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A dynamic Implicit-Explicit scheme

Numerical results
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The Simpson's experiment : mechanical water hammer

Simpson's water hammer (Simpson, 1986, PhD)

Simpson’s set up

e Liquid water : pg = 3.281 bar, To = 23.9°C, up = 0.401 m.s L.

e At t = 0 valve closure.

e Strong shock/rarefaction waves propagating up and down.
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The Simpson's experiment : mechanical water hammer

Simpson's water hammer (Simpson, 1986, PhD)
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Time evolution of pressure : p(x = 27 m, t)

® (Pmax — po) /po ~ 1.93.
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The Simpson's experiment : mechanical water hammer

Simpson's water hammer (Simpson, 1986, PhD)

— HLLC scheme
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Time evolution of velocity : u(x =27 m, t)

® (Pmax — po) /po ~ 1.93.

o |Umax| = 0.4 m.s™t.
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The Simpson's experiment : mechanical water hammer

Simpson's water hammer (Simpson, 1986, PhD)
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Time evolution of the Mach number : M(x = 27 m, t)

o (pmax — po) /po = 1.93.

o |Umax| ~ 0.4 m.s L.

o Mmax ~ 3.5 x 1074
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Analytical solution : symmetric double shock waves

Euler system with a passive tracer :

) +0x (pu) =0, Y : passive tracer,
0:(pY) +0x(pYu) =0, |uf?

> e=—+g¢g,
Oc(pu)  +0x(pu"+p) =0, 2
3 (pe) +0x ((pe+p)u) =o0. e=¢"(p, p).

Stiffened gas equation of state :

_ pP+7Px

EEOS( _
(v=1)p

P P)
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Analytical solution : symmetric double shock waves

Left state Right state

p (ke.m™3) | po,. =po=10% | po.r = po
u (m.s_l) up,L =up =1 Up,R = —Uo
p (bar) po,L=po=3 Po,R = Po

Table: Stiffened gas symmetric double shock initial conditions
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Left state Right state

p (ke.m™3) | po,. =po=10% | po.r = po
u (m.s_l) up,L =up =1 Up,R = —Uo
p (bar) po,L=po=3 Po,R = Po

Table: Stiffened gas symmetric double shock initial conditions

e Rankine-Hugoniot relations through the 3-shock wave : u* = 0, looking
for (p* — po) / po.
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Analytical solution : symmetric double shock waves

Left state Right state

p (kg-m™3) | po,. =po=10° | po,r = po
u (m.s_l) up,L =up =1 Up,R = —Uo
p (bar) po,L=po=3 Po,R = Po

Table: Stiffened gas symmetric double shock initial conditions

e Rankine-Hugoniot relations through the 3-shock wave : u* = 0, looking
for (p* — po) / po.

o My = uy/co, co = WntPo) p=py P, Py=po+ Pe.

PO
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Analytical solution : symmetric double shock waves

Left state Right state

p (kg-m™3) | po,. =po=10° | po,r = po
u (m.s_l) up,L =up =1 Up,R = —Uo
p (bar) po,L =po=3 Po,R = Po

Table: Stiffened gas symmetric double shock initial conditions

e Rankine-Hugoniot relations through the 3-shock wave : u* = 0, looking
for (p* — po) / po.

o My = uy/co, co = WntPo) p=py P, Py=po+ Pe.

PO

PP y+1 (y+ 1)
—_— =M = M 1+~ M2|.
P 0’Y< 2 o + + 16 0
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Analytical solution : symmetric double shock waves

Analytical pressure jump :

P* — Py 7+1 (y+1)?
= M — M 1 M2 .
P 07( 2 o + aF 16 0
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Analytical solution : symmetric double shock waves

Analytical pressure jump :

* 2
i PO:Mofy <WT‘HMO+ 1+(7+1) M2>.

Po 16 e

Ideal gas EOS : P« =0
p=P, po=Po.
PP — My x O(1) w.r.t Mo.
Po
= lm P =P _g
My—0 Po
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Analytical solution : symmetric double shock waves

Analytical pressure jump :

* 2
P PO:Mofy (AYT_HMOJr 1+(7+1) M§>.

Po

Ideal gas EOS : P« =0 Stiffened gas EOS : Poo > 1
p=P, po=Fo. p# P, Po=po(l+a), «=Ps/po.
P*— po o pP* — po
T Mo x O(1) w.r.t M. T Mo (1 + ) x O(1) w.rt Mo
= Jim 2P —
My—0 Po
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Analytical solution :

symmetric double shock waves

Analytical pressure jump :

P*_P‘):MO’Y <7+1

Po

Ideal gas EOS : P« =0

P = P, Po = Po.
P=P0 — My x O(1) w.r.t M.
= lim P-—P _p,
Mo—0  Po

Stiffened gas EOS : Poo > 1
p# P, Po=po(l+a), «=Ps/po.
P —po

T = Mo (1+a) x O(1) w.rt My

Numerical Application : v = 7.5,

[
& T EeDF D. lampietro

Poo =3 x 10° (Pa).

= ¢~ 1500 m.s™!, Ty ~ 22°C.
= My~7x107% a =103

= (p* — po)/po ~ 5.26.
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Allievi's model & Joukowski's jump conditions

Derivation of Allievi's model (Allievi, 1902)
Hypothesis :

o Euler system with constant temperature To : p = p5°° (p, To) = pE°® (p),
1 7
p=(P5%) " () = P (p), 1/c =/ (05°%) (p).
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Allievi's model & Joukowski's jump conditions

Derivation of Allievi's model (Allievi, 1902)
Hypothesis :

o Euler system with constant temperature To : p = p5°° (p, To) = pE°® (p),
1 7
p=(p5%%) " (P) = 5% (P), 1/c =/ (§°°) (p)-

dep+ 0O« (pu) =0,
0t (pu) + Ox (pu® + p) = 0.
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Allievi's model & Joukowski's jump conditions

Derivation of Allievi's model (Allievi, 1902)
Hypothesis :

o Euler system with constant temperature To : p = p5°° (p, To) = pE°® (p),
1 7
p=(p5%%) " (P) = 5% (P), 1/c =/ (§°°) (p)-

Orp+udcp+poku=0,
p(Oru+udcu)+dp=0.
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Allievi's model & Joukowski's jump conditions

Derivation of Allievi's model (Allievi, 1902)
Hypothesis :

o Euler system with constant temperature To : p = p5°° (p, To) = pE°® (p),
1 7
p=(p5%%) " (P) = 5% (P), 1/c =/ (§°°) (p)-

1
2 (Oep+uds p)+pOu=0,
p(Oru+udu)+9d p=0.
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Allievi's model & Joukowski's jump conditions

Derivation of Allievi's model (Allievi, 1902)
Hypothesis :

o Euler system with constant temperature To : p = p5°° (p, To) = pE°® (p),
1 7
p=(p5%%) " (P) = 5% (P), 1/c =/ (§°°) (p)-

1
2 (Oep+uds p)+pOu=0,
p(Oru+udu)+9d p=0.

3 1

o Reference scales : Iy, po ~ 10° kg.m™3, up =~ 1m.s7,
o~ 1.5x10°m.s™, po = po to co ~ 15 bar, (po & ~ 22500 bar,
unphysical !), to = /o/Co, My = Uo/Co.
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Allievi's model & Joukowski's jump conditions

Derivation of Allievi's model (Allievi, 1902)
Hypothesis :

o Euler system with constant temperature To : p = p5°° (p, To) = pE°® (p),
—1 ’
p=(PE"%)" (p) = P°° (p), 1/c =/ (55°°) (P)-

1
g(atp—l—/\/louax p)+poxu=0,
p (Ocru+ Myudy u)+ 0« p=0.

3 1

o Reference scales : Iy, po ~ 10° kg.m™3, up =~ 1m.s7,
o~ 15x10°ms™t, py = po Uo co = 15 bar, (po ¢ ~ 22500 bar,
unphysical !), to = /o/Co, My = Uo/Co.

e Unsteady compressible low Mach number flows :
My <1l= p=po+ O(Mo), c=c¢ + O(Mo)
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Allievi's model & Joukowski's jump conditions

Derivation of Allievi's model (Allievi, 1902)
Hypothesis :

o Euler system with constant temperature To : p = p5°° (p, To) = pE°® (p),
1 7
p=(p5%%) " (P) = 5% (P), 1/c =/ (§°°) (p)-

1
= (8ep+ Mo uds p) + po O u = O(Mo),
0

po (Ot u+ Mo udyx u) + 0« p= O(M).

3 1

o Reference scales : o, po = 10° kg.m™3, uo ~ 1m.s™ %,
o~ 1.5x%x10*m.s™, po = po to co ~ 15 bar, (po & ~ 22500 bar,
unphysical!), to = ly/co, Mo = uo/co.

e Unsteady compressible low Mach number flows :
My« 1= p=po+ O(Mo), c=c¢ + O(Mo)
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Allievi's model & Joukowski's jump conditions

Derivation of Allievi's model (Allievi, 1902)
Hypothesis :

o Euler system with constant temperature To : p = p5°° (p, To) = pE°® (p),

p=(p5%) " (p) = K55 (p). 1/c = 1/ (45°%)" (p).

1
—0:p+ podxu=0,
Allievi's model : { &

poOru+ 0y p=0.

3 1

o Reference scales : o, po = 10° kg.m™3, uo ~ 1m.s™ %,
o~ 1.5x10*m.s™, po = po to co ~ 15 bar, (po & ~ 22500 bar,
unphysical!), to = ly/co, Mo = uo/co.

e Unsteady compressible low Mach number flows :

My < 1= p=po+ O(Mo), c=c¢ + O(Mo)

e Eigenvalues and jump relations : ,\gt ==+ .

[Pl =t pocofu] (Joukowski, 1898).
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Main objectives

Identification of three different regimes :

(1) Mo =~ 1 : fully compressible unsteady flows.
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Main objectives

Identification of three different regimes :

(1) Mo =~ 1 : fully compressible unsteady flows.

(I My < 1and po~1kg.m3 (gas, Poo =0), co =3 x10°m.s™ !,
po = po i, to = lo/uo : low Mach number flows asymptotically consistent
with the classical Euler incompressible system.
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Main objectives

Identification of three different regimes :

(1) Mo =~ 1 : fully compressible unsteady flows.

(I My < 1and po~1kg.m3 (gas, Poo =0), co =3 x10°m.s™ !,
po = po i, to = lo/uo : low Mach number flows asymptotically consistent
with the classical Euler incompressible system.

(I Mo < 1 and po =~ 10° kg.m™2 (water, Poo > 1), ¢o ~ 1.5 x 10 m.s7*,
Po = po o o, to = lo/co :
low velocity compressible flows asymptotically consistent with the Allievi's
model.

<
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Main objectives

Identification of three different regimes :

(1) Mo =~ 1 : fully compressible unsteady flows.

(I My < 1and po~1kg.m3 (gas, Poo =0), co =3 x10°m.s™ !,
po = po i, to = lo/uo : low Mach number flows asymptotically consistent
with the classical Euler incompressible system.

(I Mo < 1 and po =~ 10° kg.m™2 (water, Poo > 1), ¢o ~ 1.5 x 10 m.s7*,
Po = po o o, to = lo/co :
low velocity compressible flows asymptotically consistent with the Allievi's
model.

<

Question :

How to derive a numerical scheme able to be accurate on the different
multi-scale waves when the flow goes through the regimes (/) and (//1)?
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Plan

A dynamic Implicit-Explicit scheme
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A time dynamic splitting

at P +ax (p U) = 07
O:(pY) +0x(pYu) =0,
O (pu) +0x(pu®+p) =0,

Ot (pe) +0x ((pe+p)u) =0.
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A time dynamic splitting

8t P +8X (p U) = 07
O:(pY) +0x(pYu) =0,
O (pu) +0x(pu®+p) =0,

Ot (pe) +0x ((pe+p)u) =0.

e Introduce : &7 (t) €]0, 1, U=[p, pY, pu,pe]’.
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A time dynamic splitting

O p +0x (pu) =0,
O (pY) +0x(pYu) =0,
d:(pu)  +0x(pu®+ 45 (6)p)  +H(A -4 (1)dp =0,

dc(pe)  +0k ((pe+ &5 (1) p)u) +((1—&5(1)dc(pu) =0.

e Introduce : 63(t) €]0,1, U=[p, pY, pu,pe]’.
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A time dynamic splitting

Ot p +0x (pu) =0,

O:(pY) +0x(pYu) =0,

O (pu)  +0x(pu®+&5()p)  +H(A - (1) dp =0,

di(pe) +0. ((pe+ 0 (6)p)u) +((1— &(0)0. (pu) =o.
c A

o Introduce : 47(t) €]0,1,U=1[p, pY, pu,pe]’.

e Convective subsystem : C. Acoustic subsystem A.
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A time dynamic splitting

O p +o« (pu) =0,

0:(pY) +0<(pYu) =0,

O (pu)  +0x(pu®+&5()p)  +H(A - (1) dp =0,

Ot (pe)  +0x ((pe+ &5 () p)u) +((1— &5 (1) dx(pu) =0
C A

o Introduce : 47(t) €]0,1,U=1[p, pY, pu,pe]’.
e Convective subsystem : C. Acoustic subsystem A.
e Resolution based on the C/.A operator splitting :

1. o U4+C=0 (t"—t").
2.0 U+ A=0 (" — 1),
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A time dynamic splitting

O p +o« (pu) =0,

O:(pY) +0x(pYu) =0,

O (pu)  +0x(pu®+&5()p)  +H(A - (1) dp =0,

3t (pe)  +0x ((pe+ &5 (t)p)u) +((1— (1) dx(pu) =0
c A

Introduce : &5 (t) €]0,1, U=1[p, pY, pu,pe]’.

e Convective subsystem : C. Acoustic subsystem A.

Resolution based on the C/.A operator splitting :

1. o U4+C=0 (t"—t").
2.0 U+ A=0 (" — 1),

e Time-dynamic evolution :

° 5)02(1“) — 1.
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A time dynamic splitting

Ocp +0x (pu) =0
0:(pY) +0x(pYu) =0
O (pu) 40« (pu*+p) 4+ 0 =0
9 (pe)  +0« ((pet+p)u) + 0 =0

b

C=Euler

Introduce : &5 (t) €]0,1, U=1[p, pY, pu,pe]”.

e Convective subsystem : C. Acoustic subsystem A.

Resolution based on the C/A operator splitting :

1. o U4+C=0 (t"—t").
2.0 U+ A=0 (" — 1),

e Time-dynamic evolution :

° 502(1“) — 1.
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A time dynamic splitting

O p +o« (pu) =0,

O:(pY) +0x(pYu) =0,
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Introduce : &5 (t) €]0,1, U=1[p, pY, pu,pe]’.

e Convective subsystem : C. Acoustic subsystem A.

Resolution based on the C/.A operator splitting :
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e Time-dynamic evolution :
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A time dynamic splitting

O p +o« (pu) =0,

O:(pY) +0x(pYu) =0,

O (pu)  +0x(pu®+&5()p)  +H(A - (1) dp =0,

3t (pe)  +0x ((pe+ &5 (t)p)u) +((1— (1) dx(pu) =0
c A

Introduce : &5 (t) €]0,1, U=1[p, pY, pu,pe]’.

e Convective subsystem : C. Acoustic subsystem A.

Resolution based on the C/.A operator splitting :

1. o U4+C=0 (t"—t").
2.0 U+ A=0 (" — 1),

e Time-dynamic evolution :

° 5)02(1“) — 1.
° 6"02(1“) — 0T,
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A time dynamic splitting

O p +0x (pu) =0,

Oc(pY) +0x(pYu) =0,

O (pu) +0x(pu®)  +0.p =0,

O (pe) +0x (peu) +0«(pu) =0.
c A

Introduce : &5 (t) €]0,1], U=1[p, pY, pu,pe]”.

o Convective subsystem : C. Acoustic subsystem A.
e Resolution based on the C/.A operator splitting :

1. U+C=0 (t"—t").

2.0 U+ A=0 (t" — "t
Time-dynamic evolution :

° (5702(1') — 1.

° 6%2(1?) — 0t.

[ §
::eDF D. lampietro A self-adaptive IMEX scheme [11/29]



Study of the Convective Subsystem C

Orp +0x (pu) =0,

D (pY) +0.(pY u) —o,

O (pu)  +0x (pu” + &5 (t) p) =0,

Ot (pe) +0x ((pe+ &5 (t)p)u) =0
C

Hyperbolicity & Eigenvalues :

e pct(p p)= (8p €|p)71 (52% — p0p 8|p) convective sound speed
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Study of the Convective Subsystem C

Orp +0x (pu) =0,

D (pY) +0.(pY u) —o,

O (pu)  +0x (pu” + &5 (t) p) =0,

Ot (pe) +0x ((pe+ &5 (t)p)u) =0
C

Hyperbolicity & Eigenvalues :
o pci(p, p)= (8,,5“,)71 (502% — p0p s|p) convective sound speed

e pc?(p, p) = (0p 5|p)71 (% —po, E|p> Euler sound speed
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Study of the Convective Subsystem C

Orp +0x (pu) =0,

9 (pY) +0x(pY u) =0,

O (pu)  +0x (pu” + &5 (t) p) =0,

de(pe) +0x ((pe+ &5 (t)p)u)  =0.
C

Hyperbolicity & Eigenvalues :
o pci(p, p)= (8,,5“,)71 (82% — p0p s|p) convective sound speed

e pc?(p, p) = (0p s|p)71 (% —po, E|p> Euler sound speed

e Stiffened gas thermodynamics : ¢ > 0, and C is strictly hyperbolic.
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Study of the Convective Subsystem C

Ocp +0x (pu) =0,

B (pY) +0.(pY u) —o,

0 (pu)  +0u (pu® + &5 (1) p) =0,

d:(pe)  +0x ((pe+ &5 (t) p)u) =0.
c

Hyperbolicity & Eigenvalues :
o pci(p, p)= (8,,5“,)71 (82% — p0p s‘p) convective sound speed
e pc?(p, p) = (0p s|p)71 (% —po, 5|p> Euler sound speed

e Stiffened gas thermodynamics : ¢ > 0, and C is strictly hyperbolic.

e Eigenvalues : \{ =u—&ce < )\g’3 =u< XN =u+&ece,
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Study of the Convective Subsystem C

Ocp +0x (pu) =0,

B (pY) +0.(pY u) —o,

0 (pu)  +0u (pu® + &5 (1) p) =0,

d:(pe)  +0x ((pe+ &5 (t) p)u) =0.
c

Hyperbolicity & Eigenvalues :

o pci(p, p)= (8,,5“,)71 (82% — p0p a‘p) convective sound speed

pc?(p, p) = (05 s|p)71 (% — p0, s|p> Euler sound speed

Stiffened gas thermodynamics : ¢2 > 0, and C is strictly hyperbolic.

Eigenvalues:)\‘f:u—@@occS/\g,gzug)\f:u+éaocc,
ke{1,2,3, 4} lim X{ = X", lim \§ = A5 =
Vk e {1, 2,3, 4} gégrlx\k Ak ,g;'gox\k A2
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Discretization of the convective subsystem C

at P +8X (p U) = 07
0:(pY) +0x(pYu) =0,
O (pu)  +0x(pu®+&5(t)p) =0,

i (pe)  +0x ((pe+&5(t)p)u) =0.

C
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Discretization of the convective subsystem C

Ot p +0x (pu) =0,

0:(pY) +0x(pYu) =0,

O (pu)  +0x(pu®+&5(t)p) =0,

i (pe)  +0x ((pe+&5(t)p)u) =0.
C

e Suliciu-like (Suliciu, 1998, 1JES) relaxation technique : I1, i, ac.
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Discretization of the convective subsystem C

O p +0x (pu) =0,
9 (pY) +ox(pYu) =0,
e (pu)  +0x (pu® + &5 (1) 11) 0,
O (pe)  +0. ((pe+ &5 (t)Mu) =0,
B (pN) 40, ((p1 -+ a2) u) =p (p(U) —N) /p.

e Suliciu-like (Suliciu, 1998, 1JES) relaxation technique : I1, 1, ac.
U=I[p,pY,pupel”, W=1[U, pM], S=[0, p (p(U) 1) /1]
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Discretization of the convective subsystem C

o U +8, F€ (W) =0,
8 (pM)  +0 ((pI1+ a0 v) =p (p(U) = N) /p.
cr
e Suliciu-like (Suliciu, 1998, 1JES) relaxation technique : I1, i, ac.
e U=[ppY, pupel , W=[U,pN|, S=0, p (p(U) 1)/ .

e A two-steps resolution :

1. Exact solution of the Riemann problem :

W, ifx<0

. WS (x/t, Wg, W,).
Wr ifx >0 (x/t, Wr, W)

O W+C" =0, W(t=0, .):{
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Discretization of the convective subsystem C

o U +8, F€ (W) =0,
8 (pM)  +0 ((pI1+ a0 v) =p (p(U) = N) /p.
CH
e Suliciu-like (Suliciu, 1998, 1JES) relaxation technique : I1, i, ac.
e U=[ppY, pupel , W=[U,pN|, S=0, p (p(U) 1)/ .

e A two-steps resolution :

1. Exact solution of the Riemann problem :

W, ifx<0

. WS (x/t, Wg, W,).
Wr ifx >0 (x/t, Wr, W)

HWH+C"=0, W(t=0, .):{

Hyperbolic relaxation system, LD fields, simple Riemann invariants.
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Discretization of the convective subsystem C

o U +8, F€ (W) =0,

8 (pM)  +0 ((pI1+ a0 v) =p (p(U) = N) /p.
e Suliciu-like (Suliciu, 1998, 1JES) relaxation technique : I1, i, ac.
e U=[ppY, pupel , W=[U,pN|, S=0, p (p(U) 1)/ .

e A two-steps resolution :

1. Exact solution of the Riemann problem :

W, ifx<0

OW4+C"=0, W(t=0,.)= . WS (x/t, Wg, W,).
: W+ ( ) {WR x>0 (x/t, Wg, W)

Hyperbolic relaxation system, LD fields, simple Riemann invariants.
2. Instantaneous projection on the equilibrium manifold :

A ={W,st.M=p(U)} 2:U=][U,ppU)]" .
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Discretization of the convective subsystem C

o U +8, F€ (W) =0,

B (oM) +0. (pN+2)u)  =p (p(V)—N) /p.
e Suliciu-like (Suliciu, 1998, 1JES) relaxation technique : I1, i, ac.
e U=[ppY, pupel , W=[U,pN|, S=0, p (p(U) 1)/ .

e A two-steps resolution :

1. Exact solution of the Riemann problem :

W, ifx<0

OW4+C"=0, W(t=0,.)= . WS (x/t, Wg, W,).
: W+ ( ) {WR x>0 (x/t, Wg, W)

Hyperbolic relaxation system, LD fields, simple Riemann invariants.
2. Instantaneous projection on the equilibrium manifold :

A ={W,st.M=p(U)} 2:U=][U,ppU)]" .

o Numerical flux : He (U7,4, U7) = F¢ (W (2(U},,), 2(U7))).
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Discretization of the convective subsystem C

o U +8, F€ (W) =0,

(o) +0. (pN+a)u)  =p(p(U)—T)/p.
e Suliciu-like (Suliciu, 1998, 1JES) relaxation technique : I1, i, ac.
e U=[ppY, pupel , W=[U,pN|, S=0, p (p(U) 1)/ .

e A two-steps resolution :

1. Exact solution of the Riemann problem :

W, ifx<0

. WS (x/t, Wg, W,).
Wr ifx >0 (x/t, Wr, W)

W+ =0, W(t=0, .):{

Hyperbolic relaxation system, LD fields, simple Riemann invariants.
2. Instantaneous projection on the equilibrium manifold :

A% ={W, st. N =p(U)} Z:U—=|U, pp(U)]".
o Numerical flux : He (U7,4, U7) = F¢ (W (2(U},,), 2(U7))).
e Whitam's subcharacteristic condition (Whitham, 1974) : ac > pcc.
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Study of the acoustic Subsystem A

8tp = 07

0 (pY) =0,

de(pu) +((1-&()op =0,

9 (pe)  +((1—&5(1) 0 (pu) =0.
A

Hyperbolicity & Eigenvalues :

e pci(p, p) = (9 8|p)_1 P acoustic sound speed.
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Study of the acoustic Subsystem A

8tp = 07

Or (pY) =0,

O (pu)  +H(1-&()op =0,

9 (pe)  +((1—&5(1) 0 (pu) =0.
A

Hyperbolicity & Eigenvalues :
e pci(p, p) = (9 €|p)_1 P acoustic sound speed.

° /)c<2: (p, p) = (8pa|p)—1 (éﬁ% — p0p 5|P) convective sound speed.
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Study of the acoustic Subsystem A

8tp = 07

Or (pY) =0,

O (pu)  +H(1-&()op =0,

9 (pe)  +((1—&5(1) 0 (pu) =0.
A

Hyperbolicity & Eigenvalues :
o pci(p, p) = (0p 5|p)_1 % acoustic sound speed.

e pc(p, p)=(9p E|,,) <§ L —p0, 8|p) convective sound speed.
o+ (1- éaO) =c
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Study of the acoustic Subsystem A

8tp = 07

0 (pY) =0,

O (pu)  +(1—-&(0)dp =0,

O (pe) +((1— & (1) (pu) =0.
A

Hyperbolicity & Eigenvalues :

o pci(p, p) = (0p e|p)71 % acoustic sound speed.
e pc(p, p)=(9p E|,,) (zf L —p0, a|p) convective sound speed.
o cé—l—(l—é”o) 4 =c.

Stiffened gas thermodynamics : V(x,t), p(x,t) > 0= c4 >0, and A is
strictly hyperbolic.
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Study of the acoustic Subsystem A

8tp = 07

0 (pY) =0,

O (pu)  +(1—-&(0)dp =0,

de(pe)  +((1—&5(1) 0 (pu) =0.
A

Hyperbolicity & Eigenvalues :
o pci(p, p) = (Bpe,) ? acoustic sound speed.
e pc(p, p)=(9p E|p) <z§ L —p0, 8|p) convective sound speed.

o t+(1-65) ca=2c

o Stiffened gas thermodynamics : V(x,t), p(x,t) > 0= c4 >0, and A is
strictly hyperbolic.

e Eigenvalues : A\f' = — (1 —65) ca < M'3=0< X' = (1-67) ca
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Discretization of the Acoustic Subsystem A

8tp = 07

0 (pY) =0,

de(pu) +((1-&()op =0,

dc(pe)  +((1— (1) 0c(pu) =0.
A
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Discretization of the Acoustic Subsystem A

8tp = 07

0 (pY) =0,

de(pu) +((1-&()op =0,

9 (pe)  +((1—&5(1) 0 (pu) =0.
A

o Suliciu-like relaxation technique : I1, 1, a4
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Discretization of the Acoustic Subsystem A

Or p =0

O (pY) =0

e (pu)  +((1— &7 (1) 0x N =0

di(pe) +((1— &(0) 0 (M) =0

Be(pM) (1= EE(0) 0 (% u) =p (p(U)— 1) /u
e

e Suliciu-like relaxation technique : I1, 11, a4

s U=[ppY, pupel , W=[U,pM|, S=[0, p (p(U)—11)/]",
7 =1/p, Whitam’'s condition : a4 > pca.
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Discretization of the Acoustic Subsystem A

O p =0
O (pY) =0
O (pu)  +((1—&5(1) 0 T =0
dlpe) H(1— (D)o (M) =0
B (pN)  +((1 =& (1) 0« (au) =p (p(U) =1 /u

Ak

e Suliciu-like relaxation technique : I1, 11, a4

e U=[ppY, pupel ., W=[U,pN|, S=0, p (p(U) 1) /4],
7 = 1/p, Whitam'’s condition : 2.4 > pca.

1. Resolution of the homogeneous system :
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Discretization of the Acoustic Subsystem A

Ot p =0
O (pY) =0
O (pu)  +((1—&5(1) 0 T =0
dlpe) H(1— (1) (My) =0
B (pM)  +((1 = &5(1)) 0. (sl u) =0

AH

e Suliciu-like relaxation technique : I1, 11, a4

e U=[p,pY, pupel . W=[U, pN|, S=0, p (p(U) 1) /4],
7 =1/p, Whitam'’s condition : 2.4 > pca.

1. Resolution of the homogeneous system :

o Eigenvalues :
Ay = (1= 2(t)aar < X33 =0 < Ny = +((1 — 62(t))aar
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Discretization of the Acoustic Subsystem A

¢
& T EeDF

atp

2 (pY)

Oe(pu)  +((1—5(1)
e (pe)  +((1 - &5(1) x (M)
)

Ox I

B (o) +((1— E2(6) 0. (2 u)

An

e Suliciu-like relaxation technique : I1, 11, a4

e U=[p,pY, pupel . W=[U, pN|, S=0, p (p(U) 1) /4],
7 =1/p, Whitam'’s condition : 2.4 > pca.

1. Resolution of the homogeneous system :

o Eigenvalues :
Ay =—((1= &7 (t)anr < NP =0< Ny =
e Strong Riemann invariants :

w

=u-1
aa

D. lampietro

— n
R:U-{‘a

A self-adaptive IMEX scheme [15/29]
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Discretization of the Acoustic Subsystem A

or T =0
oY =0
W —((1—&5(t)aard W =0
&R +((1—&(t)aaTd R =0
0 (pe) +((1—&5(1)0x(MNu) =0

e Suliciu-like relaxation technique : I, 11, a4
e U=ppY, pupel , W=[U,pN|, S=0, p (p(U) 1)/,
7 =1/p, Whitam’'s condition : a1 > pca.
1. Resolution of the homogeneous system :
e Eigenvalues :
My = —((1 = E2(t))aar < X533 =0 < Ay = +((1 — &2(t))anr
e Strong Riemann invariants :
W=u—-1 R=u+ %

ap’
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Discretization of the Acoustic Subsystem A

O T =0
oY =0
W AL e W =0
R ANLOR =0

O (pe)  +((1— &5 (1) (Mu) =0

e Suliciu-like relaxation technique : I, 11, a4

e U=[ppY, pupel , W=[U,pN|, S=0, p (p(U) 1)/,
7 =1/p, Whitam’'s condition : a1 > pca.

1. Resolution of the homogeneous system :

e Eigenvalues :

My = —((1 = E2(t))aar < X533 =0 < Ay = +((1 — &2(t))anr
e Strong Riemann invariants :

W=u- R=u+ %

ap’
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Discretization of the Acoustic Subsystem A

(i ¢ (27 (CVY ¢ ()i
ot
Cell: i
“ Wi
tn
T
Xi-1/2 Xi+1/2

e Suliciu-like relaxation technique : [, 11, a4

e U=[p,pY,pupel’, W=I[U, pN], S=0,p (p(U) 1)/,
7 = 1/p, Whitam's condition : 2.4 > pca.

1. Resolution of the homogeneous system :

o Eigenvalues :

Ay = (1= 2 (t)aar < X3P =0 < Ny = +((1 — 68(t))aar
e Strong Riemann invariants :

W=u- %, R=u+ %
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Discretization of the Acoustic Subsystem A

¢
& T EeDF

Cell: i

tn !

¢ (%)

Xi-1/2

e Suliciu-like relaxation technique : [, 11, a4

e U=[p,pY,pupel’, W=[U, pN],S=][0, p
as > pPCA.

7 =1/p, Whitam’'s condition :

1. Resolution of the homogeneous system :

o Eigenvalues :

Ny = —((1= &5 (0)aar < NP =0< 2

e Strong Riemann invariants :
— n — n
W=u-op R=Eut oy

D. lampietro

Xi+1/2

(p(U) — 1) /1],

= +H(1 - & (D)o

A self-adaptive IMEX scheme [15/29]



Discretization of the Acoustic Subsystem A

or T =0
oY =0
W —((1—&5(t)aard W =0
&R +((1—&(t)aaTd R =0
0 (pe) +((1—&5(1)0x(MNu) =0

e Time-implicit scheme based on a strong Riemann invariants formulation
(Coquel et al., 2010, Math. Comp.)
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Discretization of the Acoustic Subsystem A

o

Yin+ =Y’

e (R VA )
R,”*A—t R, (1= (o@o"z)x (a)" 7/ (Rius— RIL) =0,
(pe)?*A—t (pe)f (1= A(fo”f) (M)t 2 = (Mu) ) =0,

e Time-implicit scheme based on a strong Riemann invariants formulation

(Coquel et al., 2010, Math. Comp.)
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Discretization of the Acoustic Subsystem A

Tin+ = Tin7
Y=Y
Wrt—we (L () ()
At Ax (Wfﬂ/? - W 1/’2) =0,
RIT— R (L= (&)) ()7 (0 ’
ar ¢ Ax (RMyz = RI'3) =0,
()" —(pe) (1 (")

At Ax ((HU);Tl/z - (HU):’TL/Q) =0.

e Time-implicit scheme based on a strong Riemann invariants formulation

(Coquel et al., 2010, Math. Comp.)

e Face values :

n-+ _ n+ n- — n-+
VV/'+1/2 = VVi-h R; 1/2 = R/'

i+
n+ n+ n n+ n+
n+ _ Ri + VVifl I—InA _ aA (RI o VVH»l)
u/vl/2 - f’ i+1/2 — T 5

2
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Discretization of the Acoustic Subsystem A

T,-"+ =1/,

Y=

Wr W (D) @A e g,
R,-"+A—t RE (1= (%"ﬁ)x(“)”""” (RM = R"1) =0
(pe)7+A_t (pe)i | L fA(fo")2) ((”u),-”jl,,/z - (nu)ﬁl/’@) =0

e Time-implicit scheme based on a strong Riemann invariants formulation

(Coquel et al., 2010, Math. Comp.)

e Face values :

n-+ _ n+ n- — n-
VV/'+1/2 = VVi-h R; 1/2 = R/'

i+
n+ n+ n n+ n+
n+ _ Ri + VVifl I—InA _ aA (RI o VVH»l)
u/vl/2 - f’ i+1/2 — T 5

2
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Discretization of the Acoustic Subsystem A

=

Y=

Wr W (D) @A e g,
RE R A E0F) ' (i o) =g
(pe)7+A_t (ve)! + a 7A(f0")2) <(”LJ),-”71/2 - (ﬂu)ﬁl”/?) =0

2. Instantaneous projection on the equilibrium manifold :

A=W, st N=p(U)}  2:U~[U, pp(U)
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Discretization of the Acoustic Subsystem A

=

Y=

Win+A_t wp o (1 (6%”2((%4)” i (Woy — wit) =0,
o () G
el (el U (g, o, ) =0

2. Instantaneous projection on the equilibrium manifold :

A=W, st N=p(U)}  2:U~[U, pp(U)

ot =01, (pu)7 = (pu)i”, (pe)i™t = (pe)it = U = U7*

|-|7+1 —p (U}’H)
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Definition of the Splitting Parameter &p(t)

O p +0x (pu) =0

9e(pY) +0x(pY u) =0

delpu) +oe(put ()P H(-E(D)dp =0

Ot (pe)  +0x ((pe+ &5 (t)p)u) +((1—&5(1) 0k (pu) =0
C A

&o(t) = min (Mmam(t)v 1)
Minaq(t) = sup ((Ju| /¢)(z, 1))

zeQ
I
Mipar(t) 2 1 Miae(t) < 1
h 4 h 4
C+&  AnCH A C+&l A=~C
(1-¢7) A0 (1-¢7) Ax A
Time-explicit Riemann solver Time-implicit scheme on A
Compressible waves captured Slow material waves captured
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Definition of the Splitting Parameter &p(t)

O p +0x (pu) =0

9e(pY) +0x(pY u) =0

delpu) +oe(put ()P H(-E(D)dp =0

Ot (pe)  +0x ((pe+ &5 (t)p)u) +((1—&5(1) 0k (pu) =0
C A

A’Ima;ﬂ(t) <1 ]V[maz(t) <1
St)~1 St)y<1
A 4
C+&f A~C+ A C+&5 A=C
02 ~ 52 -

(1—¢7) A=0 (1-¢7) A= A
Time-explicit Riemann solver Time-implicit scheme on A
Compressible waves captured Slow material waves captured
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Definition of the shock detector S(t)

Isothermal water hammer : Joukowski’s jump relation

[Pl = £ pocofu] (Joukowski, 1898)
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Definition of the shock detector S(t)

Isothermal water hammer : Joukowski's jump relation

[Pl = £ pocofu] (Joukowski, 1898)

Discrete shock detector : S(t")

(o5);
S(t") = sup <4m‘axsd:)/c2p)) ,

i+1/2 i

n n
Pi+1 — Pi

piate! n n
2 (“i+1 -4 )

thres

if July — o' > e max (Juiial, |uf'])
(U$)7+1/2 =

0 otherwise,
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Plan

Numerical results
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A Pragmatic Stability Study

t

o o0 =1kg.m3,
p% =0.125kg.m™3

0 (1]
PL Pr o p° = 0.1bar
u® u!
o Ideal gas: vy =7/5
P’ P
e My, input parameter,
Mmax Mmin P = Mmin C;%,
ck = V(0p°) /R
x Mupax = u°/c? =

0
Minin V PL/PR

Initial conditions : single contact discontinuity

e S(t) =0 imposed
o At" =6 —5w
1 max([u71)

e Transmissive boundary conditions
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A Pragmatic Stability Study

S
g “x(l”'“hu“lnnh anﬁmﬁ(ll “l il A“HM”“LM
~ ”’H’Iﬂ“l ([P ’,H!!l i ”ll”“”l“ i

0.55 06 065 07 075 08 085 09 095 1

z (m)

Pressure, M, = 1072, with Ngeys = 103, %|u| = 0.49, iteration 270,
(t =12.496 x 1072 s)
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A Pragmatic Stability Study

I I
1 | - 000, —
0.9 + i
—<Sp-(M)
081 —&— Sp-LP )
0.7 i
B
S 06 il
B "‘”\x\\ |
0.26 I Mihres B
0.2 | : : : : | —
0 0.1 02 035 0.50.6 0.8 1
Mmin

Numerically measured stable Courant numbers : M, € [10_4, 1]
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A Pragmatic Stability Study

Tentative of explanation of the curve :

(‘uoy—l—é”"co'R) At |°| At
CKC: %“\ = A
X

Ax
with:cc = ( )
o -1 0,R
&y ¢
u_< c > (fc=<1+M:1mC§R) ‘c
and : 3 —,/((53")27 LI RV
Y s
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A Pragmatic Stability Study

Tentative of explanation of the curve :

|| + &5 ") At 0| At
6, =
Ax » Ol Ax

with : cg’R =cc p%, po)

QO R -1 &r
=[1+& € =(1
(g\u\ ( + 0 u0| > ‘gc < + Mm,‘,,

and s €0 = Sl =ty ey
. CO’R - 0 ~ v Y

o |

SO R -1

¢ &
c

COR

-1

Stability criterion 1 + M ) ) if Mmin Z Mthres = \/ﬁm =~ 0.35
—— min
bc~1 = %u| = 5
Mmin ) Y —
Mthres Mthres v v

1 1 .
+ - , otherwise

35

v
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A Pragmatic Stability Study

Tentative of explanation of the curve :

(\uol—ké%"cg"?)At ” 0| At
Ax N
with : cg’R =cc (p??, po) .

o,R\ ! 0,R

’ gn )

Clu| = 1+fgbncc Go =1+ -2 Ce
] R

G =

Stability criterion

——
%C ~1 = <€|u\ = F(Mmin)
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A Pragmatic Stability Study

I I
1 | - 000, —
0.9 + i
—<Sp-(M)
081 —&— Sp-LP )
0.7 i
B
S 06 il
B "‘”\x\\ |
0.26 I Mihres B
0.2 | : : : : | —
0 0.1 02 035 0.50.6 0.8 1
Mmin

Numerically measured stable Courant numbers : M, € [10_4, 1]
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A Pragmatic Stability Study

I
1 | - 0000, —
0.9 + i
—<— Sp-(M)
081 —4— Sp-LP )
_ 0.7 - == ]:(Mmtn) —
=l
S 06 i
0261~ ~°°= Mrrres B
0.2 | : : : : | —
0 0.102 035 0506 0.8 1
Mmin

Numerically measured stable Courant numbers : M, € [10_4, 1]
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A Double Riemann Problem with Stiff Thermodynamics

Shock tube initial conditions : L =2m, xg = 0.55m, xy = 1.23m

Left state Intermediate state Right state
(x < x0) (x0 < x < x1) (< x)
o (kg.m™3 o) =10° Dierm = 9.98 x 102 p% = 9.97 x 10
u(m.st) Q=1 e =1 u =1
p (bar) pi = 10° Pinterm = 10 pr =1
Y Y? =07 Y0 m = 0.2 YR =0.1

[}
& T EeDF

e Thermodynamics : stiffened gas, pe = (p+ 7 Px) /(7 — 1)
with 7 = 7.5 and P, = 3 x 10° bar.
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A Double Riemann Problem with Stiff Thermodynamics

Time-steps :

Convective time steps Sp-(M)- Imp
Atc = Cgc

, 6c =10.9

(s (max( uj " ufly1 +65 ()1 2 Tr'll‘

i+1/2 —5 (3N 2 ™7

o (@)irj2 = K max (] (e}, i (cc)n) s K > 1

Convective time steps LP Imp (Chalons et al., 2016, Com. in Comp. Phys.) :
Atc = %c + — ,%c=0.9
,Tf‘f2<((”,4);_1/2) _((U.A)i+1/2) )

A
O (Uj4)7+1/2 = u,+12 - — 57— (P — p7)

+1/2

° a,f’+1/2 = K max (p] ¢, ply1¢ii1), K>1
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A Double Riemann Problem with Stiff Thermodynamics

-10~? 1074
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x (m) z (m)
Mach number profile : overall area Mach number profile : low velocity area
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A Double Riemann Problem with Stiff Thermodynamics

Discrete shock detector : S(t")

(o)
S(t") = su M):sus-”
() i+15)2 <"‘ax(ci"+1’9"’) i+l?2 e
P — P

Pty — uf)

thres

if |uiia — uf| > " max (Jufal, [uf])
(‘75)7+1/2 =

0 otherwise,
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A Double Riemann Problem with Stiff Thermodynamics

[ M N b
0.8 |- —
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@
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| | | |
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Local shock detector : overall area

Time: t =1.46 x 10~*s
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A Double Riemann Problem with Stiff Thermodynamics
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A Double Riemann Problem with Stiff Thermodynamics
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A Double Riemann Problem with Stiff Thermodynamics

T T T T T T T
0.7} g (IR R — Exact -
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06 B —— Sp-LP-Imp-%¢ 0.9
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An Asymptotic-Preserving Scheme ? (Dimarco et al., 2017, J. of Sci. Comp.)

(zone 1) : x < 0.2 | (zone2): x € [0.2, 0.25] (zone 3) :
or x > 0.8 or x € [0.75, 0.8] x € [0.25, 0.75]
p (kg.mT?) r° ° 0’
u(m.s™) W)= up = u® x (14 M°/2) u = u°
u® x (11— M°/2)
p (bar) p’ p’ P’

Table: (Dimarco et al., 2017)'s Riemann Problem : initial conditions

o PP =1kg.m3 p°=1bar, = \/W

o u®=M°xc® M°input parameter : M° =32x 103 = u® ~1ms!
o Length of reference L° = 1 m. Time of reference t° = L°/u°

e Physical time of simulation : Teng = 0.05 X t°

e Ideal gas thermodynamics v = 7/5, S(t) =0

e Periodic boundary conditions
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An Asymptotic-Preserving Scheme ? (Dimarco et al., 2017, J. of Sci. Comp.)
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Velocity, M°=32x10"°
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An Asymptotic-Preserving Scheme ? (Dimarco et al., 2017, J. of Sci. Comp.)

0.99953

0.9999 - ——  No-Sp-103 1
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Velocity profile : M? = 3.2 x 1073 Velocity profile (zoom) : M® = 3.2 x 1073

e u(Tenq) such that :

/pu(.7 t = 0) dQ = / pU(., t= Tend)dQ
Q Q
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An Asymptotic-Preserving Scheme ? (Dimarco et al., 2017, J. of Sci. Comp.)
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Conclusion and Perspectives

Main ideas :
e Construction of a self-adaptive IMEX scheme

e "self-adaptative” aspect due to &(t) = automatically select the
appropriate spatial flux discretization

o At" < |uf £ 84 (cc)i| = automatically select the appropriate time-step
v

Perspectives :

o Amelioration of the shock detector S(t") in the ideal gas thermodynamics
case

e Local formulation of the dynamic parameter : &o(t) — &o(x, t)

e Perform a proper stability analysis (linearized case, periodic BC...)
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Merci de votre attention!
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