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Introduction

Introduction

@ Construction of a Discontinuous Galerkin (DG) scheme for Shallow
Water equations (SWE)

@ Theory based on Finite Volume (FV) Lagrange-Projection (L-P)
type schemes for Euler equations! and for SWE?

@ Low Froude number : fast acoustic waves vs. slow material
transport waves

@ Acoustic - Transport operators decomposition (L-P like) :

— Impliciting fast phenomenons : less restrictive CFL condition
— Expliciting slow phenomenons : reasonable precision

1Christophe Chalons, Mathieu Girardin, and Samuel Kokh. “An all-regime
Lagrange-Projection like scheme for the gas dynamics equations on unstructured
meshes”. In: Communications in Computational Physics 20.01 (2016), pp. 188-233.

2Christophe Chalons et al. “A large time-step and well-balanced
Lagrange-Projection type scheme for the shallow-water equations”. In: Communic.
Math. Sci. 15.3 (2017), pp. 765-788.
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Continuous equations
o

Shallow Water Equations

dep + Ox(pu) =0,
B:(pu) + dx(pu® + p) =0,
9(pE) + 0x((pE + p)u) = 0.

<

Shallow Water Sytem in 1D

3th + ax(hu) = O,
h2
O¢(hu) + O (hu2 + g2> = —gh0yz.

— Two similar systems
— Non-conservative source term in SWE
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Continuous equations
o

Operators splitting

"Acoustic" / "Transport" decomposition

Beh+ howu+  udh=0,
h2
Or(hu)+  hudyu + Oy <g2> + udx(hu) = —ghd,z.
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Continuous equations
o

Operators splitting

"Acoustic" / "Transport" decomposition

dch+ hdeu =0,

Acoustic h?
tnserti= | Op(hu)+  huOsu + Oy <g2> = —ghd, z,

Transport
1T _ygntl

ath+ Uaxh = 07
Ot(hu)+  u0x(hu) = 0.
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Continuous equations
L]

Relaxation Method

Acoustic System

Orh+ hoxu =0,
h2
Or(hu)+  hud,u+ Oy (gz) = —ghdyz,
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Continuous equations
L]

Relaxation Method

o Change of variable : h — 7 =1/n

Acoustic System

0y — T Oxu =0,
g —_

Bpti + 78, (?) — —gd,z,
8tZ = O
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Continuous equations
L]

Relaxation Method

@ Approximation of 7(-, t) 9xX by 7(-, t")0x X = O X

Acoustic System

3,_»7' — (9mu = 0,
g g
Ot 0 (577) == 0mz
81—2 =0.
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Continuous equations
L]

Relaxation Method

o Variable 7 : linearisation of the pressure 5£;

Relaxed Acoustic System

8t7' — 8,7-,” = 0,
Oett + Oy = 758,,,2,

— 5.2
0, + a°Opu = ———2

3tz =0.
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Continuous equations
L]

Relaxation Method

Relaxed Acoustic System

8t7' — 8,7-,” = 0,
-
Ot + Om = —= 0z,
T
T &
O + a20mu = 77272,
3tz =0.

Prop : Viscous approximation of the Acoustic system under the
sub-characteristic condition : a > max(hc) = max(%,/£).
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Continuous equations
L]

Relaxation Method

Operators splitting :
@ Instantaneous relaxation step

@ Homogeneous relaxed Acoustic system

Relaxed Acoustic System

0;7 =0, 0yT — Omu = 0,
8tu:0, atu+amﬂ+ gamz:o’
T — 555 and T
Oy = - Oy + a°Opu = 0,
atz = O, atZ =0.
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FV schemes
[ ]

FV Discretization

Acoustic step

RFLT —
VA ( 1/2) = L7y,
quH‘r = ( ; ™ 1/2) At 7] {ghdxz Jn ,
J J J+1/2 1/2

a = n (full explicit scheme) or n+ 1~ (implicit-explicit scheme)
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FV schemes
[ ]

FV Discretization

Acoustic step

+1- @
T = ( +1/2 1/2) = Li7y,
+17
uf = (J i 1/2> At 7 {ghdyx z};
7Tn—&-l’ — " _ ( )
J J J+1/2 1/2
_ At _
n+l _ jopn+l *,n+1 *, 00 *,n+1"  * .«
hj _Lj hj T Ax (hj+1/2 Uisijo = M2 Y 1/2)
- At
n+l _ jJ« n+1 *,n+1 *, 00 s,n+17  * .«
(hu)]™" = L} (hu); T Ax ((h“)j+1/2 Uit12 ~ (h“)J 12 Y 1/2)

4

a = n (full explicit scheme) or n+ 1~ (implicit-explicit scheme)
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FV schemes

IMEX properties

Hypothesis :

@ Subcharacteristic condition : a > max; (h;c;)

e At o 1
e CFL condition : F- max; uj+1/2‘ <3
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FV schemes

IMEX properties

Hypothesis :

@ Subcharacteristic condition : a > maxj (hjc))

e CFL condition : Z- maxj

J+1/2‘

| A

Properties

e Conservative for h (and for hu if z = cst)
@ Degeneration to classical L-P scheme if z = cst ({ghdxz} = 0)
e h >0, Vj,n, provided that h? > 0, Vj.

@ Well-balanced : preservation of the "lake at rest" conditions
(u=0and h+ z = cst)

o It satisfies a discrete entropy inequality of the form :

Z/{j"+1 un _|_ " (};lj:il/g _ -}}njll/_2> S —At {ghu@XZ}J
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DG schemes
L]

Notations

@ Based on work from Florent Renac® at ONERA
e Wrote for SWE without topography*
@ Lagrange polynomials on Gauss-Lobatto quadrature:

X) =) pjdr(x),  Yx € [x_1/2,%412)

with ¢ j(x) = (2 (x — x;)), k(si) = bk, and s; are the
Gauss-Lobatto quadrature points on [—1,1]
@ Numerical integration on the same Gauss-Lobatto quadrature points:
Xj+1/2

F(x)dx ~ X Zwkf i) Zwkf<xJ )

3Florent Renac. “A robust high-order Lagrange-projection like scheme with large
time steps for the isentropic Euler equations”. In: Numerische Mathematik (2016),
pp. 1-27.

4Christophe Chalons and Maxime Stauffert. “A High-Order Discontinuous Galerkin
Lagrange Projection Scheme for the Barotropic Euler Equations”. In: FVCA 8, Lille,
France, June 2017.
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DG schemes
L]

Acoustic step

Time discretization

0yT — Omu = 0,
Bett + O = —E Oz,
T
Oy + a%du = 0.
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DG schemes
L]

Acoustic step

@ Multiplication by a Lagrange polynomial and integration over a cell

Time discretization

/qb,Jatde—/(b,J Omudx =0,
/¢118tde+/¢11 mﬂ-dx_ /¢I,j

/¢i,j(?t7rdx+az/ ¢ j Omudx = 0.
K, K

J J
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DG schemes
L]

Acoustic step

@ Development of the derivatives in time

Time discretization

p
Z (/ @i j Pk, dX) O¢ Tk j */ ¢ij Omudx = 0,
k= o Kj

0

p
Z (/ (;5;,1'(;5/(7] dX> 8tuk7j —|—/ Qﬁ;’j Opmdx = —/ d)hj gamz,
k=0 K Kj K T
p
Z / qﬁ;’j@(,jdx) 3t7Tk’j aF 32/ ¢,-,j8mudx =0.
k= % B3

0
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DG schemes
L]

Acoustic step

@ Numerical integration of the Lagrange polynomials

Time discretization

A

7Xw,- 81’7',',j — / (;5,',]' 8mudx = 0,

A

7Xwi Ot U j +/ ¢ij Ommdx = —/ Oh éamz»
Kj Kj

Ax

2

wj 81_»7T,'7j—|-a2/ Qs,',j Omudx = 0.
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DG schemes
L]

Acoustic step

@ Discretization of the derivatives in time

Time discretization

- 2At
T,’,’fl :T,-'ZJ-+ /qbwﬁ u® dx,

2At g
n+1— n «
uf f =ul; - o Ax /K Gij Omm® dx + /Kj bij —Tnamzdx ,

- 2At
1
WP =l 9 a [ Gudmax
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DG schemes
L]

Acoustic step

@ How to write equation on 7 as in finite volume ?

Space discretization

= 2At
n+1- _ _n
Ti,j = T’-) ,18 u® dx
n+1~ __ __n At n *o kQ __Ja_n
L =7 + Axd Y12 = Yjim12) = L7
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DG schemes
L]

Acoustic step

@ Approximation of the integral of dp,u

Space discretization

/qﬁ,laudxw —wiTi Ok Ui = ,J/qb,d(?u dx
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DG schemes
L]

Acoustic step

o Integration by part (exact)

Space discretization

/qﬁ,laudxw —wiTi Ok Ui = ,J/qb,d(?u dx

~ 77 [¢i,jua]_/ u® Ocoj jdx
K

J
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DG schemes
L]

Acoustic step

@ Introduction of the numerical fluxes

Space discretization

| 2

A
/qé,-,jamuadx 2Xw7' O u,J ,J/ @i j Oxu® dx

1

T [¢i,jua]_/ u® Ocoj jdx
K

J

12

P

n *,Q0 _ ) *,Q0 _ (6% X

Tij 5”Puj+1/2 5',0“171/2 E:Wk“k,jaxﬂf(sk)
k=0
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DG schemes
L]

Acoustic step

Source term treatment? with a naive discretization.

2Christophe Chalons and Maxime Stauffert. “A well-balanced
Discontinuous-Galerkin Lagrange-Projection scheme for the Shallow Water Equations”.
Preprint. Oct. 2017.

Source term treatment

Ax
/¢,,Jg8mz~7w,7',] Oxz = 7]} /qﬁ,dgh(’)z

Ax
oty B e+ 10 S 02N

Ax
+—wi {gh0xz},

with {ghd.z}, ; = ghy; 0«2,

13/35 Maxime Stauffert LP type schemes for SWE



DG schemes
L]

Acoustic step

Source term treatment® with a proposed discretization by Manuel Castro.

2Christophe Chalons and Maxime Stauffert. “A well-balanced
Discontinuous-Galerkin Lagrange-Projection scheme for the Shallow Water Equations”.
Preprint. Oct. 2017.

Source term treatment

Ax
/¢,,Jg8mz~7w,7',] Oxz = 7]} /qﬁ,dgh(’)z

Ax
oty B e+ 10 S 02N

Ax
+—wi {gh0xz},

with {ghaxz},.)j = ghln,‘/ 8X(h" + Z)|,'7j = 8X7T"|,"j
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DG schemes
L]

Acoustic step

Global Acoustic step

= 2At /
n+1 n n @ @ _n
' =1+ ——71 | ¢ Oxudx = LT
inj i.j , ij J Ox ijTij
wiAx -
= 2At
u,f’}Ll =uf; — T ¢ij O dx + [ ¢ijgh"0xzdx |,
] s wilAx . .
= 2At
n+1= _ _n _ 2 n . a
mT =mp;—a ijXT,-’j @i j Oxu® dx.
.
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DG schemes
o

Transport step

@ How to write equation on X = h, hu as in finite volume ?

Transport system

= 2At -
n+1 n+1 a g n+1
Xi;j Xi,j N 70.),' Ax /nj (bld 6XX o

!

_ At - -
n+l _ jayn+l™ *,n+1 *a yx,ntl *,0
X =X (Xj+1/2 Uiy = Xit1)2 “j—1/2)

Ax
n+1— . *, 0
with x> _ )X o g 20,
it1/2 Xj’fll , otherwise.
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DG schemes
o

Transport step

@ Rewriting the integral of ud,X = 0x(Xu) — X dcu

Transport system

/ Ua ¢i,j 8XXn+17 = / (bi,j 8X(Xn+17 uo‘) — / Xn+17 qS,-J 8Xu°‘
Kj Rj K

Jj J
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DG schemes
o

Transport step

@ Approximation of the integral of X 0,u® to bring out L?jj

Transport system

/ u® g O X" = / ¢ij O (X" 1) / X" ¢y Ou”

z/ qS;’jaX(X"J’ru X”Jr1 /QS,J@u
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DG schemes
o

Transport step

o Integration by part (not exact)

Transport system

/ Ua¢i,j8XXn+17 :/ ¢i,j6X(Xn+17 a)_/ Xn+17 ¢i,j8 u®
z/ qS;’jaX(X"J’ru X”Jr1 /QS,J@u

~ [¢i,jX”+17u°‘} —/ X" 0 By — X /‘ﬁi,jaxua

j

Cyn+lT o *,n+1" *Oz *,n+17  xa
—>[¢I,JX ”} ai, X+1/2 lit1)2 5'0XJ+1/2 Ui 12
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DG schemes
o

Transport step

Transport system

2At

hn+1 Ln+1 hn+17

/ Qs”j hn+l )dX,

1. 2At
i b

(hu)”+1 = L”Jrl (hu); 0% ((hu)™™ u™) dx.
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DG schemes
o

Transport step

Global scheme

20t
APt =hp; — / $ijOxh™ u® dx,

(hu)n+1 (hu ) Atx</ ¢i,jax((hu)"+r u® + ) dx

+/ ¢,’J gh"@xz dX)
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Theoretical results
o

IMEX DG scheme

Hypothesis :
® a > max; max;h;j/ghi;
o At

A max;max; ¢;; <1

. _ 2 n+1— * *
with ¢;; = 2 ( o U OxBij = ipli g+ 5i,ouj—1/2,+)

16/35
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Theoretical results
o

IMEX DG scheme

Hypothesis :

@ a > max; max,-h,-vj,/gh,-J

At
@ A -max;max; ¢ j <1

g L. 2 n+1 *
with ¢;; = £ ( HJ Oxij — ,puj+1/2, +5,0u 124 )

o lf p=0:¢ “f—1/2,+ — uf+1/2’_ — same CFL as in FV
@ Convex combination :

7n+1 _ Z wi ( AXC,,J) Xn+1_

A * 1— Heil =
+ A—i(—uj+1/2’7)X6’jF+1 + 1/2 +Xn,j 1
B > 0 and thus /T > 0, provided that A7, > 0, Vi, j

16/35
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Theoretical results
o

IMEX DG scheme

Hypothesis :

@ a > max; max,-h,-j,/gh-J
At
@ A -max;max; ¢ j <1

q 2 n+1 *
with ¢;; = 7 ( % Oxij — Ipuj+]_/2, + 6; ou —1/2,+ )

o It satisfies a discrete entropy inequality of the form :
—n+1 —n
(hE)(U; ) — (hE);
At
T Ax [((hE)JH/z Ti1/2) U412
—((hE)j_1)2 + T _12)U;_1)2
< —At {ghudyz};.
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Theoretical results
o

WB properties

With naive discretization

Mean values

Hypothesis :
h® + 2% = K and u® = 0 with h° and z° polynomials of order < p

Result :
WB for the mean values and only for the EXEX scheme
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Theoretical results
o

WB properties

With naive discretization

Mean values

Hypothesis :

h® + 2% = K and u® = 0 with h° and z° polynomials of order < p
Result :
WB for the mean values and only for the EXEX scheme

| A

Nodal values

Hypothesis :

h% 4+ z° = K and u® = 0 with h° and z° polynomials of order < p/2
Result :

WB for the nodal values for both the EXEX and the IMEX schemes
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Theoretical results
o

WB properties

With discretization proposed by Manuel Castro

Unconditionnal WB property

Hypothesis :

h® + 2% = K and u® = 0 with any h° and 2°
Result :

WB for the nodal values for both the EXEX and the IMEX schemes
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Numerical results

Contents

@ Numerical results

WB property

Dam Break

Propagation of perturbation
Fluvial regime

@ Trans. regime without shock
@ Trans. regime with a shock

@ Limitors
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Numerical results
[ ]

WB property

25 T T T T T T T
Total water height H = h+z
20 | ““““““““ “““ Topography : z -
15
10 -
5 -
0 1 1 1 1 1 1 1

0 200 400 600 800 1000 1200 1400
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WB property

With naive discretization

Numerical results

r=2 T = At, mean values T = At, nodal values
500-cell grid | [[A+z=15]| /15 19/l 0 Ih+2=15]l . /15 [19/A]| 0o
p=019.87 E-17 0.00 E-17 9.87 E-17 0.00 E-17
p=1]987 E-17 4.47 E-16 9.87 E-17 3.88 E-5
EXEX
p=2|197 E-16 3.05 E-16 9.87 E-17 4.67 E-8
p= 1.97 E-16 2.63 E-16 9.87 E-17 1.34 E-11
p= 1.98 E-16 0.00 E-17 9.87 E-17 0.00 E-17
p=019.87 E-17 0.00 E-17 9.87 E-17 0.00 E—-17
p= 1.97 E-6 3.89 E-5 2.67 E-6 1.93 E-4
IMEX
p= 4.70 E-10 9.74 E-9 6.83 E—9 1.72 E-7
p=3|3.45E-14 6.86 E-13 1.78 E-12 3.97 E-11
p= 1.98 E-16 0.00 E-17 9.87 E-17 0.00 E-17

Maxime Stauffert
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Numerical results
[ ]

WB property

With discretization proposed by Manuel Castro

r=2 T = At, mean values T = At, nodal values
500-cell grid | [[A+z—15[| /15 19/A]| 0 llh+2-15]l, /15 19/h]| 00
p=01987 E-17 0.00 E-17 9.87 E-17 0.00 E-17
ExEx LP= 1]9.87 E-17 0.00 E-17 9.87 E-17 0.00 E-17
p=2|197 E-16 |0.00 E-17 |9.87 E-17 0.00 E-17
p=3|197 E-16 |0.00 E-17 |9.87 E-17 0.00 E-17
p=4|197 E-16 0.00 E-17 9.87 E-17 0.00 E-17
p=01987 E-17 0.00 E-17 9.87 E-17 0.00 E-17
IMEX 2= 1/9.87E-17 | 0.00 E-17 |9.87 E-17 0.00 E-17
p=2|197 E-16 |0.00 E-17 |9.87 E-17 0.00 E-17
p=3|197 E-16 |0.00 E-17 |9.87 E-17 0.00 E-17
p=4|197 E-16 0.00 E-17 9.87 E-17 0.00 E-17
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Numerical results
o

Dam Break

NbCell : 1500, Tf : 50, variable H=h+ z

25 T T T T T T T
20 §
15

10

Topography : z ——
| | |

0 200 400 600 800 1000 1200 1400
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Numerical results
o

Dam Break

NbCell : 1500, Tf : 50, variable H = h+ z

17.5

17 |
16.5
16

15.5

15

s A S R
1340 1350 1360 1370 1380 1390 1400
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Numerical results
o

Dam Break

NbCell : 1500, Tf : 50, variable H = h+ z

17.5

17 F

16.5

16

15.5

15

14.5

1340 1350 1360 1370 1380 1390 1400
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Numerical results
@0

Propagation of perturbation

NbCell : 1000, Tf : 0.2, variable u

0.002 . . ,
0.0015 : : 5
0.001
0.0005
0%
10.0005
10.001
10,0015
10.002
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Numerical results
@0

Propagation of perturbation

NbCell : 1000, Tf: 0.2, variable u

0.002
0.0015
0.001
0.0005
0
-0.0005
-0.001
-0.0015
-0.002

0 0.5 1 1.5 2
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Numerical results
oce

Efficiency curves

—B—ACUPO  —+—EX1 IML  ——ACUP1  —b—EX2 M2 ——EX3 M3

)
T
g

0 0.005 001 0,015 0.02 0.025 003 0035 004
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Numerical results

Fluvial regime

NbCell : 1600, Tf : 200, variable H = h+ z

3 T T T T T T T
2 e -
15 oo ACU —8— 1]
P R RS N IMEXy —*— |
IMEX{
05 F i “““ IMEXy —&— 4
/\ Topography : z ——
0 ] ] ] ] ] ] ]

0 0.5 1 1.5 2 2.5 3 3.5 4
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Numerical results

Fluvial regime

NbCell : 1600, Tf : 200, variable g

1.005 l l l l l ! !
1,004 [
1.003
1.002
1.001

1§
0.999
0.998
0.997
0.996
0.995
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Numerical results
L]

Transcritical regime without shock

NbCell : 1600, Tf : 200, variable H = h+ z

2 | | |
ACU —&—
IMEX, ——
1.5 o IMEX
: : : E IMEXp —=—
b Topograpty -2

05 S
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Numerical results
L]

Transcritical regime without shock

NbCell : 1600, Tf : 200, variable g

3.02 T T T T T ! !

N : : , , : , :
2.98
2.96
2.94

2.92

2.9
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Numerical results

Transcritical regime with a shock

NbCell : 1600, Tf : 200, variable H = h+ z
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Numerical results
L]

Transcritical regime with a shock

NbCell : 1600, Tf : 200, variable g

0.23 , , , T
0.22 ' ' '
0.21

0.2
0.19
0.18
0.17
0.16
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Numerical results

Limitors

NbCell = 500, Tf = 20, p = 2, variable h

25 1 1 1 1 1 1 1

, , : : Conserved —&—
PO - S - T N N S Characteristic —*— =

= MOOD

15 [ s N -
10 i B -
-3 S S U SN i “1 ““““ -
0 ] ] ] ] [T .

0 200 400 600 800 1000 1200 1400
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MOOD approach

Contents

e MOOD approach
@ Naive approach
@ Robustness approach
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MOOD approach
L]

Naive approach

DG at t"t1
— 1 DG step
DG at t”
Projection
FV at "1
Detectors
bad good
1 FV step « Reconstruct. ——
FV at t" / DG at t"t1
FV at t"*!
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Naive approach

MOOD approach
L]

Reconstruct.

DG at t"*!
1 DG step
DG at t"
Projection
FV at t"*1
Detectors
bad good
1 FV step «
FV at t” /

FV at t"t!

Maxime Stauffert
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MOOD approach
L]

Naive approach

DG at t"*!
— 1 DG step
DG at t"
\ Projection
Projection FV at t"t!
\ Detectors
bad good
1 FV step « Reconstruct. ——
FV at t" / DG at t"*!
FV at t™+1

Problem : Reconstruction o Projection # ldentity
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Robustness approach
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Robustness approach

FV at t”

Reconstruct.

MOOD approach
L]

DG at t"
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DG steps

DG at t"t1

Projection

FV at t"f!
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Robustness approach

— > Reconstruct.
FV at t”

MOOD approach
L]

|

DG at t" DG at t"t!
DG steps
Projection
FV at t"1
Detectors
bad good
FV steps <

/

Projection o Reconstruction = ldentity

FV at ¢t"*!

= no recomputation of DG solution when detector = 0
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2D scheme

2D scheme

Acoustic step

+1— Z
UJ,-, = '-1 nAt Ojk T k an7
kEN ()
n+l— _ _n n 2 %
15} =mj — 717 At Z ik (ajk) " Uy,
keEN(j)
n+1— _
T =T A Y o,
keN(j)

v

Numerical fluxes

ajx > max[(pc)f, (pc)il,
. 1 1 g h? + hi
Ui = 35 (Ui + uf) — E(Wf ) = 5 Kb — by),
1 a0 h" + h}
*,0 @ @ ikUjk g
Tk :E(ﬂ—j + ) — J T( u, — ) 27( by — by).
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Conclusion

Conclusion

@ DG discretization for L-P schemes in framework of SWE

@ Well-balanced properties
@ Implementation of a compiled code compatible with MOOD

@ Study of low Froude truncation errors

@ Numerical results for MOOD

@ Implementation of a 2D code with unstructured mesh

Numerical results for low Froude regime flows

°
@ Experimental order of accuracy for the DG schemes

@ Study other systems that have some asymptotic regime (eg. MHD)
o

Use those schemes with AMR techniques in CanoP
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