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Applications

partially free surface flows mixtures

collective motion
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Fluid equations under maximal density constraint

two-phase model (free / congested) → “hard” congestion model
∂tρ+ div (ρu) = 0

∂t(ρu) + div (ρu ⊗ u) +∇p − div S = 0

0 ≤ ρ ≤ ρ∗, (ρ∗ − ρ)p = 0, p ≥ 0

in the following: ρ∗ = 1

I pressureles equations in the free domain ρ < ρ∗

I div u ≥ 0 in the congested domain ρ = ρ∗

I activation of the pressure p ≥ 0 in the congested domain

→ Lagrange multiplier associated to the constraint on u
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
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Approximation by a “soft” congestion model

soft model
compressible singular pressure NS
∂tρε + div (ρεuε) = 0

∂t(ρεuε) + div (ρεuε ⊗ uε) +∇pε(ρε)

−∇ (λ div uε)− 2div
(
µD(uε)

)
= 0

0 ≤ ρ < 1

−→
ε→0

hard model
compressible/incompressible NS

∂tρ+ div (ρu) = 0

∂t(ρu) + div (ρu ⊗ u) +∇p
−∇ (λdiv u)− 2div

(
µD(u)

)
= 0

0 ≤ ρ ≤ 1, (1− ρ)p = 0, p ≥ 0

div u = 0 on {ρ = 1}

pε(ρ) = ε

(
ρ

1− ρ

)γ
→ singular repulsive forces

λ+
2

3
µ ≥ 0

ref : Perrin, Zatorska (2015)
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Some elements of the theoretical proof
Ω a bounded domain of R3, Dirichlet boundary conditions on ∂Ω

energy estimate + control of the density

sup
t∈(0,T )

∫
Ω

[
ρε|uε|2

2
+ φ(ρε)

ε

(1− ρε)γ−1

]
+

∫ T

0

∫
Ω

(
2µ|D(uε)|2 + λ ( div uε)2

)
≤ E 0

ε

mes {ρε ≥ 1} = 0

control of the pressure the mom eq. is tested by B
(
ρε −M0

)
, B ∼ div−1

(
pε(ρε)

)
ε
,
(
ρεpε(ρε)

)
ε

are bounded in L1
(
(0,T )× Ω

)
weak cvg of the weak solutions → compactness arguments of Lions

I study the oscillation of ρε → evolution of lim
ε→0

ρε ln ρε − ρ ln ρ

I weak compactness property of the effective flux (2µ+ λ)div uε − pε(ρε)
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Theorem (Perrin, Zatorska 2015)

Let γ > 3, assume that initially 0 ≤ ρ0
ε < 1 a.e. and

M0
ε =

∫
Ω

ρ0
ε dx ≤ C ,

∫
Ω

Eε(ρ
0
ε,m

0
ε) ≤ C .

Then, for ε→ 0, there exists a subsequence (ρε, uε, pε) converging to (ρ, u, p) a
weak solution of the hard congestion system with

ρε → ρ strongly in Lq
(
(0,T )× Ω

)
uε → u weakly in L2

(
0,T ; (W 1,2

0 (Ω))d
)

pε(ρε)→ p weakly in M+
(
(0,T )× Ω

)
low regularity of the limit pressure

I definition of the product ρp in the constraint (1− ρ)p = 0

no result about the existence of local strong solutions

no theoretical result about the singular limit in the inviscid case
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Numerical approach
{
∂tρε + div (ρεuε) = 0

∂t(ρεuε) + div (ρεuε ⊗ uε) +∇pε(ρε)
(
− div S

)
= 0

singular pressure pε(ρ) = ε

(
ρ

1− ρ

)γ
I pε ensures the constraint ρε < 1

I pε becomes stiffer and stiffer as ε→ 0

I explicit treatment =⇒ conditional stability

∆t ≤ σ∆x

max{|uε|+
√

p′ε(ρε)}
−→
ε→0
ρε→1

0

→ implicit treatment of some terms
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Implicit treatment of the pressure
ρn+1 − ρn

∆t
+ div (ρu)n+1 = 0

(ρu)n+1 − (ρu)n

∆t
+ div (ρu ⊗ u)n +∇pε(ρn+1) = 0

reformulation: div (Mom eq) and insert the result into Mass eq.
ρn+1 − ρn

∆t
+ div (ρu)n −∆t∆pε(ρ

n+1)−∆t∇2 : (ρu ⊗ u)n = 0

(ρu)n+1 − (ρu)n

∆t
+ div (ρu ⊗ u)n +∇pε(ρn+1) = 0

→ uniform stability condition

ρn+1 = ρ(pn+1
ε ) → nonlinear elliptic equation on pn+1

ε

1) compute pn+1
ε

2) deduce the new density ρn+1 → ρn+1 satisfies automatically the constraint
3) compute the new momentum (ρu)n+1

Degond, Hua & Navoret (2011): Implicit/explicit splitting of the pressure
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Computation of the momentum, Gauge Method

Gauge Decomposition ρu = a−∇ϕ, div a = 0

time discretization

∆ϕn+1 =
1

∆t
(ρn+1 − ρn) ϕn+1

|∂Ω = 0

∆Pn+1 = −∇2 : (ρu ⊗ u)n  Pn+1 = pε(ρ
n+1)− ϕn+1 − ϕn

∆t
an+1 − an

∆t
+ div (ρu ⊗ u)n +∇Pn+1 = 0

(ρu)n+1 = an+1 −∇ϕn+1

ref: Degond, Jin, Liu (2007), Degond, Hua, Navoret (2011)
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Time-Space discretization in 1D

ρn+1
j − ρnj

∆t
+

1

∆x

[
Q

n+1/2
j+1/2 − Q

n+1/2
j−1/2

]
= 0

(ρu)n+1
j − (ρu)nj

∆t
+

1

∆x

[
F n
j+1/2 − F n

j−1/2

]
+

1

2∆x

[
pε(ρn+1

j+1 )− pε(ρn+1
j−1)

]
= 0

with

Q
n+1/2
j+1/2 =

1

2

[
(ρu)n+1

j + (ρu)n+1
j+1

]
−

Dn
j+1/2

2

(
ρnj+1 − ρnj

)
F n
j+1/2 =

1

2

[(
(ρu)nj

)2

ρnj
+

(
(ρu)nj+1

)2

ρnj+1

]
−

Dn
j+1/2

2

(
(ρu)nj+1 − (ρu)nj

)

Dn
j+1/2 = max

{
|un

j |, |un
j+1|
}
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ρ
(
(pε)n+1

j

)
− ∆t2

4∆x2

[
pε(ρn+1

j+2 )− 2pε(ρn+1
j ) + pε(ρn+1

j−2)
]

= ρnj −
∆t

2∆x

(
(ρu)nj+1 − (ρu)nj−1

)
+

∆t2

2∆x2

[
F n
j+3/2 − F n

j+1/2 − F n
j−1/2 + F n

j−3/2

]
+

∆t

2∆x

[
Dn

j+1/2(ρnj+1 − ρnj )− Dn
j−1/2(ρnj − ρnj−1)

]
1

∆x2

[
ϕn+1

j+1 − 2ϕn+1
j + ϕn+1

j−1

]
=

1

∆t
(ρn+1

j − ρnj )− 1

2∆x

[
Dn

j+1/2(ρnj+1 − ρnj )− Dn
j−1/2(ρnj − ρnj−1)

]

an+1 = an −∆t
(

(ρu ⊗ u)n + pε(ρn+1)
)∣∣∣1

0

+
∆t

2

Nx∑
j=1

[
Dn

j+1/2(ρnj+1 − ρnj )− Dn
j−1/2(ρnj − ρnj−1)

]

(ρu)n+1
j = an+1 − 1

2∆x

[
ϕn+1

j+1 − ϕ
n+1
j−1

]
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Numerical simulations: γ = 2, ∆t = 5.10−4, ∆x = 5.10−3

t = 0 t = 0.04
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Gauge Method vs Direct Method
ε = 10−3, γ = 2, ∆t = 5.10−4, ∆x = 5.10−3
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Lagrangian approach in 1d, S = 0
∂tρ+ ∂x(ρu) = 0

∂t(ρu) + ∂x(ρu2) + ∂xp = 0

0 ≤ ρ ≤ 1, (1− ρ)p = 0, p ≥ 0

we introduce the monotone rearrangement Xt : (0, 1)→ R such that

ρ(t,Xt(w)) =
1

∂wXt(w)
for w ∈ (0, 1)

ρt ≤ 1,

∫
R
|x |2ρ(t, x)dx < +∞ ⇔ Xt = Id + St ∈ L2(0, 1) avec ∂wSt ≥ 0

existence of global weak solutions characterized by the formula

Xt = PK̃ (X0 + tU0) where K̃ = {X ∈ L2 |X = id + S , ∂wS ≥ 0}

→ Ut =
d

dt
Xt a.e t, ∂wPt = − d

dt
Ut in D′

ref : Perrin, Westdickenberg (2017)
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Associated numerical scheme

Xt = PK̃ (X0 + tU0)

minimization at each time step of ‖X0 + tU0 − X‖2
2 under the constraint X ∈ K̃

comparison with exact solutions:

→ case of sticky blocks (ref: Berthelin, 2002)

I dynamics of congested blocks

I free dynamics until a collision at t = t∗

I from time t∗ the blocks form a bigger block

l∗ = l1 + l2

u∗ =
l1u1 + l2u2

l1 + l2
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Comparison with the soft approach
∆x = 5.10−3, ∆t = 10−4, ε = 10−4

t = 0 t = 0.02
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Conclusion, ongoing works

singular limit “soft” → “hard”

I extension to inviscid fluids, complex fluids, etc.

I qualitative properties of the limit solutions

I other numerical schemes

on the limit “hard” system

I extension of the Lagrangian method to 2d/3d ?
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Implicit / Explicit scheme (Degond, Hua, Navoret)

splitting of the pressure pε = pex
ε (ρn) +pim

ε (ρn+1)

pex
ε (ρ) =

{
pε(ρ)/2 if ρ ≤ 1− δ
poly of order 2 if ρ > 1− δ

→ good choice of parameter: δ = ε
1
γ+2

=⇒
√

(pex
ε )′(1), (pex

ε )′′(1) ≤ C

pε(ρ) = ε

(
ρ

1− ρ

)γ
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