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S
hemes for Euler equations Generi
 ingredientsEuler equations. . . and "derived" forms
◮ Euler (Navier-Stokes) equations:

∂t̺+ div(̺u) = 0,
∂t(̺u) + div(̺u ⊗ u)−divτ + ∇p = 0,
∂t(̺E) + divˆ(̺E + p)u˜ = div(τu),p = (γ − 1) ̺e, E =

12 |u|2 + e.
◮ For regular fun
tions, taking the s
alar produ
t of the momentum balan
e equation byu and using the mass balan
e equation yields the kineti
 energy balan
e equation:

∂t(̺E
 ) + div(̺E
u) + ∇p · u = div(τ) · u, E
 =
12 |u|2.Subtra
ting to the total energy balan
e yields the internal energy balan
e:

∂t(̺e) + div(̺eu) + p divu = τ : ∇u,and, from this equation, we get e ≥ 0.(IRSN/I2M - AMU) Pres. 
orr. s
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omp. rea
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S
hemes for Euler equations Generi
 ingredientsObje
tives
LK

σ =
K |L̺K , pK , eK

σ

DK ,σ
DL,σ

σ
′ǫ

=
σ|σ ′

Obje
tive � derive a s
heme for Euler (or Navier-Stokes) equations whi
h is a naturalextension of an existing s
heme for low Ma
h number �ows:
◮ staggered dis
retization,
◮ upwinding with respe
t to the material velo
ity,
◮ solution of the internal energy balan
e,
◮ pressure 
orre
tion s
heme.Staggered s
hemes for 
ompressible �ows: Harlow&Amsden, Wesseling and 
o-workers,Goudon and 
o-workers. . .(IRSN/I2M - AMU) Pres. 
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S
hemes for Euler equations Generi
 ingredientsWeak solutions and 
onservative s
hemes
◮ Weak solution:

∂t(s) + div(F (s)) = 0
→֒

Z

Ω×(0,T )
−s ∂tϕ− F (s) · ∇ϕ = 0, ∀ϕ ∈ C∞
 (Ω × (0,T )).

◮ Rankine-Hugoniot 
onditions.Let us suppose, in 1D, that s is dis
ontinuous along a "line" in the Ω × (0,T ) "plane",and let w be the slope of this line (the propagation speed of the sho
k). Then, if s is aweak solution: w =
[F (s)]

[s] .

◮ Consisten
y: let (sh) → s̄ (in strong enough norms); then s̄ is a weak solution.Ex. : passage to the limit for a 
onservative �nite volume approximation of the �uxterm:
XK ϕKX

σ

|σ| F (s)σ · nσ =
X

σ

|Dσ| F (s)σ ·
|σ|

|Dσ|
(ϕL − ϕK ) nσ ≃

Z

Ω
F (s) · e∇ϕ dx .(IRSN/I2M - AMU) Pres. 
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S
hemes for Euler equations Generi
 ingredientsStrategyHow to obtain the 
orre
t weak solutions of Euler equations while solving the internal energybalan
e ?Answer: Make the s
heme "
onsistent" with total energy equation. . .More pre
isely:1- Build a (dis
rete) kineti
 energy balan
e.2- Suppose bounds and 
onvergen
e for a sequen
e of dis
rete solutions, 
ompatible withthe regularity of the sought 
ontinuous solutions:
◮ 
ontrol in BV and L∞,
◮ 
onvergen
e in Lp , for p ≥ 1.3- Let ϕ a regular fun
tion,
◮ interpolate,
◮ test the kineti
 energy balan
e,
◮ test the internal energy balan
e,
◮ and pass to the limit in the s
heme.. . . and, on the basis of this 
omputation, build 
orre
tive terms in the internal energybalan
e in su
h a way to re
over, at the limit, the weak form of the total energyequation.(IRSN/I2M - AMU) Pres. 
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S
hemes for Euler equations A pressure 
orre
tion s
hemeGeneral form of the s
heme
◮ S
heme (time semi-dis
rete setting):Predi
tion step: 1

δt (̺∗ũ − ̺∗∗u∗) + div(̺∗ũ ⊗ u∗)−divτ(ũ) + ξ∇p∗ = 0.Corre
tion step: ˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

̺∗

δt (u − ũ) + ∇p − ξ∇p∗ = 0,1
δt (̺− ̺∗) + div(̺u) = 0,1
δt (̺e − ̺∗e∗) + div(̺eu) + p divu = S,p = ℘(̺, e) = (γ − 1) ̺e.

◮ Time shift of the density dis
retization.
◮ Coupling of the mass and energy balan
e.
◮ Modi�
ation of the pressure gradient, 
orre
tive term in the internal energy balan
e.(IRSN/I2M - AMU) Pres. 
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S
hemes for Euler equations A pressure 
orre
tion s
hemeKineti
 energy balan
e (1/2)
◮ Lemma � Sin
e: 1

δt (̺∗ − ̺∗∗) + div(̺∗u∗) = 0,Then:ũ ·
h 1
δt (̺∗ũ − ̺∗∗u∗) + div(̺∗ũ ⊗ u∗)

i

=
1
δt (̺∗Ẽk − ̺∗∗E∗k ) + div(̺∗Ẽku∗) + R1,with Ẽk =

12 |ũ|2, E∗k =
12 |u∗|2 and R1= 12δt ̺∗∗|ũ − u∗|2.

◮ So, multiplying the predi
tion step by ũ yields:1
δt (̺∗Ẽk − ̺∗∗E∗k ) + div(̺∗Ẽku∗) + ξ ũ · ∇p∗ + R1 = 0.

(IRSN/I2M - AMU) Pres. 
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S
hemes for Euler equations A pressure 
orre
tion s
hemeKineti
 energy balan
e (2/2)
◮ Velo
ity 
orre
tion equation (a 
omputation from J.-L. Guermond):

̺∗

δt (u − ũ) + ∇p − ξ∇p∗ = 0,i.e.
`̺∗

δt ´ 12 u +
` δt
̺∗

´

12 ∇p =
`̺∗

δt ´ 12 ũ + ξ
` δt
̺∗

´

12 ∇p∗.Square this relation:
̺∗

δt Ek + u · ∇p +
δt2̺∗ |∇p|2 =

̺∗

δt Ẽk + ξũ · ∇p∗ + ξ
δt2̺∗ |∇p∗|2.

◮ Sum to obtain:1
δt (̺∗Ek − ̺∗∗E∗k ) + div(̺∗Ẽku∗) + u · ∇p + R1 + R2 = 0,with R2 =
δt2̺∗ |∇p|2 − ξ

δt2̺∗ |∇p∗|2.
◮ So

ξ =
` ̺∗

̺∗∗

´

12 →֒ R2 =
δt2̺∗ |∇p|2 −

δt2̺∗∗ |∇p∗|2(IRSN/I2M - AMU) Pres. 
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heme for 
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S
hemes for Euler equations A pressure 
orre
tion s
hemeS
heme, time semi-dis
rete setting
◮ S
heme:Predi
tion step: 1

δt (̺∗ũ − ̺∗∗u∗) + div(̺∗ũ ⊗ u∗)−divτ(ũ) +
h ̺∗

̺∗∗

i1/2
∇p∗ = 0.Corre
tion step: ˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

̺∗

δt (u − ũ) + ∇p −
h ̺∗

̺∗∗

i1/2
∇p∗ = 0,1

δt (̺− ̺∗) + div(̺u) = 0,1
δt (̺e − ̺∗e∗) + div(̺eu) + p divu = τ(ũ) : ∇ũ + S,p = ℘(̺, e) = (γ − 1) ̺e,with S = R1.

(IRSN/I2M - AMU) Pres. 
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S
hemes for Euler equations A pressure 
orre
tion s
hemeSpa
e dis
retization

LK
σ =

K |L̺K , pK , eK
σ

DK ,σ
DL,σ

σ
′ǫ

=
σ|σ ′
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S
hemes for Euler equations A pressure 
orre
tion s
hemeThe s
heme (1/2)
◮ The s
heme:

∀σ ∈ E
|Dσ|

δt (̺∗Dσ
ũσ − ̺∗∗Dσ

u∗
σ) +

X

ǫ∈E(Dσ)

F∗
σ,ǫ ũǫ + Ts +

h ̺∗Dσ

̺∗∗Dσ

i1/2
(∇p∗)RDσ

= 0.
˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

∀σ ∈ E
|Dσ|

δt ̺∗Dσ
(uσ − ũσ) + (∇p)RDσ

−
h ̺∗Dσ

̺∗∗Dσ

i1/2
(∇p∗)RDσ

= 0,
∀K ∈ M

|K |

δt (̺K − ̺∗K ) +
X

σ∈E(K)

FK ,σ = 0
∀K ∈ M

|K |

δt (̺K eK − ̺∗Ke∗K ) +
X

σ∈E(K)

FK ,σeσ + pK X

σ∈E(K)

|σ| uσ · nK ,σ = SK ,
∀K ∈ M pK = (γ − 1) ̺K eK ,with: for σ = K |L, (∇p)RDσ

= |σ| (pL − pK ) nK ,σ,FK ,σ = |σ| ̺σ uσ · nK ,σ, ̺σ upwind, eσ upwind,Rσ =
|Dσ|

δt ̺∗∗Dσ

˛

˛ũσ − u∗
σ

˛

˛

2
,ũǫ 
entered, Ts = ζ

X

ǫ∈E(Dσ)

hd−1
ǫ [ũ]ǫ, Rσ+= ζũσ ·

X

ǫ∈E(Dσ)

hd−1
ǫ [ũ]ǫ,Rσ →֒ SK .(IRSN/I2M - AMU) Pres. 
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S
hemes for Euler equations A pressure 
orre
tion s
hemeThe s
heme (2/2)
◮ By 
onstru
tion, the mass balan
e is satis�ed over the dual 
ells

|Dσ|

δt (̺∗Dσ
− ̺∗∗Dσ

) +
X

ǫ∈E(Dσ)

F∗
σ,ǫ = 0,but it is not so easy to obtain. . .

◮ Using the mass balan
e at the previous time step requires to use a 
onstant time step. . .
◮ There is no "lo
al" total energy equation: the kineti
 energy balan
e is asso
iated tothe dual 
ells, while the internal energy one is asso
iated to primal ones.Rσ =

|Dσ|

δt ̺∗∗Dσ

˛

˛ũσ − u∗
σ

˛

˛

2
→֒ SK =

X

σ∈E(K)

|DK ,σ|

δt ̺∗∗K ˛

˛ũσ − u∗
σ

˛

˛

2
,with |Dσ| ̺σ = |DK ,σ| ̺K + |DL,σ| ̺L.When performing the 
onsisten
y study of the s
heme, we use:

X

(0,T )

δthX
σ∈E

Rσϕσ −
XK∈M

SKϕKi −→ 0.
◮ The rest R and 
orre
tive S terms 
ompensate exa
tly when integrated over thedomain, so the "total energy" is 
onserved.This total energy in
ludes an L2 norm of the pressure gradient (in other words, thes
heme ensures a 
ontrol of the pressure in L∞(0,T ;H1(Ω)), with a δt/ρ1/2 weight).(IRSN/I2M - AMU) Pres. 
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S
hemes for Euler equations Numeri
al testsA 1D Riemann problem
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exactRiemann problem � Results obtained with and without 
orre
tive terms in the internal energybalan
e.(IRSN/I2M - AMU) Pres. 
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S
hemes for Euler equations An expli
it variantExpli
it variant
◮ S
heme (time semi-dis
rete setting):1

δt (̺− ̺∗) + div(̺∗u∗) = 0,  ̺1
δt (̺e − ̺∗e∗) + div(̺∗e∗u∗) + p∗ divu∗ = S∗,  ep = ℘(̺, e) = (γ − 1) ̺e,1
δt (̺u − ̺∗u∗) + div(̺∗u∗ ⊗ u∗) + ∇p = 0.  u

◮ The kineti
 energy balan
e is (still) derived by taking the inner produ
t of themomentum energy balan
e by u  p∗ divu∗ in the internal energy balan
e.
◮ Upwinding of the 
onve
tion term in the momentum balan
e (also).(IRSN/I2M - AMU) Pres. 
orr. s
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S
hemes for Euler equations An expli
it variantExpli
it variant: S

◮ Kineti
 energy identity (with an upwind dis
retization of the 
onve
tion term):uσ ·
h |Dσ |

δt (̺Dσuσ − ̺∗Dσ
u∗

σ) +
X

ǫ=Dσ |D′
σ

F∗
σ,ǫ u∗

ǫ

i

=
12 |Dσ |

δt (̺Dσ |uσ|
2 − ̺∗Dσ

|u∗
σ|

2) +
12 X

ǫ=Dσ |D′
σ

F∗
σ,ǫ u∗

σ · u∗
σ′ + Rσwith Rσ =

12 |Dσ|

δt ̺Dσ |uσ − u∗
σ |

2 +
X

ǫ=Dσ |D′
σ

|F∗
σ,ǫ|2 (u∗

σ − u∗
σ′) · u∗

σ

+
X

ǫ=Dσ |D′
σ

F∗
σ,ǫ (uσ − u∗

σ) · (u∗
σ − u∗

σ′).

◮ Up to a term tending to zero (under L∞ and BV estimates for u),Rσ ≃
12 |Dσ|

δt ̺Dσ |uσ − u∗
σ|

2 +
X

ǫ=Dσ |D′
σ

|F∗
σ,ǫ|2 |u∗

σ − u∗
σ′ |

2
+

X

ǫ=Dσ |D′
σ

F∗
σ,ǫ (uσ − u∗

σ) · (u∗
σ − u∗

σ′),whi
h is non-negative under a CFL 
ondition.
◮ The 
orre
tive term S 
ompensates this remainder term.(IRSN/I2M - AMU) Pres. 
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Entropy estimatesEntropy estimates: formal 
omputations (1/3)
◮ Expe
ted result: obtain an entropy inequality for one spe
i�
 entropy:

∂tη(ρ, e) + divˆη(ρ, e) u˜ ≤ 0, η(ρ, e) = ρ log(ρ)
| {z }

ϕρ(ρ)

+ ρ
“

−
1

γ − 1 log(e)
| {z }

ϕe(e) ”

.

◮ Note:
ϕ′

ρ(ρ) = 1 + log(ρ) ϕ′′
ρ (ρ) =

1
ρ

(ϕρ is 
onvex)
ϕ′e(e) = −

1
γ − 1 1e ≤ 0 ϕ′′e (e) =

1
γ − 1 1e2 (ϕe is 
onvex)

(IRSN/I2M - AMU) Pres. 
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Entropy estimatesEntropy estimates: formal 
omputations (2/3)
◮ From the mass balan
e equation:

∂tρ+ div(ρu) = 0 →֒

∂t`ϕρ(ρ)
´

+ div`ϕρ(ρ)u´+
`

ρϕ′
ρ(ρ) − ϕ(ρ)

| {z }

= ρ

´divu = 0.
◮ From the internal energy balan
e equation:

∂t(ρe) + div(ρeu) + pdiv(u) = S →֒

∂t`ρϕe(e)´ + div`ρϕe(e)u´+ ϕ′e(e) p
| {z }

= −ρ

divu = ϕ′e(e)S
| {z }

≤ 0 .

◮ Sum . . .
(IRSN/I2M - AMU) Pres. 
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Entropy estimatesEntropy estimates: formal 
omputations (3/3)At the dis
rete level:
◮ From the mass balan
e equation:

∂tρ+ div(ρu) = 0 →֒

∂t`ϕρ(ρ)
´

+ div`ϕρ(ρ)u´+
`

ρϕ′
ρ(ρ) − ϕ(ρ)

| {z }

= ρ

´ divu + Rρ = 0.
◮ From the internal energy balan
e equation:

∂t(ρe) + div(ρeu) + pdiv(u) = S →֒

∂t`ρϕe(e)´ + div`ρϕe(e)u´+ ϕ′e(e) p
| {z }

= −ρ

divu + Re = ϕ′e(e)S
| {z }

≤ 0 .Then:
Rρ ≥ 0, Re ≥ 0 : entropy estimate,
Rρ + Re ≥ Rη with Rη tending to zero: weak entropy estimate.(IRSN/I2M - AMU) Pres. 
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Entropy estimatesEntropy estimates: impli
it upwind s
heme (1/2)
For the pressure 
orre
tion s
heme, the mass and internal energy balan
e equations read:1

δt (̺− ̺∗) + div(̺u) = 0,1
δt (̺e − ̺∗e∗) + div(̺eu) + p divu = +S,p = (γ − 1) ̺e,i.e. as a standard impli
it s
heme.

(IRSN/I2M - AMU) Pres. 
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Entropy estimatesEntropy estimates: impli
it upwind s
heme (2/2)
◮ Lemma (m) � In time semi-dis
rete notations, with an upwind dis
retization of the
onve
tion term and if ϕ is 
onvex:
ϕ′(ρ)

h 1
δt (̺−̺∗)+div(̺u)

i

=
1
δt `ϕ(̺)−ϕ(̺∗)

´

+div`ϕ(̺)u´+ˆρϕ′(ρ)−ϕ(ρ)
˜div(u)+Rρ,with Rρ ≥ 0.

◮ Lemma (e) � Let us suppose that:1
δt (̺ − ̺∗) + div(̺u) = 0.Then, with an upwind dis
retization of the 
onve
tion term and if ϕ is 
onvex:

ϕ′(e)h 1
δt (̺e − ̺∗e∗) + div(̺eu)

i

=
1
δt `̺ϕ(e) − ̺∗ϕ(e∗)

´

+ div`̺ϕ(e)u´+ Re ,with Re ≥ 0.
◮ So exa
tly what is needed to obtain a dis
rete entropy inequality.(IRSN/I2M - AMU) Pres. 
orr. s
heme for 
omp. rea
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Entropy estimatesEntropy estimates: expli
it upwind s
heme (1/3)For the pressure 
orre
tion s
heme, the mass and internal energy balan
e equations read:1
δt (̺− ̺∗) + div(̺∗u∗) = 0,1
δt (̺e − ̺∗e∗) + div(̺∗e∗u∗) + p∗ divu∗ = +S,p∗ = (γ − 1) ̺∗e∗,i.e. as a standard expli
it s
heme.

◮ Lemma (e) still hods, under a CFL 
ondition.
◮ But Lemma (m) is no more valid (some kind of mixing of time levels. . . ).
◮ Possibility to derive a weak entropy estimate ?(IRSN/I2M - AMU) Pres. 
orr. s
heme for 
omp. rea
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Entropy estimatesEntropy estimates: expli
it upwind s
heme (2/3)
◮ Some de�nitions:

‖z‖T ,t,BV =
N
Xn=0 XK∈M

|K | |zn+1K − znK |

‖z‖T ,x,BV =
N
Xn=0 δt X

σ=K |L∈Eint |σ| |znL − znK |

||R||−1,1,⋆ = sup
ψ ∈ C∞
 ([0,T ) × Ω̄)

1supx∈Ω, t∈(0,T )
||∇ψ(x , t)|| h N

Xn=0 δt XK∈M

|K | RnKψnKi
||u||qLq(0,T ;W1,q

M
)
=

d
Xi=1 N

Xn=0 δt XK∈M

X

(σ,σ′)∈E(K)2 |K |

 unσ,i − un
σ′,ihK !q

.hM = minK∈M

|K |
X

σ∈E(K)

|σ|
.

(IRSN/I2M - AMU) Pres. 
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Entropy estimatesEntropy estimates: expli
it upwind s
heme (3/3)
◮ Estimate of the lim inf of the rest � Under a (mild) regularity assumption on the mesh,a CFL assumption:

||Rη ||L1 ≤ C “‖ρ‖T ,t,BV + ‖e‖T ,t,BV” δthMand
||Rη ||L1 ≤ C ‖ρ‖T ,t,BV1/p ||u||Lq(0,T ;W1,q

M
)
δt1/pwhere p ≥ 1, q ≥ 1 and 1p +

1q = 1, and C is an in
reasing fun
tion ofmax(||ρ||∞, ||1/ρ||∞, ||e||∞, ||1/e||∞).
◮ How to use it: nonlinear stabilization ?(IRSN/I2M - AMU) Pres. 
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Entropy estimatesEntropy estimates: under a "mild upwinding assumption"
◮ Under a "mild upwinding assumption":
◮ Strong (weak) entropy inequalities →֒ weak entropy inequalities with a (an additional)remainder term Rη,add satisfying:

||Rη,add||−1,1,⋆ ≤ C“‖ρ‖T ,x,BV + ‖e‖T ,x,BV” hM. . . unfortunately ex
epted the last one . . .(IRSN/I2M - AMU) Pres. 
orr. s
heme for 
omp. rea
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