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Incompressible Variable density flows
» Bounded domain Q x (0,T),Q C R?, T > 0.
» Non homogeneous fluid : density p is not constant
» Incompressible fluid : div u = 0,

» Incompressible variable density Navier-Stokes equations:
op + diV(ﬁD) =0,
pu+divipueu)—Au+Vp=0,
(VDNS)
divu =0,

Ulaq = 0, Ult—0 = Uy, plt=0 = Po > pmin > 0,




Variable density NS equations: a priori estimates

» maximum principle for p
divi = 0and 9:p + div(pt) =0 ~ 9;p+ U - Vp = 0 (transport equation)

0 <minpo < < max po.
» kinetic energy balance:
Multiply momentum balance eq by u and use mass balance (twice) ~~
0,(%5|u|2) + div(%ﬁ\mzu) —~AU-U+Vp-u=0.
» L>°((0, T); L3(Q)9) and L2((0, T); H}(22)9) bound:

f 1
1/ ﬁ(.,t)\[l(.,t)|2dx+/ /|VD\2dxdt:—/ Po |Go2dx, Vte (0, 7).
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Variable density NS equations: weak solutions

» Weak Solutions:

po € L>(£) such that pg > 0 and ugy € L?(2)9. A weak solution is a pair (p, u)
such that:

> L0, T)xQ)and 5 > 0a.e inQ x (0, 7).
> 0 e L>=((0, T);L3(2)9) N L3((0, T); HY(R)?) et divit = 0 a.e. in Q x (0, T).
> Forany ¢ in C3°(Q x [0, T)),

;
~ [ oo+ g oyaxat = [ pos(..0)ax.
o Ja Q
> forany vin C(Q x [0, T))9 such that divv = 0,

!
/ /(—ﬁa.a,v—(ﬁa@) B): VvV vv) dxdt:/ﬁgl_10~v(.,0)dx.
0 Q Q

» Existence of a weak solution Simon '90.

» Discretization
»  » Liu Walkington Discontinuous Galerkin 2007

> Latché Saleh Rannacher Turek 2016



The standard Marker-And-Cell scheme

Vm,m Vuu V\.l‘..u
Uit Prger Yitor My Yl D Uik
(Harlow Welsh 65)
e structured grids, Vit Vij Vit
e pressure at the cell-center and Us, My Y by Uy My Y
normal velocity components at
m|d—edges, Vidja Vi Vistj
e staggered meshes.
Uw-em hi-u»w Ui".J" hu-l Uw-' hm,m Ul*kl"
V, V. Vv, "

Advantages and drawback
-+ minimal number of unknowns,
-+ no pressure stabilization needed,
+ simplicity and robustness of the scheme,
— needs local refinement for complex geometries.

Convergence analysis:

Shin Strickwerda 96, 97, stability, inf-sup condidion
Nicolaides Wu '96, (w, ¢) formulation

Blanc '05 irregular rectangles, finite volume approach



The MAC grid (or Arakawa C)

Primal mesh (pressure) 7 :

e K :Primal cell.

e & setoffaces of 7.

o eiz1,.. .,
set of faces orthogonal

to the i-th component of
e;.

Dual mesh (velocity) :

e Dy dual cell associate
tothe face o € £(1).

P=D PKXK Z UsXD,

KeT
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From the continuous to the discrete equations: time-implicit
discretization

> Continuous equations
pEL=((0,T) x Q)T € L>((0, T);L*(2)7) N L*((0, T); Hy(2)7),
divu =0,
Oip + div(pt) = 0,

9(p) U+ div(p U ® U)— Al + VP =

> Discrete equations

PN ) o)
di\/7—u(m D= 0,
(n+1)

3ipt + divr ((pu) ™) = 0
Sr(pu)(nH) + c‘g((pu)("“))u("‘”ng u(n+1) + Ve p(n+1)
> Discrete time derivative:

=0,
1
8:(3) "™ = S (80 tri1) = 9( 1), 6 € Hr or & € He.
> Discrete operators:

divru, divrpu, ce((pu))u, —Agu, Vep...



The time-implicit MAC scheme

> Discrete equations
p, p piecewise constant on the primal mesh,

u piecewise constant on the dual mesh

(D o) ¢ ™) ¢ Ry,

p
divy ul™ = 0,
B+ divr ((pu) ™) = 0

(o)™ + ce ((ou) " )M A gu™ ) 4 we pD) =,

> Discrete operators divyu, divy(pu):

ForK € T :
1
divieu™ = K Z lo| ux.s =0, with ug, o = U,
Kl , &2
1 1
(n+1) (n) (n+1) _
E(p‘( - Pk )+W > R =0,
cEeE(K)

with Fx , = |o| pPuk », p¥ : upwind approximation of p on o = p

(n+1)
K

> 0.



The time-implicit MAC scheme

Discrete equations, p, p piecewise constant on the primal mesh, and u piecewise constant on the

dual mesh
p(n+1),p(n+1) c LT7 u(n+1) c HS,
div-u™? = o,
3o 4 divr ((ou)™V) = 0
Se(pu) ™ + ce((pu) " "V —aeu™D 4 v p =0,
Foro € € :
1 ~ 1
(n+1) (n),,(n) (n+1) , (n+1) (n+1) (n+1) _
— U, — u F u —(Au v =0,0 € &n.
5o pdu) + A Z S uM T —(Aau) + (V) o€ Em
ec&(Dg)
po and F, . chosen later.
centered approximation for u.,
with: | (Au), = two point flux FV approximation on the velocity meshes,
lo|
Vep™ = 3 (VP (VP)e = (o (P = Pk
o€y UI
K g
ce=glo’
D,

o= Kltle == oLpﬁ




Discrete duality, coercivity, inf-sup property

» Discrete divergence-gradient duality

/qdiVTV—i—/ng-V:O.
Q Q

» Coercivity

d
o |lullie = Z Z [Do|A g uu, = IVeull2iqe 2 Cllull2(q)o
[Eep—)

> Inf-sup property
e Vg€ Ly, 3veHg g=dvrvand|v|e < Clpll 20

(discrete version of Necas’ Lemma, Strickwerda '90, Blanc '05)



Discrete kinetic energy inequality, choice of p, and

» Discrete equations
If a mass balance holds on the dual cells:

|Do |
o — - Fa e — Oa
as (Po = P5)+ GXE‘; :
and p, > 0, then
(ot = o5 W)) 45 S Pty —(AU)o - (0p)o iy <0
o6 Pols Ps\Us 2|Do-| 4 o,eloUs oUo oloc >
c€€(Ds)
» Proof e=o|o’
> Choice of po and Fo,c Herbin, Kheriji, Latché 2013
T € 7—/
X =
|Do lpo = |Dk o lpk + 1DL,0lpL, K < L
Il
° oD,
% (Fk,r + Fkr)ife LojeCcTur’
FO‘,€ =

3 (—Fro + Fror) if e C K= [0,0]



Convergence analysis

Theorem : (7, Em), 8tn sequence of meshes and time steps hy, — 0, 6t — 0 + suitable
assumptions on the mesh,

There exists pm, Un solution to the scheme, and, up to a subsequence
pm — pinLP(Q x (0,T)),pe[1,+oo],
Um — bin L3(Q x (0, T))

(p, ) is a weak solution to (VDNS)

Sketch of proof

> A priori estimates on the approximate solutions pm, un ~~ existence of a solution to the
scheme.

» Compactness thanks to discrete functional analysis tools:
Up to a subsequence, pm — p, Unm — U for some norms.

> Passage to the limit in the weak form of the scheme, ~~ (p, U) is a weak solution to (VDNS).



Convergence analysis: estimates and existence

» 1 - A priori estimates.
» Maximum principle (upwind discretization of the mass balance):

ir pol(X < P < ma pol(X).
IQ ( ) = = f))( ( )
> Kinetic ene ay idel tlty +d ad-div duallty

4ll o0 0, maz@ey + IUlli2o, mimg o) < ©

> Estimate of the momentum balance convection form:
[Ce(pu)v - w| < Cyp llpllLoe @) Ul jagya 1V 4 IWl1,£.0
< Cor llelleso @ llullt,e0 l1vIl1,e,0 W1, 0-

» 2 - Existence of a solution thanks to a topological degree argument.



“Easy case” : homogeneous fluid, constant density

> Estimate on un in L2(0, T; HE o)

» Estimate on d;up

N—1
19l ey = 3 #duley, < Cwhere [vig, = max /Qv-apdx‘ :
= lellt,g,0<1

» Discrete Aubin-Simon theorem = compactness on uj, in L2((0, T), L2(Q))

Discrete Aubin-Simon theorem 1 < p < +o0, B Banach space, B, C B, dim
Bn < 400, || - ||x, and || - ||y, norms on Bp s.t. : if ||wp|| x,, is bounded then:

(i) 3w € B; wy, — win B up to a subsequence,
(iiy if wym — win B, and ||Wp]||y,, — 0then w = 0.

Let T > 0 and (um)men be a sequence of LP((0, T), B), piecewise constant on the time
intervals, such that

1. (Jy lumll%_ dt)men is bounded,
2. (f;7 13Umllymdt)men is bounded.

Then there exists u € LP((0, T), B) such that, up to a subsequence, un — uin L°((0, T), B).

> Un — T € L3((0,T), L3(Q)) + (Un)men bounded in L2((0, T), HE o)
~ U € L3((0, T), H}(Q)).



Variable density, estimate on the translates

v

No estimate on 9;um

» Estimate on the time translates (continuous case: Boyer Fabrie '13 chapter 2);

T—71
/ [Um(X, 4 7) —tm(X, )P ax dt < Cypp 72" (um|% .+ DV T 0F
0 Q Prmin (Hg 0)

Kolmogorov compactness theorem ~ compactness of up, in L2((0, T), L2(R2)).

v

/T + &t : No estimate on time derivative.

v

Will not generalize to the compressible case because of ppin



Variable density, convergence

» Convergence proof, sketch :
> Uy, — 0in [2(0, T; L2(Q)9), pm — p weakly in L2(0, T; L2())

w'/O‘Tv/s;pmumw,be/;/s)ﬁﬂwforanyzpgLM(QX(077—))4 )

> In particular for ¢ = V¢,

T T
/ / divim(om Um) @ dxdt = / / pm Um Ve dxdt — /(ﬁ u) Ve dxdt
0o Ja 0o Ja Q

(thanks to weak BV estimate)
> dtpm — Otp, Ot(pm Um) — Oi(pu), divuy, — divll = div, U = 0 (linear operators)

> pmUm bounded in L2(0, T; L3(2)?) = pmum converges weakly in L2(0, T; L2(Q)9).
Hence by (%), pmUm — pla weakly in L2(0, T; L2(Q)?) and since u, — uin
L0, T; L2()7)

//Jmum®umvcp—> /f»t‘l@ uVe
JQ JQ



Variable density case, convergence, alternate proof

» Compactness of p, in L2(H~") thanks to Aubin-Simon with B = H~'(Q) X = [3(Q)
y=w""Q)

> X = [?(Q) compactly embedded in B = H~'(Q)
> 8ipm boundedin L'(0, T, W=11(Q))
> pmbounded in L2(0, T, L3(Q)) ~» pm compact in L2(0, T, H~1(Q))

> U, bounded in L2(0, T, H;(£2)) hence (weak strong product)

> pmUm — piiweaklyin L',

» Same ideas for the convergence of pmum ® Up ...
Thierry Gallouét, 2017



Recent and on going work

» Locally refined grids : with Chénier, Eymard, Gallouét for modified MAC,
Latché, Piar, Saleh for RT grids.

» Stability and weak consistency for the full NS equations (with D. Grapsas, W.
Kheriji, J.-C. Latché)

» Convergence for steady-state barotropic NS (v > 3) (with J.-C. Latché, T. Gallouét
and D. Maltese)

» Error estimates for barotropic NS, adaptation of strong weak uniqueness (with D.
Maltese, and A. Novotny).

» Stability and weak consistency for the Euler equations with higher order schemes
and entropy consistency (with T. Gallouét, J.-C. Latché, N. Therme)

» Low Mach limit for barotropic NS (with J.-C. Latché, K. Saleh).
» Convergence of the fully discrete pressure correction scheme. TODO

» Convergence for the time-dependent barotropic compressible Navier-Stokes.
TODO



