.

H.Z., The RS-IMEX scheme for the rotating shallow water equations with the Coriolis force,
In International Conference on Finite Volumes for Complex Applications, pp. 199-207.
Springer, Cham (2017).

Merci de votre attention !
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The basic idea: stability of the modified equation

Linear system 9;:U + AdxU = 0 [Schiitz and Noelle, 2014]:

d:U + AU = D, 82U, D, := —

> —Hq—22+,52+[ﬁ,ﬁ]>

is stable if P(¢) := —iA¢ — €2D,, has only eva with negative real parts.

[6’, &’] = [G'(U),G'(U)] = smaller, for smaller ||U — U]||

modified version as in [Zakerzadeh and Noelle, 2016]

= At alAx .
o _iep 2 _ A2 _Xo-1
P&)i=—ieh —¢ 2 [ At Io— A"+ QQRﬁRAQRﬁﬁA]'
6|i_r)n0 |lU-U| =0 — R and R get closer =—> Qr g~ g

1/6



—n+1 . 1 _ —_ \n+l
Tl,ij = DtZZ- aF . (Vh,xml,-j aF Vh,xmz,'j)

—2 n+1 o n41
—=n+1 . oy my;moj;
To = DA+ Vi [ oo | + Vi (i 2L

2:ij 4 x @f,’j = b,'j & @E,’j = b,'j

1 5 o+l 1 _,.4 1_ .
Vh,x (@Z,-j = 2b,'jZ,'j) aF Zr-7-+ Vhyxb,'j = —m2’1+

ij ij

+

— one can check that ||T"+1|| =0(1)

A
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