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abstract. We are interested in the convergence of the approximate solution given by
a finite volumes scheme for the problem ∆P = 0, ut − div (∇P f(u)) = 0 on an open
bounded set, where f is a non decreasing function. On the elliptic equation, a “four
points” finite volumes scheme is used. An error estimate, in a discrete H1 norm, of
order h is proved (h defines the size of the mesh). On the hyperbolic equation, one
uses an upstream scheme with respect to the flow. The convergence of the approximate
solution toward the entropy solution of the problem is shown. Assuming the initial
condition in BV (Ω), one establishes an error estimate of order h1/4 in L1 norm.
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1. Introduction

One considers a non linear elliptic-hyperbolic system defined on an open
bounded and convex set Ω of IR2, one denotes by Γ the boundary of Ω. Then
the problem is the following :

∆P (x) = 0, x ∈ Ω (1)

ut(x, t) − div
(

∇P (x) f
(

u(x, t)
)

)

= 0, x ∈ Ω, t ∈ IR+ (2)

with the following boundary and initial conditions :

∇P (τ).n(τ) = g(τ), τ ∈ Γ (3)

u(τ, t) = u(τ, t), (τ, t) ∈ Γ+ × IR+ (4)

u(x, 0) = u0(x), x ∈ Ω (5)

where Γ+ = {τ ∈ Γ ; g(τ) ≥ 0}, and n is the unit normal to Γ outward to Ω.
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• each connected component of Γ+ is a line segment

• u0 ∈ L∞(Ω) and u ∈ C1 ∩ L∞(Γ
+ × IR+)

• f ∈ C1(IR, IR) and f is a nondecreasing function

• g ∈ L∞(Γ), such that P is in C2(Ω),
∫

Γ

g(γ) dγ = 0 and

∫

Γ+

1

g(τ)
dτ < +∞

(6)

One denotes by a⊤b = max(a, b) and a⊥b = min(a, b) for all a, b in IR, then
for all κ ∈ IR, |. − κ| and f(.⊤κ) − f(.⊥κ) are the Kruzkov entropy pairs.

More precisely, we search u ∈ L∞(Ω× IR+) entropy solution of (2), (4), (5),
i.e. which verifies the following inequality :

∫ ∫

Ω×IR+

|u(x, t) − κ|ϕt(x, t) dx dt +

∫

Ω

|u0(x) − κ|ϕ(x, 0) dx

−
∫ ∫

Ω×IR+

(

f
(

u(x, t)⊤κ
)

−f
(

u(x, t)⊥κ
)

)

∇P (x).∇ϕ(x, t) dx dt

+

∫ ∫

Γ+×IR+

(

f
(

u(τ, t)⊤κ
)

−f
(

u(τ, t)⊥κ
)

)

g(τ)ϕ(τ, t) dτ dt ≥ 0

(7)

for all κ ∈ IR and all ϕ ∈ C∞
c (Ω × IR+, IR+).

2. Discretization

Let T be a mesh of Ω. For an element p of T , one denotes by N(p) the set
of the neighbours of p and by σpq the interface between p and q, for all q in
N(p). One assumes that T satisfies the four following regularity hypotheses :

1- The intersection between two elements of T is a line segment or a point.

2- There exist α > 0 and h > 0 such that for all p ∈ T :

α h2 ≤ m(p), m(∂p) ≤ 1

α
h and δ(p) ≤ h

where ∂p is the boundary of p, m(.) is the Lebesgue measure in two space
dimensions for p and one space dimension for ∂p and δ(p) is the diameter of p.

3- There exists a point family (xp)p∈T such that for all p ∈ T , xp ∈ p and
such that for all q ∈ N(p) the line segment [xp, xq] is orthogonal to σpq.
The intersection between [xp, xq] and σpq will be denoted by xpq.



4- If one denotes by dpq the length of the line segment [xp, xq] then there
exists β > 0 such that :

dpq ≥ β h

Several meshes, like Voronöı mesh or convenient triangulations, satisfy these
hypotheses. So we discretize the elliptic equation generalizing the four points
finite volumes scheme described by R. Herbin in [He93]. The unknowns are
the (Pp)p∈T , and the approximate solution is given by PT (x) = Pp for all
x ∈ p (p ∈ T ). The discretized equation is the following :

∑

q∈N(p)

Pq − Pp

dpq
m(σpq) +

∑

a∈Aext(p)

ga = 0 for all p ∈ T (8)

where Aext(p) is the set of the edges of p which are on Γ and ga =

∫

a

g(τ) dτ .

To discretize the hyperbolic equation one defines a time step k > 0 satisfying
the following stability condition :

for all p ∈ T k M

m(p)







∑

q∈N(p)
Pp<Pq

Pq − Pp

dpq
m(σpq) +

∑

a∈Aext(p)

g+
a






≤ (1 − η) (9)

where η ∈ ]0, 1[ is given, M = sup
s∈[−U,U ]

f ′(s), U = max
(

‖u0‖∞, ‖u‖∞
)

, and where

g+
a =

∫

a

(

g(τ)⊤0
)

dτ ; Then one sets tn = nk.

The unknowns are the un
p , p ∈ T , n ∈ IN, and the approximate solution is

given by : uT ,k(x, t) = un
p if x ∈ p (p ∈ T ) and t ∈ [tn, tn+1[ (n ∈ IN). One sets,

for all p ∈ T , u0
p (resp. un

a , for all a ∈ Aext(p)) the mean value of u0 (resp. of
u) on p (resp. on [tn, tn+1] × a). One discretizes the hyperbolic equation with
an Euler scheme explicit in time and an upstream finite volumes scheme with
respect to the flow, then using (8) the discretized equation can be written :

m(p)
un+1

p − un
p

k
−
∑

q∈N(p)
Pp<Pq

Pq − Pp

dpq
m(σpq)

(

f(un
q ) − f(un

p )
)

−
∑

a∈Aext(p)

g+
a

(

f(un
a) − f(un

p )
)

= 0 ∀ (p, n) ∈ T ×IN (10)

3. Convergence for the elliptic equation

One shows in [Vi] the following result, which gives existence and “unique-
ness” of PT :



Proposition 1 One assumes (6). Let T be a mesh of Ω satisfying the prop-
erties 1, 2 and 3 of the section 2, then, there exist PT solutions of (8), and all
these solutions only differ from a constant.

One proves an error estimate on a discrete H1 norm in order h, and so
the convergence of the approximate solution toward the exact solution of the
elliptic equation :

Theorem 1 One assumes (6). Let T be a mesh of Ω satisfying the properties
1, 2, 3 and 4 of the section 2. One denotes by P (·) the exact solution of the

problem (1), (3), such that
∑

p∈T

m(p)P (xp) = 0. Let (Pp)p∈T satisfying (8) and

∑

p∈T

m(p)Pp = 0. One defines the error on the cell p by ep = Pp − P (xp) for

all p ∈ T . Then there exist C1 and C2, depending only on α, β, Ω, g and on
the second order derivatives of P , such that :




∑

p∈T

∑

q∈N(p)

(eq − ep)
2

dpq
m(σpq)





1/2

≤ C1 h,





∑

p∈T

m(p) |ep|2




1/2

≤ C2 h

Proof :

First one proves the consistency of the fluxes, i.e. that there exists C which
does not depend on the mesh such that for all p in T and all q in N(p) :

∣

∣

∣

∣

∣

1

m(σpq)

∫

σpq

∇P (τ).np(τ) dτ − P (xq) − P (xp)

dpq

∣

∣

∣

∣

∣

≤ C h

Then using the scheme (10), the elliptic equation (1) integrated over p ∈ T and
the consistency of the fluxes one proves the first result, i.e. the error estimate
in H1

0 norm.
To prove the last result (the error estimate in L2 norm), one establishes a

discrete Poincaré inequality :

Lemma 1 Let Ω be a convex set of IR2, and T be a mesh of Ω satisfying the
properties 1, 2, 3 and 4 of the section 2. Let u be a function constant on each
cell of T : u(x) = up if x ∈ p (p ∈ T ), one denotes by ûΩ the mean value of u

on Ω. Then there exists C, depending only on Ω, such that :

∑

p∈T

m(p) |up − ûΩ|2 ≤ C
∑

p∈T

∑

q∈N(p)

(up − uq)
2

dpq
m(σpq)



4. Convergence and error estimate for the hyperbolic equation

In order to show the convergence of uT ,k toward the entropy solution of (2),
(4), (5), we pass to the limit in the discretized equations. The approximate so-
lution converges, in a non linear weak star sense, to an entropy process solution
(or a measure valued solution see [Di88]) of the hyperbolic equation. We prove
that this solution is in fact the entropy solution. This step is developed by
R. Eymard, T. Gallouët and R. Herbin in [EGH95] for a hyperbolic equation
defined on IRN (N ≥ 1). It can be generalized to the problem considered here.
We have the following result :

Theorem 2 One assumes (6). Let T be a mesh of Ω satisfying the properties
1, 2, 3 and 4 of the section 2 and k be a time step satisfying the stability
condition (9). Let uT ,k be the solution of the discretized problem (10).

Then there exists u ∈ L∞(Ω × IR+) such that uT ,k goes to u, when h goes
to 0, in L

p
loc(Ω × IR+) for all p < +∞, and u is the entropy solution of the

hyperbolic equation, i.e. u satisfies (7).

Proof :

First we prove, using the numerical scheme an L∞ estimate on the approx-
imate solution :

‖uT ,k‖L∞(Ω×IR+) ≤ max
(

‖u0‖L∞(Ω), ‖u‖L∞(Γ+×IR+)

)

(11)

One denotes by M(Ω) (respectively M(Ω× IR+) and M(Γ
+ × IR+)) the set of

the positive measures on Ω (respectively on Ω× IR+ and Γ
+× IR+), i.e. the set

of linear positive and continuous forms on Cc(Ω) (respectively on Cc(Ω× IR+)

and Cc(Γ
+ × IR+)).

Then one establishes a continuous entropy estimates for the approximate
solution proving the following lemma :

Lemma 2 One assumes (6). Let T be a mesh of Ω satisfying the properties 1,
2, 3 and 4 of the section 2 and k be a time step satisfying the stability condition
(9). Let uT ,k be the solution of the discretized problem (10). Then there exist

µT ,k ∈ M(Ω × IR+), µT ∈ M(Ω) and µT ,k ∈ M(Γ
+ × IR+) such that :



∫ ∫

Ω×IR+

|uT ,k(x, t) − κ|ϕt(x, t) dx dt +

∫

Ω

|u0(x) − κ|ϕ(x, 0) dx

−
∫ ∫

Ω×IR+

(

f(uT ,k(x, t)⊤κ) − f(uT ,k(x, t)⊥κ)
)

∇P (x).∇ϕ(x, t) dx dt

+

∫ ∫

Γ+×IR+

(

f(u(τ, t)⊤κ) − f(u(τ, t)⊥κ)
)

g(τ)ϕ(τ, t) dτ dt

≥ −
∫ ∫

Ω×IR+

(

|ϕt(x, t)| + |∇ϕ(x, t)|
)

dµT ,k(x, t)

−
∫

Ω

ϕ(x, 0) dµT (x) −
∫ ∫

Γ+×IR+

ϕ(τ, t) dµT ,k(τ, t)

(12)
for all κ ∈ IR and all ϕ ∈ C∞

c (Ω × IR+, IR+).

Moreover for all T ∈ ]0,+∞[, there exist C, D and E, depending only on
α, β, η, Ω, T , P and on the data of the problem, such that :

µT ,k

(

Ω × [0, T ]
)

≤ C
(√

h +
√

k
)

and µT ,k

(

Γ
+ × [0, T ]

)

≤ D h (13)

{

µT (Ω) −→ 0 when h goes to 0

furthermore if u0 ∈ L∞ ∩ BV (Ω), then µT (Ω) ≤ E h
(14)

Proof :

To prove this result, one first establishes, using the non decreasing property
of f and the stability condition (9), the following discrete entropy inequality :

m(p)
|un+1

p − κ| − |un
p − κ|

k
−
∑

q∈N(p)
Pp<Pq

Pq − Pp

dpq
m(σpq)×

×
(

f(un
q⊤κ) − f(un

q⊥κ) −
(

f(un
p⊤κ) − f(un

p⊥κ)
)

)

−
∑

a∈Aext(p)

g+
a

(

f(un
a⊤κ) − f(un

a⊥κ) −
(

f(un
p⊤κ) − f(un

p⊥κ)
)

)

≤ 0

(15)

for all p ∈ T , all n ∈ IN and all κ ∈ IR.

Multiplying (12) by
1

k

∫ tn+1

tn

∫

p

ϕ(x, t) dx dt, (with ϕ ∈ C∞
c (Ω× IR+, IR+)),

one proves (12). One establishes (13) and (14) proving the following result
which gives weak estimates on the variation of uT ,k.



There exists Cw, depending on η, α, β, Ω, P , u0, u, f and g such that :

N
∑

n=0

∑

p∈T

k







∑

q∈N(p)
Pq>Pp

Pq − Pp

dpq
m(σpq)

∣

∣f(un
q ) − f(un

p )
∣

∣

+
∑

a∈Aext(p)

g+
a

∣

∣f(un
a) − f(un

p )
∣

∣



 ≤ Cw√
h

(16)

and N
∑

n=0

∑

p∈T

m(p)
∣

∣un+1
p − un

p

∣

∣ ≤ Cw√
k

(17)

Then using the following lemma of non linear weak ⋆ compactness (see
[EGH95]) :

Lemma 3 (Eymard, Gallouët, Herbin)
Let E ⊂ IRN (N ≥ 1). Let (un)n∈IN in L∞(E), ‖un‖∞ ≤ U for all n ∈ IN.

Then there exist µ ∈ L∞(E×]0, 1[) and a subsequence still denoted by (un)n∈IN

such that :

lim
n→+∞

un = µ non linear weak ⋆

i.e. one has :

lim
n→+∞

∫

E

g(un(x))ϕ(x) dx =

∫

E

∫ 1

0

g(µ(x, α))ϕ(x) dα dx

for all ϕ ∈ L1(E) and all g ∈ C([−U,U ], IR).

one passes to the limit in (12) and one proves that there exists µ ∈ L∞(Ω ×
IR+×]0, 1[) and a subsequence such that uT ,k goes to µ in the non linear weak
⋆ sense and µ is an entropy process solution of (2), (4), (5), i.e. µ satisfies the
following inequality :

∫ ∫

Ω×IR+

∫ 1

0

|µ(x, t, α) − κ|ϕt(x, t) dα dx dt +

∫

Ω

|u0(x) − κ|ϕ(x, 0) dx

−
∫ ∫

Ω×IR+

∫ 1

0

(

f
(

µ(x, t, α)⊤κ
)

−f
(

µ(x, t, α)⊥κ
)

)

∇P (x).∇ϕ(x, t) dα dx dt

+

∫ ∫

Γ+×IR+

(

f
(

u(τ, t)⊤κ
)

−f
(

u(τ, t)⊥κ
)

)

g(τ)ϕ(τ, t) dτ dt ≥ 0

(18)
for all κ ∈ IR and all ϕ ∈ C∞

c (Ω×IR+, IR+). Then using the Kruzkov technique
one proves that if µ and ν are two entropy process solutions of (2), (4), (5) then :

µ(x, t, α) = ν(x, t, β) a.e. (x, t, α, β) ∈ Ω × IR+×]0, 1[×]0, 1[

So µ does not depend on its third argument and it is the entropy solution
solution of (2), (4), (5).



Moreover one can prove an error estimate, as R. Eymard, T. Gallouët, M.
Ghilani and R. Herbin do it in [EGGH] for Ω = IRN (N ≥ 1). The essential
difference between [EGGH] and this work comes from the control of boundary
terms. One obtains the following error estimate :

Theorem 3 One assumes (6) and one supposes u0 in BV (Ω). Let T be a
mesh of Ω satisfying the properties 1, 2, 3 and 4 of the section 2 and k be
a time step satisfying the stability condition (9). Let uT ,k be the solution of
the discretized problem (10) and u ∈ L∞(Ω × IR+) ∩ BV (Ω × [0, T ]) (for all
T ∈ ]0,+∞[) the entropy solution of the hyperbolic equation (i.e. satisfying
(7)). Then for all T ∈]0,+∞[, there exists C, independent of the mesh and the
time step, such that :

∫ ∫

Ω×[0,T ]

|uT ,k(x, t) − u(x, t)| dx dt ≤ C h1/4 (19)

To prove this theorem one use the Kruzkov’s technique with (7) and (12). One
obtains :
∫ ∫

Ω×[0,T ]

|uT ,k(x, t) − u(x, t)| dx dt ≤

C

(

µ0(Ω) + µ(Γ
+ × [0, T ]) + µ(Ω × [0, T ]) +

(

µ(Ω × [0, T ])
)1/2

)

One concludes using (13) and (14).
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