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Overview

(2+1)-TQFT in general

3-cobordism category br. mon. functor−−−−−−−−−−−→ “algebraic” category
surface Σ 7−→ object V (Σ)

3-cobordism Σ− → Σ+ 7−→ morphism V (Σ−) → V (Σ+)

Stated skein TQFT (given a ribbon Hopf algebra H)

SH : 3Cobarc
br. mon. functor−−−−−−−−−−−→ BimQMM

H,lf
surface Σ 7−→ algebra SH(Σ)

3-cobordism Σ− → Σ+ 7−→
(
SH(Σ+), SH(Σ−)

)
-bimodule

Summary:
1 Surfaces, 3-cobordisms and their SH

2 Algebraic properties of the stated skein spaces
3 Relation with the Kerler–Lyubashenko TQFT



The monoidal category 3Cobarc

Objects: connected oriented surfaces Σ
such that ∂Σ = S1 and there is a marked
point on ∂Σ.

Morphisms Σ− → Σ+: connected
oriented 3-manifolds M such that

∂M = ∂−M ∪ ∂sM ∪ ∂+M
with:

∂±M ∼= Σ±, ∂sM ∼= S1 × [−1, 1],
∂±M ∩ ∂sM ∼= S1 × {±1},

∂−M ∩ ∂+M = ∅

Moreover an oriented arc a is fixed in ∂sM, going from marked point of
Σ− to marked point of Σ+.



The monoidal category 3Cobarc

Composition: glue along the common surface.

Σ1

Σ2

Σ2

Σ3

◦ =

Σ1

(Σ2)

Σ3N ◦ M = N ⊔Σ2 M

Identity morphisms
IdΣ = Σ × [−1, 1]

Monoidal product:

⊗

Σ2

Σ1

Σ4 Σ2 Σ4

Σ1 Σ3

=

M N

Σ3

Monoidal unit
the disk
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The monoidal category 3Cobarc is braided

Braiding:

Σ1 Σ2

Σ1 ⊗ Σ2

Σ2 ⊗ Σ1

=⇒ BrΣ1,Σ2 =

(and forget inner arcs and marked points)

Remarks. 1. Forgetting the arc and marked points yields the category
3CobCY in Marco’s lectures.
2.With small variations, this category appears in many works:
[Kerler–Lyubashenko 01], [Kerler 01], [Asaeda 11] (citing Habiro),
[Bobtcheva–Piergallini 12], [Beliakova–Bobtcheva–De Renzi–Piergallini 23].



Stated skeins in 3-cobordisms

Definition (H ribbon Hopf algebra over a field k)

A H-colored skein Γ in a 3-cobordism (M, a) is an isotopy class of framed
and oriented embedding of copies of S1 and [0, 1] such that

∂Γ ⊂ a and framing is vertical at these points
each connected component of Γ is labelled by a fin.-dim. H-module.

+ Γ is allowed to contain coupons, little rectangles labelled by H-linear maps.

State for a skein
Example:

X1

X2

X3

outgoing

outgoing

ingoing =⇒
A state is any

X1 ⊗ X ∗
2 ⊗ X3

element s in

A stated skein is a pair (Γ, s).

Y
X

s ∈ X ∗ ⊗ X



Stated skein space of a 3-cobordism
H is a ribbon Hopf k-alg. =⇒ H-mod is a ribbon category.

Reshetikhin–Turaev ribbon graph invariant (example)

X5

X2

X3

f

X4

X1

[0, 1]3

with f ∈ HomH(X ∗
2 ⊗ X3, X ∗

5 )

G = =⇒ RTH(G) ∈ HomH
(
X1 ⊗ X ∗

2 ⊗ X3, X ∗
5 ⊗ X1

)

Definition
For M = (M, a) a 3-cobordism, SH(M) is the k-vector space spanned by
stated skeins modulo:

G

with state s with state RTH(G)(s)

=

and also (Γ, λ1s1 + λ2s2) = λ1(Γ, s1) + λ2(Γ, s2)

Y
X

with state s ∈ X ∗ ⊗ X

X

with state RTH(G)(s)

=G =
X

X

Y

Example

RTH(G) ∈ EndH(X ∗ ⊗ X)

of a relation:
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Algebra and bimodule structures
Stacking
M : Σ1 → Σ2, N : Σ2 → Σ3, N ◦ M = N ⊔Σ2 M : Σ1 → Σ3.

∗ : SH(N) × SH(M) → SH(N ◦ M), (Γ, s) ∗ (Λ, t) =
(
Γ ⊔ Λ, s ⊗ t

)
(extended by k-bilinearity). Associative operation.

Example:

Y

X

with state s

Z∗

X

Z

Y

with state t
with state s ⊗ t

=

Corollary
SH(Σ) =

def
SH(Σ × [−1, 1]) is an associative algebra.

SH(M) is a
(
SH(Σ2), SH(Σ1)

)
-bimodule. (M : Σ1 → Σ2 cobordism).

H-equivariance
H acts on SH(M) by h · (Γ, s) = (Γ, h · s) Rmk: this action is locally finite.
Property: h · (X ∗ Y ) = (h(1) · X ) ∗ (h(2) · Y ).

=⇒ Algebras and bimodules internal to H-Modlf .
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Stated skein functor

Monoidal category BimH

Objects: Associative algebras in H-Mod.
Morphisms: HomBimH

(
A1, A2

)
=

{
iso classes of (A2, A1)-bim in H-Mod

}
Composition: V (A2, A1)-bim, W (A3, A2)-bim, W ◦ V = W ⊗A2 V .
Monoidal product: Tensor product of algebras and bimodules in H-Mod .

H quasitriangular =⇒ H-Mod braided category
algebras A, A′ =⇒ algebra A ⊗̃ A′:

(A ⊗ A′) ⊗ (A ⊗ A′) id ⊗ br ⊗ id−−−−−−−→ A ⊗ A ⊗ A′ ⊗ A′ mult ⊗ mult−−−−−−−→ A ⊗ A′

(A2, A1)-bim B, (A′
2, A′

1)-bim B′ =⇒ (A2 ⊗̃ A′
2, A1 ⊗̃ A′

1)-bim B ⊗̃ B′:

(A2 ⊗ A′
2) ⊗ (B ⊗ B′) id ⊗ br ⊗ id−−−−−−−→ A2 ⊗ B ⊗ A′

2 ⊗ B′ act ⊗ act−−−−−→ B ⊗ B′

and similarly for right action.

Theorem 1 [Costantino–Lê] for “functor”, [Costantino–F.] for “monoidal”

SH is a strict monoidal functor 3Cobarc → BimH .

It means:
SH(N ⊔Σ2 M) = SH(N) ⊗SH(Σ2) SH(M) for M : Σ1 → Σ2, N : Σ2 → Σ3

SH(C ⊗ C ′) = SH(C) ⊗̃ SH(C ′)
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What about the braiding in 3Cobarc?

L =
∫ X∈H-mod

X ∗ ⊗ X ,
(
iX : X ∗ ⊗ X → L

)
X∈H-mod univ. dinat. transfo.

L is a Hopf algebra in H-Mod [Lyubashenko, Majid]

There is a half-braiding σ : L ⊗ − ∼⇒ − ⊗ L defined by

X ∗ ⊗ X ⊗ V
iX ⊗idV ⟲��

idX∗ ⊗brX,V // X ∗ ⊗ V ⊗ X
br−1

V ,X∗ ⊗idX
// V ⊗ X ∗ ⊗ X

idV ⊗iX��
L ⊗ V

∃! σV

// V ⊗ L

Definition: Quantum Moment Map (in the sense of Safronov)
A algebra in H-Mod. A QMM for A is an algebra morphism d : L → A in
H-Mod such that

L ⊗ A d⊗idA //

σA ⟲
��

A ⊗ A
mult
��

A ⊗ L
idA⊗ d

// A ⊗ A
mult

// A



What about the braiding in 3Cobarc?

Subcategory BimQMM
H ⊂ BimH

Objects: Associative algebras in H-Mod equipped with a QMM.
Morphisms (A1, d1) → (A2, d2) = iso classes of (A2, A1)-bim in H-Mod
compatible with the QMMs d1, d2.

L ⊗ B d2 ⊗idA //

σB ⟲
��

A2 ⊗ B
act
��

B ⊗ L
idA⊗ d1

// B ⊗ A1 act
// A

Theorem 2 [Costantino–F] (important to work with loc. fin. H-modules here)

BimQMM
H,lf is a braided monoidal subcategory of BimH

(the braiding is defined
by means of the QMMs)

Theorem 1 bis [Costantino–F]

SH takes values in BimQMM
H,lf and is a braided strict monoidal functor.

Σ

Σ

X

with state φ ⊗ x

dX (φ ⊗ x) = dinat transfo =⇒
X ∗ ⊗ X

dX

⟳

&&

iX // L

QMM ∃! d
��

(∀ X∈H-mod) SH(Σ)
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Kerler–Lyubashenko TQFT (cf. Marco’s lectures for more details)

T = the torus with one boundary component. D = the disk.
Any object (=surface) in 3Cobarc is of the form T⊗g , g ≥ 0.

Theorem: generators and relations for 3Cobarc

T is a Hopf algebra object in 3Cobarc. Any morphism (=3-cobordism) can be
built from the Hopf data of T and morphisms λ : T → D, Λ : D → T,
w : D → T ⊗ T, τ : T → T satisfying a certain list of relations.
Biblio: partly in [Kerler 01], announce in [Asaeda 11] citing Habiro, first proof in
[Bobtcheva–Piergallini 12], new proof in [B–Beliakova–De Renzi–P 23].

Example:

T ⊗ T

T

Disk

T

Multiplication of T Unit of T

Said differently
Braided monoidal functor F : 3Cobarc → C
⇐⇒ Hopf alg in C with morphisms λ′, Λ′, w ′, τ ′ satisfying the relations.

Consequence: Kerler–Lyubashenko TQFT [Beliakova–De Renzi 21]

Let C be a ribbon factorizable finite tensor category and L =
∫ X∈C X ∗ ⊗ X .

There is a br. mon. functor KLC : 3Cobσ → C sending T to L .
(σ means “extra datum on cobordisms”)
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KL vs. SH
Assume that the ribbon Hopf alg H is fin-dim and factorizable.
L =

∫ X∈H-mod X ∗ ⊗ X ∼= H∗
coad as a H-module.

Theorem 3 [Costantino–F.]

3Cobσ

Forget ⟲
��

KLH // H-mod

��
3Cobarc SH

// BimQMM
H,fin

← −−
{

V 7→ End(V )
HomH(V , W ) ∋ f 7→ Hom(V , W ) (∀ f !!!)

Said differently:
∀ surface T⊗g , SH(T⊗g) ∼= End(L ⊗g) as algebras in H-mod.
∀ cob M : T⊗g1 → T⊗g2 , SH(M) ∼= Hom(L ⊗g1 , L ⊗g2) as bim in H-mod.

Idea of the proof
SH

(
T⊗g) ∼= End(L ⊗g ) is from [F.20], [Baseilhac–F.–Roche 23] (“Alekseev iso”)

⇒ Any
(
SH

(
T⊗g2

)
, SH

(
T⊗g1

))
-bim is iso to

⊕
Hom(L ⊗g1 , L ⊗g2).

Then count dimension to show there is a unique summand.


