Relative entropy method for the diffusive limit of

numerical schemes

Christophe Berthon?,
with Marianne Bessemoulin-Chatard, Soléne Bulteau and Héléne Mathis

Laboratoire de Mathématiques Jean Leray - UMR6629 CNRS
Nantes University

Toulouse, 2017

IPartially supported by the ANR projects GEONUM and ACHYLLES

Christophe Berthon (LMJL) Relative entropy and diffusive limit 1/27



N —
Continuous framework

@ Hyperbolic system with source term:
W + 0, f(W) = —R(W). (H)
o Diffusive limit ¢t — +o0:
OW — 0, (D(W)9, W) = 0. (P)
@ Rescaled system:
OV, + 0. f (W.) = ~ZR(W.). (11.)

e (H.) = (P)ase—0.

Lattanzio & Tzavaras : Euler isentropic, p-system.
< relative entropy = convergence rate in O(g%).
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N —
Motivations

AP schemes for the diffusive limit:
o Kinetic equations: Jin, Pareschi & Toscani , Naldi & Pareschi.

o Hyperbolic systems: Gosse & Toscani , Buet & Després, CB & Turpault.

e—0

(H:) (P)
A—0 A—0
(H2) — (P2)

Aim: Study the limit € — 0 in the discrete framework.
o Strategy: relative entropy (Lattanzio & Tzavaras, 13).
@ Particular system: p-system with friction.
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@ »-system with friction

© Convergence rate for the continuous problem

© Convergence rate for a semidiscrete scheme

@ Numerical experiments

© Convergence rate for a fully discrete scheme
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From the p-system to the porous media equation

{ o omm o an
pressure p(s) = s~7, v > 1.
Rescaling: (Naldi & Pareschi, Mei)

t—tle, u—eu®, o—ofe
£ 5 e —

{ fggtua ?—Egmp?TgS = —ou’. (He)
Limit ¢ — 0:

T =T4en+em+..

W =T+ecu +e2us+ ..
Order £°:

{ Zp<+—>“j e )
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Relative entropy

Entropy-entropy flux pair for (H.)

2

n(ru) =5 = P(r), (ru) = up(r),
where P(7) = [ p(s)ds, satisfying

On® (75, u) + 9, (75,u) < —a(uf)?.

Relative entropy

= (-2 - P(rPP).

ou P(7|7) := P(r) — P(T) — p(T)(T — 7).

Associated relative entropy flux: ¥(7,u|7, @) = (v — @) (p(T) — p(7)).
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Convergence rate for the continuous problem

© Convergence rate for the continuous problem
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Convergence rate

¢°(t) := [0 (7%, v [T, W) da.

Theorem (Lattanzio and Tzavaras, 2013)

Let (7,u) be a smooth solution of (P) such that
eT>c>0,
© ||02ap(T) || Los (R [0,1)) < K < 00,
® ||02¢p(T) ||l L2 (rx[0,1)) < K < 400.

Then
¢°(t) < C (¢°(0) + &%) .
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Sketch of proof (1/2)

o 1st step: write an equation verified by the relative entropy.
On® (15,87, 0) + 09 (7%, u |7, W) =
1 g2
— ot~ W+ —Duap(TIP(r°IT) + S0 (7) ().

@ 2nd step: integrate on Q; = R x [0, ?).

t

FO- 60 <0 [ @-af+ [ oupmprn)
Ty
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Sketch of proof (2/2)

e Control of 77: 3C > 0 such that V7, 7 > ¢ > 0, |p(7|7)| < —=C P(7|7)

=2 [ 10w dads < ~C0.apT) o [ P dids
Qt

Qt
c
S;/Oﬁb(s)ds'

@ Control of 75: Cauchy-Schwarz and Young inequalities

2

== [ upPe —w) < 2 / (u — )
o JqQ, 2 Jg,

4

+ [ 10up(7))?
20° Jq,

< %/ (uf —)* dx ds + C .
t

@ Conclusion: using the Gronwall Lemma,

¢>€(t)§¢€<0)+Cs‘*+9/t¢f(s)ds = ¢°(t) < (¢°(0) + Ce*) 7T/,
g Jo
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Convergence rate for a semidiscrete scheme

© Convergence rate for a semidiscrete scheme
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Convergence rate for a semidiscrete scheme

From the continuous to the semidiscrete framework

ifé T; xi+%
@ Finite volume scheme, with HLL fluxes:

d 1 A A
E = 5Ar (w1 — u271>+E(Tz+1_2Tz+Tzfl)v (H2)

53
d 1 A o
Ui = _m(p(7i+1) —p(Ti-1)) + E(Uiﬂ —2u; + ;1) — poit
— —m! :
where A = r?eazx( P (Ti))-

@ Limit scheme (¢ — 0):

d_ 1 _ A o
Eﬂ' = E(ul—‘rl = Ws—1) 3F E(Twl = g 4F To—i )y
1
0%; = = 53— (P(Tit1) = p(Ti-1))- (P2)
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Convergence rate

n5 = n° (T, wilTe, Uy ), ZAwnZ

i€ZL
Theorem
We assume that (7;,;);cz solution of (P2) satisfies:
o7, >c>0, ”Dwacp( )”007 ||Dwtp( )HQ < K < 400,

Then
¢°(t) < B(¢°(0) + &%),

where B only depends on p, T', K and c.
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L Convereenceate fora semidiscrete scheme
Sketch of proof (1/3)

@ 1st step: write an equation verified by the semidiscrete relative entropy.

dn; 1 B
d t AWt T Vi-y) =
_ 1 p(Tiy2) — 2p(Ti) + p(Ti—2) _
— + — . 2 J— . .
o(u; — ;) + A1) p(7i|74)
e _vd (p(Tit1) —p(Ti-1) R
+;(Ui—uz‘)%< AL )—O—Ri + R,
where
1 _ _ 1 _ _
Vi1 = 5(%‘ =) (p(Tit1) — p(Tit1)) + 5(17(%') = p(7Ti)) (Wit1 — Wit1),
and
w7 _
i :m(ui — ;) (Uip1 — 2u; + ui—1),
A
R} :==— AL [(p(7i) — p(Ti))(Tit1 — 275 + Tiz1)

—(ri =7)p (Ti) (Tigr — 270 + Ti1)] -
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Sketch of proof (1/3)

o 1st step: write an equation verified by the semidiscrete relative entropy.

dn; 1
+ E(wi-s-% — Y1) =

dt
~ 0w ~T)? + ~(Duap ()i plrifTe)
e )L (Dup(F))i+ R + RT
+ ;(Uz _Uz)%( «p(T))i+ R + R,
where
Yip1 ™ (u—)(p(r) — p(?))|xi+% = (7, ul7, ﬂ)|%+%’
and
R? :%&QAI'(UZ - ﬂl)(DIZu)’L7
A
Rl =~ §A$ [(p(7s) = p(Fi))(Daa)i — (1i = Ti)P'(Ti) (DawT)i] -

Christophe Berthon (LMJL) Relative entropy and diffusive limit 14 /27



Sketch of proof (2/3)

@ 2nd step: integrate over [0,¢) and sum over i € Z.

o°(t) — 6°(0) < /ZM L~ T)%(s) ds

I€EL
= > (Do) s s
Ty
+—/ ZGZZA-T Ug _(Dacp(?))ids

/ZAwR“ds+/ > Az R]ds

€L 1EZ

> Ty et Tp
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Sketch of proof (3/3)

@ 3rd step: control of the numerical error terms.

¢ A
/Z:AxR?ds—8 A x/ZAw Dyqu); (uy — ;) ds

0 ez i€z
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Sketch of proof (3/3)

@ 3rd step: control of the numerical error terms.

t 2 t
| S aerras =235 [ Av(Dualu-m), (ui - w) ds
L 0 ez

€L

2 XAz [t B _
+ 5 /OZAJJ(Dmu)i (u; — ;) ds.

i€EL
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Sketch of proof (3/3)

@ 3rd step: control of the numerical error terms.

/ZAmR“ 5 )\Am/ ZALE wa(U—10)); (u; — U;) ds

i€EZ
A
—i—8 e x/ZA:c D), (u; — ;) ds.

1E€EZL

> 1st term: we perform a discrete integration by parts.

€ /\Aa:/ ZAQ; Dao(u — 1)), (ui — i) ds

i€Z

— /\Ax/ ZAJC o (u—1)), +§]2§O.

i€Z
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Sketch of proof (3/3)

@ 3rd step: control of the numerical error terms.

A

0 ez i€Z

» 2nd term: we use the Cauchy-Schwarz and Young inequalities.

e Am/ 3" VAz (Das), VAT (wi — ) ds <

1€EZL

/\Axs ||Dzz H2+>\Ax9/ ZA"T —uz)2.

1€EZL
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Sketch of proof (3/3)

@ 3rd step: control of the numerical error terms.

t A t
> [ Casrrds<cet+ 205 157 Aafus - ds.
0 0

€L 1€Z
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Sketch of proof (3/3)

@ 3rd step: control of the numerical error terms.

é/ ZAmR”ds <Cet +A9Aw/ ZAw —ul

€L =yA

In the same way,

/ ZAmRTds<C’/ ¢°(s

i€EZ
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Sketch of proof (3/3)

@ 3rd step: control of the numerical error terms.

:>/ ZAmR“ds<C€ +)\9Ax/ ZAm -—ul ds.

€L €7
In the same way,
/ ZAwRTds < C’/ o°(s
i€Z

@ Conclusion:

¢ (t) < (—% )‘AM)/ 37 Aw(u; )2+ 6% (0)+C et +C/ ¢ (s

I€EL

We choose # = —2—, and we conclude by using the Gronwall Lemma.

AAz'
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Num ments

@ Numerical experiments

DA
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Numerical experiments

Fully discrete scheme

Jin, Pareschi & Toscani, 98 : splitting scheme based on the reformulation

Oy — Opu =0,
1
Opu + 0p(T) = 2 (cu+(1- sz)amp(T)) .

o Step 1: transport

ot At AAt
Tl ZTZL‘*‘E(U?H—U?A)‘FE( 1 =21+ T,
u; =g — E(p(%nﬂ) —p(riq)) + E( 1 2ui ).

o Step 2: relaxation

+1 +1
e uT_L+% ATt a2 e\ p(riyy) —p(7 )
’ ’ c2 62 2Ax
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Fully discrete scheme

Asymptotic discretization ¢ — 0

At At

—n+1 — —

T T?"'E( it1l 7_1)+_2Ax( 1= 2T + T,
1

—n+1 - -

U?Jr = T %Az (p(7?+1) - p(Ti_1))-
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Data

e Final time: T = 102

Spatial domain: [—4,4], cell number = 100, 200, 400, 1600.

@ Pressure law: p(s) = s~ 14

e o=1¢e€{107, 31072, 1072, 3.1073, 103, 3.10~4, 10~4}.

@ Boundary conditions: homogeneous Neumann.
@ Two initial data:
o (2 if z<0
» discontinuous: 7o(z) —{ L i z>0

» smooth: 7o(z) = exp(—1002?) + 1.
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Numerical experiments

Discontinuous I.C.

0.01

N=100 ——

0.0001 r

1e-06
‘@ 1e-08
o)
o 1e-10
1e-12
1e-14
1e-16
0.0001 0.001 0.01 0.1

eps
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Smooth I.C.

0.01

0.0001 r

1e-06

1e-08

Phi(eps)

1e-10

1e-12

1e-14

1e-16
0.0001 0.001 0.01 0.1

eps
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Convergence rate for a fully discrete scheme

Convergence rate for the Jin, Pareschi and Toscani
scheme

Theorem 1/3

Let (7", ul’);cz given by the Jin-Pareschi-Toscani scheme and (77", 4" );cz given by
the asymptotic scheme.
We assume the existence of a positive constant K such that

||5tﬂn+1/2||%§ < K, ||5xmﬂn||2L§ < K, ||5txp(?n+1/2)||%§ < K,
=n+1/2 5 =n
[|6:7 lree < K 107" < K.

We assume the existence of a positive constant L, such that specific volumes are
bounded as follows:

<t F <L, VieZ 0<n<N.

R
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Convergence rate for a fully discrete scheme

Theorem 2/3

We assume the existence of a positive constant L,, such that the pressure p and its
three first derivate are bounded as follows:

1 1
i <p(r) < Ly, —L, <p'(1) < T
1” ”1 Vrel/L,,L,].
i SP/I(T) < Ly, —L, < p(3)(7') < I
p p

We assume the following parabolic CFL condition on Az and At:
At
Az SO
where
B o

Cp = .
P 8(2+ L3+ 15L2/2 + 4L, (L,/2 + 2/3 + 4L7L,/3))
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Convergence rate for a fully discrete scheme

Theorem 3/3

We assume that € and At are a small enough according to:

2 o oAz
T 2(2X+ At/2+45L2C, (1 4+ K2At2/4) /2)’

o Vo
At <min | 2, Y2 ).
—mm<16 ‘/3OCpKLp>

Then the following convergence rate holds:

and

L < M (8 + u® — Y3y +¢*)

where M is a positive constant only depending on on the final time 7' = N At and
the parameters o, A\, K, L, and L.
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Work in progress

@ In the continuous framework:

> generalization to other models

> general formalism ?

@ In the discrete framework, generalization of the method:

> for general IMEX schemes
» for high order schemes

» Kinetic models

@ Low Mach extension

Thank you for your attention !
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Definition of the semidiscrete norms

Let v: Qr =R x [0,T) — R defined by v(z,t) = v;(t), Va € (Tim1,%iq 1)

o IDsvllos = sup sup| =),
te[0,T) i€Z xz
= Vit2 — 20; + Vi—2
@ || Dyzv]|oo := sup sup ,
te[0,T) i€z (2Az)?
Viy1 — 20; + ;-1
¢ | Dactlleo = sup sup ,
e te[0,T) i€Z (Az)?
T d (v . 2 :
i1 — Vi-1
o [|Digvll2 = </0 ZAJC'% (%T:vz) (t) dt) ,
i€Z

N

2
dt>
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o IDusvlls = ( / Sa \ (* i ) (t

I€EL
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