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» Low Mach flows (but Ma # 0).

» Compressible flows
» Low velocity, high temperature

» With acoustic waves
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Asymptotic models

Outline

Asymptotic models
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Asymptotic models

Euler equations

Euler equations

Op + divg(pu) =0
Ot(pu) + divy(pu @ u) + Vp =0
0t(pE) + divk((pE + P)u) =0

p=(y—1)(pe— %puz)

Vincent Perrier - Low Mach flows: non-stationary and high order aspects 20-22 Novembre 2017 - 8



Asymptotic models

Adimensioning

> to, Yo, 00, P.

N p PN P A utp

= — P:— u=—

P Po Po Lo
E=PE X gt
P _poPo T b Tt

» Resulting system
8, + divg(p) = 0
D4 (pi) + dive(pa @ b) + /\;z VP =0
4(pE) + divs((E + P)a) = 0

; o2 _ pols
» with M< = Ttoz
» Equation of state

A — P
> P:(7_1)<PE—2PU2)
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Asymptotic models

One scale asymptotic expansion
» Develop each variable in power of i
W(x, t, M) = pO(x, 1) + MypD(x, t) + PP (x, ) + ...

» Gather by power of i
> Resulting system
> Scale 1/M/?
vP® =0
> Scale 1/
vpPY =0
» Scale M°
3ep@ + diva(pOu®) = 0
3 (p®u) + diva(p@u® @ u® + P@) = o

8:(;7(0) E(O)) + divx((p(o) E© 4 p(O))u(O)) =0
PO = (y —1)p@EO®

> P = PO(t)+ M2PA(x,t) + ...
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Asymptotic models

Two scales asymptotic expansion
» Two temporal scales: t and /M.

D, t,7, 1) = O (x, 1,7) + MO (x, £, 7) + PP (x 1,7) + ..

0 0 0

» Temporal derivative — Er i =T 5 + 7t

» Resulting system
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Asymptotic models

Two scales asymptotic expansion

> Scale 1/
vpP® =0

> Scale 1/M

8.p® =0
- (pOu®) = —vpA)
B (PO E®) =0

» Scale 1/

- (p (1y0) p(O)u(l)) + Bt(p ) + divx(p (040 & u(0)) 1+ vpP®@ = 0

9 pV) 4 9, p® + dive( p(o>u(0))
0, (PWE© 4 5 EM)) 1 at(p( EO)) + divy (pOEOUO® 4 pO)u©)) =

» Equation of state at scale M and V/

PO = (4~ 1)p@EO P = (4 — 1)(pDEO 4 HO )
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Asymptotic models

Two scales asymptotic expansion

» Two temporal scales: t and /M.

(x, t,7, M) = O (x, t,7) + My (x, t,7) + MO (x, ¢, 7) + ...

» Temporal derivative i = i 2 + 2
ot W or 0ot
» Resulting system
» PO(x,t,7) = PO(t)
» Coupling of P, p(®y(®)

dp©)
S dt

0. P 1+ L i, (C(o>2 p(O)u(O)) _
3T(p(0)u(0;y) +VvPY) =0
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Asymptotic models

Summary for Euler system

asymptotic expansion

9:p® + divy (pPu®) =0

d:(pQu®) + divy(pQu® @ u® + PP) =0

3t(p(0) E(O)) 4 divx((p(o) E@ 4 p(O))u(O)) -0
PO = (v —1)p@E®

P = PO(t) + M2P@)(x,t) + ...

- PO(x,t,7) = POI¢)
» Coupling of (PM), p©@u(0))

dpP©
dt

o.PM + L div, <C(0)2 p<0)u(0)) __
B
-(pOu@) + vPD) =0
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Asymptotic models

Barotropic Euler equations

Original system
Orp + divg(pu) =0
Ot(pu) + V- (pu®@u) + VP =0
P = kp?

Scaling variables
> to, Lo, po-

> P=P/P(po), = (uto)/bo I = uo/\/P(po)

0;p + divy - (pi1) =0
1 A~
0;(pa) + divk(ph ® ) + WV)A(P =0
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Asymptotic models

Asymptotic of barotropic Euler equations

diveu(® =0
3:(POu(®) & dive(pOu® @ u(®) + v, PR =0

P = PO(t) + M?PP(x, ) + ...

| 4 p(o)(x, t, 7—) = p(o)(t)
» Coupling of (PM), (pu)(®)

0
8, PW 4+ 2V, - (pu)@ = - = —
9-(pu)© + v,PM) = 0.
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Review of the steady (and one scale) case

Outline

Review of the steady (and one scale) case
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Review of the steady (and one scale) case

A steady test case

INFLOW : e
SIS
RSSO
DRSS
REPOLIERAR IR
N
< RS Ahvﬁ’g%ﬂ
Poo
U =>
Poo

» Unstructured/Structured mesh.

» Roe Riemann Solver.
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Review of the steady (and one scale) case

A steady test case

{ s 1 “:\‘\\‘,\\‘ ¢
AW,

Incompressible exact Roe, Qua

» The compressible discrete solution does not converge
towards the incompressible one as the Mach number tends
to zero on quadrangular meshes. (Here at M = 1073)
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Review of the steady (and one scale) case

A steady test case

A AN

Incompressible exact Roe, Qua Roe, Tri

» The compressible discrete solution does not converge
towards the incompressible one as the Mach number tends
to zero on quadrangular meshes. (Here at M = 1073)

» H. Guillard, On the behavior of upwind schemes in the low
Mach number limit. 1V: PO approximation on triangular and
tetrahedral cells, Computers & Fluids, 2009, 38 (10).

.sz'a—-
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Review of the steady (and one scale) case

Comparison between continuous and discrete cases

e Continuous : e Discrete (Roe scheme) :
Order M2 : Order M2 :
Vp® =0
3 pOn=0
Order M1 :
vp) =0
P Order M1 :

Order M : 1 ApO 0
V.(0Ou®) =0 2720
V.(0Ou® © u®) + vp® =0 L s 5020na 7O

2
+> pMn=0
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Review of the steady (and one scale) case

Some fixes

1e— (. _
5 Z pOz@nApO 4 Z pMn=0
» Guillard & Viozat (1999)

: : P(Uy) Any (U
q)?oe—TurkeI _ f(u,) +f(uj) 'nU_P(uij)_1| ( J) u( J)|

3 5 (U =U)

» Rieper & Bader (2009)
» Replace all terms in A(u-n) by M; ;A(u - n)

» Dellacherie (2010)

» Replace the terms in A(u - n) in the momentum equation by
M,-JA(u . I"I)
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Review of the steady (and one scale) case

Results

0 A—ARoeQuad ||
G—© LMRoe_Quad
»—X Roe_Tri

log llApll, ,

n | L | L | n | L | L
0 1 2 3 4 5 6

Mach number (10 ™)

continuous P=pPO 1 0o 4+ p@p2
Quad p=pPO 1 p)p 4+ p2)p2
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Review of the steady (and one scale) case

What about higher order?

» Any of the higher order schemes work well with the cylinder
test.
» Problems occur with e.g. flow around a NACA on quads
» F. Bassi, C. De Bartolo, R. Hartmann and A. Nigro,
A discontinuous Galerkin method for inviscid low Mach
number flows, Journal of Computational Physics, 2009.
» A. Nigro, S. Renda, C. De Bartolo, R. Hartmann and F. Bassi
A high-order accurate discontinuous Galerkin finite element

method for laminar low Mach number flows International
Journal for Numerical Methods in Fluids, 2013.
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Non-stationary (and two scales) case

Outline

Non-stationary (and two scales) case
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Non-stationary (and two scales) case

Two scales asymptotic expansion

- pO(x,2,7) = (1)
» Coupling of (P(M), (pu)(®)

dpP©

p) 2V/, - 0) — _
87— + Cov (,Ou) dt

9-(pu)© + v,PM) = 0.

Test case

> Take a base flow at low Mach (p(®), u(©))
» Add an acoustic perturbation

» du-n)+Sdp=0 > u=0(1)
P > p=0(M)
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Non-stationary (and two scales) case

Unsteady test case

» Guillard & Viozat (1999)
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Non-stationary (and two scales) case

Unsteady test case
» Rieper & Bader (2009)

1,5e-05 T T T —_ Roe CFL:OQ
I —LMRoe CFL=0.9
—LMRoe CFL=0.5
le-05— i
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Non-stationary (and two scales) case

Unsteady test case

Convergence for the wave equation (DG")

» Rieper & Bader (2009)

A—A Roe
G—© LMRoe
Gk
ot
_—
=
= 2
=1
)
sk
-3.5
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Non-stationary (and two scales) case

Discrete two time scales asymptotic development

Roe first order discrete wave equation

1 a
O-u+ 52p,n+ 0 +§ZA,-/u:0

a° a
87P+?Zul-n+§ZAilP+ 0 =0

Diffusion given by classical upwind flux for the wave system.
Diffusion is a SPD matrix.

» E. Burman, Alexandre Ern, Miguel Angel Fernandez. Explicit
Runge—Kutta schemes and finite elements with symmetric
stabilization for first-order linear PDE systems, SIAM Journal
on Numerical Analysis, 2010, 48 (6),

20-22 Novembre 2017 - 29

Vincent Perrier - Low Mach flows: non-stationary and high order aspects



Non-stationary (and two scales) case

Discrete two time scales asymptotic development

Roe first order discrete wave equation

1 a
O-u-+ EZPI“ + 0 +§ZA;,u=O
Ge a
8TP+EZU/.n+§ZAi/p+ 0 =0

Modified Roe first order discrete wave equation

1
Oru+ Eme + 0 + 0 =0
32 a
8Tp+52u/.n+§ZA,-/p+ 0 =0
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Non-stationary (and two scales) case
Modifying dissipation

Roe : not accurate in steady case

O-u+ %me + 0 —l—%ZA,-,u:O

8Tp+%zul.n+§ZAup+ 0 =0
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Non-stationary (and two scales) case
Modifying dissipation

Roe : not accurate in steady case

Bfu+%me+ 0 +gZA~u:0

an+%Zul-n+ngin+ 0 =0

Modified Roe : not stable (L? but not H stable)

z

3

8Tp+%2u;.n+§ZAnp+ 0 =0

dru+ =>pn+ 0 + 0 =0
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Non-stationary (and two scales) case
Modifying dissipation

Roe : not accurate in steady case

O-u+ %Zp/n + 0 —l—gZA;/u:O

an+%Zul-n+§ZAin+ 0 =0

Modified Roe : not stable (L? but not H stable)

z

3

67p+%2u;.n+gZAnp+ 0 =0

A new set of dissipative terms

dru+ =>pn+ 0 + 0 =0

1 1
Oru+ gme +§ZA,-/p+ 0 =0
2
8Tp+%zu/.n—|— aZA,-,p—i——% > Aju=0
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Non-stationary (and two scales) case

Convergence for the wave equation (DG!)

R
G—© LMRoe
%=X New

log llAull ,
T
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Non-stationary (and two scales) case

Unsteady test case

» New set of disspative terms for wave equations
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Non-stationary (and two scales) case
Multidimensional scheme for Barotropic Euler equations
(1/2)

1ZP/" +%EAHP+ 0 =0

a% e
Orp+ > Yuntay Ajp t-7 > Aju=0
New scheme in dimension d

1 Ci2
5) 2 2V/d P

o a’C
8Tp+52um+ ay Ajp +-— 221

o-u -+

-ZA,'/UZO

Cn=CL =1y
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Non-stationary (and two scales) case

Multidimensional scheme for Barotropic Euler equations

(2/2)

Modification of the Roe solver

New _ ¢Roe __ — 0. Pij i °
&y = @ — (1 - 05)— ( [(uj —uj) -ny]nj )
1

52ii(pi = pj) ﬂ; mld - (piu; — pju;)

+(1 — 65) 22
—_(p;i — pi)1
:FZ\/E(P pi)ld
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Non-stationary (and two scales) case

Results on the steady cylinder test (1/3)

» Comparison of different fixes

» Exact

I L
Pressure fluctuations '
Min: -2.4e-6
Max: 9.5e-7

ol =4

Vaxk 04
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Non-stationary (and two scales) case

Results on the steady cylinder test (1/3)

» Comparison of different fixes

I I I I
Pressure fluctuations ' : ' '
Min: -2.4e-5
Max: 2.4e-5
al il
T \’V\—\ _

21

» Roe

™

3 p 1 $ f
xa
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Non-stationary (and two scales) case

Results on the steady cylinder test (1/3)

» Comparison of different fixes

» Roe, Rieper fix

| L
Pressure fluctuations -
Min: -2.9e-6
Max: 9.5e-7

ot =4

YAs 01
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Non-stationary (and two scales) case

Results on the steady cylinder test (1/3)

» Comparison of different fixes

» Roe, Dellacherie fix

Pressure fluctuations
Min: -2.9e-6
Max: 9.5e-7

al £

vaxs o
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Non-stationary (and two scales) case

Results on the steady cylinder test (1/3)

» Comparison of different fixes
» Roe, Guillard fix

T
Pressure fluctuations
Min;-19e-6
Max: 9.5e-7

al £

Vs o
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Non-stationary (and two scales) case

Results on the steady cylinder test (1/3)

» Comparison of different fixes

» Roe, New scheme

I
Pressure fluctuations '
Min: -2.5e-6
Max: 9.5e-7

Yaxe 0
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Non-stationary (and two scales) case

Results on the steady cylinder test (2/3)

» Checkerboard instability

0 [ o L
-5e-07 E
-le-06 - B
g
=
| -1.5e-06 -
a
-2e-06 -
Roe New -—g3—
Roe Dellacherie —a—
-2.5e-06 Roe Rieper —-s—- 1
Roe Turkel —--e-—
G Reference
-3e-06 L L L . L L
-6 -4 -2 0 2 4 6
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Non-stationary (and two scales) case

Results on the steady cylinder test (2/3)

» Checkerboard instability

0 o
-5¢-07
-le-06
8
2
| -1.5¢-06
Q,

-2¢-06

Roe New —H3—
Roe Dellacherie —a—

-2.5¢-06 | Roe Rieper —-o—-
Roe Turkel —-e--
Reference
-3e-06 L L L L
-2.5 -2 -1.5 -1 -0.5
Y
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Non-stationary (and two scales) case

Results on the steady cylinder test (3/3)

» Convergence of pj — pso Wih respect to the Mach number

0.01 j ! 0.01 J
0.0001 0.0001 /
106 = 1e-06
%
<
]
1e-08 < 1e-08
S
1e10 Roe -6 1e-10 Roe &
S Roe New -5 Roe New
S Roe Dellacheric 4 TRoe Dellacherie —a—
Te-12 i/ Roe Rieper — 5 le-12 Roe Rieper
Roe Turkel ——— Roe Turkel - -
106 1e05 00001 0.001 001 0.1 le06  1e05  0.0001 0001 0.01 0.1
Mach Mach

Quads Tri
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Conclusion

Conclusion

» Classical low Mach solver are not stable for high order
acoustic calculation.
» A stable and accurate low Mach scheme for both steady and
unsteady flow computation.
» Stabilization of the incompressible system is not achieved by

centering the pressure
» Stabilization of the wave system is not symmetric .
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